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1 Introduction

Let p be a fixed odd prime number. Throughout this paper, we denote by Z,, Q,, and C,
the ring of p-adic integers, the field of p-adic numbers, and the completion of algebraic
closure of Q,. The p-adic norm | - |, is normalized as |p|, = 117. Let C(Z,) be the space of
continuous functions on Z,. For f € C(Z,), the fermionic p-adic integral on Z, is defined
by Kim to be

-1

L(f) = fZ f)dpa() = lim Y )" )
P x=0

(see [1-19]). For fi(x) = f(x + 1), we have
Li(f) + L1(f) = 2(0). (2)

As is well known, the Changhee polynomials are defined by the generating function

X+ 2 X = tn
/Zp(m) )= 570 = 3 3)

When x = 0, Ch,, = Ch,(0) are called the Changhee numbers (see [17, 18, 20]). The gamma
and beta functions are defined by the following definite integrals: for « > 0, 8 > 0,

MNa) = /00 el dt (4)
0
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(see[20, 21]). Thus, by (4) and (5) we have

T(@)I'(8)
r 1) =al'(a), Blo,B) = ——+. 6
(@ +1) =al () (e, B) T+ f) (6)
Stirling numbers of the first kind are defined by
oo tm
(log(l + t))n =n! ZSl(m, n)%, 7)
and the Stirling numbers of the second kind are defined by
N t
(e-1)"=n) Sn Dy (1=0). ()
I=n

Recently, Lim and Qi [20] have derived integral identities for Appell-type A-Changhee
numbers from the fermionic integral equation. The degenerate Bernoulli polynomials,
a degenerate version of the well-known family of polynomials, were introduced by Carlitz,
and after that, many researchers have studied the degenerate special polynomials (see [1-
3,20, 22-28]).

The goal of this paper is to consider the Appell-type Changhee polynomials, another
version of the Changhee polynomials in (3), and derive some properties of these polyno-

mials. Furthermore, we investigate certain identities for these polynomials.

2 Some identities for Appell-type Changhee polynomials
Now we define the Appell-type Changhee polynomials Ch} (x) by

2 Xt - * -
7 —ZChn(x) . )

When x = 0, the Changhee numbers Ch}; = Ch}(0) are equal to the Changhee numbers
Ch,, = Ch,(0). From (9) we have

m=0 1=0
o0 n tn
- Z(Z (”) Chy, x”-’*“> - (10)
n=0 \m=0 m -

By (10) we have the following theorem.
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Theorem 1 For n € N, we have

Chi = (;) Chy, ", (11)

m=0

By (9), replacing t by e — 1, we get

e ZCh* ) : (12)

2+ef—1

Then we have

o t_ 1)
RHS = ZCh;(x) (e , )
n.

n=0
o] [ed] tl

=2 Chiw—n y Sibmy
n=0 I=n
oo I . tl

=3 Chy@)S (L, s (13)
1=0 n=0 :

where S;(/, 1) are the Stirling numbers of the second kind, and

LHS = 2D
1+ef

[ o 0 o
=Y Eu— > Bel,(x)—
m! n!

m=0 n=0

)
ZZ( )E Bel,_( )j (14)

=0 n=0

It is well known that the Bell polynomials are defined by the generating function

¢ > t"
e = Z Bel, (x)—‘
n!

n=0

(see [8]). By (13) and (14) we have the following theorem.

Theorem 2 Forl e N, we have

l

/
> o Chi@)Sa(lm) =) ( i )E,, Bel,_, (x). (15)
n=0

n=0
By (11) we can derive the following equation:
d Ch* (x) ”Z_l n Ch* ( ) n-m-1
— = n—mx
n m m

dx

m=0

=nCh}_, (x). (16)
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From (16) we get

X X d
n/(; Ch};_(s) ds:/o $Ch’;(s) ds
= Ch, ()0

=Ch}(x) - Ch.
By (17) we can derive the following theorem.

Theorem 3 For n € N, we have

Ch*,,(x) — Ch,

X
n+l =/ Chy (s) ds.
n+l 0

By (4) we note that
oo t"
2= (ZChj; —')(2+ )
'ne0 n.
oo tn o0 t”
=D 2ch; =)+ chr =
= n! = n!
oo tn o0 t"
2Ch* — Ch*_, —
(;; ”n!>+;" "1y

t}’l
n!

oo
=2Chj+) (2Chj+nCh} ) -

n=1

By (19) we have the following theorem.

Theorem 4 For n € N, we have

Chi=1, 2Ch*+nCh*,=0 ifn>1.

Now we observe that

oo

t” 2
E Ch¥(1—x)— = ——el=
o n 2+t

— 2 ete—xt
2+t

0 ! 00
- (Z Ch?(l)%) (Z(—@
1=0 m=0
4 n * m
> (m) Chy;_,,,(1)(-x)

From (21) we obtain the following theorem.
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Theorem 5 For n € N, we have

Chil-x)=Y (:;) Ch?_, (1)(=x)". (22)

m=0

By (22) we get

oS (M onr @y [
/0 (15 x-Z(m) @ [

1
m=0 0

~ (n » Chi_, (1)
=%<m)(_1) n+m+l 23

From (16) we note that

1
/ ¥ Ch (s + 3) dy
0

n+1

Y
n+l

! 1 1 d

n+l *
- — Ch*(x +y)d
P 0_)/ y n( +y) Y

Chl(x +y)

»=0

Chi(x +1) n L
=4——/ y 1Chn_1(x+y)dy
0

n+1 n+1
Chi(x+1) 1 [(Ch',(x+%) ,.,|
= - y
n+1 n+1 n+2 =0
st (n—l)/ly”*ZCh* 2(x+y)dy
n+ln+2 0 "
Ch*(x +1) n Ch*  (x+1) , N rz—l/l 5
— n _ 145 _1 M+ Ch* d
n+1 n+l n+2 *( )n+1n+2 Oy n2(F+y)dy
Ch}(x +1) n Chy_j(x+1) 1) n n-1Ch_,(x+1)
= —_ + a—
n+1 n+1 n+2 n+ln+2 n+3
n n-1n-2 (!
-1 —— "+3 Ch? dy. 24
+( )n+1n+2n+3/0y n-a(x+y)dy 24)
Also, we get
1 Chi(x+y) ., |" 1 !
/yz”_IChi‘(x+y)dy:17yy2” ——/ y*" Chii(x + y) dy. (25)
0 2n y=0 2n 0
From (11) we get
Chi(®) =1, (26)
and hence
1 Chi(x) 1 (!
/ YO+ y)dy = — = - / y"dy
0 n 2” 0
Chy 1
_Chil) (27)

2n 2n(2n+1)°
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By (27), continuing the process in (24), we have

1
| renna

Chj(x +1) - P nn-1)---(n-m+1)
== D e+ ) v D) e 1)

m=1

We note that
Chi(x+y)=Chi(x+1+y-1)

=y ('Z) Chj(x + 1)(-1)"* @ - y)" .
I=1

By (29) we get
1
[ rrenesnay
0

n n 1
- Chi(x+1)(=1)"" [ y"@—y)""dy
,Z (1) : /

n

= Z (n) Chj (x + D(-1)""'Bn+1L,n-1+1)

I=1 !

B " (n . ay P+ )(n—-1+1)
‘%(1) e O P )

Nyt (M) =D
=2 (1)(2n—1+1)!Chl(x+1)

=0

_ ¢ 1yl n(’;)
_IZO:( b (2n—l+1)(2”_1)

n

Chj(x + 1).

By (28) and (30) we have the following theorem.

Theorem 6 Forn € N, we have

. _1\yn-l n(?) Ch*
Z( b @n—1+1)(*") rw+)

1=0

Chj(x +1) nn-1)---(n-m+1)

= -1)"Ch* 1
e +;<) s 1)

From (16) we note that

1
| rreneenay
0
Ch*, (x+9) ,|' 1 v
= G n/ Y Chl (x +y)dy
n+1 =0 n+l J,

m+D)m+2)--m+m+1)
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Chf, (x+1) n L
= ! - fy 1Chn+1(x+y)dy

n+1 n+1
Chl, (x+1) n Chy ,(x+1) nn-1) 1 5
— n+ _ n+. Hn—. Ch* d
n+1 n+l n+2 (n+1)(n+2) Y na(®+y) dy
_ Ch; (v +1) n Chy ,(x+1) nn—-1) Chl,(x+1)
N n+1 n+l n+2 n+1)(n+2) n+3
n(n—-1)(n-2) /1 3
- "% Ch* dy.
m+1)m+2)m+3) Jo q nia(x+y)dy

Also, we have

1
/ yCh3,_ (x+y)dy

Ch? e
_ Chy,(x+y) __/ 1. Chy, (x +y) dy
2n y=0 21 Jo
Chi (x+1) 1 1 !
S ) L L e ()
2n 2n2n+1 y=0
_Chy,(x+1)  Chy (e +1)—Chj, (@)
o 2u(2n +1) '

By (30), continuing the process in (28), we obtain the following theorem.

Theorem 7 For n € N, we have

Z( ™ ZMLE)(%,)CW(HI)
=0

n-1
Chy, (x+1) R nn-1)---(n-m+1)
= -1 h
1 Z( VO &+ ) s e D)
i M o Ch;
# (1) o (Ol 1) = Chi 1),
Now, we have
1
/ Ch(x) Ch} (x) dx
0
_ Chyyy (0 Chi ()|

1 1
- Ch* Ch* d
n+1 o n+1m_/0 i (0 Oy () dx

% (Chi,,(1) Ch}, (1) - Ch?,,(0) Ch?,(0))

m 1

- m Ch;kﬁl( ) Ch;kn_l (x) dx
_ Chzﬂ(l) Ch; (1) - Chj; i Chfn m Cthz(l) Ch (1)-Ch} 2 Ch”;n_1
B n+1 n+1 n+2
2 m m 1 * *
Ch Ch d
DT n+l n+2/ nr2 (%) Chy o (%) e
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and

1
f Ch},,,_1(x) Chi(x) dx

n+m-—

Ch* 1)Chj(1) - Ch},,, Ch} 1
nan D) CNI () = Chy,,, Chy / Ch,,,(x) Chi(x) dx
n+m n+m
ChZMn(l) Ch*(l) Ch;:er Ch>1k 1 Ch2+m+l(1) Chn+m+1 (36)
n+m n+m n+m+1 ’
By (30) with x = 0 we get
1
/ Chj (x) Ch},(x) dx
0
m m 1 4
= Z ( i ) Ch}’.k / X7 Ch},(x) dx
im0 N/ 0
"\ (m < _ (m=)("7)
- Ch* ) (-1 Ch; (1)
;(1) ’Z @0m—j) - L+ 1)) T
m m—j g m—j
LY () M) e e (37)
j=0 =0 ] ( (Wl ])_l+1)( ] )

By (37), continuing the process in (35), we obtain the following theorem.

Theorem 8 For n € N, we have

m m—j m) o (m_l-)(m—j)
,Zo; <1 @Om—j) 1+ ()
Ch*ﬂ(l) Ch;,(1) - Ch}

n+l

Chy,

n+1

m-1
¢ mm=1)---(m—-k+1)
+; b m+1)mn+2)---(m+k+1)

x (Chn+k+1 (1) Ch* k(l) Chn+k+1 Chjn—k)
m! "
+ (_l)m (Chjz+m+1( ) Chn+m+1) (38)

(m+m+ 1)

3 Remarks

In this section, by using the fermionic p-adic integral on Z,, we derive some identities for
Changhee polynomials, Stirling numbers of the first kind, and Euler numbers. By (2) we
note that

- /Z (14 t7e™ dp 1)

eylog(1+t)+xt dl/L—l (y) (39)
Zp
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and
nd " it yl(log(l +1))
xt _ylog(l+t) _ m
My ottt — (Zx o (Z —
m=0 1=0
00 mtm o0 ) 00
= (Zx — (Zy > Sk, 1)
m=0 1=0 k=1
00 o ook
- (meﬁ (ZZy’Sl(k g
m=0 k=0 I=0
00 nk " P
230 ( k>x"-kylsl(/<, D)= (40)
n=0 \ k=0 I=0 "

Thus, by (39) and (40) we have
o0 t”
Sochiw? = [ et du )
n=0 ! Zp

00 n k n
=2 ZZ(Z)W /Z pyldu_lcy)sl(k,n L

n=0 \k=0 [=0

00 n k n
(X ()Esien) (@)

n=0 \k=0 [=0

From (41) we have the following theorem.

Theorem 9 For n € N, we have

Chj(x) = ZZ( )x”"‘ElSl(k, D). (42)

k=0 1=0
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