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1 Introduction
Differential equations of fractional order play a very important role in describing many real
world phenomena. The tools of fractional calculus are effectively employed in improving
mathematical modeling of several problems in physics, mechanics and other fields. The
theory of differential equations of fractional order has recently received great attention and
now constitutes a significant branch of mathematical analysis. For details and examples,
we refer the reader to a series of papers and monographs; for instance, see [1-20].

Functional differential equations arise in a variety of areas of biological, physical, and
engineering applications, see, for example, the books of Kolmanovskii and Myshkis [21]
and Hale and Verduyn Lunel [22], and the references cited therein. Recently, in [23], the
authors studied the existence and uniqueness of solutions for fractional order Hadamard-
type functional and neutral functional differential equations.

In this paper, motivated by [23], we study boundary value problems of Hadamard-type
fractional functional differential equations and inclusions involving both retarded and ad-

vanced arguments. As a first problem, we consider

Dx(t) =f(t,x"), 1<t<el<a<2, (1)
x(@t)=x@), 1-r=<t<l, (2)
x(t)=y(t), e<t<e+h, 3)
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where D is the Hadamard fractional derivative. Here, f : [1,e] x C([-r,4],R) — R is a
given function, x € C([1-r,1],R) with x(1) =0 and ¥ € C([e, e + k], R) with ¥(e) = 0. For
any function x defined on [1 - r,e + ] and any 1 < ¢ < e, we denote by x* the element of
C([-r, K], R) defined by x(9) = x(t + 6) for —r <6 < h, where r,h > 0 are constants.

In the second problem, we extend our study to the multi-valued case given by

D*x(t) e F(t,x"), 1<t=<el<a<2, (4)
x@)=x@), l-r<t<l, (5)
x(t)=y(t), e<t<e+h, (6)

where F: [1,e] x C([-r,h],R) - P(R) is a multi-valued map (P(R) is the family of all
nonempty subjects of R).

The paper is organized as follows. In Section 2 we recall some preliminary concepts.
We obtain existence and uniqueness results for the problem (1)-(3) in Section 3. These
results are based on a nonlinear alternative of Leray-Schauder type and the Banach con-
traction mapping principle. In Section 4, we present the existence results for convex and
nonconvex multi-valued maps involved in the problem (4)-(6) which, respectively, rely on
the nonlinear alternative of Leray-Schauder type and a fixed point theorem for contractive
multi-valued maps due to Covitz and Nadler.

2 Auxiliary facts and results
This section is devoted to some definitions and results which will be needed throughout
this paper.

By C:= C([-r, K], R) we denote the Banach space of all continuous functions from [-r, /4]
into R equipped with the norm

1 lry = sup{|x (0)| : —=r < 6 < h}

and C([1, ], R) is the Banach space endowed with the norm |[x||o = sup{|x(¢)| : 1 < ¢ < e}.
Also,let E = C([1-r,e+h],R), E; = C([1-r,1],R), and E; = C([e, e + h1], R) be, respectively,
endowed with the norms ||%||[1—re+n = Sup{|x(&)| : 1 —r <t < e+ h}, ||xllp-r1) = sup{|x(®)| :
1-r<t=<1},and [[x||{cern = sup{|x(t)| :e <t < e+ h}.

Definition 2.1 [7] The Hadamard derivative of fractional order g for a function g :
[1,00) — R is defined as

1 d\" ! AN
Dqg(t)zm(t%> /;(log;) ‘?ds, n-l<qg<mn=|[ql+1,

where [g] denotes the integer part of the real number g and log(-) = log,(-).

Definition 2.2 [7] The Hadamard fractional integral of order ¢ for a function g is defined

1 [t £\1!
qu(t):%/l<10g;) ‘?ds, q>0,

provided the integral exists.

as
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Lemma 2.3 Giveng € AC([1,¢],R) and 1 < a < 2, the solution u € C*([1, ], R) of the prob-
lem

Du(t) =g(t), O0<t<l, (7)
u(l) = u(e) = 0,

is equivalent to the integral equation

u(t) = — /e G(t, s)‘? ds, 9)
1

where

Glt.s) = 1 [(log 1% (1 -1logs)*! — (logt —logs)*!

, I<s<t=<e
I'(@) | (log£)*1(1 - logs)*}, 1

(10)

Proof Asargued in [7], the solution of the Hadamard differential equation (7) can be writ-
ten as

a-1
x(t) = 1 /t<log E) ‘@ ds + c1(logt)*™ + cp(log £)* 2.
') J; s s

Using the given boundary conditions, we find that ¢; = 0 and

1 e e a_lg(s)
=—— [ (10es) £Zus.
) 1(°gs) s @

Substituting the values of ¢; and ¢, in (11), we obtain

(11)

o

1 ¢ s) wa 1 t( e)“lg(s)
= 1 SAA P _— log SANtd
F(oz)_/l ( . ds — (logt) F(a)/l og . ds

a-1 1 ¢ € ailg(s)
— (logt) m‘/t(log;) Tds

F(a) /1‘ [(log t)a_l(l - lOg S)O‘_l — (lOg t— IOg S)a_l]gg ds

o

1 ¢ £\ a(s) wa 1 € e\ g(s)
0= | (eg) £ emomo g [ (o) e
a-1
0g§> (

¢ 1
—/t m(log t)“’l(l—logs)“’l‘? ds

= _/e G(t,s)& ds,
1 N

where G(t,s) is given by (10). The converse of the theorem follows by direct computation.
This completes the proof.

O

Now we recall some facts from multi-valued analysis. Let (X,|| - ||) be a Banach
space. Let P(X) ={Y C X : Y # 0}, Pp(X) = {Y € P(X) : Y bounded}, P,y(X) = {Y €
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P(X) : Y closed}, Pp(X) = {Y € P(X) : Y bounded and closed}, P,(X) = {Y € P(X) :
Y compact}, Py, (X) = {Y € P(X) : Y compact and convex}.

A multi-valued map G : X — P(X) has convex (closed) values if G(x) is convex (closed)
for all x € X. We say that G is bounded on bounded sets if G(B) is bounded in X for each
bounded set B of X, i.e., sup,g{sup{llyll : ¥ € G(x)}} < co. The map G is called upper semi-
continuous (u.s.c.) on X if for each xy € X the set G(x) is a nonempty, closed subset of X,
and if for each open set N of X containing G(x,), there exists an open neighborhood M
of xy such that G(M) C N. Also, G is said to be completely continuous if G(B) is relatively
compact for every bounded subset B C X. If the multi-valued map G is completely con-
tinuous with nonempty compact values, then G is u.s.c. if and only if G has a closed graph
(i.e., xy = Xu, Y = Vs Yu € G(x,,) imply y, € G(x,)). Finally, we say that G has a fixed point
if there exists x € X such that x € G(x).

A multi-valued map G :J — P, (X) is said to be measurable if, for each x € E, the func-
tion Y :J — X defined by

Y(t) = dist(x, G(t)) = inf{ lx—z||:z€ G(t)}
is Lebesgue measurable.
Definition 2.4 A multi-valued map F : J x C([-r,h],R) = P, (R) is said to be L'-
Carathéodory if
(i) t~ F(t,x) is measurable, for each x € C([-r, h],R),

(i) x+> F(t,x) is upper semicontinuous for almost all £ € /, and
(iii) for each real number p > 0, there exists a function &, € L'(J,R*) such that

HF(t, u) || = sup{|v| :veF(t u)} <h,(t), aete]
for all u € C([-r, k], R) with |u|| < p.

Let (X,d) be a metric space induced from the normed space (X, | - ||). Consider H, :
P(X) x P(X) — R, U {oo}, given by

Hy(A,B) = max{ SUE d(a, B), Zug d(A,Db)i,
ae €

where d(A, b) = inf,c 4 d(a,b), d(a, B) = infycg d(a, b). Then (Py(X), H,) is a metric space
and (P.(X), H,) is a generalized (complete) metric space.

Definition 2.5 A multi-valued operator G : X — P(X) is called
(a) y-Lipschitz if there exists y > 0 such that

Hd(G(x), G(y)) <vyd(x,y), foreachx,yeX,
(b) a contraction if it is y-Lipschitz with y < 1.

For more details on multi-valued maps we refer to the books of Deimling [24],
Gorniewicz [25], Hu and Papageorgiou [26], and Tolstonogov [27].
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3 Existence results for the problem (1)-(3)
By a solution of (1)-(3) we mean a function x € C%([1—r, e+ 4], R) that satisfies the equation
D*x(t) =f(t,x") on [1, e] and the conditions x(¢) = x(¢), x(1) = 0 on [L—r,1] and x(¢) = ¥ (¢),
Y(e)=0on[ee+h].

Our existence result for the boundary value problem (1)-(3) is based on the following
fixed point theorem.

Lemma 3.1 (Nonlinear alternative for single-valued maps ([28])) Let E be a Banach space,
C a closed, convex subset of E, U an open subset of C and 0 € U. Suppose that F : U — C is
a continuous, compact (that is, F(U) is a relatively compact subset of C) map. Then either
(i) F has a fixed point in U, or
(ii) thereis a u € AU (the boundary of U in C) and X € (0,1) with u = LF(u).

Theorem 3.2 Let f : [1,e] x C([-r,h],R) — R be a continuous function. Assume the fol-
lowing assumptions hold:

(H;) there exist p € C(J,R) and Q : [0,00) — (0,00) continuous and nondecreasing such
that

V(t! M)| = P(t)Q(””” [—r,h])

forallt € ] and all u € C([-r, K], R);
(H,) there exists a number Ko > 0 such that

Ko

> 1.
Q(Ko + max{|lxllp-ra1s 1%l jeerm })

2|lpllo
[(a+1)

Then the boundary value problem (1)-(3) has at least one solution on the interval [1 —r,
e+h.

Proof To transform the problem (1)-(3) into a fixed point problem, we consider an oper-
ator Q:C([1-r,e+ h],R) > C([1 - r,e + k], R) defined by

x(2), ifte1-r1],
(Qx)(8) = | [ Gt ds, ifte(Lel, (12)
v(2), ift € [e,e+hl.

Let u:[1-r,e+ h] — R be a function defined by

x @), ifte[l-r1],
u(t) = 40, ifte[lel,
¥(t), iftelee+h].

For each y € C([1, e],R) with y(1) = 0 we denote by z the function defined by

0, ifte[l-r1],
z(8) = 1 y(0), iftel,el,
0, ift € lee+hl.
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Let us set x(¢) = y(¢) + u(t) such that x* = y* + u for every 1 < ¢t < e, where

x(£) = / "6, %) 4,
S

(s, +u)
0= [ 6ot as
Next, we define B = {y € C([1 —r,e + h],R) : y(1) = 0} and let & : B— B be an operator
given by
0, 1-r<t<l,
=1/ G tsf(s"&”')d 1<t<e (13)
0, e<t<e+h.

Then it is enough to show that the operator G has a fixed point which will imply that
the operator Q has a fixed point and in consequence, this fixed point will correspond to
a solution of the problem (1)-(3). In the following three steps, it will be shown that the
operator & is continuous and completely continuous.

Step 1: G is continuous.

Let (y,) be a sequence such that y, — y in B. Then we have

(@0~ ©)0)] = [ Geslfs +u) sy + )|
5“}”( y()+u() -f(: O+ ut H /G(ts

ds

Since the function f is continuous, we have

ds
169 = Syl p-resin < [f (3" +u0) —f (9 +ub M, / (t,s)— S —0 asn—> oo.

Step 2: G maps bounded sets into bounded sets in B.

For any k > 0, it is enough to show that there exists a positive constant L such that, for
eachy € Uy :={y € B: ||ylli-re+n) < k}, we have [|Gyllj_rern) < L. For y€Bandse] we
have

[y = ma s+ )] < _max 9] = I la-revs
and

|9 + 6 < 7 | g + 10| g < 190 + max el el e -

Let y € Uy. Since f is continuous, therefore, for ¢ € [1, e], we have

-1 s
|(6y)(t)| < ‘F( i <log—> f(s,y§+u)

N

w1 1 € e\ (s, 5 + )
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t a-1 S
3 1 ]Ogg PO + #'llirm)
() Ji s $

e a-1 s
+ (log £l —— / (10gf> PO + @)
1

I'(a) s S
e a-1
< 2||p||oQ(/<+maX{Ilelu—r,u,IIxII[e,e+h]})f logf lds
INGY) 1 S S
- 2||plloR2(k + max{llxl1-r,u, 1%/l eesm})
- o +1) ’
and so
2|Ipllo2(k + max{llxllp—ry, %l eerm}) 2
1S lrean < 22 iortly PWfeerit)) _ j

Mo +1)

Consequently, & maps bounded sets into bounded sets in B.
Step 3: G maps bounded sets into equicontinuous sets of B.
Let £, € [1,e] with f < £, and Uy be a bounded set of B as in Step 2. Let y € Uy, then

we have

|(69)(52) - (6y)(11)|
< /6|G(t2,s) O |LAZALIP)
1 N
e d
< lIplloS2(k + max{||x/lp_r1, ”x”[e,e+h]})/1 |Glta,5) - G(tlyS)!?s-

As t; — t, the right-hand side of the last inequality tends to zero. The equicontinuity for
the cases t; <t <0 and t; <0 < £, is obvious.

In view of Steps 1 to 3, it follows by the Arzeld-Ascoli theorem that the operator S is
continuous and completely continuous.

Step 4: A priori bounds.

We will show that there exists an open set I C Bwithy # A&y forO<A<landyedl.
Let y € Band y = .Sy for some 0 < A < 1. Thus, for each ¢ € [1, ], we have

€ d.
70 =1 [ Gesirlsy +u)

This implies by our assumptions that, for each ¢ € J, we get

L[t O\ QY + ufllrm)
ly(@)| < T /1 <10g -) - ds

S
1 e a-1 Q s -
() )y s s
2]pllo AUyl e %)) [ “
< PNyl (= + max{llxllg—r1, I, h]})/ logf L
I'(a) 1 S s

_ 2zl

Q _r] + maxy ||%ll 1 | .
= T+ D (5l s {1l 1%l e })
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Then

||J’|| [1-r,e+h]

<1
- <
F Q11 i + max{ [l -y 1%l e })

By (H,), there exists Ky such that ||y||1—ren 7 Ko. Set
us= {y €B: ||y||[1—r,e+h] <Ko + 1}

By our choice of U, there is no y € U such that y = A&y for some 0 < 1 < 1. As a conse-
quence of the nonlinear alternative of Leray-Schauder type (Lemma 3.1), we deduce that &
has a fixed point y € I which is a solution to problem (1)-(3). This completes the proof. (]

The next result, concerning the existence of a unique solution of problem (1)-(3), is based
on the Banach fixed point theorem.

Theorem 3.3 Let f:[1,e] x C([-r,h],R) — R. Assume that there exists L > 0 such that

f (& u(®)) = f(t,v(©®)| < Llu=vlli-rn
fort € [l,e] and every u,v € C([-r,h],R).
If

2L 1
<l
Mo +1)

then the BVP (1)-(3) has a unique solution on the interval [1—r,e + h].

Proof As argued in the proof of the preceding theorem, it will be shown that the operator
& : B — B defined by (13) is a contraction, where B = {y € C([1-r,e+ k], R) : y(1) = 0}. For
that, let y1,y, € B. Then, for ¢ € [1, ], we obtain

e d.
(@0~ ©m)6)] < [ G+ ) ~f o5 +w)|

e ds
< L/li G(t,5) |71 -2 [ri g

2L ” | / o & ‘Hld
P p— _r O — —
a0t =22l | (log ) Cds

<2
= F(Ot+1) Y1 — Y2 ll[1-re+h]-

Consequently, we get

”6)/1 - 6_)’2||[l—r,e+h] =< ”yl _y2”[l—r,e+h]1

2L
T IMNa+1)
which implies that G is a contraction by the given assumption, and hence & has a unique
fixed point by means of the Banach contraction mapping principle. This, in turn, implies
that the problem (1)-(3) has a unique solution on the interval [1 —r,e + A]. O
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4 Existence results for the problem (4)-(6)

For the forthcoming analysis, we need the following lemmas.

Lemma 4.1 (Nonlinear alternative for Kakutani maps ([28])) Let E be a Banach space, C a
closed convex subset of E, U an open subset of C and 0 € U. Suppose that F : U — P,,,.(C)
is a upper semicontinuous compact map. Then either

(i) F has a fixed point in U, or

(ii) thereisa u e dlU and A € (0,1) with u € AF(u).

Lemma 4.2 ([29]) Let X be a Banach space. Let F : [0,1] x X — P, (X) be an
L'-Carathéodory multi-valued map and let © be a linear continuous mapping from
LY([0,1],X) to C([0,1], X). Then the operator

©08r:C([0,11,X) = Peye(C([0,11, X)), x> (O 0 Sp)(x) = O(Sk),
is a closed graph operator in C([0,1],X) x C([0,1],X).

The next fixed point theorem is the well-known Covitz and Nadler fixed point theorem

for multi-valued contractions [30] (see also Deimling, [24] Theorem 11.1).

Lemma 4.3 (Covitz and Nadler ([30])) Let (X, d) be a complete metric space. If G : X —
P.(X) is a contraction, then FixG # (.

Theorem 4.4 Assume that (H,) holds. In addition, we suppose that the following condi-
tions hold:

(A1) F:[L,e] x C([-r,h],R) = Py (R) is an L'-Carathéodory multi-valued map;
(Ap) thereexistp € C([1,€],R) and Q : [0, 00) — (0, 00) continuous and nondecreasing such
that

|E@ w)| :=sup{lvl:v e Ft,u)} < p&)Qllull-rm)

foralmost all t € [1,e] and all u € C([-r, h],R).

Then the problem (4)-(6) has at least one solution on the interval [1—r,e + h].

Proof We transform the problem (4)-(6) into a fixed point problem. A solution to (4)-(6)
is a fixed point of the operator N : C([1 - r,e + h],R) —> P(C([1 - r, e + k], R)) defined by

heC((1-r,e+h],R):

N x(0), iftel-r1],
)= h(t) = | [, Gt:s)v(s)%, ifte(Lel,
¥(t), ift €lee+h],
where

veSpy={vel'([Lel,R):v(t) e F(t,y") forae. t eJ}.
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As in the proof of Theorem 3.2,let B={y € C([1-r,e+ h],R):y(1) =0} and let T: B —
‘P(B) be defined by

heC([l—r,E+h],R):

< ifte[l-r1],
):= h(t) = fo (¢, s)v( S)ds ifte[l,e],
0, ift € lee+h].

Now we show that the operator ¥ has a fixed point which is equivalent to proving that the
operator AV has a fixed point. This, in turn, will imply that there exists a solution of the
problem (4)-(6). We do it in several steps.

Claim 1 <(y) is convex for each y € C([1 —r,e + h], R).
This claim is obvious, since F has convex values.
Claim 2 ¥ maps bounded sets into bounded sets in C([1—r,e + h],R).

As is Step 2 of the proof of Theorem 3.2, let Uy = {y € B: ||ylln-re+n < k}.
Let y € Uy. Then, for each /1 € E(y), there exists v € Sg,, such that

h(t) =/ G(t,s)v(s)é, te(lel,
1 S
and that

£\ (s) o 1 € e\ * 1 v(s)
0 = [y [ (02 75—t [ (ee) s

S L t(m 5) PO + )
INGY) s s

w1 L [ (1. €\ PORY +wllrm)
+ (log?) m/1 (10g;> ds

N

2|IplloS2(k + max{lxll—ra, 1%/l feern})
Mo +1) '

IA

Thus

2|Ipllo2(k + max{llxllg—r1, 1%/l e,en})
Mo +1)

lln-reen < = L.
This shows that ¥ maps bounded sets into bounded sets in B.

Claim 3 ¥ maps bounded sets in C([1 —r, e + h],R) into equicontinuous sets.

We consider By as in Claim 2 and let & € T(y) for y € By, k > 0. Now let £, £, € [1, €] with
t, > t;. Then we have

) — h(ty)| < /1 G2,5) - G, 9] f (57" + )] =

€ d.
< lIpllo2(k + max{||x/Ip-r1, ||9C||[e,e+h]})/1 |G(t2,5) - G(t1,5)|:s'
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Clearly the right-hand side of the last inequality tends to zero as t; — ¢,. In view of Claims
2, 3, and the Arzeld-Ascoli theorem, we can conclude that ¥ : B — P(B) is completely
continuous.

In our next step, we show that ¥ is upper semicontinuous. It is well known [24], Propo-
sition 1.2, that ¥ will be upper semicontinuous if we prove that it has a closed graph, since

¥ is already shown to be completely continuous.
Claim 4 ¥ has closed graph.

Letx, — x4, h, € T(x,),and h, — h,. Then we need to show that , € T(x,). Associated
with &, € T(x,), there exists v, € Sg,, such that, for each ¢ € [0,1],

~ 1 t ¢ a—lvn(s) el 1 e e a—an(S)
hn(t)—m/l (log;) . ds — (logt) @/1 (log;) Tds'

Thus it suffices to show that there exists v, € Sg, such that, for each ¢ € [0,1],

1 £\ vils) w1 1 [° e\ )
S P A e A CH I

Let us consider the linear operator @ : L1([0,1],R) — C([0,1], R) given by

1 t £\ u(s) e 1 e e\ u(s)
f= ®(V)(t)=m[ (log;> Tds—(logt) @/1 <log;) Tds,

Observe that

t a-1 _
ool = | [ (oe) " L,

wa 1€ e\ (Vuls) — va(s))
- (log?) m[(l"gz) —”’H

— 0, asmn— oo.

Thus, it follows by Lemma 4.2 that ® o Sr is a closed graph operator. Further, we have

hy(t) € O(Sg,)- Since x, — x,, therefore, we have

1 ¢ £\ va(s) wa 1 e e\*”
h*(t)—m/1 (10g;> . ds — (logt) m/l (log;)

for some v, € Sp, .

1
Vi (5 ) ds,

Claim 5 We will show that there exists an open set U C B with y # A%y for 0 < A <1 and
yeal.

Let y € B be such that y € AZ(y) for some 0 < A < 1. Then there exists v € Sf,, such that

y(t) = )L/e G(t,s)v(s)?, tellel
1
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This implies by our assumptions that, for each ¢ € [1, e], we have

t a-1 s
y(6)] < ﬁ/ <log E) PO + 1w lli-rm) s
1

N N

w1 L (e p)Ry + o)
+ (logt) %/; <log;> ds

N

e a-1
_ 202l Ry ll-ri + max{llelin-ru, I¢lees}) / log Lo
- I'(a) 1 s

2|ipllo
“T(x+1)

SZ(||_y”[l—r,e+h] + max{ ”x” [1-r1]» ”x” [e,e+h] })

Then

||)’|| [1-r,e+h]

<1
. <1
A QYN 1-reri + max{ 1l pora, %]l feesi})

By (H;), there exists Ky such that ||y||j1—re.+n] 7 Ko. Set

u-= {y € C([l —-re+ h]»R) yllp-resn < Ko + 1}'

Page 12 of 15

From the choice of U there is no y € dU such that y € AZ(y) for A € (0,1). As a conse-

quence of the Leray-Schauder alternative for Kakutani maps (Lemma 4.1), we deduce that

% has a fixed point, which implies that the problem (4)-(6) has at least one solution. This

completes the proof.

O

Finally, we present an existence result for the problem (4)-(6) with nonconvex valued

right-hand side by using Covitz and Nadler’s fixed point theorem.

Theorem 4.5 Suppose that:

(B1) F:[Le] x C([-r,h],R) — P(R) has the property that F(-,y) : [1,e] —> P, (R) is

measurable for each y € C([-r, h],R);
(By) there exists £ € C(J,R), such that

Hd(F(t, u), F(t, ﬁ)) <L@)u—utll{—pp foreveryu,ine C([—r, h],R),
and
d(O,F(O, u)) <U(t), forae tellel.

¥

Llo<1,
Mo+ D) I1€lo <

then the problem (4)-(6) has at least one solution.
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Proof Transform the problem (4)-(6) into a fixed point problem by means of the multi-
valued operator T : B— P(B) introduced in Theorem 4.4. We shall show that ¥ satisfies
the assumptions of Lemma 4.3. The proof will be given in two steps.

Step 1: T(y) € Pu(B) for each y € B.

Indeed, let (y,).>0 € T(y) such that y, — y in B. Then y € B and there exists g, € Sg,
such that, for each ¢ € 1, ¢],

e d
Yult) = /1 G(t,s)g,,(s)?s.

Using (B;) together with the fact that F has compact values, we may pass to a subsequence
to see that g, converges weakly to g in L}([0.1], R). Then g € Sg,,. and, for each ¢ € [1,¢], we
have

€ d.
Iult) — 5(0) = /1 Glt,956) %

So y € Z(y).
Step 2: There exists y <1 (y := ﬁ 1€1l0) such that

Hd (‘3()’), ‘I@)) <y ||)’ - 5” [1-r,e+h] for each y,y € B.

Let y,¥ € Band & € (y). Then there exists g(¢) € F(¢,)" + u’) such that

e d
h(t) = /O G(t,s)g(s)f,

for each t € J. From (B,) it follows that

Hy(F(ty' +u'), F(t.5 + 7)) <€Oly=Fli-rm, € el
Hence there is w € F(¢,7" + u*) such that

(&) = w| < LOly =Tl te el
Consider U : [1,e] — P(E), given by

U(t)={weE:|gt) - w| < Oy ~Flli-rn}-
Since the multi-valued operator V(¢) = U(t) N F(¢, 5 + u') is measurable (see Proposi-
tion III.4 in [31]), there exists a function g(¢), which is a measurable selection for V. So,
g(t) e F(t,y" + uf) and

(&) =&(®)] < &)y =Fliirm,  foreacht & [Le].

Let us define, for each ¢t € [1,¢],

_ e d
() = /1 6,96
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and
— e _ .ds
(o)~ (o) < / 6.9 lgts) -26)| <
1
€ _ ds
= [ 69y -5l
1
2[1€llolly =¥l ¢ e\ "1
< 2o A =) H’h]/ log - —ds
') 1 s s
< 2 I€llolly = I
= T+D) ollY = Yll[-r,n)-
Thus

_ 2 ~
172 =Kl p=resm < T+ 1€llolly = ¥l 1-resh)-

Analogously, interchanging the roles of y and , it follows that

2
Hy(2(),T@)) < mllellollj’—yllu-nem].

So, ¥ is a contraction and hence, by Lemma 4.3, ¥ has a fixed point y, which is a solution
to (4)-(6). O

5 Conclusions

We have obtained several existence results for boundary value problems of Hadamard-
type fractional differential equations and inclusions involving both retarded and advanced
arguments by applying some standard tools of fixed point theory for single-valued and
multi-valued maps. Our results are new and yield several new ones by fixing the parame-
ters r and & appropriately. For example, the results for ordinary Hadamard-type fractional
differential equations/inclusions follow by taking r = 1 = 0. Our results reduce to the re-
tarded and advanced argument cases for » > 0, # =0 and r = 0, & > 0, respectively. The

mixed (both retarded and advanced) case follows by choosing r > 0 and / > 0.
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