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Abstract
Based on Riemann theta function and bilinear Bäcklund transformation,
quasi-periodic wave solutions are constructed for an extended (2 + 1)-dimensional
shallow water wave equation. A detail asymptotic analysis procedure to the one- and
two-periodic wave solutions are presented, and the asymptotic properties of this type
of solutions are proved. It is shown that the quasi-periodic wave solutions converge
to the soliton solutions under small amplitude limits.
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1 Introduction
Nonlinear evolution equations (NLEEs) have attracted much interest in the past few
decades since they appear in many areas of scientific fields such as fluid mechanics, plasma
physics, solid-state physics, and mathematical biology [–]. The investigation of solu-
tions for NLEEs plays an important role in the study of nonlinear physical phenomena,
and many effective methods have been discovered. Successful numerical methods include
the decomposition method [] and the spectral method [–] developed in recent years.
Various analytic methods such as inverse scattering method, Darboux transformation,
Bäcklund transformation, Hirota method, and algebro-geometrical approach [–] have
been presented for NLEEs. Among the mentioned methods, the algebro-geometrical ap-
proach presents quasi-periodic or algebro-geometric solutions to many NLEEs. However,
the approach needs Lax pair representations and involves complicated calculus on Rie-
mann surfaces. Based on bilinear forms, Nakamura proposed a straightforward way to
construct a kind of quasi-periodic solutions of nonlinear equations [, ], where the
quasi-periodic wave solutions of the Korteweg-de Vries equation (KdV equation) and
the Boussinesq equation were obtained by using the Riemann theta function. Recently,
Hon and Fan have developed this method to investigate ( + )-dimensional Bogoyavlen-
skii’s breaking soliton equation [], the discrete Toda lattice [], and the asymmetri-
cal Nizhnik-Novikov-Veselov equation []. Ma [] constructed one-periodic and two-
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periodic wave solutions to a class of ( + )-dimensional Hirota bilinear equations. How-
ever, little work has been done on quasi-periodic solutions for systems that involve coupled
Hirota’s bilinear equations.

In this paper, we focus our study on the following extended ( + )-dimensional shallow
water wave equation:

uxt – uxyux – uxuy + uxy + αuxy = , (.)

where α is a constant. According to Wang and Chen [], the bilinear Bäcklund transfor-
mation of Eq. (.) can be written as

(
D

x – λ
)
f · g = ,

(
Dt + D

xDy + λDy + αDy – ν
)
f · g = ,

(.)

where λ and ν are arbitrary constants. Equation (.) is a type of coupled bilinear equa-
tions; it is more difficult to be dealt with than a single bilinear equation due to the appear-
ance of two functions and two equations. As a reduction of Eq. (.), the shallow water wave
equation can be used to describe the propagation of ocean waves in shallow water and has
been investigated in many literatures [–]. So, Eq. (.) may be helpful for understand-
ing the behavior of real ocean waves. In Ref. [], the integrability and multiple soliton
solutions of Eq. (.) are investigated with the aid of the simplified Hereman method and
the Cole-Hopf transformation method. Wang and Chen [] used the binary Bell polyno-
mial approach to construct bilinear equation, bilinear Bäcklund transformation, Lax pair,
and Darboux covariant Lax pair for this equation. However, to the best of our knowledge,
quasi-periodic wave solutions for Eq. (.) have not been studied yet. Therefore, one ob-
jective of this paper is to construct one- and two-periodic wave solutions for the extended
( + )-dimensional shallow water wave equation (.). Another objective of the paper is to
investigate the asymptotic behavior of the quasi-periodic wave solutions. The organiza-
tion of this paper is as follows. In Section , we briefly introduce some main points on the
Riemann theta function and get the one- and two-soliton solutions for Eq. (.) by using
the Hirota bilinear method. In Sections  and , we apply the Riemann theta function to
construct one- and two-periodic wave solutions for Eq. (.), respectively. Furthermore,
a detail asymptotic analysis procedure to the quasi-periodic wave solutions is presented
and demonstrates that the quasi-periodic solutions tend to the known soliton solutions
for Eq. (.). Finally, some conclusions are given in Section .

2 Soliton solutions and the Riemann theta function
The quasi-periodic wave solutions of Eq. (.) are constructed based on the multidimen-
sional Riemann theta function

ϑ(ξ , ε, s|τ ) =
∑

n∈ZN

e–π〈τ (n+s),n+s〉+π i〈ξ+ε,n+s〉. (.)

Here n = (n, . . . , nN )T ∈ ZN are the integer-valued vectors, ξ = (ξ, . . . , ξN )T ∈ CN are com-
plex phase variables, s = (s, . . . , sN )T and ε = (ε, . . . , εN )T are complex vectors, and 〈·, ·〉 is
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the standard inner product on Rn. The parameter τ = (τij) is a positive definite and real-
valued symmetric N × N matrix, which we call the period matrix of the Riemann theta
function.

For simplicity, we have ϑ(ξ , τ ) = ϑ(ξ , , |τ ) and ϑ(ξ +ε, τ ) = ϑ(ξ , ε, |τ ). The periodicity
of the Riemann theta function is defined as follows.

Definition  [] A function g(x, t) on CN × C is said to be quasi-periodic in t with fun-
damental periods T, . . . , Tk ∈ C if T, . . . , Tk are linearly dependent over Z and there exists
a function G(t, t) ∈ CN × Ck such that, for all (y, . . . , yk) ∈ Ck ,

G(x, y, . . . , yj + Tj, . . . , yk) = G(x, y, . . . , yj, . . . , yk),

G(x, t, . . . , t, . . . , t) = g(x, t).
(.)

In particular, g(x, t) becomes periodic with T if and only if Tj = mjT .

Proposition  [] Let ej be the jth column of the N × N identity matrix IN , τj be the jth
column of τ , and τjj be the (j, j) entry of τ . Then the theta function ϑ(ξ , τ ) has the periodic
property

ϑ(ξ + ej + iτj, τ ) = exp(–π iξj + πτjj)ϑ(ξ , τ ). (.)

The vectors {ej, j = , . . . , N} and {iτj, j = , . . . , N} can be regarded as periods of the theta
function ϑ(ξ , τ ) with multipliers  and exp(–π iξj + πτjj), respectively.

Let ϑ(ξ , ε′, |τ ) and ϑ(ξ , ε, |τ ) be two Riemann theta functions, where ε = (ε, . . . , εN )T ,
ε′ = (ε′

, . . . , ε′
N )T , and ξ = (ξ, . . . , ξN )T with ξj = kjx + ljy + mjt + ξ

()
j , j = , , . . . , N . For a

polynomial operator H(Dx, Dt , Dn) with respect to Dx, Dt , and Dn, the following useful
formula holds:

H(Dx, Dy, Dt)ϑ
(
ξ , ε′, |τ) · ϑ(ξ , ε, |τ )

=
∑

μ

C
(
ε′, ε,μ

)
ϑ

(
ξ , ε′ + ε,μ/|τ

)
, (.)

where

C
(
ε′, ε,μ

)
=

∑

n∈ZN

H
(
π i〈n – μ/, k〉, π i〈n – μ/, l〉, π i〈n – μ/, m〉)

× exp
{

–π
〈
τ (n – μ/), n – μ/

〉
+ π i

〈
n – μ/, ε′ – ε

〉}
. (.)

Formulae (.) and (.) show that once

C
(
ε′, ε,μ

)
=  (.)

for all possible combinations μ = , ; . . . ; μN = , , then ϑ(ξ , ε′, |τ ) and ϑ(ξ , ε, |τ ) are
quasi-periodic solutions of the bilinear equation

H(Dx, Dy, Dt)ϑ
(
ξ , ε′, |τ) · ϑ(ξ , ε, |τ ) = .
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Proposition  [] Let C(μ) be given in (.), and make a choice such that ε′
j – εj = ± 

 ,
j = , , . . . , N . Then:

() If H(Dx, Dy, Dt) is an even function in the sense that

H(–Dx, –Dy, –Dt) = H(Dx, Dy, Dt),

then C(μ) vanishes automatically for the case where
∑N

j= μj is an odd number,
namely

C(μ)|μ =  for
N∑

j=

μj =  mod . (.)

() If H(Dx, Dy, Dt) is an odd function in the sense that

H(–Dx, –Dy, –Dt) = –H(Dx, Dy, Dt),

then C(μ) vanishes automatically for the case where
∑N

j= μj is an even number,
namely

C(μ)|μ =  for
N∑

j=

μj =  mod . (.)

Proposition  plays an important role in constructing quasi-periodic wave solutions for
coupled bilinear equations.

Next, we need to get the one- and two-soliton solutions for the extended ( + )-
dimensional shallow water wave equation (.). By the dependent variable transformation
[]

u = –(ln f )x, (.)

the bilinear Bäcklund transformation for Eq. (.) was obtained as Eq. (.). In order to get
the quasi-periodic wave solutions of Eq. (.), we take ν = , that is, the bilinear Bäcklund
transformation for Eq. (.) is

H(Dx, Dy, Dt) =
(
D

x – λ
)
f · g = ,

H(Dx, Dy, Dt) =
(
Dt + D

xDy + λDy + αDy
)
f · g = .

(.)

By using the Hirota bilinear method we can easily get the soliton solutions of Eq. (.).
We start with a simple solution f = , from which we can get the original solution u =
–(ln f )x = . Setting λ = k̃


 and substituting f =  into Eq. (.), we readily obtain

g = e
η
 + e– η

 , η = k̃x + l̃y –
(
k̃

 + α
)
l̃t + η

()
 , (.)

where k̃, l̃, and η
()
 are arbitrary constants. The one-soliton solution can be written as

u = –
[
ln

(
 + ek̃x+l̃y–(k̃

 +α)l̃t+η
()


)]
x. (.)
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Taking f = e
η
 + e– η

 , Eq. (.) can be written in the form

(
D

x – λ
)(

e
η
 + e– η


) · g = ,

(
Dt + D

xDy + λDy + αDy
)(

e
η
 + e– η


) · g = .

(.)

Setting

g = β
(
e

η+η
 + e– η+η


)

+ β
(
e

η+η
 + e– η+η


)
,

ηj = k̃jx + l̃jy –
(
k̃

j + α
)
l̃jt + η

()
j , j = , ,

(.)

where β and β are arbitrary constants, and substituting (.) into Eq. (.), we have

λ =
k̃




, β = k̃ – k̃, β = –(k̃ + k̃).

In this way, the two-soliton solution for Eq. (.) reads

u = –
[
ln

(
 + eη + eη + eη+η+A

)]
x, (.)

where eA = ( k̃–k̃
k̃+k̃

).

3 One-periodic waves and asymptotic properties
In this section, we consider the one-periodic wave solutions for Eq. (.) with N =  in
the Riemann theta function (.). Setting f (x, y, t) = ϑ(ξ , , |τ ) and g(x, y, t) = ϑ(ξ , 

 , |τ ),
f (x, y, t) and g(x, y, t) can be written as the following Fourier series in n:

f (x, y, t) = ϑ(ξ , , |τ ) =
∞∑

n=–∞
eπ inξ–πnτ ,

g(x, y, t) = ϑ

(
ξ ,




, |τ
)

=
∞∑

n=–∞
eπ in(ξ+ 

 )–πnτ ,

(.)

where ξ = kx + ly + mt + ξ () is the phase variable, and τ >  is the parameter.

3.1 Construction of one-periodic waves
In order to make the theta function (.) be a solution of bilinear equation (.), we sub-
stitute Eq. (.) into Eq. (.); then, for i = , ,

Hi(Dx, Dy, Dt)f · g

=
∑

μ

[∑

n∈Z

Hi

(
π i

〈
n –

μ


, k

〉
, π i

〈
n –

μ


, l

〉
, π i

〈
n –

μ


, m

〉)

× exp

{
–π

〈
τ

(
n –

μ



)
, n –

μ



〉
+ π i

〈
n –

μ


, ε′ – ε

〉} ]
ϑ

(
ξ ,




,
μ



∣
∣∣τ

)

=
∑

μ

Ci(μ)ϑ
(

ξ ,



,
μ



∣
∣∣τ

)
, μ = , ,
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where

C(μ) =
∑

n∈Z

[
–π

(
n –

μ



)

k – λ

]

× exp

{
–πτ

(
n –

μ



)

+ π i
(

n –
μ



)}
,

C(μ) =
∑

n∈Z

[
π i

(
n –

μ



)
m – πi

(
n –

μ



)

kl + π i(λ + α)
(

n –
μ



)
l
]

× exp

{
–πτ

(
n –

μ



)

+ π i
(

n –
μ



)}
.

(.)

According to Proposition , since H(Dx, Dy, Dt) is an even function, we have C(μ = ) =
. Similarly, we can obtain that C(μ = ) = . Suppose that the following equations are
satisfied:

C(μ = ) =
∑

n∈Z

(
–πnk – λ

)
exp

{
–πτn + π in

}
= ,

C(μ = ) =
∑

n∈Z

[
π i

(
n –




)
m – πi

(
n –




)

kl + π i(λ + α)
(

n –



)
l
]

× exp

{
–πτ

(
n –




)

+ π i
(

n –



)}
= .

(.)

Then the Riemann theta functions (.) are exact solutions of Eq. (.). By introducing
the notation

ρ = e– πτ
 ,

ϑ(ξ ,ρ) = ϑ

(
ξ ,




, –



∣
∣∣τ

)

=
∑

n∈Z

ρ(n–)
exp

[
π i

(
n –




)(
ξ +




)]
,

ϑ(ξ ,ρ) = ϑ

(
ξ ,




, |τ

)

=
∑

n∈Z

ρn
exp

[
π in

(
ξ +




)]
,

(.)

we can change Eq. (.) into a linear system about the frequency m and the constant λ

kϑ ′′
 – λϑ = ,

mϑ ′
 + klϑ ′′′

 + (λ + α)lϑ ′
 = ,

(.)

where

ϑ
(p)
j = ϑ

(p)
j (,ρ) =

dϑ
(p)
j

dξ

∣∣
∣∣
ξ=

, j = , ; p = , , , .
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Solving Eq. (.), we get

λ =
kϑ ′′


ϑ

, m = –
klϑ ′′′

 ϑ + kϑ ′′
 ϑ ′

 + αlϑ ′
ϑ

ϑ ′
ϑ

. (.)

Now we get one-periodic wave solution of Eq. (.)

u = –
(
lnϑ(ξ , , |τ )

)
x, (.)

where ξ = kx + ly + mt + ξ (), m are given by Eq. (.), and other parameters k, l, τ , ξ () are
free. Figure  shows the one-periodic wave solution of Eq. (.), which is one-dimensional
and has two fundamental periods  and iτ in ξ . It can be regarded as a parallel superposi-
tion of overlapping one-solitary waves, placed one period apart.

Figure 1 This figure shows one-periodic wave solution with parameters: k = 0.5, l = 1, τ = 3, ξ (0) = 0.
(a) Perspective view of the wave. (b) Overhead view of the wave, with contour plot shown. The bright lines
are crests and the dark lines are troughs. (c) Wave propagation pattern of the wave along the x axis. (d) Wave
propagation pattern of the wave along the y axis.
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3.2 Asymptotic property of one-periodic waves
Now we proceed to consider the asymptotic properties of the one-periodic wave solution.
It is shown that the soliton solution (.) can be obtained as a limit of the one-periodic
wave solution (.). The relation between these two solutions can be established as the
following theorem.

Theorem  Suppose that m are determined by Eq. (.), let

ξ () =
η

()


π i
+

τ

i
, k =

k̃

π i
, l =

l̃

π i
, (.)

where k̃, l̃, and η
()
 are the same as those in Eq. (.). Then the one-periodic solution (.)

tends to the one-soliton solution (.) under a small amplitude limit, that is,

u → u as ρ → .

Proof By using Eq. (.) we write the coefficients of system (.) into power series of ρ :

ϑ ′
 = –πρ + o

(
ρ), ϑ ′′

 = –πiρ + o
(
ρ),

ϑ ′′′
 = πρ + o

(
ρ), ϑ =  – ρ + o

(
ρ),

ϑ ′′
 = πρ + o

(
ρ).

(.)

Assume that the solution of system (.) has the following form:

λ = λ + λρ + λρ
 + · · · = λ + o(ρ),

m = m + mρ + mρ
 + · · · = m + o(ρ).

(.)

Substituting Eqs. (.) and (.) into Eq. (.) and letting ρ → , we obtain

λ = , m = πkl – αl. (.)

Combining (.) and (.), we then obtain

π im → πikl – π iαl

= –
(
k̃

 + α
)
l̃ as ρ → . (.)

In order to show that the one-periodic wave (.) degenerates to the one-soliton solution
(.) under the limit ρ → , we expand the function f in the form

f =  + ρ(eπ iξ + e–π iξ ) + ρ(eπ iξ + e–π iξ ) + · · · .

By (.) it follows that

f =  + eξ ′
+ ρ(e–ξ ′

+ eξ ′)
+ ρ(e–ξ ′

+ eξ ′)
+ · · ·

→  + eξ ′
as ρ → , (.)
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where

ξ ′ = π iξ – πτ = k̃x + l̃y + π imt + η
()
 . (.)

According to Eq. (.), we easily get that

ξ ′ → k̃x + l̃y –
(
k̃

 + α
)
l̃t + η

()
 = η. (.)

Thus, we conclude that the one-periodic solution (.) just degenerates to one-soliton
solution (.) as the amplitude ρ → . �

4 Two-periodic waves and asymptotic properties
We now turn to construct two-periodic wave solutions for Eq. (.). In the case N = , we
take f (x, y, t) and g(x, y, t) as

f (x, y, t) = ϑ(ξ , , |τ ) =
∑

n∈Z

e–π〈τn,n〉+π i〈ξ ,n〉,

g(x, y, t) = ϑ(ξ , ε, |τ ) =
∑

n∈Z

e–π〈τn,n〉+π i〈ξ+ε,n〉,
(.)

where ε = ( 
 , 

 )T , n = (n, n)T ∈ Z, ξ = (ξ, ξ)T ∈ C, ξj = kjx + ljy + mjt + ξ
()
j , j = , ,

k = (k, k)T , l = (l, l)T , and τ is a positive definite and real-valued symmetric × matrix,
which can be taken of the form

τ = (τpq)×, τ > , τ > , ττ – τ 
 > .

4.1 Construction of two-periodic waves
By using Proposition  we can readily obtain that the constraint equation in (.) of
H(Dx, Dy, Dt) automatically vanishes for (μ,μ) = (, ), (, ). Similarly, since H(Dx,
Dy, Dt) is an odd function, its corresponding constraint equation vanishes for (μ,μ) =
(, ), (, ). Therefore, the Riemann theta function (.) is a solution of Eq. (.) if the
following equations are satisfied:

∑

n∈Z

[
–π

〈
n –

μ


, k

〉

– λ

]

× exp

{
–π

〈
τ

(
n –

μ



)
, n –

μ



〉
+ π i(n + n)

}∣
∣∣
∣
(μ,μ)=(,),(,)

= ,

∑

n∈Z

[
π i

〈
n –

μ


, m

〉
– πi

〈
n –

μ


, k

〉〈
n –

μ


, l

〉
+ π i(λ + α)

〈
n –

μ


, l

〉]

× exp

{
–π

〈
τ

(
n –

μ



)
, n –

μ



〉
+ π i(n + n)

}∣∣∣
∣
(μ,μ)=(,),(,)

= .

(.)
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Denote

ρpq = e– πτpq
 , p, q = , ,

ρ = (ρ,ρ,ρ),

ϑr(ξ ,ρ) = ϑ

(
ξ , ε, –

sr


|τ

)

=
∑

n∈Z

exp

[
–π

〈
τ

(
n –

sr



)
, n –

sr



〉
+ π i

〈
ξ + ε, n –

sr



〉]

=
∑

n∈Z

exp

[
π i

〈
ξ +

ε


, n –

sr



〉] ∏

p,q=

ρ
(np–sr,p)(nq–sr,q)
pq ,

sr = (sr, sr), r = , , , ,

s = (, ), s = (, ), s = (, ), s = (, ).

(.)

Equation (.) can be written as a linear system with respect to λ and m:

(k · ∇)ϑr – λϑr |(ξ,ξ)=(,) = , r = , ,

(m · ∇)ϑr + (k · ∇)(l · ∇)ϑr + (λ + α)(l · ∇)ϑr |(ξ,ξ)=(,) = , r = , ,
(.)

where ∇ = (∂ξ, ∂ξ) and k ·∇ = k∂ξ + k∂ξ. Solving Eq. (.), we get a two-periodic wave
solution of Eq. (.)

u = –
(
lnϑ(ξ , , |τ )

)
x, (.)

with ϑ(ξ , , |τ ) and m, m given by Eqs. (.) and (.), respectively, whereas the other
parameters k, k, l, l, τ are free.

4.2 Asymptotic property of two-periodic waves
In a similar way to Theorem , we can establish the following relation between the two-
periodic solution (.) and the two-soliton solution (.).

Theorem  Assume that m = (m, m)T are determined by the linear system (.) and take

kj =
k̃j

π i
, lj =

l̃j

π i
, ξ

()
j =

η
()
j

π i
+

τjj

i
, j = , ,

τ = –
A

π i
,

(.)

with k̃j, l̃j, η
()
j , j = , , and A as given in Eq. (.). Then the two-periodic solution (.)

tends to the two-soliton solution (.) under a small amplitude limit, that is,

u → u as ρ,ρ → .
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Proof We expand the periodic function f = ϑ(ξ , , |τ ) in the form

f =  +
(
eπ iξ + e–π iξ

)
e–πτ +

(
eπ iξ + e–π iξ

)
e–πτ

+
(
eπ i(ξ+ξ) + e–π i(ξ+ξ))e–π (τ+τ+τ) + · · · .

According to Eq. (.), we get

f =  + eξ ′
 + eξ ′

 + eξ ′
+ξ ′

–πτ + e–ξ ′
ρ

 + e–ξ ′
ρ



+ e–ξ ′
–ξ ′

–πτρ
ρ


 + · · ·

→  + eξ ′
 + eξ ′

 + eξ ′
+ξ ′

+A as ρ,ρ → ,

where ξ ′
j = π iξj – πτjj = k̃′

j x + l̃′jy + π imjt + η
()
j , j = , . Then we only need to prove that

π imj → –
(
k̃

j + α
)
l̃j, j = , , as ρ,ρ → . (.)

The proof of (.) is quite similar to that of formula (.) and so is omitted. Thus, the
proof is completed. �

5 Conclusions
In this paper, by using the Riemann theta functions, the one-periodic and two-periodic
wave solutions for the extended dimensional shallow water wave equation are constructed.
Furthermore, the relation between the periodic wave solutions and soliton solutions is in-
vestigated, and the asymptotic properties of the quasi-periodic wave solutions are proved.
We think that the results can be extended to the case N > . It should be noted that the
solvability of system (.), (.) is the key to construct a multiperiodic wave solution. Nev-
ertheless, the number of unknown parameters is less than the number of equations when
N > . Therefore, in the case N > , we cannot get multiperiodic wave solutions directly.
How to increase the number of unknown parameters or decrease the number of equa-
tions? Such a question will be investigated in the future.
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