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Abstract

In this paper, we study a nonlocal boundary value problem for a second-order Hahn
difference equation. Our problem contains two Hahn difference operators with
different numbers of g and w. An existence and uniqueness result is proved by using
the Banach fixed point theorem, and the existence of a positive solution is established
by using the Krasnoselskii fixed point theorem.
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1 Introduction

The quantum calculus, also known as the calculus without considering limits, deals with
sets of nondifferentiable functions. There are many different types of quantum difference
operators, for example, the Jackson g-difference operator, the forward (delta) difference
operator, the backward (nabla) difference operator, and so on. These operators are found
in many applications of mathematical areas such as orthogonal polynomials, basic hy-
pergeometric functions, combinatorics, the calculus of variations, the theory of relativity,
hypergeometric series, complex analysis, particle physics, and quantum mechanics. For
some recent results and applications of the quantum calculus, see [1-9] and the references
therein.

In 1949, Hahn [10] introduced the Hahn difference operator D,

Dy 0 LEZDTO, 0y 2

The Hahn difference operator is generalized to two well-known difference operators, the
forward difference operator and the Jackson g-difference operator. Notice that, under ap-
propriate conditions,

Dyof (t) = A,f(t) whenever g =1, D, of (t) =Dyf(t) whenever w=0, and

Dg.f(t) =f'(t) wheneverg=1,0— 0.
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The Hahn difference operator has been employed in many pieces of literature to construct
families of orthogonal polynomials and to investigate some approximation problems; see
[11-13] and the references therein.

Unfortunately, in the past, no one was interested in finding the right inverse of the Hahn
difference operator. Until in 2009, Aldwoah [14, 15] (Ph.D. thesis supervised by M.H.
Annaby and A.E. Hamza) defined the right inverse of D, in terms of both the Jackson
g-integral containing the right inverse of D, [16] and Norlund sum involving the right
inverse of A, [16].

In 2010, Malinowska and Torres [17, 18] introduced the Hahn quantum variational cal-
culus. In 2013, Malinowska and Martins [19] studied the generalized transversality con-
ditions for the Hahn quantum variational calculus. In the same year, Hamza et al. [20, 21]
studied the theory of linear Hahn difference equations and investigated the existence and
uniqueness results for the initial value problems for Hahn difference equations by using the
method of successive approximations; moreover, they proved Gronwall’s and Bernoulli’s
inequalities with respect to the Hahn difference operator and also established mean value
theorems for this calculus.

In particular, the boundary value problem for Hahn difference equations has not been
studied. The results mentioned are the motivation for this research. In this paper, we con-
sider a nonlinear Hahn difference equation with nonlocal boundary value conditions of
the form

D;’wx(t) +f(t,x(t),Dp,9x(pt + 9)) =0, telwo Tyws
x(wo) = ¢ (), (11)

x(T) =rx(n), 1€ (wo, T)gw

where0<q<1,0<a)<T,a)0::ﬁ,1§k<g:sg,p:q’”,meN,O:a)(t—‘;),f:

[wo, T]gw x R x R — R is a given function, and ¢ : C([wo, T]4,»,R) — R is a given func-

tional.

In the next section, we briefly recall some definitions and lemmas used in this research.
In Section 3, we prove the existence and uniqueness of a solution to problem (1.1) by the
Banach fixed point theorem. In Sections 4-5, we establish some properties of the Green
function and the existence of a positive solution to problem (1.1) by using the Krasnoselskii
fixed point theorem. Finally, we provide an example to illustrate our results in the last
section.

The following theorem is Krasnoselskii’s fixed point theorem in a cone.

Theorem 1.1 ([22]) Let E be a Banach space, and let K C E be a cone. Let 21, 2, be open
subsets of E with 0 € €, Q1 C Qy, and let

A:KN(Q2\ Q) — K

be a completely continuous operator such that
1) 1Au|l < lull, u € K N o2, and ||Au|| > ||ul|, u € K N3Qy; or
(i) |Aull > llull, u € K N, and |Aull < ||ull, u € K N IQ,.
Then A has a fixed point in K N (s \ Q).
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2 Preliminaries
We now give the notation, definitions, and lemmas used in the main results.

Definition 2.1 ([10]) For 0 < g <1, w > 0, and f defined on an interval / C R containing
wp = ﬁz’ the Hahn difference of f is defined by

flgt + o) - f(t)
D, flt)=—"—" 2" fort
e O =T ot o
and D,.f(wo) = f'(wo), provided that f is differentiable at wy. We call D, f the g, -
derivative of f and say that f is g, w-differentiable on I.

Leta,b € I € R with a < wy < b, and [k], = %, k € Ny := NU {0}. We define the ¢, w-

interval by

[a,b],,, = {d"a + w[kl; :k e No} U {q"b + wlk];: k € No} U {wo}

= [d; wO] ) [a)Orb]

q,® g0

= (ﬂ, b)q,a) U {ﬂ,b} = [(l, b)q,w U {b} = (“7 b]q,a) U {ﬂ}

Observe that, for each s € [a, b],,., the sequence {q"s + wlk]4)22, is uniformly convergent
to wy.
If f is g, w-differentiable # times on a g, w-interval I, then we define the higher-order

derivatives by
D f(s) = Dy Dy f (s),

where D) f(s) :=f(s), s € Ip,, CR.
Next, we introduce the right inverse of the operator D, , which call the g, w-integral

operator.

Definition 2.2 ([14]) Let I be any closed interval of R containing a, b, and wy. For a func-
tion f : I — R, we define the g, w-integral of f from a to b by

a

b b
/ FOdgot = [ Q) dyut- f FO)dyut,

0

where
fOdgot = [x10-q) -] > q*f (xq" + wlk],), x€l,
@0 k=0

provided that the series converges at x = a and x = b; we say that f is g, w-integrable on
[a,b], and the sum on the right-hand side of the above equation is called the Jackson-

Norlund sum.

Note that the actual domain of definition of f is [, b];,, C 1.
The following lemma is the fundamental theorem of Hahn calculus.
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Lemma 2.1 ([14]) Letf :I — R be continuous at wy. Define
X
Fix):=[| f()dgot, x€l
w

Then F is continuous at wy. Furthermore, D, F(x) exists for every x € I, and
Dq,wF(x) =f(x)

Conversely,
b
/ Dy F(t)dguwt = F(b)—F(a) foralla,bel

Next, we give some auxiliary lemmas for simplifying calculations.

Lemma2.2 Let0<g<1,w>0,andf:1— R be continuous at wy. Then

t r t t
/ / x(8) dgws dgowr = f / h(s)dgwrdgws.
wg Jwg wo J gs+w

Proof Using the definition of the g, w-integral, we have

t r
/ / x(8) dgwSdgur
wo Y wo

= / |:[r(1 -q) - o] qux(qu + w[k]q):| dgor

k=0

- Z g |:/ [r(l -q) - a)]x(qu + w[k],) dq,wr:|

0

7"[(tg" + wlkly) A - @) - o]x((t7" + wlkly) " + wlh],)
kth k kv 1-4°7 , 1-4q"
q*[t(l—q)qk—wq]x(tq+ +a)|:1_q]q +w[ ])

l-q
1-— k+h
q2k+h[t(1_q)_w]x<tqk+h+w|: : 0161 })

I
WK
Qk"
=
S

|
&,
WK

=[tl-q) - a)]z Z Z q2k+hx(tqk+h +olk + hly)

=[t0-g) -] [d"*(tq" + wlhly) + " 2x(tq"" + wlh+11) + -]

10 0) o [x0) + g + )+ gt + 0121 +
+gx(tq + ) + qsx(tq2 + a)[Z]q) + qu(tqs + w[3]q) e

+ qzx(t.‘q2 +o[2],) + q4x(tq3 + a)[3]q) + qﬁx(tq4 +w[4]y) + - ]
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=[td-q) - w]z[x(t) +q(+@x(tg + ) + ¢* (1 + g + ¢°)x(tq* + [2],) +

- [t(l —q) - w]2 Z g lk+ l]qx(tqk + wlkly)
k=0

- / t [£— (g5 + w)]x(s) dgus

0

t t gs+w
= / |: / x(s) dgwr — / x(s)dq,wr] dgws
wQ wQ
/ / x(8) dg ot dygws.
wg Jgs+w

Lemma 2.3 Let0<g<1landw>0.Then

t t 2
(£ —wo)
dgws=t—wy and / t—(gs+w)|dyws = .
/a‘)o q; a)o[ ] 9 1+q

Proof Using the definition of the g, w-integral, we have

t o0
/dqws— tl-q)-w]) ¢ =1-q)t- wo)Zq
@ k=0

0

=u—mu—wwk¥;]=t—wo

and

/[t—(qs+a))] qu— t(l q)—w qu tq +w[k]) ]]
@ k=0

0

=(1-q)t- w@}jf q) - wlk +1],]

e ¢]

1 qt wozzqk k+1
k=0
1 t—wg)?
1 qlf a)o [ ]=( wO).
1- q l+qg

The proof is complete.
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O

The following lemma deals with the linear version of problem (1.1) and gives a represen-

tation of the solution.

Lemma2.4 Letl <A< Z:;“g »h e C(lwo, Ty R) be a given function, and ¢ : C([wo, T g0,

R) — R be a given functional. Then the problem

D;,wx(t) = _h(t): te [Cl)(), T]q,a);

x(wo) = @(x), x(T) = rx(n), 1 € (@0, T)gws
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has the unique solution

— n
10 = 009+ -0t [ [ s+ )0 s

o

T ¢
+ / [T —(gs+ a))]h(s) dqvws:| - / [t —(gs+ w)]h(s) A0S,

0 0

where
A = (T - wp) = (1 — wo).

Proof By Lemmas 2.1 and 2.2 a general solution for (2.1) can be written as

t r
x(t) = C1 + Co(t — wp) — / / h(s) dgws dgwr
wo J wo

t t

= C1 + Cz(t - a)()) - / ]/l(S) dq,wrdq,ws

wo J gs+w

t

=C1+ Cy(t —wg) — / [t —(gs+ a))]h(s) dgws

wQ

for t € [wo, Tlg0-

From the conditions (2.1) we obtain

Ci=9¢(®),
C2=( _%/ qS+Cl)) h(S)dqws
T
+ X [T - (qS + (,L))]h(s) dq,ws’

where A is defined by (2.3).
Substituting the constants C;, C, into (2.4), we obtain (2.2).

Lemma 2.5 Problem (2.1) has the unique solution of the from

T
x(t) = |:1 + m](p(x) + / G(t,gs + w)h(s) dg.s,

A 0
where
gl(t7 qs+ w)! s e [wO’t]qa) [CUO, n]q,w:
t,qs+w), S€ N tlgw
Gt gs + ) = &(t,qs+ ) [n,]y,

g3(t’ qs+ a))’ se [t: r]]q,wr
g4(t, qs + w), selt, T]q,w N n, T]q,w:
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(2.2)

(2.3)

(2.4)

(2.5)
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with gi(t,s), 1 <i <4, defined as

a(tgs+w):= [%(t—a)o)(T—)\n) —t:| + (qs+a))|:%(t—w0)()u -1)+ 1:|,

&(tgs + w) = [l(t—wo)T— t] +(gs+ w)[l - (t_wO)],
i A (2.9)
83(t,gs + ) := —(t — o) (T = An) + (qs[t & (t — wo)( - 1),

1
A
2t gs + w) = %(t —wo)[T - (gs + »)].

Proof Suppose ¢ > 1. The unique solution of problem (2.1) can be written as

x(t) = |:1 + O\_l)[(\ﬂ]ﬁﬂ(x)

n
|:[T —(gs + a))] - A[n —(gs + a))] - ﬁ [t —(gs + a))]]h(s) dy,ws

- a)o) t A

+ /ﬂ |:[T —(gs + a))] - m [t —(gs+ w)]i|h(s) A0S
_ T

+ ¢ AwO)/t‘ [[T— (qs+w)]]h(s) Ay,wS

i} [1+ (A—l)(t—ww]w(x)

of "([X(t o) (T = 1) - t]+(qs+w)[1(t o) - 1)+1Dh<s)dq,ws

+ /nt([%(t-wo)T- ti| (gs + a))|:1 _¢ _Aw")Dh(s) dyos

T

) [1 (A = 1)(t - wo)
= + —
A

>

T
](p(x) + / G(t,qs + w)h(s) dyg.s

and similarly for ¢ < n. The unique solution of problem (2.1) can be written as

x(t) = [1 + Q_l)j(\ﬂ]w(x)

/<|: (t — wo)(T — An) — ] (qs+w)|:%(t—wo)(k—1)+1])h(s)dq,ws
. / (11\“ wo)(T = ) + L2

(f wo)

(t—wo)(A — l))h(s) A0S

qs+a) h(s) dg,ws

T
- [1 + (A_l)j(\ﬂ]go(x) N /w 0 G(t, s + @)h(s) dgos.



Sitthiwirattham Advances in Difference Equations (2016) 2016:116 Page 8 of 25

This completes the proof. O
3 Existence and uniqueness of a solution for problem (1.1)

In this section, we present an existence and uniqueness result for problem (1.1). Let C =
C([wo, T]4,0s R) be the Banach space of all continuous functions x with the norm

lIlxllc = max{[l%[l, | Dpox]},

where ||x|| = MaX;e(wy, Ty lx(2)| and || Dy x|l = MaXe(wy, T, 0 |Dppx(pt +6)|. Also, define the
operator F :C — C by

Fa0 = g9 + L=

[(k -Do(x)

n
- )"/ [77 - (qs + w)]f(s,x(s), Dpﬁx(ps + 9)) dq,a)s

0

T
+ / [T —(gs + a))]f(s,x(s),Dpygx(ps + 9)) dq,w5:|

0

- /t [t —(gs+ w)]f(s,x(s),Dp,ex(ps + 9)) A0S, (3.1)

0

where A #0 is defined by (2.3), p=¢”, me N, and 0 = a)(}:—i .
Obviously, problem (1.1) has solutions if and only if the operator F has fixed points.

Theorem 3.1 Assume that the following conditions hold:

(Hy) There exist constants y1, Y, > 0 such that

If (&£,2(2), Dpox(pt +0)) = f(£,5(2), Dpoy(pt +0))|
<n |x(t) —y(t)| ) |Dpygx(pt +0) —Dpoy(pt + 9)|

Jorall t € [wy, Ty and x,y € C.
(Hy) There exists a constant £ > 0 such that

o) - o) < £]2(8) - 5(0) |,

for each x,y € C.
(H3) ©:=yQ+LD <1, where

Y= maX{Vl: 7/2}7

Q_(T—wo)[(T—wo)z—A(n—wo)z] (T - wo)?
N (1+q) 1+q (3.2)
o1, GoD(T =00

[A]

Then problem (1.1) has a unique solution in [wo, T4



Sitthiwirattham Advances in Difference Equations (2016) 2016:116 Page 9 of 25

Proof Denote Hlx — y|(¢) := |[f(t,x(t),Dpox(pt + 0)) — f(t,5(t), Dpoy(pt + 0))|. Using
Lemma 2.3, for all £ € [wo, T,» and x,y € C, we have

|(Fx)(@®) - (Fy)(@)|

(t — wo)
[A]

<o) - )| + (=1)|o®) - 0]

n T
- A/ [n —(gs+ a))]’HIx —y1(s)dgws + / [T —(gs+ w)]?—llx - yl(s)dgws

0 wQ

+ f [t —(gs + a))]'Hlx -yl(s) dgws

0

T_
( |AL|UO) [()» —Dellx = ylic + (yi|x(&) = y(®)| + y2|Dpox(pt +6)

ol

+ (n|x(@®) = y(O)| + v2|Dpox(pt +0) = Dy py(pt +6)|) / [T - (g5 + w)] dgos

o

<{Lx-ylc+

n

T
/ [T —(gs+ a))] dgws — k/ [n —(gs+ a))] dygws

0 0

- pﬂy(pt‘*‘g)‘)

(A =1I)(T - wo)
SEHW—J’”C{l‘F T}

T —wo [ (T -wo)* =M —w0)*] (T -wo)?
+J/le—y||c{ [ ]+ }

|Al l+q
=Ltlx=ylc®+ylx-yllcs

l+qg

=6lx-yllc.
Taking the p, 0-derivative for (3.1) where p = ¢, m e N, and 0 = w(t—’;), we obtain

|(Dp,9.7-"x)(pt +0) — (DpoFy)(pt + 9)|

1 —(pt+0)1-p)+06
Cpt+6)1—p) + 6] { A (“ ~Dlet) -0

T

n
—A/ [n—(qs+w)]7-[|x—y|(s)dq,ws+/

0 wo

[T - (gs + ) HIx = yl(s) dq,ws>

p(pt+0)+0
+ (/ [p(pt+6) +6 —(qs+a))]7-l|x—y|(s)dq,ws

@0

pt+6
- / [(pt +0)—(gs+ w)]?—[lx —l(s) dq,ws> } ‘

o

< (r - l)éllx e+ (v1l%(€) = y(O)] + 2| Dpox(pt + 0) — Dpoy(pt + 0)])

[A| A

T n
/ [T~ (g5 + )] dgus — f [~ (a5 + )] dgos

. (11x() = y(O)] + v2|Dpox(pt + 6) — Dy oy(pt + 6)|)
p(1—p)(t —wo)

X

Pre+(p+1)0

t+6
/17 [(pt +0)—(gs+ a))] dgws — / [pzt +(p+1)0 —(gs+ a))] dgws

wQ ]

X
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(T - wo)* = M(n — w0)2i| . p(L+p)(T — wy) }

A—1
</lllx — PR _
<!« J’llc{ }+yllx yllc{[ @+ QIA] T+q

|A]
<Glx-yllc.

This implies that F is a contraction. Therefore, by the Banach fixed point theorem, F has
a fixed point, which is a unique solution of problem (1.1) on ¢ € [wo, T140- a

4 Properties of Green'’s function for problem (1.1)

We next prove that Green’s function G(t, s) in (2.8) satisfies a variety of properties that are
necessary for considering the existence of a positive solution to problem (1.1). Firstly, we
prove some necessary preliminary lemmas.

Theorem 4.1 ([21], Mean Value Theorem) Let f : [ — X be q, w-differentiable on I. For
everys€l,

lf®) -f@| < Stug’HDq,azf(t) & -a)

forall a,b € {sq* + wlklg}2, and a < b.

Theorem 4.2 Let f be q, w-differentiable on (a, b),,, and continuous on [a, bl,,. The fol-
lowing statements are true:
(i) If Dguf(t) >0 forall t € (a,b)gw, then f is an increasing function on [a, blge.
(ii) If Dgof(t) <O forall t € (a,b)yw, then f is a decreasing function on [a, b] 4.
(iii) If Dyf (£) = O for all t € (a, b)q,w, then f is a constant function on [a, bly.

Proof Let ty,t; € [a,b]y0, t1 < Ly. Since f is g, w-differentiable on (a, b),,, and continuous
on [a, b, we have that f is a continuous function on (a, b) 4.

By Theorem 4.1 there exists t* € (a, b),,, such that D, ,f(¢*) = W.

(i) If Dy f(t) > 0 forall t € (a, b)g,0, then Dy of (£¥) > 0, which implies that

ft2)—f(t) = (&2 - tl)Dq,J(t*) > 0.

Sof(t2) > f(t1) for all £y, £, and hence f is increasing on [, b] ..
(ii) If Dyof () <0 for all t € (a,b) 4,0, then Dy f (t*) < 0, which implies that

fta) -f(t) = (& - tl)Dq,af(t*) <0.

So f(ty) <f(t1) for all £y, t,, and hence f is decreasing on [a, b],,..
(iii) If Dg.f(t) =0 for all £ € (a, b)w, then Dy, f(t*) = 0, which implies that

f(&) = f(t1) = (ta = 1) Dy,uf (£*) = 0.
Sof(t;) =f(t,) for all £y, 5, and hence f is constant on [a, b]4,q. 0

Lemma 4.1 We have that A >0and1+ w is positive and strictly decreasing in t for
t € [wo, Ty In addition,

min
te(n,Tlgw

[ M) Ton
A A
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[ (x—1)<t—wo>] AT -n)
max |1+ = .
A A

te[wo,Tlg,w

Proof Considering A in (2.3)and1 <X < g__a“)’g , we obtain

A=(T—w0)—k(n—w0)>(T—wo)—(

A=1)(t—wp)

For the proof that 1 + ( A >0, t € [wg, Ty, it is sufficient to show that

A+ (=1t - wo) = [(T — wo) — A(n — wo) ] + (. = 1)(t — wo)

= [(T = o) = (t = o) ] = A[(n — o) — (t — o) ]

T—a)()

> [(T = o) = (t - wo)] - ,

[( = wo) = (£ = wo)]

- wyp

_ (£ —wo)(T —n) - 0.

1 — wo
Next, we prove that 1 + &=Dii=e0) g strictly decreasing in ¢ € [wy, T];,. Note that the
q, w-derivative with respect to ¢ for 1 + Q—DE\;“’O) is
(A =1)(t — wo) A-1 A-1
th,w 1+ = <
A (T - wo) = Mn —wo)  (n—wo) —A(n —wo)
1
=- <0.
n—®o

By Theorem 4.2 we have that 1 + W is strictly decreasing in ¢ € [wo, T] g0
Finally, observe that

. (A = 1)(t - wo) (A = 1)(t - wo) T-n
min |1+ ———[=]1+ = and
ten,Tlgw A A t=n A
[ (k—l)(t—wo)] [ (l—l)(t—wo)] MT -n)
max |[1+—— | =1+ = .
teloo.Tlge A A vt A
The proof is complete. O

Next, we show that Green’s function given in (2.8) is positive.

Lemma 4.2 Let G(¢,s) be Green’s function given in (2.8). Then G(t,s) > 0 for each (t,s) €
[(UO; T]q,w X [w(): T]q,a)'

Proof We aim to show that g;(¢,gs + w) > 0 for all ;, 1 <i < 4, and for each admissible pair
(t,s).

Firstly, we consider the function gu(t,¢qs + w) = %(t —w)[T - (gs+w)], se[t, T]gwN
[1, T4 To guarantee that g4 (¢, gs + w) > 0, it suffices to show that

T-(gs+w)>T—-(qT +w) > (T —wy)(1-¢q) > 0. (4.1)

Thus, we conclude that g4(¢, gs + @) > 0 on their respective domains.
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Next, we consider the function g,(¢,gs + w) for s € [, T, and t € [1, Ty

o(tgs+w) = (M - t) +(gs + a))<1— ¢ _AwO))

A

_ (- wo)
T A

[T —(gs + a))] - [t —(gs + a))].
To guarantee that g>(¢,gs + w) > 0, it suffices to show that

(t—wo)[T - (g5 + )] S (£ — wo) (T — wo) — gq(s — wo)]
Alt —(gs + w)] (T — wo)[(t — wo) — q(s — wo)]

__(T-w)-qb-w) (4.2)
(T — wo) — (FZ=29)g(s — wp)

t—wq

So, we conclude that g, (¢, gs + @) > 0 on their respective domains.

We next consider the function g3(t, gs + ) for s € [t, 1], and £ € [wo, N0

qs+w

1
&t gs+o)= X(L‘—wo)(T—?»n)+ (t = wo)(X - 1).
To guarantee that g3(¢,gs + w) > 0, it suffices to show that

(T-xrn)+(A-1)(gs + w)

= [T— (qs+w)] —A[r] - (qs+a))]

1-9T -
g [T‘(‘l“w)]—m[n—(qu)]
1

= 1-qn _w[[T_ (gs+o)](A-gn-w) - (1-9)T -w)[n-(gs + w)]]
= m[(T—’?)LI[S(l—q)—w]]

(T -n)q
>7(1_q)n_w[t(l—q)—w]
= M[f—a)o] > 0. (43)

nN—wo

Hence, g3(¢,gs + w) > 0, as claimed.

Finally, we consider the function g(t, gs + ) for s € [wo, t]go N w0, N] g0

a(t,gs+w) = [%(t—a)o)(T—)»n) —t:| + (qs+a))|:%(t—wo)()u—1) + 1:|

= (t _AwO)[T— (gs+w) = A[n—(gs+w)]] - £+ (g5 + w)
=“jf“UT—ww—q@—ww—xnn—ww—q@—wwn

— [(t - wo) - (s — 0)].
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To guarantee that g (¢, gs + w) > 0, it suffices to show that

1 — —als—

(T~ @0) - s = @0) = 2[ (1~ @0) - gls — @0)]] > ¢ “’Z’t)_f)ff) @) (4.4)
We observe that

70 = - [(T ~w0) ~ s - @0) ~ (0~ w0) ~ (s - )]

_ (T = @o) — s — )] = A[(n — o) — q(s — wo)] 4.5)
(T = wo) = A(1 — wo)

isincreasingin A for1 < A < % Note that Z(1) is increasing for A if and only if

(n - @) (T — o) —q(s —wo)] (T — o) —4q(s - wo) o1 (4.6)

(T = 00)[(n—w0) —gls—w0)] ~ (T -wo) -q(L)(s o) '

Clearly, (4.6) implies that (4.4) also holds, and hence g (¢, gs + ®) > 0.
Consequently, from this it follows that g;(¢,gs + @) > 0 for each i, 1 < i < 4. Therefore,
G(t,gs + w) > 0. O

Lemma 4.3 Let G(t,s) be Green's function given in (2.8). Then for given n € (wo, T4, and
1< i< =20 it follows that

-0

max G(t,gs + w) = G(gs + w,qs + w). (4.7)
(£:8)€lw0, T g0 x [0, T]gw
Proof Our strategy is to consider the following two cases.

Case 1: t < n. We aim to show that ;D ,g(t,s), :\Dg0g2(t,s) < 0 and ;D ,ga(t,s) > 0. The-
orem 4.2 implies that gj, g» are decreasing and g, is increasing in ¢, so G(t,gs + ) <
G(gs + w,gs + w) for all (t,5) € [wo, T]gw % [wo, T1g0-

Case 2: t > . We aim to show that D, g1 (t,s) < 0 and ;D,,,g3(t,5), :Dg0ga(t,s) > 0. The-
orem 4.2 implies that g; is decreasing and g3, g4 are increasing in ¢, so G(£,gs + w) <
G(gs + w,gs + w) for all (t,s) € [wo, T]g0 X (@0, T]g0-

Firstly, for g.(¢, gs + @), we have that

tDgwga(t,gs + o) = th,w{ %(t - wo)[T —(gs+ a))]}

_ l(gt +©) ~wg] - [t - o] [T—(qsm)}

tlg-1)+w A
= [W] = %[(T—a)o)—q(s—awo)] >0 (4.8)

forall s € [t, T140 N [0, T and ¢ € (w0, Ty
Later, for g3(¢, gs + ), we have that

[(gt + w) — wo] — [t — o]
tlg-1)+w

tDyg0g3(t, qs + ®) = [%((T—An)— (1—A)(qs+w))]

= l[(T—xn)— (1-2)(gs + »)]. (4.9)
A

From (4.3) we obtain that ;D ,g3(¢,qs + w) > 0 for all s € [£, 1], and £ € (w0, ] g,
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Next, we consider g»(t,s) and claim that ;D,,.g>(t,gs + w) < 0 for each admissible pair
(¢,s). To this end, noting that

(t —wo)

Ot qs+w) = [T -(gs+ )] - [(t-wo) —qls —w+0)], (4.10)

we obtain

Dy (t,gs + w) =

[(qt+w)—wo]—[t—wo][1
A

G- Dro —[T—(qs+a))]—1:|
1

A

_(T-w9)—q(s-wo)
(T -wo) —A(n—wy)

(T—(qs+w))—1

(4.11)

So, :Dy,2(t, qs + w) is nonpositive when

(T — wo) — q(s — wo)

(T—wo) - A —wo) (4.12)

In addition, (4.12) is true if and only if

qls—wo) qlt—wo) q(T-wo) T-wo
< < < <

A < .
n—wo n—wo n—wo n—wo

(4.13)

Clearly, (4.13) implies that (4.12) also holds. Hence, ;D,.,g2(¢,gs + w) < 0 for all s € [, t]4,.,
and ¢ € (wo, T4, as desired.
Finally, to claim that ;D ,g:(¢, g5 + @) < 0 on its domain, we have that

Dywgi(t, gs + o)
= th,w{ [%(t— wo)(T — An) — ti| +(gs + w)[%(t —wo)(A—1)+ li| }

= %[(T—)\n)+(k—1)(qs+w)]—1

(T — wo) — q(s — wo)] = Al(n — wo) — g(s — wo)]

- (T —w0) — 21 — ) !
_ q(s —wo)(A — 1) . q(s —wo)(A - 1)
(T —wo) —An—wo) (1 —wo) — A —wo)
__ds-w0) (4.14)
n—awo

for all s € [wo, t] 4w N [@0, N4 and £ € (wo, T4
Now, note that

G(wo,gs +w) =0 = G(gs + w,qs + w) foralls e [wy, T4
Consequently, this implies that

G(t,gs + w) = G(gs + w,qs + w).

max
(t,s)€lwo, T]q,w x [wo,T] qw

Observe that G(gs + w,qs + w) = ga(gs + w,qs + w) = q(s + W)[T — (gs + w)].
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Thus, by the discussion in the first paragraph of this proof we deduce that (4.7) holds.

The proof is complete.

Lemma 4.4 Let G(t,s) be Green’s function given in (2.8). Then it follows that

G(t,gs+w) >0 max G(t,gs + w)

min
(t:8)€n, Tlg,0x[@0,T]q0 (t,5)€lwo, T g,w %[0, T]g,0

= 0G(gs + w,qs + w),

where o satisfies the inequality 0 < o <1, and

O—':min{)"(n_a)o) T—r} }
’ q(T = o) (T - wo) —q(n —wo) |
Proof We define

it gs + w) := gi(t,gs + )

2(gs + 0, g5 + ®)’

where k=3 ifi=1,3and k=4 ifi=2,4.
For ¢ < n, we find that

&(tqs +w) =

§4(t; qS + (1)) =

If t > n, then we consider two cases of g1(¢,gs + w) and g>(¢, gs + w):

&(t,qs + ) =

and

g1(t,qs + w)

t—wo n — o 1
> = — =0y,

gn-wo) qn—wo) ¢q

t—wo T—a)o 1
=01.

q(s — wo) g q(T — ) ) q

T = (gs + )] = [t = (gs + w)]

BT - (g5 + )]

t—wo Alt - (gs + w)]

qls —wo)  gqls— wo)[T - (gs + w)]

q(s — wo) (T — t) — A(n — wo)] + A(n — wo)(t — wp)

q(s — wo)[(T — wo) — q(s — wo)]
T-¢ A(n — wo)

(T —wo) —q(n —wo)  q(s —wo)
T-t An-wo) Mn-wo)

+ > = 09,
T-wy qt—wo) ¢q(T-wo)

EQ[T - an) + (A -1)(gs + )] - [t - (gs + w)]
BEE0 (T — h) + (A —1)(gs + )]
L- @ Alt (g5 + )]

qls — o) qls— wo)[(T = An) + (A —1)(gs + w)]

t-wo [(t—wo) —6](5—600)]
q(s — wo) q(s — wo)

d

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)
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» { (T — wo) — A(n — o) }
(T — wo) — q(s — wo)] = A[(n — wo) — q(s — wo)]
_. _Lt-wo _|:(t—600)—¢1(5—w0)
" q(s — wo) q(s — wo)

] x J (). (4.20)

Observe that 7 (A) = Z7}(1), which implies that 7 (1) is decreasing in A, and we have

. t—wo (t—wo)—q(s—wo))[ T —wo }
Blbasve) = oy ( 4(s — wo) (T — wo) — 45 — wo)

(t = wo) — gq(s — wo) ):|
(T — wo) — q(s — wo)

= 7[@—0)0) —(T—w0)<
q(s — wo)

) T-¢
(T - wp) — qls — wy)

T_n py—
T (T-wo)—qn-wo)

(4.21)

Finally, note that since o7 > 1, 0 < 03 < 01, and 0 < 03 < 1, it follows that
o =min{oy,03} <03 < 1. (4.22)
We can conclude that mingeyy,ry,,, G(t, gs + ®) > 0 MaXee(w,,11,,, G(£, G5 + ). O

Lemma 4.5 Let ¢ be a nonnegative function. Then there exists o* € (0,1) such that

T
min { / G(t, gs + w)f (8,%(5), (Dpo)x(ps + 0)) dy s

ten,Tlgw 0

. [1_ (l—k)[(\t—wo)](p(x)}

T
>o* max {f Gl(t,gs + a))f(s,x(s), (Dpo)x(ps + 9)) A0S

telwo, Tlgw 0

N [1 - W]ga(x)}. (4.23)

Proof Observe that by Lemma 4.4 there exists a constant o € (0,1) such that

T
min / G(t, qs + @)f (5,%(5), (Dpe)x(ps + 0)) dgs

te[n,Tlgw o

T
>0 max / G(t, gs + 0)f (5, %(), (Dp,p)x(ps + 0)) dg,0s. (4.24)

te[wo,Tlg,w o

Next, by Lemma 4.1 there exists a constant S > 0 such that

.\ (A—l)(t—wo)]_ T-n
A TOA

. (A—l)(t—wo)] MT-n)
A A

=S and (4.25)

te[n,Tlgw

min |:1

AS. (4.26)

max |:1

te[wo, Tlgw
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In particular, putting (4.25) and (4.26) together implies that by taking

1
oo such that 0<X500<1

it follows that
min |:1 + w]w(x)
ten,Tlgw A
=0y te[g;?TX]q,w [1 + O\_l)[(\;w())}o(x). (4.27)
Finally, defining
o™ :=min{o, 00} € (0,1), (4.28)
we obtain (4.23). This completes the proof. d

Lemma 4.6 Let G be Green'’s function given in (2.8). Then

T T —
/wo G(gs + @, s + w) dy,,s = %{T[T+wo(l+q—qz)]

‘ﬁ[ﬂ(l +q) - wpq(l+ )] - (T + qwo)}.

Proof Using the definition of the g, w-integral, for s € [wo, T, we obtain

T
/ G(gs + w,gs + w) dg,»s

0

1T
=— | qls+)[T~-(gs+0)]dges

A Jo
T (T T T
= qT (s + ) dgws - % [/ s(gs + w) dygos + a)/ (gs + w) dq,ws:|
wQ wQ wo
qT - k
:T [TA-9) - Zq T4" + w[k], + o)

k=0

z|: [TQ-q) - o qu T7* + 0lkl,) (17" + wlk];)g + )]
k=0

T(l q) - qu Tq* + wlk] )q+a)]:|
k=0

_q(T - o)
T+ QA

X {T[T + a)o(l +q- qz)] - [T2(1 +q) - a)(z)q(l + qz)] —(T+ qa)o)}.

1+q+q?

This completes the proof. O



Sitthiwirattham Advances in Difference Equations (2016) 2016:116 Page 18 of 25

5 Existence of a positive solution for problem (1.1)
In this section, we consider the existence of at least one positive solution for problem (1.1)
by appealing to the Krasnoselskii fixed point theorem in a cone.

Define the cone P C C by

P = {x eC:x(t) >0, [mlTn x(t) > a*”x(t) ”C and ¢(x) > 0]. (5.1)
teln,

lg.o

Consider nonlinear equation (1.1); then x solves (1.1) if and only if x is a fixed point of
the operator A : P — P defined by

(Ax)(0) = [1 . u_l)j\ﬂ]w(x)

T
+ / G(t,gs + w)f(s,x(s),Dp,(;x(ps + 9)) A0S, (5.2)

0

where G is Green’s function for problem (1.1), and C is the Banach space defined in Sec-

tion 3.

Lemma 5.1 Suppose that f : [wo, T4, x [0,00) x [0,00) = [0,00) and ¢ : C([wo, T4,
[0, 00)) — [0, 00) are continuous. Then the operator A:'P — P is completely continuous.

Proof Since G(t,gs + ) > 0 for all (t,s) € [wo, T]g0 X (@0, T4, we have A > 0 for all
x € P. For a constant L > 0, we define

B = {xe P:lxlle <L}

andlet M = MAX (¢,x)[wg, T g < BL [f (& x(t), Dpox(pt+0))|,N = SUP,cp, |@(x)|. Then, forx € B,
we obtain

|(Ax)(8)]

T
= ‘ |:1 ¥ W}p(x) + / G(t,gs + a))f(s,x(s),Dp,gx(ps + 0)) dgws

NAMT - T
< M +M/ G(gs + w,gs + ) dg s
A @0
NMT —n) . gM(T — o)
A 1+qA

X

T[T+wo(l1+q-q%)] - [T*(1+q) - wiq(1+q%)] - (T + quwo)

1+q+q?

=K.

Similarly to the proof above and Theorem 3.1, we obtain

(D0 Ax)(pt +6)|
B 1 {(pt+0)(p—1)+0
= D((pt +6) - wo) A
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X |:(A - D) — A /n G(pt +0,gqs + a))f(s,x(s),Dp,gx(s)) dgws

wo

+ /T G(pt +0,qs + w)f(s,x(s),Dp,gx(s)) dq,ws]

p(pt+0)+60
- / [p(pt +0)+6 —(gs+ a))lf(s,x(s),Dp,gx(s)) dyws

o

pt+6
+ [(pt +0)—(gs+ w)]f(s, x(s),Dp,gx(s)) dq,ws}

o

<[],

(5.3)

Therefore, ||(Ax)(¢)|lc = K, and hence A(B;) is uniformly bounded.
Next, we shall show that A(B;) is equicontinuous. For x € B;, and ¢, £, € [wo, T]4 with

i < t, there are three cases to consider.
Case 1: If n < t; < t, then by (2.7), letting g;(¢,qs + w) = (t_A—‘”O)gi(t, gs + w), we obtain

|(Ax)(£2) - (Ax)(8)|

T
/ [G(tz, gs+w)—G(t,qs + a))] A0S

0

N
<lt —t1|()»—1)X +M

N -1 th—t n
<1ty )+M(2A 1)/ 0145 + ©,45 + ©) dgos
o

A

by — f2 b - h
+ [( 2 AwO) / 02(gs + w,qs + ) dyg s — (& AwO) / g2(gs + w,qs + w)dq,ws]
n n

ty — r h - T
+ [( 2~ @) / 04(gs + w,qs + w) dg s — (81 — @o) f g4(gs + w,qs + w) dq,ws]
A t A i

N(A—1)|t | M|t |
= —_— +— —
A 2=bl+ b —h
n "
X [T—l—k(n—l)]/ dq,ws—/ [T—(qs+a))]dq,ws
wo o))

T
+/ [T - (g5 +w)]dgws

0

- m_l_\tl'{N(A—l)+M‘[T—1—A(n—1)](’7_w°)

— T — 2
+’7 wO[(T—w0)+q(T+n)]+ﬂ }
l+qg l+qg
-4l
=

Therefore, there exists a constant §; > 0 such that

€A (5.4)

’(Ax)(tz) - (Ax)(t1)| < % whenever |t; — 1| < 61 = 55
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Case 2:1f j < t, <7, then by (2.7) we obtain

|(Ax)(t2) - (Ax) (1) |

T
/ [G(tz, qs +w)—G(ty,qs + a))] dy,ws

0

N
<l —t1|()»—1)X +M

N(A-1 ty — b
<lt; -t (A )+M'[(2Aw°)/ 01(gs + 0,45 + w) dg s
2%

t— I ty — n
_ (& AWO)/ gl(qs+a),qs+a))dq,ws] + [( 2 wO)/ 03(gs + @, s + w) dg s
( 5]
t - n th-t) [T
_(1 wO)f 05(gs + @, s + ) dgs +(2 1)/ 04(gs + ®,gs + ®) dg s
A 5] A n
_N(A—l)lt o M.,
= 2 — U]+ A |ty — 1]
n T
X / ([T—l—k(n—l)]—[T—(qs+n)])dq,ws+/ [T—(qs+w)]dq,ws
w(Q wQ
[t — &1
== N(A-1)+M|[T-1-x(n-1)]n- o)
— T — 2
+ 1 C()()[(T—wo)+q(T+n)]+7( o) }
l+qg l+qg
_ lta —ta]
— &
Therefore, there exists a constant 3, > 0 such that
€ €A
’(Ax)(tz) - (Ax)(tl)‘ <3 whenever |ty — £1] < 85 = R (5.5)

Case 3:If t; < n < t, with |t — £1| < § = min{8y, 8>}, then from (5.4)-(5.5) it follows that

—

|(Ax)(£2) - (Ax)(81)] < [(A%)(22) = (Ax) ()| + |(Ax)(n) - (Ax)(81))|

=e. (5.6)
Similarly to the proof above, by (5.3) we obtain

(Do Ax)(pt + 0) — (Dpp Ax)(pt1 + 0) | < |(Ax)(12) — (Ax)(11)| < €. (5.7)
Hence, we conclude that |(Ax)(#;) — (Ax)(t)| < € if |t — 1] < § = min{8;,8,} for &, 4 €
[@o, Ty that is, A(By) is equicontinuous. By the Arzela-Ascoli theorem, A:C — Cisa
completely continuous operator.

Finally, we apply Lemmas 4.2-4.4 to obtain

(Ax)(t) =0 forall ¢ € [wo, T4 (5.8)
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and, for f € P,

min (Ax)(¢) > teﬁ}iﬁqw{ |:1 + ()\_1)1(\;0)0)]?)(96)

te(nTlgw

T
+ / G(t,gs + 0)f (5,%(s), Dppx(ps + 6)) dq,ws}

0

:o*{ max |:1+(}\_1)[(\ﬂ1|¢(x)

te[wO:T]q,w

T
+ / G(gs + w,gs + w)f(s,x(s),Dp,gx(ps + 9)) dq,ws}

= 0" (Ax)(gs + w).

Hence,

min (Ax)(£) > o*||Ax[lc, thatis, AP CP.

tE[U:T]q,Lu

Consequence, it follows that A : P — P is a completely continuous operator.

The following notation is used in the sequel:

1
= ,
fwo G(gs + w,gs + ) dg,s
-~ 1
T fwTO G(gs + w,gs + w) dq,ws’
A
Y;:=———, and
MT -n)
Ty — 2
P o MT - )

Next, we introduce some assumptions that will be helpful in the sequel.

(A1) There exists a constant r; > 0 such that

o

N =

S (6, %(8), Dypx(pt +0)) <

forall £ € [wo, T]ge and 0 <x <7y.

(A2) There exists a constant r, > 0 with 5 < rq such that

f(t,x(t),Dpygx(pt + 9)) > %@rz

for all t € [wo, T4 and 0*ry <x < ry, where o* is defined in (4.28).

(A3) There exists a constant r; > 0 such that
1
px) < E\ylr 1

forallx e Pand 0 < ||x|l¢c <r1.
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(5.10)

(5.11)

(5.12)
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(A4) There exists a constant r, > 0 such that

1
px) > E\Vzi’z (5.13)

forallx € P and o*ry < ||x|lc < 1s.

Now, we can prove the existence of at least one positive solution.

Theorem 5.1 Suppose that conditions (A1)-(A4) hold. Let f(t,x) € C([n, T x [0,00) x
[0,00),[0,00)) and ¢(x) : C([n, T4, [0,00)) = [0,00). Then problem (1.1) has at least one

positive solution, say x*, where ry < ||x*|l¢c <.
Proof Set W = {x € C([wo, T1yw) : I%llc < r1}. Then, for x € P N 0¥y, we have

N (- 1)(t—wo)}p(x)

(Ax)(t) < max ”1 A

tE[(UOvT]q,m

T
+ / G(t,gs + 0)f (5,%(s), Dppx(ps + 6)) dq,ws}

0

MT-n)\1 1 '
< (M) —Yir + 501”1/ Glgs + w,qs + ®) dgws

U A )2 .
r r

= =+—=r.
2 2!

Since |(Dy,0.Ax)(t)] < |(Ax)()| < r1, we have
lAx|lc < llxllc whenever x € P N3V, (5.14)

Further, let W, = {x € C([wo, T]g0) : 1%llc < 72}. Then, for x € PN 3 W,, using Lemma 4.4,
we find that

(Ax)(t) > min { |:1 + 7(A ~D(e- wO):|(p(x)}

~ tenTgw A

T

+ /[;O te[I;g"I]lq,w G(t,gs + a))f(s,x(s),Dp,gx(ps + 9)) dygws
(A =1)(t - wo)

+——— o)

1 *
> —Yyrpo™ max 1
2 A

telwo, T]q,u)

1 T
+5®r20* max / G(t,qs + w) dg0s

te[wo, Tlgw o)

1 AT - 1 T
= —Yyryo* u + —@rzo*/ G(gs + w,qs + ®) dyg s
2 A 2 "

ry r
= —+ — =nr.
2 2

Since |(Dy0.Ax)(£)] < [(Ax)(2)| < ra, we have

IAx|lc = |lxllc whenever x € P N aW,. (5.15)
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We conclude by Theorem 1.1 that the operator A has a fixed point. This implies that
problem (1.1) has a positive solution, say x*, where r, < [|x*||c <r1. (I

6 Example
In this section, to illustrate our results, we consider an example.

Example Consider the following boundary value problem for the second-order Hahn dif-

ference equation

e-cos?(rt) || + arctan(cos® (1)) [D 11 e x(5ast + )]
D? x(t) + . 124 =0,
303 (t+20)2 x| + 2
9 Cilx(%)| 1\" 3
z i A t;=10( = 14, (6.1)
x(4) 20:1+ ()]’ 3) 2l
4 (1109
x(10) = —x ,
37\ 486

where ¢ € [2,10] , and C; are given positive constants with eiz <Y*C<3

i=0 — e

1-(Ly
Setg=3,0=3,w0=3,P=5 =550 =3[ el 2 T=10,n=10)° +3[5]1 = 45
Cilx(t;)
3= 30 90) = X% iy and
—cos2(rt)
t,x(t),D,ox(pt +0)) = ——
f( () y24 (p )) (t+20)2

l%| + arctan(cosz(nt))[Dﬁ %x(mt + 1]

x 1
e

|| +

L. The existence and uniqueness of solution to problem (6.1). We can show that

30132

<A< ~ 5, A~7.707, Q~90.362, and ¢ =1.335.
5956

Clearly,

f (£, %(2), Dpox(pt +0)) - f(£,5(2), Dpoy(pt +0))|

|x(2) — y(£)| . arctan(1)| Dy ox(pt + 6) — Dppy(pt + 6)|
(¢ +20)2 (t +20)2

<0.002x(£) — y(£)| + 0.0016|D,0x(pt + 6) — D,

so that (H;) holds with y; = 0.002, ¥, = 0.0016, and y = max{y1, y»} = 0.002, and

Cilx(,)] Cily()|
|¢J(x)—<,0()/)|= Zl+|x(t Zl+|y
i=0

ad 2
< Z Cilx(t:) - y(t)| < e—2||x—y||,
=0

so that (H,) holds with £ = e%
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Also, we can show that
G=yQ+Ld~0542<1.

Hence, by Theorem 3.1 problem (6.1) has a unique solution.
II. The existence of at least one positive solution to problem (6.1). We can show that

AMn — o) T-n }

7" mi“{ AT —wy) (T —wo) — gl — o)

=min{0.0165,0.997} = 0.0165,

=0.75 <09 <1,

>

o= min{o,min{oo}} =0.0165,

1
- = 0.146,
oy G@s + @,q5 + @) dgs
1
= T =8.850,
o* [, Ggs +w,qs + ) dgws
A A
YTi=———=0.749, and 7Y,=—————=45389.
MT —n) o* AT = n)]
Clearly,
If (&, %(t), Dpox(pt + 0))| < 5 0036- 0,040
e = (G202 )

for 0 <x <r <0.049,

If (&, %(2), Dy ox(pt + 0))| > ! 1. L 0.0002=0.0000452
L8 = e30)2| x| +1]| 2 ' 2

for 0.00000074 = 0.0000450* <x < r, < 0.000045,

2 T
o) <—==0271=3.3457— for0 <x <r <3.3457, and
e? 2

1 T
ox) > — =0.135= ().005972 for 0.000097 = 0.00590* <x < r, <0.0059.
e

Therefore, conditions (A;)-(A3) are satisfied. Consequently, by Theorem 5.1 problem (6.1)
has at least one positive solution x* such that r, = 0.000097 < ||x*||¢ < 0.0036 =r.
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