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1 Introduction
Many dynamical systems have an impulsive dynamical behavior due to abrupt changes
at certain instants during the evolution process. The mathematical description of these
phenomena leads to the impulsive differential equations. Recent developments in this field
have been motivated by many applied problems, such as control theory [1, 2], population
dynamic [3], medicine [4—6], and some physics or mechanics problems [7]. In the last few
years, a great deal of work has been done in the study of the existence of solutions for
impulsive boundary value problems. Some classical tools or techniques have been used to
study such problems in the literature, such as coincidence degree theory of Mawhin [8],
the method of upper and lower solutions with the monotone iterative technique [9-12],
and some fixed point theorems in cones [13—-15]. For some general and recent work on the
theory of impulsive differential equation, we refer the interested reader to [16—18].

In this paper, we are concerned with the existence of solutions for the following bound-
ary value problem (BVP) with impulses:

~(p) ) =f(tu(®)), t#tte), (11a)
A(u[l] (tk)) =1 (u(tk)), k=12,...,m, (L1b)
w©0)=u(T),  u(0)=u(T). (1.1c)

Here T be a fixed positive number, ull(t) = p(t)u/(¢) denotes the quasi-derivative of u(z).
Condition (1.1c) is called a non-separated periodic boundary value condition for (1.1a).
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We assume throughout, and without further mention, that the following conditions
hold.

(H)Let/=[0,T],andO0 =ty <ty <ty <--- <ty <ty =T,f € C(J xR*,R*), It € C(R,R),
R* = [0, +00). A (#)) = ull () — ull(£;), where ull(¢}) (respectively, uY(¢;)) denotes
the right limit (respectively left limit) of u(¢) at ¢ = #;.

(H1) The function f (¢, u) is measurable in ¢ € [0, T] for each u € R, continuous in # € R
fora.e. t € [0, T] (Caratheodory function), and there exist a(¢) € C(R*,R*) and a Lebesgue
measurable function b(t) > 0 such that b(t) € L'(0, T;R*) and |f (¢, )| < a(|u|)b(2), for all
ucRanda.e. t€[0,T]. We have

1
/ ——dt<oo, p(t)>00n]0,T].
o p()

A function u(t) defined on J~ = J\{#, t2, ..., t,,} is called a classical solution of BVP (1.1a)-
(1.1c) if its first derivative u'(¢) exists for each t € J~, p(t)u/(¢) is absolutely continuous on
each closed subinterval of /-, there exist finite values z[! (t,f), the impulse conditions (1.1b),
and the boundary conditions (1.1c) are satisfied, and equation (1.1a) is satisfied almost
everywhere on /.

For the case of [ =0 (k=1,2,...,m), problem (1.1a)-(1.1c) is related to a non-separated
periodic boundary value problem of ODE. More precisely, Atici and Guseinov [19] con-
sidered the following non-separated periodic boundary value problem:

i—[p(x)y/]/ +qwy=f(xy), 0<x<om, w2

y(0)=y(@),  yH(0) =y (w).

The authors proved the existence of a positive and twin positive solutions to BVP (1.2) by
applying a fixed point theorem for the completely continuous operators in cones.

Based upon the properties of the Green’s function obtained in [19], Graef and Kong [20]
extended and improved the work of [19] by using topological degree theory. They derived
new criteria for the existence of non-trivial solutions, positive solutions, and negative so-
lutions of problem (1.2) when f is a sign-changing function and not necessarily bounded
from below even over [0, w] x R*.

Very recently, by introducing a variational framework for a class of second-order non-
linear differential equations with non-separated periodic boundary value conditions, Han
[21] obtained some results on the existence of non-trivial, positive, and negative solutions
of problem (1.2), where the nonlinearities are unbounded and satisfy Ahmad-Lazer-Paul
type conditions. The problem (1.2) in the case of p =1, the usual periodic boundary value
problem, has been extensively investigated; see [22, 23] for some results.

For the impulsive case of (1.2), Huseynov [24, 25] considered the following problem:

—[px)y ()] + g(x)y(x) = h(x), x¢€la,c)U(c,b],
() =diy(ct),  yW(c) = dayM(c), (1.3)
y(a) = y(b), yH(a) =y (b).

In [24], Huseynov investigated the Green’s function of the boundary value problem (1.3),
sufficient conditions that ensure the positiveness of the Green’s function are established.
The author also investigated nonlinear second-order differential equations subject to lin-
ear impulse conditions and non-separated periodic boundary conditions in [25].
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Motivated by the above facts, in this paper, our aim is to study the existence of solutions
for the impulsive boundary value problem (1.1a)-(1.1c). To the best of our knowledge, there
has so far been no paper concerning the non-separated boundary value problem with im-
pulses via variational methods. In addition, this paper is a generalization of [21], in which
impulsive effects are not involved. For some general and recent work on the critical point
theory and variational methods, we refer the reader to [26-36]. It is a novel approach to
apply variational methods to the impulsive boundary value problem.

Throughout this paper, we will use the following notations: L7(0, T') is the usual Banach
space with norm ||u||, = (fOT |u|? dt)V, ||ul| oo = maxeeqo,r) [4(£)], and [|ul|po = (fOTpu2 de)V2.
C, (1, Cy,... denote the positive (possibly different) constants.

2 Preliminaries
In this sections, we recall some basic facts which will be used in the proofs of our main
results. In order to apply the critical point theory, we construct a variational structure.
With this variational structure, we can reduce the problem of finding solutions of (1.1a)-
(1.1c) to that of seeking the critical points of a corresponding functional.

Let W;% be the Sobolev space

W7 = {u € ACI0, T]|u(0) = u(T), /pu' € L*(0, T)}

with the norm

T T 1/2
lleel = (/0 p(t)|u/(t)|2dt+/0 uZ(t)dt) .

Certainly, W;’% is also a Hilbert space with the inner product induced by its norm. For
more details, see [21].
In the meantime, according to Proposition 2.5 in [21], the problem

—(p(O)u () = pu,
w(©0)=w(T),  ul¥(0)=uld(T)

has a sequence of eigenvalues, 0 = 1o < 3 < -+ < , < ---, and corresponding eigen-
functions, ¥, (n = 0,1,2,...), where we can choose ¥ (¢) =1 in [0, T]. It is obvious that

¥, (n=0,1,...) are mutually orthogonal in L2(0, T). Set W = span{1} C W;:% and W =

span{yi, Yo,...} C W;:%, then W;‘% =W @ W. Accordingly, for every u € W;;’%, U=T1u+1u.

As in the proof of Proposition 2.5 in [21], we have
T T ) _
,ulf uzdtff p|u/| dt, YueWw.
0 0

From Theorem 4.1 in [21], we have the inequality

T 1/2
%] 00 < C(/ pi? dt) . Yue Wi
0
The above two important inequalities can be simply rewritten as follows:

e < Cl7] 0 Ve W2, 1)
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[P B ~
)2 < E||u/ ||;’2, Vue W. (2.2)

Proposition 2.1 ([21], Proposition 2.1) Suppose that the condition (H1) holds, then W;%
is compactly imbedded in C[0, T].

12
For u € W, 7, we set

1 7T T m u(ty)
Jw) = - / pu* dt - / F(tu)dt+ ) / Ii(s) ds,
2 Jo 0 =1 Y0
where
F(t,u):/ f(t,s)ds.
0

In view of the condition (H1), we can prove that () is well defined and is C! on W;‘%.
Furthermore, we have

T T m
/ , _ / /d _ : d ,
(] (u) v) /(; pu'v' dt /0 ft,u)vde + ;Ik(u(tk))v(tk)

forall u,v e \X/;,’%. The proofs can be given as in the corresponding results in [32, 33].

Definition 2.1 u € W;'% is a weak solution of problem (1.1a)-(1.1c), if

T T i
/ pulv dt - / [t uyvdt + Zlk (u(t))v(tx) = 0,
0 0 k=1

forallve Wpl%

By Definition 2.1, the weak solutions of problems (1.1a)-(1.1c) correspond to the critical
points of /.

Theorem2.1 Ifuc W;% is a critical point of the functional J, then u is a classical solution
of (L.1a)-(1.1c).

Proof Letue WI}”% be a critical point of the functional J. It shows that
T T m
/ pulV dt - / fEuydt+ > L (ult)v(t) =0
0 0 )
holds for any v € W;’%. By integrating by parts, we have
m th+1 T m
0= Z / pu'v dt - f f(t,u)yvdt + Z[k(u(tk))v(tk)
k=0 vt 0 k=1

m T T m
= vl - Y vt - ,u)vd I
d [pu V| ] /(; (pu) vdt /0 ft,u)yv t+§ k(u(tk))v(tk)

I
k=0
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= p(t)u (t)v(tr) — p(0)u' (0)v(0)

+p(&)u (L)V(6) — p(&) ' (6 )v(t)) +

T
+p(T)u (TYT) - p(t],)ud (£, v(£S,) - /0 (pu') vt

T m
- /O fupyvdt + Y Ie(ucti))vit). (2.3)
k=1

Inview of v € W 7 and Proposition 2.1, it follows that v(¢) = v(¢;). Equation (2.3) implies

—ZA(p 8w (1)) V(tx) + p(D) (T)N(T) = p(0)u' (0)(0)
T , T m
_/ (pu') vdt —/ ft,u)vde + Zlk(u(tk))v(tk) =0 (2.4)
0 0 k=1

holds forall v € W;:%. Without loss of generality, we assume that v € C§° (¢, t.1) satisfying
V() =0, t € [0, 4] U [tr41, T], then substituting v into (2.4) we get

/ o) — few]ve o,

73

which means

~(pOu () ~f(tu(®) =0, t€ (tetrn)-

Thus u satisfies equation (1.1a). So (2.4) becomes

m

D [ ((t0) - Apla)w @) vte) + p(T) (TI(T) - p(0)u (0)1(0) = 0. (2.5)

k=1

Now we will show that u satisfies the impulsive condition (1.1b). If not, without loss of
generality, we assume that there exists k € {1,2,...,m} such that

I (u(tr)) = A(p(t)u (t)) # 0. (2.6)

Set v(t) = ]‘[j”‘z(*)}#k(t —t)=t(t—t) (¢ — tim1)(t — tgar) - - - (¢ — T), combining (2.6) we get

D [ (w(w) = Alp@)a (@) ]v(w) + p(T) (T)v(T) — p(0)u (0)v(0)
k=1

= [Ie (u(t)) — A(p(t)u (t)) [v(Ee) #0,

which contradicts (2.5). So u satisfies the impulsive condition (1.1b). From the above, we
can obtain

p(D)u (TYT) - p(0)u (0)¥(0) = 0.
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Notice that v € W;’% and v(0) = (T, so
p(T)u'(T) = p(0)«(0).

Hence u satisfies the non-separated periodic boundary condition (1.1c). Therefore, u is a
classical solution of problem (1.1a)-(1.1c). a

Definition 2.2 ([32], Pg;) Let X be a real Banach space and I € C1(X, R). [ is said to satisfy
the P.S. condition on X if any sequence {x,} € X for which I(x,) is bounded and I'(x,,) — 0
as n — 0o possesses a convergent subsequence in X.

Theorem 2.2 ([32], Theorem 4.7) Let X be a Banach space and let ® € C1(X,R). Assume
that X splits into a direct sum of closed subspaces X = X~ ® X* with

dimX™ < o0
and

sup @ < inf @,
Sz X*

where Sy ={u e X :||lull =R}. Let
By = {u e X :|ul :R}, M = {h € C(B,},X) th(s)=sifse 51}},
and

= inf D (h(s)).
o i ()

Then, if © satisfies the P.S. condition, c is a critical value of ®.

3 Main results
Theorem 3.1 Assume the following conditions are satisfied:
(H2) There exist g,h € L]0, T) and constant o € [0,1) such that

[f(t, u)| < g(@®)|ul® + h(¢)
forallu e R,and a.e. t €[0,T].
(H3) |u|™ fOTF(t,u)dt—> —00, as |u| — oo.

(H4) Foranyk e{l,2,...,m}, (u)u >0,Vu € R.
Then problem (1.1a)-(1.1c) has at least one weak solution that minimizes the function J.

Proof 1t follows from (H2) and (2.1) that

/OT(/olf(t,ﬁ+siZ)ﬁds) dt‘

T 1
5/ dt/ |f (6, + sin)| %] ds
0 0

T
/ (F(t,u)—F(t,ﬁ))dt‘ =
0
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T 1
5/0 dt/o [g(@)[% + su|* + h(2)] (%] ds
T
5/0 [g()27 (171* + [%]*) + h(2)] (%] dt
T
< /0 (g(6)2% 1% (] + g(6)2% 1" + (o)) dt

— ~ ~ 1 ~
= 2%[u* Nl oo gl + 2 21135 gl + N2l oo I 211y

< g2 @ Cl@],, +2° gl |& |5 + Wl Cl]

1~
S_

275+ Gl + Gl [ + o],

By (H4), we have

m u(ty)
sw-Y [ nds=o
k=170

12
forallu e W,7.

Therefore, we obtain

1 T T m u(tk)
J(u) = 5 / pu*dt - / F(tu)dt+) / Ii(s) ds
0 0 =1 Y0

1 T T T
> = / pu dt - / (F(t,u) - F(t,w)) dt - / F(t,%)dt
2 Jo 0 0
= M, - G, - - a1}y - Gl - [ Fema
=3 p2" g p2 L3 1 2 p2” ) )
! 7 [ Femdes G ) -Gl - Gl 3.1
= - (@ [ Femdes o) -cl@lyl -clwl,, 6y

for all u € W,7. As ||ull — oo if and only if (|[#%, + [#[*)”* — oo, (3.1) and condition

(H3) imply that
J(u) = +00  as ||u|| — oo.

Similar to the Lemma 3.1 in [34], it is easy to prove that ] is weakly lower semi-continues.
By Theorem 1.1in [32], ] has a minimum point on W;:%, which is a critical point of /. Hence

problem (1.1a)-(1.1c) has at least one weak solution. a

Theorem 3.2 Assume (H2), (H3), and the following condition (H5) holds:
(H5) liminfjy— oo %] fo Ii(s) ds > —myq for some B € (0,2w) and constant mq > 0,
ke{l,2,...,m}.
Then problem (1.1a)-(1.1c) has at least one weak solution.

Proof Obviously, (H5) implies that there exists M such that Vx € R

/ Ii(s) ds > —mg|x|? — M. (3.2)
0
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From Theorem 3.1, we obtain

By (2.1) we have

m
> et < mlullf, = mla + 505, < 28m (i@ + (@)
k=1
<2Pmfaf + 2P mc|i ),

Also

1 T 9 T m u(ty)
== "\ dt - F(t,u)d Ii(s)d.
J(u) 2/(; p(uw') dt /O (t,u) t+k2=1:/0 «(s)ds

1

Substituting (3.2) and (3.3) into the above equation, we have

1 ~r 1 ~r —2a ~||% ~
e e W W e el b et

!
P2 ||p,2

m T
= o |ue)|” —mM—/ F(t,m)dt
k=1 0

1, _ - -
= 7], - Gl @], - G|

- Coll® - |},

|
p2

T
—/ F(t,ﬁ)dt+C7
0

1. r Celul?
> —|@ |2, - @ 1@ | F@a)de+ o17| +Cs
4 P2 0

|ﬁ|2a
a+l

-G,

~Gf],,+Cn

Since B € (0,2w), the above inequality and (H3) imply that

J(u) — +oo, as ||yl — oo.

T 1
/O ( fo f(t,ﬁ+sﬂ)ﬂds) dt’ < @, + Gl s G+ Gl

T T . o
:E/(; P(u/)zdt—/o (F(t,u)—F(t,ﬁ))dt_/o F(t,ﬁ)dt_'_kZl/‘O k Ik(s

Page 8 of 13

(3.3)

)ds.

So J has a minimum point on W;:%, which is a critical point of /. Hence problem (1.1a)-

(1.1c) has at least one solution.

O

Theorem 3.3 Suppose that the condition (H2) of Theorem 3.1 hold. Assume the following:

(H6) There exist ax, by >0, and y € (0,«) such that
|I(s)| < ax + belsl”

foreveryseR, ke{l,2,...,m}.
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(H7) Foranyk €{1,2,...,m}, It(s)s <0, Vs € R.
(H8) |u|™ fOTF(t, u)dt — +00, as |u| — +oo.

Then problem (1.1a)-(1.1c) has at least one weak solution.

First of all, we prove the following lemma.

Lemma 3.1 Suppose that the conditions of Theorem 3.3 hold, then ] satisfies the P.S. con-

dition.

Proof Let {u,} C W/;,’% be a P.S. sequence for /, that is, {/(u,)} is bounded, J'(x,) — O as
n — oo. It follows from (H2) and (2.1) that

T T
’/ f(t1 Un)’lzn dt’ =< / lf(tr un)||’b7n| dt
0 0

Therefore

(]/(Mn)’ﬁn> =

v

v

S~

Al B w

T

T
< / (e(O)lunl® + (0)) 72, dt
0

T T
< / Ot B it + / ()i dt
0 0

< Nt 13 158mll oo gl + 17 1 oo 12112
S N + tnll oo N2inlloo gl + N2Enlloo I 2112
< 2°(1@ + 1l ) 1 llos gy + 1Znlloo 12112

f— ~ ~ 1 ~
< 2%[ul* Ntnlloollglly + 2% 1% 155 g ll1 + 12 ll oo N1 2ll1

a+l

< 2@, Ll ., + 2 e i, 2 + ol
1, _ ~ ~
< Mg, o s ol |20+ ol

T m
pul i, dt — / S i dt + Y Tie(tan(t2) )i (t2)
0 k=1

Let a = max{a;}, b = max{b;}, one has

~ 3~ _ ~
V' o)y ) = |3, |1, = Calt ™ - Cs|[i,|

m
7,5 = Calitn™ = Cs [, |17, = Col[#, ], + D T (oen () (22
k=1
17,1, — Caltal™ = G5, 5 = Coll 7],
m
(ar + bic|un@)|”) [T (te) |
k-1
oo = Coll#,,.,

m

—am|[tiglloo = by 2([nl” + 1Tl ) 1o

k=1

Page 9 of 13
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1,15 = Calinl® = G5 |, I35 = Co[, ], — amC]2, ],

»-lslc.o

— 2mbli [loe — 26mC][7Z, | .

By Yang inequality and (2.1), the following inequality holds:

— 2
(Iunly)z‘”y 2]l i

2aly Ty

(2] [t |l 0 <

From the above, we have

w

el = ' a), i) = 27, = Caltinl™ = Cs [, 5 = Col,

~amCt |, ~ 2ot o G 5,257

On the other hand, in view of (2.2), we have

T T
7, = i - [ p(@) aes [ @rar
0 0

< [ o) ace = [ p@ya= (1s D)zl 64
“Jo g M1 Jo ! H1 e
So,
Clz,l,,= S 17, - (Co+ Gl = G5, |, ~amC|,],,,

which means

Colttn|* = |1, 1l p2 — Cro- (3.5)
Like in the proof of Theorem 3.1, we have
T a+l
/0 [F(t,un) — F(t,%,)] dt| < 2 |2, ||p2 + Calttn* + G5 |7, |, +Co|%,],,-  (3:6)

By the boundedness of {J(u,)}, (H7), (3.5), and (3.6), there exists a constant C such that

1 T N2 T m ”n(fk)

C<J(uy,) = E/ p(u),) dt—/ F(t,un)dt+2/ Ii(s)ds

0 0 k=0 v

2 T T

=S| —f [F(t, ) — F(t, )] dt—/ F(t,,) dt

0 0
2 o+l T

b Caltn 2 + G [, |+ ol , - / F(t,7) dt
0

7],

T
<[> (—l%l” / F(t,ﬁn)ducu). (3.7)
0
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It follows from (3.7) and (H8) that {|x,|} is bounded. Hence {u,} is bounded in W;:% by
(3.5). Therefore, there exists a subsequence of u, (for simplicity denoted again by {u,})
such that

Uy —u in Wy (3.8)
By Proposition 2.1, one has
u, — u in C[0,T]. (3.9)
On the other hand, we have
T ) T
(1" ) =T (), 14y — 1) = / p(u,—u') dt - / (Ft un) —f(t w)) (4, — u1) dit
0 0
3 (T () = Te(1a(t0)) ) (s () — (8. (3.10)
k=1
From (3.8)-(3.10), (H), and the continuity of I, it follows that #,, — u in WI;’%. Thus, J sat-
isfies the P.S. condition. O
Now, we prove Theorem 3.3.
Proof From Section 2, we know W =W @& W. We show that
J(u) > +o0 asue W, lu|| = oo. (3.11)

Ifue \77, then z = 0. Like in the proof of Theorem 3.1, we have

T
/O [~ Fe,0))de| = o2, + Gl |55 + el (3.12)

By (H6) and (2.1) we find

m
k=1 k=1

m
1
<amllulloo+bY_ llulll
k=1

p2’

< amCHu’”p’2 + bZ||u’| vl (313)
k=1
for all u € W. It follows from (3.12) and (3.13) that
1 [T T T
J(u) = 3 f pu?dt - f [F(t,u) - F(£,0)] dt - f F(t,0)dt + ¥ (u)
0 0 0

1 a+t N

= Nl =Gl - Colwl,, - ol ||p2_cgz|| s (3.14)

for all u € W. Hence, (3.11) follows from (3.4) and (3.14).
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On the other hand, by (H7), we obtain
V(1) <0 (3.15)

forall u € W;,’%. Hence, by (3.15) and (H8), one has

T
1) - [ et + )
0
T
20| _q,,12c F(t, d _
< lu| |:|u| /0 (tu) t]—> 00

as |u| — oo in R. By Theorem 2.2 and Lemma 3.1, problem (1.1a)-(1.1c) has at least one
weak solution. O
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