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Abstract

In this paper, we study the multipoint boundary value problem for a fractional
p-Laplacian equation at resonance on infinite interval and establish the existence
result of solutions by using extension of Mawhin's continuation theorem. Our paper
enriches some known existing articles. In order to illustrate our main result, we give
an example.
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1 Introduction
Many boundary value problems (BVPs) on infinite interval arise naturally in the study of
radially symmetric solutions of nonlinear elliptic equations (see [1]). There are numerous
physical models giving us motivations to investigate BVPs on infinite interval, such as the
following two important examples.

The first model is for determining the electric potential in an isolated atom derived in-
dependently by Thomas and Fermi:

u”(t) _ t‘1/2u3/2,

u(0) =1, u(oo) = 0.

Another famous model is the well-known Blasius boundary layer equation that shows
flow past a semiinfinite flat plate in hydromechanics:

£+ 3f)f" () =0, 5 €[0,+00),
f(0)=f(0)=0,  f'(c0)=1.

Although the Blasius equation is simple, it can clearly reveal the essence of the problem:s,
which is convenient for people to carry out theoretic analysis and mathematical research
for boundary layer problem. So, BVPs on infinite interval have important significance and
have been received much attention (see [1]). There are a large number of papers discussing
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the existence of solutions for both integral-order and fractional-order differential BVPs on
infinite interval by using the techniques of nonlinear analysis such as variational method
(see [2]), fixed-point theorems (see [3—8]), upper and lower solutions method (see [9, 10]),
fixed-point index theory (see [11, 12]), coincidence degree theory (see [13-15]), etc.

Jiang [13] proved the existence of solutions for the p-Laplacian boundary value problem

(Pp( (1)) +f(t,u,u') =0, 0<t<+00,
u(0) =0, bp(/ (00)) = 371, ctigpy (' (£2)),

where ¢,(s) = |s["~2s, ¢,(0) = 0, p > 1. The main method of the paper was the coincidence
degree theory.
Su and Zhang [6] investigated the existence of unbounded solutions of boundary value

problem

D, u(t) =f (¢, u(t), D& u(t)), te]:=[0,00),

u(0) =0, D u(+00) = thoy,  Uoo €R,

where D%, and D% are the standard Riemann-Liouville fractional derivatives of order
1 < o < 2. The main result of this paper was obtained by using Schauder’s fixed point
theorem.

Zhou, Kou, and Xie (see [15]) studied the existence of solutions for the following multi-
point boundary value problem:

D x(t) =f(t,x(t), D& x(t)), te€(0,00),
x(O) = O, 1imt—>+oo Dgllx(t) = ,Bx(fl),

where D§, is the standard Riemann-Liouville fractional derivative of order 1 < o < 2,7 > 0.
The analysis of this paper relied on the coincidence degree of Mawhin.

Motivated by the results mentioned, in this paper, we use the extension of Mawhin’s
continuation theorem (see [16]) to discuss the existence of solutions for the following mul-

tipoint boundary value problem of fractional p-Laplacian equation at resonance:

(¢p(DE,x(2))) +f(t,x(2), D4 x(2), D§ x(t)) =0, 0<t<+00,

11

x(0)=x'(0)=0, (D, x(+00)) = 371, ctihp (DG, x(£:)), b
where 1 < o < 2, D, is the standard Riemann-Liouville fractional derivative, 0 < & < & <
s <Ey < 400,05 >0, Y L a; =1, ¢, is reversible, and by ¢, we denote the inverse operator
of ¢, where 1/p +1/q = 1.

As we know, fractional differential equations have been applied in various fields (see [17,
18]). So, it is meaningful to discuss the boundary value problems of fractional differential
equations on infinite interval.

Throughout this paper, we suppose that the following hypothesis is satisfied:

(A;) f € Cl0,+00) x R® — R is an L!-Caratheodory function, that is, f is a Caratheodory
function, and for any r > 0, there exists a nonnegative function g,(t) € L'[0, +o0) such
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that
[f (&, u,v,w)| <g(t), ae.tel0,+00),u,v,weR,|ull <r || <1 |w| <r.

2 Preliminaries
In this section, we introduce some definitions and lemmas.

Definition 2.1 (See [19, 20]) The Rieman-Liouville fractional integral of order @ > 0 for a
function u : (0, +00) — R is defined as
Ig, u( / (¢ — )% Lu(s) ds,
T T@)
where I' () is the gamma function, provided that the right-hand side is pointwise defined
on (0, +00).

Definition 2.2 (See [19, 20]) The Riemann-Liouville functional derivative of order o > 0
for a function u: (0, +o0) — R is defined as

n

d
Dy, u(e) = oI ult) = ( S / (¢ - )" u(s) ds,

where 7 = [«] + 1, provided that the right-hand side is pointwise defined on (0, +00).

Lemma 2.1 (See [8, 15]) Assume that u € C[0,00) N L(0, 00) with a fractional derivative
of order o > 0 that belongs to C[0,00) N L(0,00). Then

I8 DY u(t) = u(t) + cit™ ™ + cpt* % 4+ - 4 ¢, %"
forsomec; €R,i=1,2,...,m,n=[a] +1.

Definition 2.3 (See [13, 16]) Let X and Y be two Banach spaces with norms || - ||y and
Il - ||y, respectively. A continuous operator M : X Ndom M — Y is said to be quasi-linear
if

(a) ImM := M(X NdomM) is a closed subset of Y, and

(b) KerM :={x € X NdomM : Mx = 0} is linearly homeomorphic to R”, n < co.

Take X; = Ker M and let X; be the complement space of X in X, so that, X = X; & X;.
On the other hand, suppose that Y; is a subspace of Y and Y; is the complement space of
Y1inY,sothat Y =Y, ®Y;. Let P: X — Xj and Q: Y — Yj be two projectors, and Q C X
be an open bounded set with the origin 6 € Q2. Throughout we use 6 to denote the origin
in a linear space (see [13, 16]).

Definition 2.4 (See [13,16]) Suppose that N; : @ — Y, A € [0,1], is a continuous operator.
Denote Ny by N. Let >, ={x € Q : Mx = Nyx}. N, is said to be M-compact in Q if there
is a vector subspace Y; of Y with dim ¥; = dim X; and a continuous and compact operator
R:Q x [0,1] = X; such that, for A € [0,1],

(@) (- QN\(Q) cImMcC (-Q)Y;
(a2) QNx =0, €(0,1) & QNx =06;
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(a3) R(-,0) is the zero operator, and R(-, M)y, = (I - P)|y,;
(as) M[P +R(-,\)] = (I = Q)N,..

Lemma 2.2 (Extension of Mawhin’s continuation theorem) Let X and Y be two Banach
spaces with the norms || - ||x and || - ||y respectively, and Q2 C X be an open bounded
nonempty set. Suppose that

M: XNdomM — Y

is a quasi-linear operator and
N.:Q—Y, rel01],

is M-compact on Q. In addition, let the following conditions hold:

(B1) Mx #Nyx,V(x,1) €0 x (0,1),
(B) QNx #0,Vx € KerMN oL,
(B3) deg(JON,KerM N ,0) #0.

Then the abstract equation Mx = Nx has at least one solution in dom M N Q, where N = Ny,

Q:Y — ImQ is a projector, ] : Im Q — Ker M is a homeomorphism with J(0) = 0 (see [16]).

3 Main result
In this section, we give a theorem on the existence of solutions for BVP (1.1). Let

x(t
X = {x}x,D&xe C[0, +00), sup L0l < +00,
te[0,+00) 1+
D¢ x(t
|0+7()| < +00, Sup }D‘5‘+x(t)| < +oo},
te[0,+00) 1+ te[0,+00)
Y =110, +00),
with norms
lxllx = max{llxllo, HD‘SIIx o |D8‘+x||oo}, lylly = Iyl
where [yl = f¢™ 1y(0)dt, ID§,xlloc = SUPscio,400) DG, 2@, 160 = 1|72 |- Clearly,

(X, Il - Ilx) and (Y, || - |y) are Banach spaces.
Define the operators M :domM C X — Y and N, : X — Y as follows:

Mx=(p(D2,x)),  Nux(®) = -Af (£,x(0), D& x(t), D&, x()), A €[0,1],x€X,

where

domM = {x & X[ (D5,%) € AC[0, +00),x(0) = ¥'(0) = 0,

p (DG, x(+00)) = >~ criehy (D x(€)) {.-

i=1

Then the BVP (1.1) is equivalent to Mx = Nx, x € dom M.
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Lemma 3.1 For M defined as before, we have

KerM = {x € dom M|x(¢) = ct*,Vt € [0, +00),c € R}, (3.1)
n +00

ImM:{ye Y‘Zai/ y(s)ds=0}, (3.2)
i=1 §i

and M is a quasi-linear operator.

Proof For x € KerM, Mx = 0, that is, (¢,(Dg,x))" = 0, by ¢,(Dg,x(+00)) = 31 o x
¢,(DG,%(&;)) we easily get

¢p (Dg+x(t)) d’P (Dg+ +OO) Z Ol;(bp D0+X(S,))

i=1

Based on Lemma 2.1, since x(0) = x'(0) = 0, we have

¢q(21 1 l¢[’ D0+x é‘ / (t s)ot lds

x(t) = it + et +

_ (T iy (DG AE)
- Mo +1)

Conversely, if x = ct*, then Mx = 0 by (3.1). If y € Im M, then there exists a function x €
dom M such that y(¢) = (¢,(D§,x(¢)))’. Then

bp(D§,%(2)) = ¢ (DG, x(+00)) —/ y(s) ds

= Z“l"f’p(Dg+x($i)) - /my(s) ds
i=1 t
=2 [@(D&xuoo)) [0 ds} [ voas

i=1 &i

that is,

i - ds=0. 3.3
;a /si ¥(s) ds (3.3)

On the other hand, if y € Y satisfies (3.3), then take

x(t) =I5, ¢4 (—/ ¥(s) ds)‘

Then x € domM and Mx = y. Hence, (3.2) holds. Clearly, dimKerM =1 < +0co and
ImM := M(domM N X) is a closed subset of Y. Therefore, we get that M is a quasi-linear
operator. 0

Lemma3.2 (See[1]) Let V C Cy = {u € C[0,00),lim;_, ;0 u(t) exists}. Then V is relatively
compact if the following conditions hold:
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(b1) all functions from V are uniformly bounded,
(by) all functions from V are equicontinuous on any compact interval of [0, +00),
(bs) all functions from V are equiconvergent at infinity.

Remark 3.1 By Lemma 3.2, any set V' C X (defined as before) is relatively compact, we
only need to show that the sets

Vi - { x(t)

DEx(t)
1+t

er}, V2={
1+t

xe v}, Vs = (D8, x(0)|x € V)

are uniformly bounded in X, equicontinuous on any compact intervals of [0, +00), and
equiconvergent at infinity.

Lemma 3.3 Let Q C X be nonempty, open, and bounded. Then N, is M-compact on Q.

Proof Define two projectors P: X — X; and Q: Y — Y; by

o 2 5) ds
, =" : -, Vee0,+00),
Mo +1) ) Yo oyei ¢ €10,+00)

Pa(r) = 20249

where X; = KerM and Y; = Im Q.

First, we show that (a4;) and (a3) in Definition 2.4 hold. In fact, by the definition of P we
get Im P = Ker M and P%x(t) = Px(t). For x € X, since x = (x — Px) + Px and Im P = Ker M,
we have (x — Px) € KerP, Px € Ker M. We easily see that KerM N KerP = {0}. So, X =
Ker M @ Ker P = X; @ X;,. Similarly, by the definition of Q, we can obtain

n +00
Qy=QQ)= %e‘t =Q,

and Ker Q = ImM. For y € Y, since y = (y — Qy) + Qy and Ker Q = Im M, we have (y— Qy) €
Ker Q, Qy € ImM. Clearly, InQNImM = {0}. So,wehave Y =Im Q@& ImM =Y, ® Y, and
dim X; = dimKer M = dimIm Q = dim Y7, where X; = Ker P, Y, = Im M. Let Q2 C X be open
bounded, and let 6 € Q. On the one hand, for x € , since Q(I — Q) is a zero operator, we
have Q[(I - Q)N,x] = 0; thus, (I - Q)N,.x € Ker Q = Im M, that is, (I - Q)N, () C ImM. On
the other hand, for y € Im M, since y = (y—Qy) + Qyand Ker Q = Im M, we havey € (I-Q)Y,
thatis, InM C (I - Q)Y. Clearly, QN,x = 0, » € (0,1) <& QNx = 0. So, conditions (a;) and
(a2) of Definition 2.4 hold.

Second, we give the definition of operator R and aim to show that R is compact. For

notational convenience, let
+00
I(t,%, 1) = f (Q - D)N;x(s) ds + ¢, (D§, %(+00)), h(t) = ¢y (U(t, %, 1)) — Dy, x(+00).
t
Define the operator R : Q x [0,1] — X, by
R(x, \)(2) =I5, h(¢).

By (A,) it is easy to know that R(x, 4)(£) is continuous on Q x [0, 1].
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Step 1. We prove that R(x, A)(R) is both uniformly bounded in X and equicontinuous on
any compact interval of [0, +00). In fact, since €2 C X is nonempty, open, and bounded, by
(A;) there exist a constant > 0 and a nonnegative function g.(t) € L}[0, +00) such that

lxllx <r, If (£ %(6), D§"x(8), D§ x(2))| < g:(¢), a.e.te[0,+00),x € Q.

Since

/W (Q-NN,xdt

+00
f/ |QN)\.?C—N)Lx|dT

< mp(r,x(r>,Dg+1x<r),Dg+x(f))
0

S fo f(s,x(s), D x(s), D x(s)) ds
Yo e

= /+°<> If (v, %(z), D§; x(x), D§, x(7)) | dT
0

e "ldr

‘ Yo [ f(s,x(s), Dg; x(s), DG, x(s)) ds
+

> e s
1 e
< IIgr||1<1 + W) =7, (3.4)
we have
’h(s)’ = ¢q|:/ (Q-DHNx(t)dt + ¢p(Dg+x(+oo)):| —Dg+x(+oo)‘

< g7+ p(r)] +r=1m.

Therefore, for any x € Q, we have

Rz, 1)(8)
[R@ 2@, = sup ,‘W‘

)
o l+t¢

t t— a-1
< o sup / (Ul ds
(o) te[0,+00) J 0 1+

=<

1
sup
te[0,+00) IM(a)

h(s)ds

<m,
Ma+1) —
DEIR(x, 2)(2) ‘

D5 R @, = sup | =470

0,+00)

t
1
= sup f h(s)ds
te[0,+00)[J0 1+

t
1
<m sup / ds <m,
te[0,+00) J 0O 1+
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and

||Dg+R(x,A)(t)||OO: sup |D‘5‘+R(x,)»)(t)|: sup |h(t)|§m.
te[0,4+00) )

te[0,+00

That is, R(x, 1)(€) is uniformly bounded in X. Next, we show that R(x, A)(Q) is equicon-
tinuous on any compact interval of [0, +00). In fact, for any K > 0, #,%, € [0,K], x € Q,
A €[0,1], we have

‘R(x,k)(tl) R, 4)(2)

1+ 1+13
1 i (t—s)! ? (b =9
= Cab) h(S)ds—/ &h(s)ds
T ||)o 1+ o 1+8
1|8 (-5t (f—s)*t 2 (-5
- / (ti—5)"" (t2-9) h(s) ds +/ &h(gds
T@) ||/ 1+£8 1+1£5 n  1+8
O (g — 5)! _a-l %) —g)e-l
o / (=5 (t2-5) +/ CID )
T(a) [ Jo 1+ 1+t a 1+t
Mort | (g — )@l t —s)* 1 1 (t -1)”
< m / (1 S) _(2 S) +_u — 0 ast — 6.
F(Ol)_ o 1+til 1+tg [07 1+t%

— o—1 -
So, {%,x € Q} is equicontinuous on [0, K]. Similarly, we obtain that {w,x 3%

is equicontinuous on [0, K]. In addition, since

| D, R(x, 2)(11) - D, R(x, 1)(82)| = |h(t1) - h(tz)|

= |¢q(l(t1,x, )L)) - ¢q(l(t2,x, }»)) |

and

’l(t,x,k)| =

h\.,«.
3

(Q-DN,x(s)ds + ¢y (Dg+x(+oo)) ‘

N

<F+¢p(r) (te[0,Kl,xeQ),

we have

|U(t1,%,0) = Ut %, 1) | =

f ’ (Q-I)N,x(s) ds

f llgr Il 2
< a —=—= ¢ |ds.
- /tl ( ©)+ Z?:l“iefs"e ) *

By the absolute continuity of the integral, {I(¢,x,1),x € Q} is equicontinuous on [0, K],
which combined with the uniform continuity of ¢,(x) on [-7 — ¢,(7),7 + ¢,(r)], gives that
{D§,R(x,1)(t),x € Q} is equicontinuous on [0, K].

Step 2. We establish the fact that R(x, 1)(Q) is equiconvergent at infinity. In fact, for any
x € Q, by (3.4) we have

+00

lim (Q-DNN,x(t)dt =0.

§—>+00
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Since ¢,(x) is uniformly continuous on [—7 — ¢, (r), 7 + ¢,(r)], for any & > 0, there exists a

constant L; > 0 such that, for s > L;, we have

[h)] =

by [ / (Q-D)N;x(z)dt + ¢, (D‘(’)‘+x(+oo))] — [y (D§,2(+00)) ]

<g VxeQ.

Therefore, |h(s)| < & for s > L; and |h(s)| < m for s < L1. On the other hand, since
. -1 . .
limys 400 f+7 =0andlim;_, o # = 0 for the above ¢ > 0, there exists a constant L > L; >0

such that, for any ,#, > L and 0 <s < L;, we have

(-5 (-9 t|_ & s

T+ 1465 |1+ 1+£8

and

1 1
1+ 1+¢

1 1
< + <e.
1+ 1+t

Then, for t,t, > L, from the above we obtain

‘R(x’)\)(tl) _ R(x2)(5)

1+¢ 1+t
1 t H— o-1 [%) ty — a-1

_ f (G =9 S ds— f =9 G ds
F(a) 0 1+ti¥ 0 1+tg

(-9 (-9

S)oz—l
1+t 1+1t5 ’

1 f (tl—
|h(s)|ds+ ) /Ll T+ i h(s)|ds

1 L
<
<t )

1 2 (ty — S)at_1

+l"(a) L T1v8 |h(s)|ds

- m I 2m
&+ .
“T@) ™" "T+1)

Similarly, we get

D§'R(x, A)(t1)  D§'R(x, 2)(t2)
1+¢ 1+t

<mlie + 2¢

and, in addition,

|DE, R(x, 2)(t1) — DE,R(x, 1) (6)] = |n(tr) = h(eo)|
=< |h(t1)| + |h(t2)|
< 2e.

So, R(x, 1)(2) is equiconvergent at infinity. By Lemma 3.2, R : Qx[0,1] > X is completely

continuous.

Page 9 of 14
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Finally, we prove that the (43) and (a4) in Definition 2.4 hold. Letx € ), = {x € Q|Mx =
N,.x}. Then (¢,(Dg,x(£))) = Nyx(t) € ImM = Ker Q and

R(x, 2)() = I, (2)
= %/0 (t—s)* [¢q </; (Q-DNx(t)dt + ¢p(Dg+x(+oo))>

- D‘(§+x(+oo):| ds

i ﬁ / (t- S)a_l%(/ T Nx(rydr+ ¢p(D%+x(+oo>)) ds - (Px)(2)

S / (-5 1¢q( / (¢p(Dg+x(z)))’dT+¢p(Dg+x(+oo))> ds
Px)(t

= m /0 (t - s)“_lD&x(s) ds — (Px)(¢t),
which, combined with boundary conditions, yields that
R(x, 1)() = x(2) — (Px)(2) = [(I - P)x](2).
It is clear that R(x, 0)(¢) is a zero operator, and for any x € €2, we have
M[Px + R(x, A)](t)

= M[ﬁ /0 (t-s)"¢, ( / (Q-DNx(t)dt + ¢p(D8‘+x<+00>)> ds]

= |:/t+°° (Q-I)N;x(s)ds + ¢, (Dg‘+x(+oo)):|
= (I - QNx(2).
By the above, N, is M-compact on Q. O
Theorem 3.1 Suppose that (A1) and the following conditions hold:

(A2) there exist nonnegative functions a(t), b(t),c(t),d(t) € Y such that

| |v[p~

W ey O

+d@®)|wP™t,  Vtel0,+o00), (u,v,w) € R?;

[f(t, u,v,w)| < a(t) + b(t)

(As) there exists a positive constant B such that one of the following inequalities hold:

wf(t,u,v,w)>0, Vtel0,+00),u,veR,|w|>B, (3.5)

wf(t,u,v,w) <0, Vte[0,+00),u,veR,|w|>B. (3.6)

Then BVP (1.1) has at least one solution in X, provided that ||b||; + ||c|l; + ||d||1 < 1.
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Before we prove Theorem 3.1, we show two lemmas.

Lemma 3.4 Let Q; = {x € domM \ Ker M|Mx = Ny x, 1 € (0,1)}. Suppose that (Ay) and
(A3) hold. Then 2 is bounded in X.

Proof Let x € Q1. Then Mx = Ny x and thus QN x = 0, that is,

Z a; / f(s,x(s), Dg:lx(s), Dg‘+x(s)) ds=0.
By Lemma 2.1 and the boundary conditions we have
1 t
x(t) = art* ™ + ot + I3, DE x(t) = IS, D% x(t) = —— / (t — )" D%, x(s) ds.
I'(a) Jo
Thus,
lello < [Dgxlr D6 5] = D6, -

By (A3) there exists a constant sy € [0, +00) such that |D§,x(so)| < B, which, combined
with Mx = N, x and (A;), gives

|¢P (Dg+x(t))|

o (Dg+x(so)) - / kf(s,x(s), D‘(’)‘jlx(s), D‘{,@x(s)) ds

S0

/t )»f(s,x(s),nglx(s),Dg+x(s)) ds

S0

<¢p(B) + /0 If (s, %(s), Dy x(s), DG, x(s)) | ds

< |¢p (DG, %(50)) | +

< ¢p(B) + /0 - [a(s) b LI i

+ s¥)p-1 1 +sx)p1

+d(s) |Dg+x|"‘1} ds

< ¢p(B) + llally + 1y (Ixllo) + llclhd, (| D5 %) + Idlaey (| DG %] )
< ¢p(B) + llally + (11l + llcll + Idl]e, (| D, %] .. )-
Then
65 (D5.%) [ = 60 (105, )
< ¢p(B) + llally + [1B1h + llelly + N4l ] 8, (| DG ] . )-
Thus,

) $p(B) + llalls
D =
o (195:%] ) = Tfpr el = T

That is,

195, . < #4(4).
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Therefore,

el = max{llxllo, || D% %] o | D8] .} < da(A).

0’
So, ; is bounded in X. O

Lemma 3.5 Let Q, = {x € Ker M|Nx € InM}. Suppose that (As) holds. Then Q0 is
bounded in X.

Proof Let x € Qy, that is, x = ct%, c € R, QNx = 0, so that
Zai / f(t, ct*,cl(a + 1)t, cF(a)) dt =0.

By (A3) we have |cI"(«)| < B, that s, |¢| < %. Therefore,

o—1
Dy, x

o [1D5.x] .}
o+ 1)t H
L+ |

llxllx = max{|lxllo,

ct*
1+ oc’

cF(a)|}

= max{

S ’

So, 2, is bounded in X. O

ct®
1+t~

clMa+1
1+t~

) ” +[eT(@)] < (1+T@) + Do+ 1)l = C.

o]

Proof of Theorem 3.1 Set Q = {x € X|||x|ly < max{B,¢,4(A),C} +1}. By Lemma 3.1 and
Lemma 3.3 we know that M is quasi-linear and N; is M-compact on 2. From Lemma 3.4

and Lemma 3.5 we obtain:

(By) Mx#Nyx,V(x,1) €0 x (0,1),
(B) QNx #0,Vx € KerMNaQ.

Now we show (Bs) holds. Let J : Im Q — Ker M be the homeomorphism defined by
J(ce™) =ct*, ceR,te[0,+00).
Without loss of generality, we suppose that (3.6) holds. Define the homotopic mapping
H(x,2) = x—(1-1)JQNx, VxeQNKerM, i e [0,1].

Then H(x,1) #0,x € 9Q2 N KerM, X € [0,1]. Indeed, for x € Q2 N Ker M, we have x = ct*
and thus
Yo fgoof(s, cs®, el +1)s,cT () ds p

i et '

Clearly, H(x,1) #0,x € 9Q NKerM. For 1 € [0,1) and x = ct* € 9Q NKerM, if H(x,1) = 0,
then

H(x,A) = et* —(1-21)

Yo /goo cl(a)f (s, cs%, el (o + 1)s,cT (@) dis A

2
c’T >0,
S e AR
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which contradicts (3.6). If (3.5) holds, then defining the homotopic mapping
H(x,2) = x+(1-A)JQNx, xeQnKerM,xe[0,1],

we also get contradiction in a similar way. Therefore, via the homotopy property of degree,
we obtain

deg(JQN, 2 N KerM,0) = deg(H(-, 0), 2 NKer M, 0)
= deg(H(-,1), 2N KerM,0)

=deg(l, 2 N KerM,0) #0.
Applying Lemma 2.2, we conclude that (1.1) has at least one solution in Q. O

4 Example
Example 4.1 Consider the BVP

(P32 (D3x() + — s sin /()] + S psn (DY24(8)) + Le7™ = 0,
0<t<+00, (4.1)
x(0) =x'(0) =0, G32(DPx(+00)) = 31 ctips o (D2 x(E1)),

where 0 <& <& <+ <&, <+00,;>0, Y - o =1. Let

1 1
a(t) = b(t) = Ze_St, ct)=0, dt) = Ee_t, B=4,

1 1 1
g(t) = (—e’gt + Ee_t>r + Ze_St.

We easily check (A;)-(As). By Theorem 3.1, problem (4.1) has at least one solution.
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