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Abstract

In this paper, we study a stage structure population model with fixed-time birth pulse
and state feedback control strategy. The stability of the trivial solution and the
existence of periodic solutions are investigated. Sufficient conditions for the
permanence of the system are obtained. Furthermore, some numerical simulations
are given to illustrate our results. The superiority of the mixed control strategy is also
discussed.
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1 Introduction

Stage structure models have attracted much attention in recent years. In most cases, or-
dinary differential equations are used to build stage structure models [1, 2]. However, im-
pulsive differential equations [3, 4] are also suitable for the mathematical simulation of
evolutionary processes in which the parameters state variables undergo relatively long
periods of smooth variation followed by a short-term rapid change in their values. Many
results have been obtained for stage structure models described by impulsive differential
equations [5-7].

In most models, the increases in population due to births are assumed to be time-
independent. However, many species give birth in a very short time. Caughley [8] termed
this growth pattern a birth pulse. Thus, the continuous reproduction of population should
be replaced with a birth pulse. Liu and Chen [9] investigated a two-species competitive
system with toxicant and birth pulse and obtained the existence of positive periodic so-
lutions. On the other hand, different kinds of impulsive effects were assumed to occur
simultaneously in building models in most cases for simplicity. But different kinds of im-
pulsive effects occur at different moments in many practical problems. Recently, many

authors considered different kinds of impulsive effects that occur at different moments
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[10-15]. In [16], the authors considered the following model:
'(t) = —dx — éx,
x'(t) x —8x s
¥ (t) = 8x — dy,
Ax(t) = -1 - p)x,
A =-U=pw [ o (L)
Ay(t) = -1 -p)y,

Ax(t) = (b—c(x+9))y,
Ay(t) =0,

] t=Q2n+1)T,

where x(¢) and y(¢) denote the densities of the immature and mature pests at time ¢, re-
spectively, and § > O is the maturity rate that determines the mean length of the juvenile
period. A constant fraction 1 -p (0 < p < 1) of pest population is killed under the impulsive
strategy at time ¢ = 21T, b > 0 is the maximum birth rate, ¢ = r(b — d), d is the maximum
death rate, and r is a parameter reflecting the relative importance of density-dependent
population regulation through birth and death. If r = 0, then all density dependence acts
through the death rate, and if r = 1, then all density dependence acts through the birth
rate.

In [16], the authors addressed some problems on system (1.1) such as the existence and
stability of positive period-27 solutions and the existence of flip bifurcations by means of
bifurcation theory.

In pest management, the pest population can be controlled by many methods, among
which the fixed-time impulsive control strategy is widely performed in practice. However,
this measure has some shortcomings, regardless of the growth rules of the pest and the
cost of management. Another measure based on the state feedback control strategy is pro-
posed in which the pesticide is sprayed only when the observed pest population reaches
a certain threshold size. The latter measure is obviously more reasonable and suitable for
pest control. Motivated by [16], we consider the following model with fixed-time birth
pulse and state feedback control strategy:

x/(t) =—dx - Sx,
y(t) = x - dy, } t#nT,y(t) <h,
Ax@)=(b-c@+y, |  _ o
Ay(8) =0, =nT,
Ax(t) = =(1=pr)x,

=h,
Aﬂﬂz_ﬂ_pﬂ%} (t)

(1.2)

where the threshold % > 0 is a constant. When the amount of mature pests reaches the
threshold / at time £;(/), controlling measures are taken, and the amounts of the immature
and mature pests abruptly turn to p;x(¢;(h)) and p,y(t;(h)), respectively.

Jiang et al. [17] investigated the periodic solutions and their relationship in an SIS epi-
demic model with fixed-time birth pulses and state feedback pulse treatments. Lin et al.
[18] considered an SIS epidemic model with fixed-time birth pulses and state feedback
pulse treatments. They investigated the existence of positive periodic solutions and per-
manence of the system. However, stage structure models with fixed-time birth pulses and
state feedback control strategy have not been discussed. Motivated by this, we seek to
analyze this problem in detail.
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The remaining part of this paper is organized as follows. In the next section, we discuss
the existence of positive periodic solutions of system (1.2). In Section 3, the stability of
the trivial solution is considered. We study the permanence of system (1.2) in Section 4.
In Section 5, some numerical simulations are given to illustrate our results. Finally, some

concluding remarks are given.

2 The existence of periodic solutions
In this section, we investigate the existence of periodic solutions.

Set the initial point of system (1.2) as Ao(xo,y0) and suppose that the trajectory orig-
inating from the initial point Ay reaches the line y(¢) = & at the point A;(x,1) at time
t =1, where 0 < t; < T. Then the pesticide is spayed, and the trajectory jumps to the point
AT (x1,97), where x7 = p1x1, 7 = pay1. The trajectory reaches the point A (x5,y2) at t =T
and jumps to A} (x3,73) due to the effect of birth pulse. Thus, it follows from system (1.2)

that
x7 = p1x = prixo exp(—(d + 8)t),
¥1 = pay1 = pa(xo + yo) exp(—dty) — paxo exp(—(d + 8)tr),
%9 = x5 exp(—(d + 8)(T — 1)),
¥2 = (%] +97) exp(—d(T - t1)) — x7 exp(—(d + §)(T — tr)),
x5 =%+ (b —c(x2 + 2))y2,
Y3 =2
Hence,
91 = (%0 + yo) exp(—dt;) — xo exp(~(d + 5)t1) =h, (2.1)

x5 = pixo exp(—(d + 8)T) + bpixo exp(—dT)(exp(=8t1) — exp(=6T))
+ bpyhexp(—d(T - t1)) — cpal exp(-2dT — 8t1)(exp(-8t1)
—exp(=8T)) — cprpahixg exp(—2dT + dty)(2 exp(—5t;) (2.2)
—exp(=87)) — cpsh? exp(—2d(T - t)),

Y5 = p1xo exp(—dT)(exp(-8t1) — exp(=8T)) + pahexp(~d(T — t1)).

If x5 = %0, y3 = Yo, then the evolution of the dynamics repeats itself. For this to hold, from
Eq. (2.1) and system (2.2) we have

%o = P10 exp(~(d + 8)T) + by exp(~dT)(exp(-8tr) — exp(—5T))
+ bpyhexp(—d(T - t1)) — cpixd exp(=2dT — §t1)(exp(—5t)
—exp(=68T)) — cp1p2hxg exp(=2dT + dt;)(2 exp(—8t;)
—exp(=38T)) — cp3h* exp(=2d(T - 1)),

xo = hexp(dty) + xg exp(=3t) — prxo exp(—dT)(exp(-38t;)
—exp(=8T)) — pohexp(—d(T - t)).

(2.3)

By the second equation of system (2.3) we obtain

= h(1 - py exp(=dT)) exp(dt)
71 exp(—d8t) + prexp(—dT)(exp(—8t1) — exp(-8T))

>
R

0-
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Let

S (%0, 1) = prxg exp(—(d + 8)T) + bpixo exp(—dT)(exp(—8t1)
—exp(=8T)) + bpshexp(~d(T — 1))
— cpixg exp(=2dT - 8t;)(exp(=5t1) — exp(=8T))
— cp1pahixg exp(—2dT + dty) (2 exp(—8ty)

—exp(-8 T)) - cp%h2 exp(—2d(T - tl)) —Xg.
Thus,

h(exp(dT) — p2)
pi1(1—exp(=8T))

_ ch*(exp(dT) ~ ps)[exp(dT) + p2 — pr exp(=8T)]
exp(2dT)(1 - exp(-8T))

- cp%h2 exp(—2dT)

Sxo,t1)|y-0 = [prexp(—(d +8)T) - 1] + bh

and
_ h(exp(dT) — p2)
S (o, t1)|g=1 = m[l)l(l - cpyh)exp(—(d + 8)T) - 1]
+ bpyh — cpii®.
If

(f o, &) 141-0) (f (o> t1) 4 -1) < O, (2.4)

then there exists ; € (0, T) such that
f(5601t1)|t1=21 =0.

Hence, there exists a period-T solution of system (1.2) where the fixed-time birth pulse
occurs at t =nT,n=1,2,3,..., whereas the state feedback pulse occursat t = (1 —1)T + ;.
The initial point is (x§,y5) with

X = _h(1—py exp(-dT)) exp(dt1)
0 ™ 1-exp(=8t)+py exp(—dT)(exp(-8t1)—exp(-8T))’ (25)

¥4 = hexp(dh) + xj exp(=8t) — x}.
It is easy to see that

yo = hexp(dh) + x exp(=8t) — x5

o (1 - exp(~38))(1 - p» exp(-dT))

= hexpldn) (l " 1= exp(=8%1) + p1 exp(—dT)(exp(~3) — exp(— T)))
_ 1 -exp(-8t)

> hexp(dh) (1 T 1—exp(=071) + prexp(—dT) (exp(—d%1) — exp(=s T)))

> 0.
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Theorem 2.1 Assume that condition (2.4) holds. Then there exists a period-T solution of
system (1.2) where the initial point (x§,y;) is as in (2.5).

A special period-2T solution that is subject to spraying pesticide once, and birth pulse
two times per period 27 is investigated in the following. Set the initial point of system
(1.2) as Ag(x0,¥0)- The trajectory originating from the initial point Ay reaches the point
Ai(x11,y11) at t = T and jumps to the point A](x];,y7;) due to the effect of birth pulse.
Suppose that the trajectory reaches the line y = & at the point Ay(xa1,y21) for t =T + 1,
where 0 < £; < T, and jumps to the point Aj(x3,,%3;). The trajectory reaches the point
As(x31,¥31) at ¢ = 2T and jumps to the point A(x3,,y3;). Further, suppose that xf; = x,
931 =o. Then there exists a period-2T solution.

By system (1.2) we obtain

x11 = x0 exp(—(d + 8)T),

yu = (%0 + yo) exp(-dT) — xo exp(—(d + 8)T),
?Cfl =xn + (b—clxn + yu))yn,

i =)

X1 = x7, exp(—(d + 6)ty),

ya1 = (&, +y71) exp(—dt;) — x}; exp(—(d + 8)tr),

N

X971 = P1X21,
+

Y21 = P2)215

and

x31 = x5, exp(—(d + 6)(T - 1)),
ya1 = (x5, +y3) exp(—d(T — t1)) — x5, exp(—(d + 8)(T - t1)),

x5 = %31 + (b — c(x31 + ¥31))Y31
Y31 =31

Thus,

x7, = x0 exp(—(d + 8)T) + b(xo + yo) exp(—dT) — bxo exp(—(d + 8)T)
— c(xo + y0)? exp(=2dT) + cxo(xo + yo) exp(—2d — 8 T), (2.6)
¥ = (%o + y0) exp(—=dT) — xo exp(~(d + 8)T),

Y= (xfl +yf1) exp(-dt;) - xj exp(—(d + 5)51) =h, (2.7)

x3, = pixfy exp(—(d + 8)T) + bprxi; exp(—dT)(exp(-5t1) — exp(=8T))
+ bpahexp(—d(T - t1)) — cpi(x};)? exp(=2dT — 8t;)(exp(~8t)
—exp(=8T)) — cp1pahx]; exp(=2dT + dt;)(2 exp(-5t1)
—exp(=8T)) — cpah? exp(—2d(T - t,)),

¥31 = p1xy; exp(=dT)(exp(=6t1) — exp(-87T))
+ pohexp(-d(T - t)).

(2.8)
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If %%, = %0, ¥3; = yo, then the evolution of the dynamics repeats itself. For this to hold,
from systems (2.6), (2.8), and Eq. (2.7) we get

x0 = pr1#y; exp(—(d + 8)T) + bpx7, exp(—dT)(exp(-6t,) — exp(—87T))
+ bpahexp(—d(T - 1)) — cp} (x};)? exp(—2d T — 8t1)(exp(—5t;)
—exp(=8T)) — cpipahx]; exp(-2dT + dt;)(2 exp(-5ty)
—exp(=8T)) — cpsh® exp(—2d(T - 1)),

x0 = x0exp(=8T) + hexp(d(T + t1)) + x5 exp(dT — &t1) — x7, exp(dT)
— pixj; exp(—dT)(exp(-8t1) — exp(=8T)) — pohexp(-d(T - t1)),

yo = %o + %0 exp(—8T) + hexp(d(T + 1)) + x7; exp(dT — 8t1)
—xi, exp(dT).

(2.9)

Suppose that (xg, o) = (X0, ¥o) is a solution of (2.9). Then there exists a period-2T so-
lution of system (1.2) where the birth pulse occurs at the moments ¢ = nT, whereas the
pesticide is sprayed at ¢ = (2n — 1)T + t;. The initial point is (¥o, o). Then we obtain the
following result.

Theorem 2.2 [f the initial point (xo,y0) = (X0, ¥0), where (Xo,%0) is the solution of (2.9),
then there exists a period-2T solution of system (1.2).

3 The stability of the trivial solution
Now, we discuss the stability of the trivial solution of system (1.2).
Let N(¢) = x(t) + y(¢). Then system (1.2) is equivalent to

N'(t) = —aN,

Y(t) =N - (5 + d)y, } tAnLyE) <
AN() = (b_CN)y’] t = nT, 31)
Ay(t) =0,

AN(t) = —N + p1(N — ) + pay,

Ay(t) = =1 -p2)y,

] y(t) = h.

Set p = max{py,p2}. Then AN(t) = —N + p1(N — y) + p;y < —N + pN.
Set the initial point of system (3.1) as Ao (Np, ¥o)- In the following, four cases are consid-
ered for N(¢).

(HI) The trajectory originating from the initial point Ay does not reach the line y(z) = &
forO<t<T.

(H2) The trajectory originating from the initial point Ay reaches the line y(¢£) = / once
attime T for 0 <t < T.

(H3) The trajectory originating from the initial point Ao reaches the line y(¢) = 4 once
attime t; for 0 <t < T where 0 <t < T.

(H4) The trajectory originating from the initial point Ao reaches the line y(t) = & k
timesfor 0 <t < T.

(H1) It follows from system (3.1) that if y(t) < i for 0 <t < T, then

N(T*) = N(T) + (b - eN(T))y(T) < N(T) + (b - cN(T))N(T)

= (1+b)Nyexp(-dT) - cNg exp(—2dT) £ (Ny).
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(H2) Suppose that the trajectory originating from the initial point A reaches the line
y(t) = h at the point Ay (Na1,y21) for ¢ = T. Then birth pulse occurs, and the pesticide is
spayed. The trajectory jumps to the point A3; (N3, 3;)

From system (3.1) we obtain

Ny = Nog + (b — cNop)ya1 < (1 + b)Noy = (1 + b)Ny exp(=dT) = fo(No).

(H3) Suppose that the trajectory originating from the initial point A reaches the line
y = h at the point Az (N3, y3) at time ¢ = ¢, where 0 < t; < T, N3; = Ny exp(—dt;), and
y31 = h. Then the pesticide is spayed, and the trajectory jumps to the point A3, (N3, y3;).
The trajectory reaches the point A3, (N3p,¥32) at t = T and jumps to A3,(N3,,3,) due to
the effect of birth pulse.

From system (3.1) we have

N3 = p1(Ns1 — y31) + pays1 < pNa1 = pNy exp(—dty).
So

N3y = Ny exp(—d(T - t1)) < pNo exp(—dt,) exp(-d(T - t,)) = pNo exp(-dT),
N3, = N33 + (b — cNaz)ysz < (L+b)N3 = (1 + b)pNo exp(—dT) £ f3(N).
(H4) Suppose that the trajectory originating from the initial point Ay reaches the line
y = h at the point A,(N,,y,) at time ¢ = ¢,, where 0 < ¢, < T, 0 < n < k, and jumps to the
point A’ (N}, y}). The trajectory reaches the point A1 (Nis1,¥k+1) at ¢t = T and jumps to

the point A}, (N}, ¥%,,) due to the effect of birth pulse.
Similarly to the discussion of case (H3), we have

Ni < pNo exp(-dT),
N =Nia + (b= cNea)yen <0+ b)Npa < (1+ b)PkNo exp(-dT)

£ f4(No).
Hence, for 0 < b < exp(dT) -1,
0<f(0)<1, 0<£(0)<1, 0<f;(0)<1, 0<f(0)<1.

Therefore, N(t) tends to zero with ¢ increasing for 0 < b < exp(dT) — 1. So N(¢t) < %

over a limited period of time for any initial point (Nj, yo). It is seen from (3.1) that

Y _

dt—(SN—(5+d)y<O

if N < (‘Sg)h, y > %, which means that the trajectory of system (3.1) will enter region

{(N,»)]0 <N < (Szf)h, 0 < y < h} over a limited period of time for any initial point (No, yo).

Then the trajectory of system (3.1) no longer reaches the line y = 4. Suppose the number
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of mature pests is small (less than the threshold level /). It follows from system (3.1) that

N'(t) = —dN, oA nT,

y(t) =8N - (8 +d)y, (3.2)
AN(¢) = (b - cN)y, R ’
Ay(t) =0,

The trajectory originating from the initial point Ay(Np, yo) reaches the point A; (N, y1)
at time ¢ = T and jumps to the point A{ (N}, ) due to the effect of birth pulse. Similarly
to the above analysis, we get

Ni = Ni(T) + (b — cNy(T))(T) < Ni(T) + (b — cNy(T))N,(T)
= (1 + b)No exp(—dT) — cNZ exp(-2dT),
7 = Noexp(—dT) — (No — yo) exp(—(8 + d)T).

Then the following map is obtained:

{Nn+1 = (1 + b)N, exp(—dT) — cN? exp(-2dT), (3.3)

Yns1 = (exp(=dT) — exp(=(8 + d)T))Ny, + ynexp(=(8 + d)T).

There exists a fixed point A(0,0) of map (3.3). The associated characteristic polynomial
of the fixed point A of map (3.3) is given by

A=+ Db)exp(-dT) 0
—exp(-dT) + exp(=(8 +d)T) A —exp(~(8 +d)T)|’

Therefore,
M =1+ b)exp(—dT), Ay =exp(—(8 +d)T).

Note that 0 < A1 <1and 0 < A5 <1 for 0 < b < exp(dT) — 1. Then it follows that the fixed
point A(0,0) of map (3.3) is locally asymptotically stable. Hence, the trivial solution of
system (1.2) is locally asymptotically stable for 0 < b < exp(dT) — 1, which is given in the
following result.

Theorem 3.1 The trivial solution of system (1.2) is locally asymptotically stable for 0 < b <
exp(dT) - 1.

4 Permanence
In the following, we discuss the permanence of system (1.2) by means of system (3.1) and
assume that ¢ > 0. We set the initial point of system (3.1) as A¢(Np, yo) where 0 < y, < .
Two cases are considered.
(E1) The trajectory originating from the initial point Ay does not reach the line y(¢) = &
forO<t<T.
(E2) The trajectory originating from the initial point Ay reaches the line y(£) = & at time
tp where0 <t <T.
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(E1) It follows from system (3.1) that

N(T*) = N(T) + (b—cN(T))y(T)
= No exp(~dT) + bNy exp(~dT) — b(No — yo) exp(~(8 + d) T)
— cN§ exp(=2dT) + cNo exp(-dT)(No — yo) exp(—(8 + d) T)
> No[(1 + b) exp(~dT) — bexp(~(8 + d)T) — cNo exp(-2dT)].

Suppose (1 + b) exp(—dT) — bexp(—(8 + d)T) > 1. Then there exists €y > 0 such that (1 +
b)exp(-dT) —bexp(—(8 +d)T) > 1+ €. Thus, N(T") > (1 + €9)Np if

T
0<Ny< exp(dT) [1 +b—bexp(-8T) - (1 +€p) exp(dT)] 2D, (4.1)
c
Assume that
8D — (8 +d)h<O. (4.2)

Then there exists € > 0 small enough such that D; — (§ + d)(1 — €)h < 0. From (4.2) we
obtain

dy_

It IN-(8+d)y<éD;—(8+d)1-€)h<0 forN<Dy,y>(1-¢€)h.

Thus, y(t) < hif N(¢) < D; forall t > 0. If N(¢) < D; for 0 < t < nT, then
N(nT*) =1 +€)N((n-1)T") = (1+€)"No. (4.3)
It follows from (4.3) that there exists 1y > 0 such that N(nyT*) > D;. In this case, there

exists ¢y > 0, where noT < t; < (ny + 1)T, such that y(t,) = & and N(t;) > D;. Then the
pesticide is sprayed. Let p = min{p;, p>}. Then

N(8) = p1x(ts) + pay(ts) = PN (52).
We need to consider the following two cases.

(1) N(&})= Dy.

(2) Nt3) < Dy.

(1) If N(z;) = Dy, then, similarly to the above analysis, there exists ¢, < t3 < (19 +1) T such
that y(¢3) = h and N(¢]) > pN(t3). For N(t]) > D;, we may continue the same argument.
For N(t}) < Dy, by the first equation of system (3.1) we find

N(t)<N(t;) <Dy forts<t<(mg+1)T.

Then y(t) < h for t3 <t < (ng + 1)T. Thus,

N((no +1)T) = N(t5) exp(~d((no + )T - t3)) = pN(t3) exp(-dT).
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Since y(t3) = h, from the above discussion we get
N(tg) > Dl.
Then N((ng +1)T) > pD; exp(—dT). It is easy to see that the birth pulse AN ((r9 +1)T) > 0;
then N((ng + 1)T*) > N((ng + 1)T). It is possible that N((no + 1)T*) > D;. It is well known
that this case coincides with the case N(¢;) > Dj, and therefore we omit it.
From the above analysis we get
N(t) > N((no +1)T) = pDyexp(-dT) forngT <t < (ng +1)T.

If N((ng +1)T*) < Dy, then we have

N((no +2)T) = N((no +1)T*) exp(—dT) = N((no +1)T) exp(-dT)

> pD; exp(—-2dT) = m,. (4.4)
Therefore, N(t) > m; for ngT < t < (ng +2)T. Since N((ng +1)T™") < D, we obtain N ((r +
2)T*) > N((no + 1)T*). For N((no + 2)T*) > Dy, this case coincides with N(¢J) > D,. For
N((ng +2)T*) < Dy, we obtain
N((no + 3)T) = N((no + 2)T+) exp(-dT) > N((no + 1)T+) exp(—dT) > my.
Hence,

N(¢) >N((n0 + 3)T) >my for (ng+2)T <t <(ng+3)T.

Continuing the same argument, we get N(£) > m; for t > noT.
(2) If N(t3) < Dy, then we find

N((no + l)T) = N(t;) exp(—d((no +1)T - tz)) > pN(t,) exp(-dT)

> pD;exp(-dT).
From the first and fifth equations of system (3.1) we have
N(t) = N((no + )T) = pDyexp(-dT) > my for ngT <t < (no +1)T.

It is easy to see that N((ng + 1)T*) > N((no + 1)T). If N((no + 1)T*) > Dy, it is well known
that the case coincides with case (1). For N((r9 + 1)T*) < Dy, we obtain

N((no +2)T*) = N((no +2)T) = N((no + 1) T") exp(-dT)

> N((no +1)T) exp(—dT) > pDy exp(-2dT).
From the first and fifth equations of system (3.1) we get

N(t) > N((no + 2)T) > pD; exp(—2dT) = myfor (ng + 1)T <t < (ng +2)7T.
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Since N((r19 +1)T*) < Dy, we obtain N((ng +2)T%) > N((ng+1)T*). For N((no +2)T*) > Dy,
this case coincides with case (1). For N((ny + 2)T™*) < D1, we obtain
N((no +3)T) = N((no +2)T*) exp(-dT) = N((no + 1)T*) exp(-dT)

> pD; exp(-2dT) = m;.
Hence,
N(t)>N((no+3)T) = my for (ng+2)T <t < (ng +3)T.

Continuing the same argument, we get N(¢) > m; for t > noT.

(E2) In this case, we have
y(t1)=h forO<t <T.
By case (E1) we obtain
N(t) > D;.

Similarly to the discussion of case (1), that is, N(t{) > Dy, it is easy to see that N(t) > m; for
large enough ¢ > 0.

In conclusion, for any initial value Ny > 0, there exists £, > 0 such that N(¢) > my for
t>1ty.

If y(t5) = h for 0 < t5 < T, then

AN(t5) = =N(t5) + p1 (N (t5) — y(t5)) + p2y(ts5) < —N(t5) + pN(ts).

Thus, N(t}) < pN(t5) < N(t5). Then the number of the total pests is decreasing when the
pesticide is spayed. Therefore, N(T') < Ny exp(—dT).

In view of the birth pulse AN = (b — ¢N)N > 0, it is easy to see that b — ¢cN(T) > b -
c¢Ny exp(=dT) > 0, that is, Ny < M. From the first and fifth equations of system (3.1)
we get

N(t)§N0<

beL(dT) forO<t<T
. <T.

It is easy to see that
N(T*) = N(T) + (b - eN(D)))(T) < N(T) + (b eN(T))N(T)

2
< _eN*(T) + (1 + B)N(T) < (llb) .

It is well known that

(1+b)?
4c

NQ2T) < N(T*) exp(-dT) < exp(-dT).
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In view of the birth pulse AN(2T) = (b —cN(2T))N(2T) > 0, we get

b
NQ2T)< —.
c

For this to hold, the following condition is satisfied;

1 2
( Zb) exp(—dT) < é, thatis, (1+b)% <4bexp(dT).
c c

From the first and fifth equations of system (3.1) we obtain

(1+0b)?
4c

for T <t <2T.

N(@t)<N(T*) <
It is easy to see that
N(2T*) = NQT) + (b-cNQ2T))y2T) < N@T) + (b - cN(2T))N(2T)

2
< _eN?(T) + (L+ HNQT) < & Zcb) .

From the first and fifth equations of system (3.1) we get

1+b)?
N(ﬁ)sN(zT*)f( Z ) for 2T <t <3T
C

and

oS

N(3T) < N(2T*) exp(-dT) < a Zcb)Z exp(—dT) <

It is well known that

N(3T*) = NBT)+ (b-cN@BT))y(3T) <NBT) + (b - cN(3T))N(3T)

2
< —cN%?BT)+ Q1 +b)NBT) < (IZ—CI’).

Continuing the same argument, we obtain

fornT <t <(n+1)T.

1+ b)?
N() < )

Let

bexp(dT), 1+b)? } (4.5)

M = max{
c 4c

Thus, for any initial value 0 < Ny < M and ¢t >0,

N(f) < Ml.
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Therefore, for large enough ¢ > 0,
my < N(t) < M. (4.6)

Now we consider the persistence of the mature pest populations. It follows from (4.6)
that there exists £5 > 0 such that N(¢) > m, for ¢ > t5. Thus, from system (3.1) we have

d

d_)t/ =dN—-8+d)y>38m —(8+d)y fort>ts.

In the following, we consider three cases.

(1) p2h < ’;% <h.

It is easy to see that for large enough ¢ > 0 and y < ‘2%,

d
d—izBml—(8+d)y>0.

Hence, for large enough ¢ > 0, poh < y(t) < h.
(2) 24 < pah.

8+d
It is well known that for large enough ¢ > 0, ‘;% <y(t) <h.
(3) 34 > h.

For large enough t >0 and y < h,

7 >8my — (8 +d)y>0.
Thus, for large enough ¢ > 0, p2h < y(¢) < h.
In conclusion, for large enough ¢ > 0, my < y(t) < h, where

. ém
My = min {th, m } (4.7)

Then we obtain the following result.

Theorem 4.1 Assume that condition (4.2) holds, ¢ > 0, (1 + b)* < 4bexp(dT), and (1 +
b)exp(-dT)—bexp(—(§ +d)T) > 1. Then for any initial point Ay (xo,yo) in system (1.2) such
that 0 < xo + Yo < w and 0 < yo < h, there exists t > 0 such that m; < x(t) + y(t) <
M, and my < y(t) < h for t > t, where my, My, and my are given in (4.4), (4.5), and (4.7),

respectively.

The particular case ¢ = 0 is investigated as follows. Set the initial point of system (1.2) as
Al(xl,yl) with 0 < y; < h. We consider two cases.
(B1) The trajectory originating from the initial point A; does not reach the line y(¢) = &
forO<t<T.
(B2) The trajectory originating from the initial point A; reaches the line y(¢) = / at time
t; where 0 <t; < T.
(B1) It follows from system (1.2) that

x(T*) =% exp(—(8 + d)T) + b(x1 + y1) exp(—dT) — bx; exp(—(8 + d)T)

> x1exp(—(8 + d)T) + bxy exp(—-dT) — bxy exp(—(8 + d)T).
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It is well known that x(7") > x if
1-b+bexp(8T) - exp(((S + d)T) >0.

From system (1.2) we have

d dpah
d—Jt/szx—dy<0 for x < P2 , ¥ > pah.
Thus,
dpah
y(O) <h ifx(t) < ’;2 forall £ > 0.

By (4.8) it is easy to see that there exists €; > 0 such that
1-b+bexp(8T) - exp(((S + d)T) > €,
that is,
exp(—(8 +d)T) + bexp(-dT) —bexp(-(8 +d)T) > 1+ €1.
Hence,
x(T*) >x1(1+€).
If x(t) < d‘:s—zh for 0 <t < uT, then

x(nT*) = A+ e)x((n-DTT) = 1+ €)1

It follows from (4.9) that there exists ny > 0 such that x(nT*) >

¢ > 0, there exists tg > 0 such that, for ¢ > £g,

dph
x(t) > L2 exp(-2(d + 8)T) 2 .

(B2) In this case, we get
y(tz)=h forO<t; <T.

By case (B1) we obtain

dp-h
x(t7) > p; .

Page 14 of 22

(4.9)

%. Similarly to the case

(4.10)

Similarly to the discussion of case (B1), it is easy to see that x(¢) > 771 for large enough ¢ > 0.

By system (1.2) we obtain

d
d_Jt/ =d8x—dy>émy —dy forlarge enought>0.
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In the following, we discuss three cases.
(1) p2h < 220 <.
It is easy to see that

% >8m—dy>0 fory< %
Hence, for large enough ¢ > 0, poh < y(t) < h.
() % <pah.
It is well known that for large enough ¢ > 0, % <y(t) <h.
(3) 221 > .
For large enough £ > 0 and y < &,

d_}tl > &my —dy > 0.
Thus, for large enough ¢ > 0, pohr < y(t) < h.
In conclusion, for large enough ¢ > 0, 1, < y(¢) < h, where

ity = min { o, % } (4.11)

Then we obtain the following result.

Theorem 4.2 Assume that condition (4.8) holds and ¢ = 0. Then for any solution of system
(1.2), there exists t* > 0 such that my < x(t) and my < y(t) < h for t > t*, where my and m;,

are given in (4.10) and (4.11), respectively.

5 Numerical simulation

Now consider the following example:

’(£) = -0.1x — 0.2x,
2 (@) * * tZnT,y(t) <h,
¥y (t) =0.2x — 0.1y,

Ax(t) = (b - clx +9))y ] - (5.1)
Ay(t) =0,
Ax(D) =—(1- ),

Ay(t) = =1 - p2)y,

} y(t) = h.

Inour case,d =0.1,6=0.2, T =2,c=0.2, by = exp(dT) —1 =exp(0.1 x 2) -1~ 0.2215.

5.1 Species extinction

Setb=0.2,h=0.8, p; =04, p; = 0.5, where b € (0, by). The phase portrait of system (5.1)
with the initial point (6, 0.6) is shown in Figure 1. It is seen that the solution tends to the
trivial solution with ¢ increasing, which means that the trivial solution is asymptotically
stable.

5.2 Species persistence
Firstly, set ¢ = 0.2. The phase portrait of system (5.1) with 1 =4, b =3, p; =0.4, p, = 0.5,
and the initial points (0.001,0.001) and (0.001,0.1) are shown in Figure 2. It is seen that
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(a) Time series of . (b) Time series of y.
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X

(c) Phase portrait.

Figure 1 The stable trivial solution of system (5.1).

X x

(a) The solution with the initial point (0.001,0.001). (b) The solution with the initial point (0.001,0.1).

Figure 2 The solutions of system (5.1) with ¢ =0.2.

the trajectory of system (5.1) enters a quadrilateral and stays in it forever, which verifies
Theorem 4.1.

Set ¢ = 0. The phase portrait of system (5.1) with 71 =4, b =3, p; = 0.4, p, = 0.5, and
the initial points (0.001,0.001) and (0.001,0.1) are shown in Figure 3. It is seen that the
trajectory of system (5.1) enters a quadrilateral and stays in it forever, which verifies The-
orem 4.2.
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(a) The solution with the initial point (0.001,0.001).

Figure 3 The solutions of system (5.1) with ¢ =0.

(b) The solution with the initial point (0.001,0.1).

(18,4.154).
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(c) Phase portrait.

Figure 4 The period-T solution of system (5.1) with h=6, b =5, p; = p = 0.5, and the initial point
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Figure 5 The period-T solution of system (5.1) with h =6, b =12, p1 = p, = 0.5, and the initial point
(41,3.5).

5.3 The existence of periodic solutions

Set h=6,b=5, p; = p, = 0.5. The phase portrait and time series of x and y of system (5.1)
with the initial point (18,4.154) are shown in Figure 4, where #; = 0.646. It is seen that
y(£) reaches the threshold value y(t) = 6 at £ =2n — 2 + t;, where n = 1,2,.... The pulse
treatment and birth pulse occur at ¢t = 2n — 2 + ¢; and ¢ = 2, respectively. Then system
(5.1) has a period- T solution, which verifies Theorem 2.1.

Set h =6, b =12, p; = po = 0.5. The phase portrait and time series of x and y of system
(5.1) with the initial point (41,3.5) are shown in Figure 5, where #; ~ 0.34, f, ~ 1.45. It
is seen that y(¢) reaches the threshold value y(t) =6 att =2n -2+t and £ =2n -2 + &,
respectively, where n = 1,2,.... The pulse treatment occurs at t =2n -2 + t; and £ = 2n —
2 + t,, respectively. The birth pulse occurs at ¢ = 2n. Then system (5.1) has a period-T
solution.

Set h =6, b =3, p1 = p» = 0.5. The phase portrait and time series of x and y of system
(5.1) with the initial point (8.9,3.5) are shown in Figure 6, where ; & 2.6. It is seen that
y(¢) reaches the threshold value y(t) = 6 at t = 2n — 1 + t;, where n = 1,2,.... The pulse
treatment and birth pulse occur at ¢ = 2n — 1 + £; and ¢ = 2n, respectively. Then system

(5.1) has a period-2T solution.
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Figure 6 The period-2T solution of system (5.1) with h =6, b = 3, p1 = p, = 0.5, and the initial point
(8.9,3.5).

5.4 The superiority of the mixed control strategy
Setd=01,8§=02,T=2,¢=02,h=6,b=3, pp =0.7, p, =0.75, and the initial point
(12,0.1) in system (1.2). The system of the time-fixed pulse control strategy

x'(£) = -0.1x — 0.2x,
¥y (t) =0.2x — 0.1y,
Ax(t) = ~(1-p) } o
Ay(t) = =(1 = p2)y;

Ax(t) = (b= clx+9)y, } o,
Ay() =0,

} t#n,n=12,3,...,

and the state feedback control strategy
HOPE -,
Y(£*) = pay,

are shown in Figure 7 and Figure 8, respectively, where 0 < ¢ < 30.

It is seen from Figure 7(b) that the total number of spraying pesticide is 15 in the case
of time-fixed pulse control strategy. However, y(¢) is larger than the threshold value /1 = 6
at some points. It is seen from Figure 8(b) that the total number of spraying pesticide is
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Figure 7 The solution of system (5.2) with h=6, b =3, p1 = 0.7, p, = 0.75, and the initial point (12,0.1).

seven times in the case of state feedback control strategy, and y(¢) is controlled under the
threshold value /1 = 6. In view of the total number of spraying pesticide and results of two
control strategies, the state feedback control strategy is more effective than the time-fixed

pulse control strategy.

6 Conclusion

In this paper, we study a stage structure population model with fixed-time birth pulse and
state feedback control strategy. The stability of the trivial solution and the existence of
periodic solutions are discussed. The sufficient conditions for the permanence of system
(1.2) are obtained. It is shown that the maximum birth rate b plays an important role in
the population dynamics. The trivial solution of system (1.2) is asymptotically stable for
0 <b<exp(dT) - 1. For b > exp(dT) — 1, the amount of mature pests can be controlled
under the threshold value y = 4. There exist many kinds of periodic solutions of system

(1.2). The period-T and period-2T solutions are discussed.
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Figure 8 The solution of system (5.1) with h=6, b =3, p; = 0.7, p> = 0.75, and the initial point (12,0.1).
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