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Abstract

In this paper, we consider a class of Cohen-Grossberg neural networks with mixed
delays. Different from the previous literature, we study the existence and exponential
stability of pseudo almost automorphic solutions for the suggested system. Our
method is mainly based on the Banach fixed point theorem and the Lyapunov
functional method. Moreover, a numerical example is given to show the effectiveness
of the main results.
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1 Introduction

The concept of pseudo almost automorphy was first introduced by Xiao et al. [1], which
is a natural generalization of almost periodicity and almost automorphy. Meanwhile, the
pseudo almost automorphic functions are more general and complicated than pseudo al-
most periodic functions and almost automorphic functions. The existence and stability
of almost automorphic and pseudo almost automorphic solutions are the most attractive
topics in qualitative theory of differential equations due to their significance and applica-
tions in physics, mechanics and mathematical biology. In recent years, the existence and
stability of almost automorphic and pseudo almost automorphic solutions on different
kinds of differential equations have been widely studied; for instance, see [2—6] and the
references therein.

On the other hand, there have been extensive results on the problem of the existence and
uniqueness of solutions or their dynamic analysis for Cohen-Grossberg type neural net-
works; see [7—12] among others. However, there have been few results for pseudo almost
automorphic functions since they are more general and complicated than both pseudo
almost periodic functions and almost automorphic functions. To the best of our knowl-
edge, the existence of pseudo almost automorphic solution to Cohen-Grossberg neural
networks (CGNNs) with variable coefficients and mixed delays has not been studied.
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Motivated by the above discussion, in this paper we study the existence, uniqueness, and
exponential stability of pseudo almost automorphic solutions for the following CGNNs:

xj(8) = —ai(xi () [bilxi(0) = 307 c(Of(xi(2) — 207, dij(8)g (s (¢ — 5(0))
=25 pi(t) ffoo Gy(t — s)hj(xi(s)) ds — I;(2)], t=>0, 1)
x;(t) = D,(¢), t<O.

By using the Banach fixed point theorem and the Lyapunov functional method, we prove
the existence, uniqueness, and exponential stability of pseudo almost automorphic solu-
tions to system (1).

The organization of this paper is as follows. In Section 2, we introduce some basic defi-
nitions, assumptions and preliminary lemmas. In Section 3, we establish the existence and
uniqueness of pseudo almost automorphic solution of system (1) by applying the Banach
fixed point theorem. In Section 4, the exponential stability result is shown. In Section 5,
an example is provided to demonstrate the effectiveness of the main results. In Section 6,

we conclude the paper with some general remarks.

2 Preliminaries

In this section, we introduce some basic definitions, assumptions and preliminary lem-
mas. Throughout this paper, unless otherwise specified, R denotes the set of real num-
bers, R* denotes the set of non-negative real numbers, R” denotes the real m-dimensional

space.

Definition 2.1 [5] A continuous function f : R — R is said to be almost automorphic if

for every sequence of (s,),en, there exists a subsequence (s;,),en C (S, )nen such that

g(0)= lim f(t+5,)

is well defined for each ¢ € R, and

Jim g(t—s,) =£(¢)

for each t € R. The collection of all almost automorphic functions is denoted by
AA(R,R™). It is well known that the set AA(R,R"”) is a Banach space with supremum

norm.

Remark 2.1 The function g in Definition 2.1 is measurable but not necessarily continu-
ous. Moreover, if g is continuous, then f is uniformly continuous. Besides, if the conver-
gence in Definition 2.1 is uniform in ¢ € R, then f is almost periodic. For example, Bocher
[13] gave an almost automorphic but not almost periodic function defined in the integer

set
¢(n) = signum(cos 2w nfh), —00<n< o9,

where 6 is a non-rational number.
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Definition 2.2 [5] A continuous function f : R x R” — R™ is said to be almost automor-
phic if for every sequence of (s},),en, there exists a subsequence (s,),en C (8))nen such
that

g(t,x) = lim f(t +s,,x)
is well defined for each ¢t € R, x € R™, and
lim g(t —s,,x) =f(£, %)

for each t € R, x € R”. The collection of all almost automorphic functions is denoted by
AAR x R™,R™).

Define the class of functions PAAg (R, R™) and PAAG(R x R™,R"™) as follows:

T
PAAo(R,R™) = {f € BC(R,R™) ] lim % /T lf @] at = 0},

PAA( (R x R”,R™)
T
:{feBC(Rme,Rm)‘ lim —/ |Lf(t,x)||dt:0,VxeRm},
T—+00 2T _T

where BC(R,R™) (or BC(R x R™,R™)) is the collection of the set of bounded continuous
functions from R (or R x R"”) to R™.

Definition 2.3 [4, 6] A function f € BC(R,R™) (or BC(R x R”,R™)) is called pseudo
almost automorphic if it can be expressed as

f=h+fo,

where fi € AA(R,R”) (or AA(R x R, R™)) and fy € PAA(R, R™) (or PAA(R x R™,R™)).
The collection of such functions will be denoted by PAA(R, R™) or PAA(R x R™,R"™)).

Remark 2.2 Obviously, we have
AP(R,R™) C AA(R,R™) C PAA(R,R") C BC(R,R"™),
where AP(R, R™) is the collection of all almost periodic functions from R to R”.

Lemma 2.1 [4, 6] Suppose f,g € PAAR,R™) and for all T € R, then the following holds
true:

1) f+gtf.fr(t,x):=f(t + T,x) and f(-t,x) € PAAR,R™).

(2) f is bounded for each x € R™.

Lemma 2.2 [4, 6] Let f = fi + fo € PAA(R x R™,R™), where fi(t,p) € AAR x R”,R"™),
fo(t, @) € PAAG(R x R™,R™). Moreover, assume that the following conditions are satisfied:
(@) AA(t, @) is uniformly continuous for any bounded subset K C R™ and t € R.
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(b) f(t, @) is uniformly continuous (or satisfies the Lipschitz condition) for every bounded
subset K CR™ and t € R.
Then the function ¢ : t — ¢(t) = f(t,¢(t)) is pseudo almost automorphic for all ¢ €
PAA(R, R™).

Lemma 2.3 [4, 6] Assume that f € AAR,R") and ¢ € C(R",R"), then ¢(f(t)) €
AA(R,R").

Lemma 2.4 (Lebesgue’s dominated convergence theorem) Let {f,} be a sequence of real-
valued measurable functions on a measurable set E. Suppose that the sequence converges
pointwise to a function f and is dominated by some integrable function F in the sense that
Ifu(x)| < F(x) for all numbers n in the index set of the sequence and all points x € E. Then f
is integrable and lim,_, o [, fu(x)dx = [f(x) dx.

Throughout this paper, we make the following assumptions.

(H1): a;(u) are uniformly continuous functions and there are positive constants a;, a; such
that

O<a; <aiu)<af, YueR,i=12,...,m.

(Ha): bi(u),i=1,2,...,m, are uniformly continuous functions and there exist positive con-
stants b7, b} such that

bi(u) = bi(v) _

u-—-v

b; <

L

bl, Yu,veR,u#v,b;(0)=0.

(H3): ¢;i(2),dyj(t), pyi(2), I;(t) € C(R,R), 7;(¢) € C(R,R*) are pseudo almost automorphic
functions, where i,j =1,2,...,m.

(Hy): The delay kernel function Gj : [0, +00) — [0, +00) is piecewise continuous and inte-
grable, and there exists a real number &y such that

+00 0
/ Gij(u)du =1, / e'Gy(u)du < +oo, i,j=1,2,...,m.
0 0

(Hs): The functions fj(u), gj(u), (1) € C(R, R) satisfy the Lipschitz condition, i.e., there are
nonnegative constants Lf , Lf , and L]h such that

[ﬁ(u) —ﬁ(v)| §L{|u—v|, Yu,veR,j=1,2,...,m,
|g,-(u)—g,'(v)’ §L‘]g|u—v|, Yu,veR,j=1,2,...,m,

|h,(u)—hj(v)| §L]’7|u—v|, Yu,veR,j=1,2,...,m.

+

Constants c¢j;, d;, pj, 17 (i=1,2,...,m) are denoted as follows:

sup c;(t) = c;; >0, supdj(t) = d;; >0,
teR teR

suppy () = pj; > 0, supl;(¢) =1 > 0.
teR teR
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3 The existence and uniqueness of pseudo almost automorphic solutions
In this section, we study the existence and uniqueness of pseudo almost automorphic so-
lutions of system (1).
By the assumption (H;), we know that the antiderivative of W exists. Then we
choose an antiderivative F;(x;) of = w1th F;(0) = 0.1t is clear that F;(x;) = m. Since
a;(x;(¢)) > 0, we see that F;(x;) is 1ncreas1ng onx; and there exists an inverse function F;° L(x;)
of Fj(x;), which is continuous and differential. Moreover, we have (F/*(x;))’ = a;(x:(t)). De-

noting F;(x;)x(t) = - (xf()t)) = ul(¢), we get x;(¢) = F;(u;(¢£)). Then it follows from (1) that

ui(8) = =bi(F; wi(0))) + 207, ()i (F; (uy(0))
+ 20 d(Og (F (w(t - 73(0))))

()
+ 0 pi(e) 1 Giglt = )Iy(F7 (wy(s))) s + Ii(2), €20,
u(t) = F(®(1)), t<O.
By the assumption (H3) and the mean value theorem, we obtain
bi(FH (wi(®)) = [Bi(F (0:u4:(0))) ] wi(t) 2= b7 (wai(8) ) ua(2),
where 6; is a constant such that 0 < §; <1. Substituting this into (2) yields,
ui(t) = =by; (ui())ui(t) + 27", ci(O)fi(F (i (2)))
- S dy(Og (e - () “

+ 2 pii(t) ffoo Gyt - S)hj(Fj_l(Mj(S))) ds+Ii(t), t=>0,
I/l,'(t) = Fi(cbl'(t)), t<O0.

Obviously, system (1) has a unique pseudo almost automorphic solution, if and only if sys-
tem (3) has a unique pseudo almost automorphic solution. So we only need to consider the
pseudo almost automorphic solution of system (3). It follows from the Lagrange theorem
that

|E7 ) - F7 )| = |[F7H (v + 0w =) (= )| = |ai(v + 6 — v)) |l — V.
By (H1) again, we get

a;|lu—v| < |F'u) - F'vV)| <af lu-vl.
Combined with (H,), we have

bia; < [bi(F'0)] < biaj.

In order to prove our main result, we present the following lemma.

Lemma 3.1 Assume that the assumption (Hy) holds and ¢;(-) € PAA(R,R). Then

t
\IJI‘]‘ L= / Gl'j(t - s)gaj(s) ds
—00

belongs to PAA(R, R).
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Proof Noting that ¢;(-) € PAA(R,R), then it follows from Definition 2.3 that
@i = @i t Yjo,

and so

t

w, - / Gyt = $)pp(s)ds + / Gyt = $)0p0(s) ds

o] —00

= Wi + Wio.
The rest of the proof is divided into two steps.
Step 1: We first prove ¥;; € AA(R,R).
Let (s),) be a sequence of real numbers. By Definition 2.1, there exists a subsequence (s,)
of (s;,) such that for all £,s € R,
lim @ (¢ +5,) = 9;1(2), lim @ (t - s,) = @ (£).
n— o0 n— 00
Define
o t
Wit — / Gij(t - s)pji(s) ds.
—00
Then we have

| (£ +5) = Wi (1)

t+Sp t
’ / Gy(t + s, — s)pj(s) ds — / Gjj(t - s)pj(s) ds

(o¢]

‘ / Gy(t — V(v +5,) dv — / Gy(t - )7 (s)ds

o0

< / Gyt — )]s + ,) — ()] ds.

o]

By the Lebesgue dominated convergence theorem and (H,), we obtain
lim \Ijlﬂ(t + Sn) = Eijl(t)'
n— 00

Similarly, we have

lim Wlﬂ(t —s,) = Wi (t),
n— o0

which implies that Wy, : t — f_too Gji(t — s)@ji(s) ds belongs to AA(R, R).
Step 2: Next, we prove that W;;y € PAA((R,R). In fact,

1 [T 1 (T
lim —f [Wioldt = sup lim —/

dt
T—+00 2T J_r teR T—o+00 2T J_1

/ Gyt = 9)gpo(s) ds

o0

1 +00 T+u
<sup lim —/ |Gij(u)|/T |¢/o(v)|dvdu:0,
0 -T+u

teR T—+00 2T

which implies that W;;p € PAA((R,R).
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Therefore, we see that W; : t — ffoo Gji(t — s)¢@;(s) ds belongs to PAA(R, R). O

Theorem 3.1 Suppose that assumptions (H,)-(Hs) hold, and f;, g;, hj are as in Lemma 2.2.
Then system (1) has a unique pseudo almost automorphic solution in the region ||z — zo|| <
%, if 8 <1, where

1<i<m
l dl

1 m
8-max{ ZLfc++L1gd;+Lpl]) } 1,
j=1

I
I = max ! ,
1sizm | b a;
t by ! o~
zp = (f L(s)e 5 b @)d dS,...,/ I, (s)e™ s budm@)d ds),
o »

Proof For all z(t) = p(t)T = (¢1(t),...,dm(t))T € PAA(R,R™), and for any given function
u;(t) € PAA(R,R™), we define the nonlinear operator

T:2(0) = T(@)(0) = (x4(8) (4)

where

xg, () = / ¢ Js b ey dr |:Z Cz/(S)f ¢1 S)))
+ Zd,,(s)g, ‘7’1 Ll Tll(S))))

+ Zp,] s)/ Gii(s —v)h; (F_ ((p}(v))) av + I (s):|

j=1

Now, we prove that
T :PAA(R,R™) — PAA(R,R™).

For z(t) € PAA(R,R™), it follows from Lemmas 2.1, 2.2, 3.1 that the function

Ej: HZc,, $)(E7(4(9))) Zdl,(s)g, (s — 75(5))))

j=1
+ Zp;,(s) f Gils - Iy (E7(60))) dv + 1s)

belongs to PAA(RR, R). Therefore, we can write

t
Ly~
X, (1) = / e s bi (”i(f))d’E,-j(s) ds.
—00



Zhu et al. Advances in Difference Equations (2016) 2016:120 Page 8 of 17

From Definition 2.3, we have E;; = Ej; + Ejjo, where Ej; € AA(R,R), Ejo € PAA((R,R).
Then

t t
xg,(t) = f e It Wit g (s) ds +f e it Wit £ (s) ds
—00 —00

= Ti + Tio,

where Tjj; = ffoc ek bf(“i(f))dTEijl(s) ds, Tjo = ffoc e‘fxtb?(”i(z))dTEijo(s) ds.

From the assumptions (H;) and (H,) and Lemma 2.3, the function p; : T — b; (u;(1))
belongs to AA(R, R).

Let (s),) be a sequence of real numbers. Then it follows from Definition 2.1 that there
exists a subsequence (s,,) of (s),) such that for all £,s e R

lim p,(¢ +5,) = p,(t), lim p,(t —s,) = pi(t),
n—00 n—00

and
lim Eijl(t +58,) = Eij(l’), lim Eij(t e E,‘jl(t).
n—00 n—00

Taking

t
Ti(t) = / e hi? {O4E ;1 (s) ds,
then we have

t+S,, "t+Sp £ 't — —
6_]5 pi(f)dTEl'jl(S) ds — / 6_15 pi(f)drE,’jl(S) ds

—00

Tin(t) - Tin(t) = /

—00

t+sy . ¢ _ _
= / eifsfsn pi(aJrS”)doEijl(S) dS — f e,f; pi(r)drEl‘jl(S) dS

o0 -0
t t
_ / e_fut pi(a+s,,)daEiﬂ (4 + 5,,) dut — / e fst pi(r)drEijl (s)ds
—60 —00
t . ¢ ¢ _
_ / e Ju pi(a+sn)daEiﬂ (s + 5,,) ds — / e Ju Pi(0+Sn)daEi/l(u) du
—00 —00
t . _ t b _
+ / = I pi(o+sn)daEljl (u) du — / e*fs ﬂi(a)daEijl(u) du
—00 —00
t . _
= / 6_/upi(0+s")dG[Ei/1(u+S,,,)—E,'jl(u)] du

o0

t
+ f [e’frf pilo+sp)do _ e’ffﬁ"(g)da]Efl(u) du.

o0

By the Lebesgue dominated convergence theorem, we get
nlglgo Ty (¢ +s4) = Tin(0).

Similarly, we can prove that
nlglgoTijl(t_Sn) =Ty (1),

which implies that the function Tj; (¢) belongs to AA(R, R).
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On the other hand, we have
T

lim —
T—+0 2T J_

1 T
< lim —f
T—+00 2T J_r
1 T
+ lim —/
T—+00 2T J_r

1 T t
< lim — / 1Eyo(6)] dt / T g

-T

+ lim SuptER |E110 t)' / dt(/ _biai(t_s)|ds)
T—+00

1 su Eiio(t _
< fim L / [Epo(@] e +_tim S2eeelEnOly _srazon)
T—+00 2Tbi a; J_r T—+00 2T(bi a; )2

sup;cg |Eijo(£)] —b~ a7 (2T)
=0+ lim Ta P (1-e )

t
£y~
/ e 5 b Wit o (s) ds| dit
—00

t
t g~
/ e Js bVt B () ds| di

-T

-T
f e_fstb" (ui(r))drEijo(S) ds|dt

o0

=0.

Thus, Tjo € PAAo(R, R). Then x4,(¢) € PAA(R, R). Therefore z(4r (£) € PAA(R, R™).

Setting B* = {z | z € PAA(R,R™), ||z — zo || < 2}, then we obtain

lzoll = sup max
teR l<i=m

t
/ Ii(s)e” IRACQLPN
o0

t
/ Ii(s)e”bi % ¢=9) gg

+
I;

< max | ——
1<izm\ b] a;

=1

< Sup max
teR 1<ism

For every z € B*, we get

8 I
< — < — [ = —,
el < iz =zl + ol < 5 +1 = =

Page 9 of 17

Second, we will prove that the mapping T is a self-mapping from B* to B*. Actually, for

every z € B*, noting that Fj‘l(O) =0 and |F1.‘1(u) - Fj‘l(v)| <af|u—v|, we have

|T(2) - zo| = sup max
teR 1<i<m

/ e )i b7 i) de [ch,(s)f H#5(9))

+ Zdl,(s)g, ff’; (s —7(5))))

+Zpl,<s> / Gyls — Iy (E™ (&) }s
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1 m
Z(Lfc++Lfd; +Lip)at tel

A
8
)
>~

T i<i<m| b

Il
=g
&

=—

which implies that T'(z)(t) € B*, and therefore T is a self-mapping from B* to B*.
Finally, we will prove that the mapping T is a contraction mapping.
In view of (H;)-(Hs), we have, for any z,z* € B*, where z = (¢1,...,¢m) 7, 2* = (¢},

A
|70 -T()]|

[ et {chw (666) -5 6576)]

= Sup max
teR 1<ism

' Z iy g(E; (s~ (5)) — g (" (] (s - ()]

Jj=1

0 [ Gs -l 0 0) - 60 dv} "
j=1 -

1<i<m 4 =)

1 + +
< max[b—Z(Lfc + Lid} + L p})a; }Hz z*|
=8|z —2*|.

Noting that § < 1, we see that the mapping 7 is a contraction mapping. Hence, there exists
a unique fixed point ¢* € B* such that To* = ¢*. Take u;(t) = ¢;(t) in (4). Thus (¢*)7 is a
pseudo almost automorphic solution of system (3) in B*. This completes the proof.  [J

Corollary 3.1 In (1), assume that c;(t), d;(t), p;(t), I;(t) € C(R,R), 7;i(¢) € C(R,R*) are all
almost automorphic functions. a;,(u) € C(R,R), b;(u) € BC(R, R) and there are positive con-
stants a}, a;, b7, b} such that

O<a; <aiu)<a, VYueR,

bi(u) — bi(v
b; < M <b, u#v,Vu,veR,b;(0)=0
u-—v
where i,j = 1,2,...,m. If the conditions (H4)-(Hs) hold, and then system (1) has a unique

almost automorphic solution.

Remark 3.1 Recently, there have been some results on the existence and uniqueness of
almost automorphic solutions to cellular neural networks; for instance see [2] and [3].
However, to the best of our knowledge, there is not any paper to consider the existence
and uniqueness of pseudo almost automorphic solution to Cohen-Grossberg type neu-
ral networks (1). Actually in CGNNs (1), taking a;(u) = 1, b;(x;(t)) = di()xi(¢), a;(t) =
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cii(t), dij(t) = byj(t), pii(t) = c;(t), we can get the corresponding recurrent neural networks
of [3]:

xi(t) = _d‘(t)xi(t) +30 ﬂi;(t)f(xj(t)) + 27 by(1)g (¢ — (1))
" ct) [ Gyt = s)y(x(s)) ds + Ji(e),  £20, (5)
x;(t) = x,'(t), t<0.

It should be mentioned that only the almost automorphic solution was studied in [3],
and pseudo almost automorphic solution was not discussed in [3]. So, our result can be
regarded as a generalization and improvement of that obtained in [3].

Remark 3.2 In [2], the authors studied the existence of k-almost automorphic sequence
solution to the discrete analog of the cellular neural networks,

x(t) = —ai()xi(8) + 307 by(@)fi ([ 71k — (ZL1K)) + Li(8),
xi(t) = ¢i(t), te[-ay,0].

It should be mentioned that the activity function f; in [2] was required to be global Lip-
schitz continuous and boundedness. However, in this paper we remove the condition of
boundedness imposed on the activity functions f;, gj, 4; of (1).

4 The exponential stability of pseudo almost automorphic solution
In this section, we study the exponential stability of the unique pseudo almost automor-
phic solution of the system (1).

Theorem 4.1 Suppose that assumptions (Hy)-(Hs) hold. Let z*(t) = (x{(t),...,x},(t)) be a
unique pseudo almost automorphic solution to system (1) in B*. If t(¢) < v* <1, 7;(t) <7,
and

m +g m
+Lf 4L Z 11 <0,

(He) : ¢iL;

then there exist constants gy > 0 and k > 0 such that for any solution x(t) of system (1), we
have Y7 |xi(t) — 7 (t)| < ke *%, £ > 0.

Proof Let z*(t) = (x}(2),...,x},(t)) be a unique pseudo almost automorphic solution to sys-
tem (1) in B*. z(£) = (x1(£), ..., %, (2)) is any solution of system (1). Consider the Lyapunov
functional V(¢) = V1(¢) + V5(¢£), where

Vi) =e" )

%6 1
/ ds
=Sz ails)

m m d+Lg
Z { yTj / ‘xj(s) _x]f(s)‘es(sﬂ) ds
t-7;5(t)

=1 j=1

[e’e} t
+pl]Lh / Gij(u) / |x/(s) - x;.k(s) |es(”“) dsdu }
t—u

m

’
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Calculating the Dini derivative D* V;(¢), i = 1,2, we have

D*Vi(t)
axe| [0 1 0\ . xi(t) ;7 ()
=L /x;«m 2 ¥ e L Senlul) o (t))[axxi(t)) _ai(xj‘(t))}
<egefty = |xl(t) x5 (t)] +e”ZSgn (x:(8) — x5 (1))
i=1 i=1

: {_[bi(xi(t)) - ZCU i) ~fi(x ©)]

+Zdl,(t)g,x,(t 7(0)) - g (% (¢ - 70)))]

j=1

+Zpl,(r) / Gyt = 9)[Iy(5,)) - Iy (3 (5)) | ds

m

= ge®t ‘xl(t 0] +e”ZSgn xi(t) — x1(t))

i=1 i=1

[bi(x:(2)) — bi(x ()]
x i_ xxi(t)_x?(i) (wi(2) — (1)) Zc,,(t) (50) —f(x ®)]

+Zdl,(t)g,x,(t (1)) - &% (£ - 7(®))]

j=1

+ ZPU t)f z] x] (t- M)) (x (t - M))] du

Z(——b)|xl(t) x(t)|+e”ZZch|x,(t) PHO)

i= i=l j=1

””22% }|x, (t—7(0) - x;'k(t_Tij(t))|

=1l j=1

vl Z Zp; / Gyj(w) | — 1) — (¢ — w) | du

i=1 j=1

m e m
— et (E_ Z ;L{) |xi(t) - xf(t)|
i -1

i=1

+ eSt Z Z dl] ] |x1 t T[] ) x}* (t — Tll(t))|

i=1 j=1

55t [ Gl ol

i=1 j=1
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Noting that I” *) >1and e” % > 1, we have

m o m o gert
DVa(t) = 330 - @]
=1 j=1
m d+Lg
%) D =AM I
i=1 j=1

7 (= 7(0) e (1 25(0)

+Zzp;L]h /o Gi(u)|x(2) — &7 ()] e

3

et Zd |x, - 7;(2))
i=1 j=1

m m

— x]* (t — 'L'l‘j(t)) |

v} opiLy / Gij(we™ dulx;(t) - /(1)

i=l j=1

m m

DI 7% /O Giue) |yt — ) — (¢ — )| dlu.

i=1 j=1

So it follows that

D (Vi(e) + V(1) < e Z(é ~bi+ ) Gl

i=1 ! j=1
m m +7&
st leLi
+ée E E
— 1
i=1 j=1

{) |xi(2) — x0)|

— ”|x,(t) x; (t)|

W /0 ) Gji(w)e™ duluxi(t) - x7(2)|.

Namely,

m d+
D*V(t)Se”Z|:——b +Z;L{ Zl’_
j=1

i=1

X |xl~(t) - X; (t)|

Tt Zp; / Gji(u)e™ dui|
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Define the function

" ALy ” o0
H(e) :——b + E ;L{ E I”—l*e”+ E p;Llh/ Gji(w)e du, ¢ €0,+00].
N -7 N 0
j=1 j=1

By (Hs), we have

md+g m

H(O):—Ei+Z;L{+Z L +Zp;Lh<0
j=1

Utilizing the continuity of the function H(-), there exists a real number &y such that

m m d+Lg
Hieo) = 2 =B+ YoGif + 3 e Z ;Lf/ () dut < 0,
j=1

J=1

It means that D"V (¢) < 0. Hence V(¢) < V(0), ¢ > 0. On the other hand,

m x® q 1 i
cot ot _ >k
V(t) = e ;:1 ﬁt e ds| > e 11213”{01, } E; 1 [xi(2) —x; (2)).
So
E |xi(6) — x5 (0)| < 7) et >0,

miny <<, {a; '}

m

V(0) = Z

i=1

It follows from the definition of V(¢) that
/xi(O i i d* Lg | | o0
ds| + { / xi(8) —x7(s) €50 ds
o ai(s) P ~(0) ’ !

o) 0
+p:;L]h/0 Gij(u) [u’xf(s)—x;(s)’ego(s+”) dsdu}

< i |x( * o dl-;ng 5‘0(5+'[)d *
< + Z — s sup {|x(s) - X )|}
i=1 i=1 j=1 (=00,0]

o0 0
+p;'jL]h/0 Gii(u) /44 €00 ds dy sup {|xj(s)—xf(s)‘}}

(~00,0]
m m +78( 60T h
1 djiLi(e" -1) P piLi
< —+y — +piL "Gy (u) du — 24
- ;[Ei ; go(l—-1%) i l/ i) o
X max sup Hx,(s) x; (s)|}
1<L§WI(
=a.
So,
X; t x; (L 76780[ ke~ Eot t>0.
Z' 8 =8| < miny << {a; '}

This completes the proof. d
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Remark 4.1 In [3], sufficient conditions were obtained to ensure the existence and sta-
bility of an almost automorphic solution to recurrent neural networks (5) by using the
Lebesgue dominated convergence theorem and Banach fixed theorem. It is worth point-
ing out that the authors in [3] assumed that the kernel Kj(-) is almost automorphic and
there exist M > 0 and w > 0 such that Kj(t) < Me™“. However, in this paper we only as-
sume that the kernel functions Gj(-) are piecewise continuous, integrable, and satisfying
f0+°° Gyj(u) du =1, fooo e Gy(u) du < +00, i,j = 1,2,...,m. Therefore, our result has some
significance in theories as well as in applications of pseudo almost automorphic solutions.

5 Anexample
In this section, an example is given to illustrate the feasibility of our result.
Let us consider the following simple neural network:

x;(t)=—ai(xi(t))[ (x:(0)) ch,(t)f ((®)

j=1
2
=D di(tg (i (t — (1))
j=1
2 t
— Zpij(t) / Gij(t - S)hj (Xj(S)) ds — Il(t):| , =12, (6)
j=1 -

where the initial functions

1 _thcos?

®i(f)=sin ——8 st 1 <0,
10 2 +cost + cos(mt)
1 24
D, (t) = cos . - ye L,
2 + sint + sin(+/3t)

and 7;5(t) =5,i=1,2,j=1,2,

1
2 + coswx;(t) + cos(mx;(t)) B
1
2 + sinx;(2) + sin(v/2x;(£))

i (0)]

’

a,-(x,'(t)) =7 +sin

—e WO 21,2,

b; (xi(t)) =4 + cos

Let

- 26in . 4. A4 )
cn(t) co(t)] 12 \cos——L — jetsin't gy 1 ptteos’s

1 —t*cos2t 1 —t*sin?¢
n (t) CIZ(t) _ i Sin 2+cos t+cos(wt) te Sin 2+sin £+sin(v/3¢) te
S - A

2+sin t+sin(v/3t)

2+sin t+sin(v/5¢)

: 1 —t2cos2t 1 —t*sin%¢
(du @) dp@®))_ 1 [SMygrameEm te COS 5 sintrsinz) T €
- 2052 2 b
d t doo (t 2 in 1 + e—t cos“t S 1 + e—t cos™t
21 22( ) 2+sin £+sin(v/5¢) 2+cos t+cos(v/5¢)

- ’
t t 12 \sin———+ 41 in— 1 .1
21( ) PZZ( ) s 2-+c0s t+cos(v/3t) + 1+t% s 2+sin t+sin(v/2t) + 1+£2

Z
=

: 1 1 1 1
SN ———————==+ —— COS————————F——+ —3
pu(®)  pn) _ 1 2+sint+sin(v/28) | 1+£2 2+cost+cos(v5) | 1+t
p

1 1

I,(t) = I(¢) = sin + ,
! ? 2 +cost+cos(v/2t) 1+t*
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1.5

Figure 1 Simulation result of the solution.

[e+1] —|x—1|

ﬁ(x]) zgj(xj) = h}(x]) B

, Giju)=e"

Thenwehavea;':S,ai‘:S,bi‘:Zc;;:d;:p;'j:% Lf Lg Lh—l where i,j = 1,2.

Moreover,
1 < 4
_ S+ + PR
8= 1rgaﬁx2 bra 12:1 L; (cij + dl.j +pl.]-)aj =z <1

Therefore, by Theorem 3.1, we see that system (6) has a unique pseudo almost automor-
phic solution. The corresponding simulation result of the solution is seen in Figure 1.
Moreover, we verify the condition of Theorem 4.1:

(He) : "”ZﬁL{ Z Z;Lﬁ“:-—w i=1,2.

Therefore, the pseudo almost automorphic solutions of system (6) is exponential stable.

6 Conclusions

In this paper, we have studied the existence, uniqueness, and exponential stability of
pseudo almost automorphic solutions of system (1). By applying the Banach fixed point
theorem and the Lyapunov functional method, some novel sufficient conditions are ob-
tained to ensure the existence, uniqueness, and exponential stability of pseudo almost au-
tomorphic solutions of system (1). The results have an important role in the design and
applications of CGNNs. Moreover, an example is given to demonstrate the effectiveness of
the obtained results. In the future, we will study the other dynamic behaviors of system (1).
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