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1 Introduction
As is known, the Euler numbers are defined by the generating function
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= X;E; (see [1-9]). (1.1)

Carlitz [2] considered the degenerate Euler numbers defined by the generating function
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In [7], the modified degenerate Euler numbers, which are slightly different from Carlitz’s
degenerate Euler numbers, are defined by
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Note that lim,_, 5,,,)\ =1lim; 0 &y = E, (n > 0). Recently, Kim and Kim [6] studied non-
linear differential equations given by
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Let «, a, b be nonzero real numbers. Then we consider the general modified degenerate
Euler numbers as follows:
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From (1.5) we note that
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where E,;, (n > 0) are the Apostol-Euler numbers given by the generating function
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qer+1 =Y E, s (see [1, 3]). 1.7)
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Thus, by (1.5) and (1.6) we get

a s
?En,% = )]\141;% gn,)»(a | a, b) (n>0).

Bayad and Kim [1] studied the following nonlinear differential equations related to
Apostol-Euler numbers:
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where F{ = (4)XF,(8), Fy(t) = .
In this paper, we study the ordinary differential equations associated with the gener-
ating function of general modified degenerate Euler numbers. In addition, we give some
new and explicit formulas and identities for those numbers arising from our differential

equations.

2 Generalized modified degenerate Euler numbers
For nonzero real numbers «, a, b, let

F=F() = ;ﬂ (2.1)
a(l+M)* +b

Then by (2.1) we get
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_ DT80N % b
(@l +A)* +b)?

= (-1) log(1+ 1)(F - bF?). 2.2)
Thus, from (2.2) we have
FO = ; log(1 + 2)(bF? — F). 2.3)

From (2.3) we derive the following equation:

d
F® - 20
dt
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Continuing this process, we set
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By taking the derivative of (2.5) with respect to t we have
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Replacing N by N +1in (2.5), we get

W+ _ (4 N k=1 pk
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Comparing the coefficients on both sides of (2.6) and (2.7), we obtain

a1(N +1) = —a;(N). (2.8)
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Thus, by (2.8) we get
ai(N +1) = -a;(N) = (-1)’ai(N = 1) = - - - = (-1)Nay (1). (2.9)

From (2.5) we have

Zlog(1 + {BE? - F} = Zlog(L+ M}{a(DF + ax(DbE?), (2.10)
By (2.10) we get
ai(l)=-1 and a,(1) =1 (2.11)

Thus, from (2.9) and (2.11) we have
ar(N +1) = (-1)Va; (1) = (-1)N*L, (212)
By (2.6) and (2.7) we see that

an«2(N +1) = (N + 1)apn,1(N)
= (N +1)Nany(N -1)

=(N+1)N(N -1)an_1(N -2)

=(N+1)N(N -1)---2a5(1)

= (N +1). (2.13)
Thus, by (2.13) we have
ans2(N +1) = (N + 1)L (2.14)
For 2 < k < N +1, by comparing the coefficients on both sides of (2.6) and (2.7) we have
ar(N +1) = (k—1)ax_1(N) — kay(N). (2.15)
Let k = 2 in (2.15). Then we have

ar(N +1) = a;(N) — 2a5(N)
= a1 (N) - 2(a1(N - 1) - 2a5(N - 1))
=ai(N) = 2a;(N = 1) + (-1)22%2a,(N - 1)
= a(N) - 2a1(N - 1) + (-1)*2*{a (N - 2) - 2a,(N - 2)}

=a;(N) = 2a;(N - 1) + (-1)22%2a;(N - 2) + (-1)323a,(N - 2)
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For k = 3 in (2.15), we have

a3(N +1) = 2a,(N) - 3a3(N)
=2a(N) - 3{2a,(N -1) - 3a3(N - 1)}
=2a,(N) -3 -2a3(N - 1) + (-1)*3%a3(N - 1)
=2a>(N) =3 - 2a5(N - 1) + (-1)*3*{2a,(N - 2) - 3a3(N - 2)}

=2a5(N) =3 - 2ay(N = 1) + (=1)?322a,(N - 2) + (-1)33%a3(N - 2)
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Continuing this process, we deduce

N—j+2
ai(N+1)=(-1) Y a1 (N - k)(-DH, (2.18)
k=0

where2 <j <N +1.
Now we give an explicit expression for a;(N +1) in (2.18). From (2.12) and (2.16) we can
derive the following equation:
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Continuing this process, we deduce that, for2 <j <N +1,

aj(N +1)
= (j - DI(-1)NT*2
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Therefore, by (2.5) and (2.21) we obtain the following theorem.

Theorem1 Let«, a, b be nonzero real numbers. The family of nonlinear differential equa-

tions
a N N+1
FN = (X log(1 + )»)) Zak(N)bk’le
k=1
has a solution F = F(t) = —L—, where a;(N) = (-1)N, and
a(l+A) & +b

. N—j+l
aj(N) = (j - DI(-1)"7*
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for2 <j<N+1

Now we define the general modified degenerate Euler numbers given by the generating

function
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Note that £,, (1;1,1) are the modified degenerate Euler numbers given by
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For r € N, the higher-order general modified degenerate Euler numbers are defined by
the generating function

2 TS s "
(7@) = Zgy(ﬂ(a;a,b)—. (2.24)
a(l+A)* +b oy n!

Therefore, by Theorem 1, (2.23), and (2.21) we obtain the following theorem.

Theorem 2 Let «, a, b be nonzero real numbers. For n > 0, we have

N N+1
Enen(osa,b) = (; log(1 + x)) > aN)B2FEN (03a,b),
k=1

where a1(N) = (-1)N, and, for 2 <j <N +1,
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