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Abstract
We investigate the global character of the difference equation of the form

Xps1 =1 (n,Xp21), n=0,1,...

with several period-two solutions, where f is increasing in all its variables. We show
that the boundaries of the basins of attractions of different locally asymptotically
stable equilibrium solutions or period-two solutions are in fact the global stable
manifolds of neighboring saddle or non-hyperbolic equilibrium solutions or
period-two solutions. As an application of our results we give the global dynamics of
three feasible models in population dynamics which includes the nonlinearity of
Beverton-Holt and sigmoid Beverton-Holt types.
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1 Introduction
Let I be some interval of real numbers and let f € C*[I x I,1] be such that f(I x I) C K
where IC C I is a compact set. Let X, Xsw,XnE € I, X9 < Xsw < XNg be three equilibrium

points of the difference equation

KXn+l :f(xnrxn—l)x n= 0, 1; Ry (1)

where f is a continuous and increasing function in both variables. There are several global
attractivity results for equation (1) which give the sufficient conditions for all solutions to
approach a unique equilibrium. We list three such results.

The first theorem, which has also been very useful in applications to mathematical bi-

ology, was really motivated by a problem in [1].

Theorem 1 (See [1] and [2], p.9) Let I C [0,00) be some interval and assume that f €
ClI x I,(0,00)] satisfies the following conditions:

(i) f(x,y) is non-decreasing in each of its arguments;
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(i) equation (1) has a unique positive equilibrium point x and the function f(x,x)
satisfies the negative feedback condition

(x—a_c)(f(x,x)—x) <0 foreveryxel—{x}. (2)
Then every positive solution of equation (1) with initial conditions in I converges to x.

Theorem 2 Let [a, b] be an interval of real numbers and assume that
f:la,b] x [a,b] — [a,b]

is a continuous function satisfying the following properties:
(@) f(x,y) is non-decreasing in each of its arguments;
(b) equation (1) has a unique equilibrium x € [a, b].
Then every solution of equation (1) converges to x.

Theorems 1 and 2 were extended to a kth order difference equation where the right hand
side is a non-decreasing function of all its variables; see [1, 2].
The following result has been obtained in [3].

Theorem 3 LetI C Rand letf € C[I x I,1] be a function which increases in both variables.
Then for every solution of equation (1) the subsequences {x2,}°, and {x2,.1}50_; of even and
odd terms of the solution do exactly one of the following:
(i) Eventually they are both monotonically increasing.
(i) Eventually they are both monotonically decreasing.
(iii) One of them is monotonically increasing and the other is monotonically decreasing.

Remark1 Theorem 1 is actually a special case of Theorem 2. Indeed (2) implies that there
exist @ and b,a < x < b such that f(a,a) > a, f(b, b) < b, which in view of monotonicity of f
implies that

f:la,b] x [a,b] — [a,b],

and so all conditions of Theorem 2 are satisfied. Furthermore, Theorem 2 is a special case
of Theorem 3 if we additionally assume non-existence of period-two solutions and singu-
lar points on the boundary of the region which may be the limiting points of the solutions
of equation (1). See [4] for higher order versions of Theorems 1 and 2. None of these results
provide any information as regards the basins of attraction of different equilibrium solu-
tions or period-two solutions when there exist several equilibrium solutions and period-
two solutions. Theorem 3 has been applied to many equations, see [3, 5] and references
therein, but so far no example of equation (1) with a function f increasing in both variables
which has stable equilibrium points and stable period-two solutions has been exhibited.
In this paper we give several such examples for difference equations of the type

Xn+l :_ﬁ)(xn) +f1(xn—l)r n=0,1,..., (3)

where f;, i = 0,1 are continuous and increasing functions. Many difference equations in
mathematical biology are of the form (3); see [6] and references therein. As we have shown
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in [7] if the first order difference equation x,,,1 = fi(x,) has two equilibrium points the cor-
responding delay difference equation x,,,; = fi(x,,_1) has one period-two solution. Now if f;
dominates f; in equation (3) then one may expect equation (3) will have period-two solu-
tion as well, which we show in this paper. Similarly if the difference equation x,,,; = fi(x,,)
has k equilibrium points the corresponding delay difference equation x,,,; = fi(x,_1) has
k(k —1)/2 period-two solutions, and if fi dominates fy in equation (3) then we show that
equation (3) has a period-two solution as well.

In [5] the authors consider the difference equation (1) with several equilibrium points
under the condition of the nonexistence of minimal period-two solutions and determine
the basins of attraction of different equilibrium solutions. In this paper we consider equa-
tion (1) which has three equilibrium points and up to three minimal period-two solutions
which are in North-East ordering. More precisely, we will give sufficient conditions for the
precise description of the basins of attraction of different equilibrium points and period-
two solutions. The results can be immediately extended to the case of any number of the
equilibrium points and the period-two solutions by replicating our main results. An appli-
cation of our results gives a precise description of the basis of attraction of all attractors of
several difference equations, which are feasible models in population dynamics. Precisely,
we illustrate our results with applications to three difference equations where all functions
are linear, Beverton-Holt or sigmoid Beverton-Holt. In fact, our general results here are
motivated by equations (8) and (14). Our results give first examples of difference equations
with coexisting stable equilibrium solutions and stable period-two solutions.

2 Preliminaries
We now give some basic notions about monotone maps in the plane and connection be-
tween equation (1) and the monotone map.

Consider a map T on a nonempty set S C R?, and let € € S. The point € € S is called a
fixed point if T(e) = e. An isolated fixed point is a fixed point that has a neighborhood with
no other fixed points in it. A fixed point € € S is an attractor if there exists a neighborhood
U of e such that T"(x) — e as n — oo for x € U; the basin of attraction is the set of allx € S
such that 7"(x) — € as n — 00. A fixed point e is a global attractor on a set K if € is an
attractor and /C is a subset of the basin of attraction of e. If T is differentiable at a fixed
point e, and if the Jacobian Jr(e) has one eigenvalue with modulus less than one and a
second eigenvalue with modulus greater than one, e is said to be a saddle. If one of the
eigenvalues of T has absolute values 1 and a second eigenvalue has modulus greater (resp.
less) than one, then e is said to be a non-hyperbolic of stable (resp. unstable) type. See [8]
for additional definitions (stable and unstable manifolds, asymptotic stability).

Consider a partial ordering < on R?. Two points v,w € R? are said to be related if v < w
or w < v. Also, a strict inequality between points may be defined as v < w if v < w and
v #w. A stronger inequality may be defined as v = (v1,v5) <K w = (wy, wy) if v < w with
v1 #w; and v, # wo. For u, v in R?, the order interval [u,v] is theset of all x € R? such that
u<x=<v.

A map T on a nonempty set S C R? is a continuous function 7: S — S. The map T is
monotone if v < w implies T(v) < T(w) for all v,w € S, and it is strongly monotone on S
if v < w implies that T(v) < T(w) for all v,w € S. The map is strictly monotone on S if
v < w implies that T(v) < T(w) for all v,w € S. Clearly, being related is invariant under
iteration of a strongly monotone map.
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Throughout this paper we shall use the North-East ordering for which the positive cone
is the first quadrant, i.e. this partial ordering is defined by

(X1, 91) Zne 2,92) & x<x and y; <y». (4)

A map T on a nonempty set S C R? which is monotone with respect to the North-
East ordering is called cooperative and a map monotone with respect to the South-East

ordering
(x1,91) Zse (X2,72) & x<x and y >y (5)

is called competitive.
If T is differentiable map on a nonempty set S, a sufficient condition for T to be strongly
monotonic with respect to the NE ordering is that the Jacobian matrix at all points x has

the sign configuration

sign(Jr(x)) = |:: :] , (6)

provided that S is open and convex.

For x € R?, define Q(x) for £ = 1,...,4 to be the usual four quadrants based at x and
numbered in a counterclockwise direction, for example, Q;(x) = {y € R? : x; < y1,%42 < J»}.
The (open) ball of radius r centered at x is denoted with B(x, r). If C C R? and r > 0, write
K +B(0,7):= {x:x =k +yforsomek € K and y € B(0,r)}. If x € [-00,00]? is such that
x Xy for every y in a set )/, we write x < ). The inequality ) < x is defined similarly.

The next result in [9] is stated for order-preserving maps on R” and it also holds in

ordered Banach spaces [10].

Theorem 4 For a nonempty set R C R" and < a partial order on R”, let T : R — R be an
order-preserving map, and let a,b € R be such that a < b and [a,b]] CR. If a < T(a) and
T(b) = b, then [a,b] is an invariant set and:
i. There exists a fixed point of T in [a,b].
il. If T is strongly order preserving, then there exists a fixed point in [a, b] which is
stable relative to [a,b].
iii. If there is only one fixed point in [a,b], then it is a global attractor in [[a,b] and
therefore asymptotically stable relative to [a,b].

The following result is a direct consequence of the trichotomy theorem of Dancer and
Hess; see [9, 10].

Corollary 1 If the non-negative cone of a partial ordering < is a generalized quadrant in
R”, and if T has no fixed points in [uy, us] other than uy and u,, then the interior of [u1, us|
is either a subset of the basin of attraction of u or a subset of the basin of attraction of u,.

We say that f is strongly increasing in both arguments if it is increasing, differentiable,
and has both partial derivatives positive in a considered set. The connection between the
theory of monotone maps and the asymptotic behavior of equation (1) follows from the
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fact that if f is strongly increasing, then a map associated to equation (1) is a cooperative
map on Z x Z while the second iterate of a map associated to equation (1) is a strictly
cooperative maponZ x Z.

Set x,_1 = u, and x,, = v,, in equation (1) to obtain the equivalent system

Un+l = Vs
n=0,1,....
Vil =f(V,,, Mn),

Let F(u,v) = (v,f(v,u)). Then F maps I x I into itself and is a cooperative map. The second
iterate T := F? is given by

T(u,v) = (F, ), f (f (v, ),v))

and it is clearly strictly cooperative on Z x Z.
If D1g(u,v) and Dog(u, v) denote the partial derivatives of a function g(u, v) with respect
to u and v, the Jacobian matrix of T is

Dyf (v,u) Dyf (v, u)

The determinant of (7) is given by

detJr(u,v) = Dyof (v, M)sz(f(l/, u),v) > 0.

To check injectivity of T we set
T ((u1,v)) = T ((2,v2)),
which implies
fum) =fvo,ua),  f(Fv,m) ) =f(f(va, u2),v2)

and so f(f(vi,u1),v1) = f(f(v1,u1),v2). By using the monotonicity of f we conclude that
v = vy which in view of f(v1, u1) = f(va, u2) gives ug = u,.

The theory of monotone maps has been extensively developed at the level of ordered
Banach spaces and applied to many types of equations such as ordinary, partial, and dis-
crete types; see [10-16]. In particular, [12] has an extensive updated bibliography of dif-
ferent aspects of the theory of monotone maps. The theory of monotone discrete maps is
more specialized and so one should expect stronger results in this case. An excellent re-
view of the basic results is given in [12, 13]. In particular, two-dimensional discrete maps
are studied in great detail and very precise results which describe the global dynamics and
the basins of attractions of equilibrium points and period-two solutions as well as global
stable manifolds are given in [11, 14, 17-20].

3 Main results
Let I be some interval of real numbers and let f € C'[I x I,I] be strongly increasing
function. Assume that for (xo,yo) € I x I there exists ny such that F*(xg,yo) € [U, U>]?
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for all # > ny where [U;, U] € I and —oco < U < U, < 0o and assume that [U, Us]? is
an invariant set for the map 7T, that is, T : [}, U,]* — [U, Us)%. Let Xo,Xsw,xne € I,
Uy < Xy < Xsw < Xng be three equilibrium points of the difference equation (1) where the
equilibrium points Xy and xxg are locally asymptotically stable and xgyw is unstable. Then
the map F has three equilibrium solutions Ey(xg,X0), Esw (Xsw,Xsw), and Eng(XNE, XNE)
such that £y <pe Esw <Kne ENe Where the equilibrium points Eg and Eng are locally asymp-
totically stable and Egsy is unstable. By Theorem 3 all solutions converge to either equi-
librium solutions or to the period-two solutions. As is well known [12, 13] the period-
two solutions are the points in the South-East ordering, which means that they belong to
Q2(Esw) U Qu(Esw). In the following discussion, we will assume that all period-two solu-
tions belong to int(Qz(Esw) U Qa(Esw))-

Let B(Ej) be the basin of attraction of Ey and B(Eng) be the basin of attraction of Exg
with respect to the map T.

Lemmal Let Qi((x0,0)) = {(%,y) :x > x0 and y > yo} N1 x I and Q3((x0,y0)) = {(,y) : x <
xo and y <yo} NI x 1. Then the following holds:
(i) If there are no minimal period-two solutions in int(Qs(Esw)) then
int(Q3(Esw)) C B(Ey).
(i) If there are no minimal period-two solutions in int(Qq(Esw)) then
int(Q1(Esw)) C B(Exg).

Proof First, in view of Corollary 1, int[[(Ly, Us), Eo] C B(Ey) and also int[Exg, (Us, Ub)] C
B(Eng). By Corollary 1 we obtain int(Qz(Esw) N Q1(Eo)) C B(Ey) and int(Q;(Esw) N
Qs(Exg)) C B(Exg). Since (Ui, Uy) =Zne T(Uy, Uy) =Zpe Eg and T is cooperative map we
obtain T"(U;,U;) — Ey as n — oo. For (xg,y0) € int(Qs(Ep)) we have (U4, Uh) <pe
(¢_1,%0) =ne Eo, which implies T"(x_1,x0) — Eo as n — 00, ie. int(Qs(Ey)) C B(Ey).
Assume that (xg,70) € int(Qs(Esw)). Then there exists (Xo,yo) € int(Qs3(Ep)) such that
(%0,70) Zne (x0,%0) and (x1,71) € int(Q3(Esw) N Qi(Ep)) such that (xo,%0) Zne (¥1,51)-
By monotonicity of T we have T"(X9,¥0) <ne T"(%0,Y0) =<ne IT"(¥1,%1), which implies
T"(x0,y0) = Eo as n — oo. This implies that int(Qs(Esw)) C B(Ep). The proof of (ii) is
similar and we skip it. O

Let C{ denote the boundary of B(E,) considered as a subset of Qy(Esw) (the second
quadrant relative to Egy) and C; denote the boundary of B(Ey) considered as a subset of
Qa(Esw) (the fourth quadrant relative to Egw). Also, let C; denote the boundary of B3(Eng)
considered as a subset of Q;(Esw) and C; denote the boundary of B(Ey) considered as a
subset of Q4(Esw). It is easy to see that Esw € C{, Esw € Ci, Esw € C5, Esw € C;.

The proof of the following lemma for a cooperative map is the same as the proof of
Claims 1 and 2 in [21] for competitive maps, so we skip it (see Figure 1).

Lemma 2 Let C; and C; be the sets defined above. Then the sets C{ U Cy and C3 U C;
are invariant under the map T and they are the graphs of continuous strictly decreasing
functions.

By Lemma 2 it remains to determine the behavior of the orbits of initial conditions
(%0, y0) such that (%o,50) =ne (%0,50) = (¥o,y0) for some (Xo,y0) € C U Cy and (%o, o) €
C;ucC;.
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Figure 1 Visual illustration of Lemma 2. 4
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Now, we present the global dynamics of equation (1) depending on the existence or non-

existence of period-two solutions.

Theorem 5 Assume that equation (1) has no minimal period-two solutions and has three
equilibrium points Xy < Xsw < XNg Where the equilibrium points %o and xxg are locally
asymptotically stable and xsvw is a saddle point. Then there exist two continuous curves
W*(Esw) and W*(Esw), both passing through the point Esy, such that W*(Esw) is a graph
of decreasing function and W*(Esw) is a graph of an increasing function. The set of ini-
tial conditions Qq = {(x_1,x0) : %1 > Uy, x0 > U1} NI is the union of three disjoint basins of
attraction, namely Q1 = B(Ey) U B(Esw) U B(Eng), where B(Esw) = W*¥(Esw) and

B(Eo) = {(x-1,%0)|(x_1,%0) =ne (%£,,E,) for some (xgy, yE,) € W*(Esw) },

B(ENE) = {(x—l;x0)|(xENE7yENE) =ne (x—bxo)for some (xENE:)’ENE) € WS(ESW)}
Thus, we have W*(Esw) =C{ UCy =C5 UC;.

Proof By assumption the map T has three equilibrium point namely Ey, Esw, and Exg
such that Ey <pe Esw <ne Eng- In this case, Eyp and Exg are locally asymptotically sta-
ble and Egy is a saddle point. Since f is strongly increasing then the map T is strongly
cooperative on [L];,00)?. It follows from the Perron-Frobenius theorem and a change of
variables [14] that, at each point, the Jacobian matrix of a strongly cooperative map has
two real and distinct eigenvalues, the larger one in absolute value being positive, and that
corresponding eigenvectors may be chosen to point in the direction of the second and first
quadrant, respectively. Also, one can show that if the map is strongly cooperative then no
eigenvector is aligned with a coordinate axis.

Hence, all conditions of Theorems 1 and 4 in [19] for cooperative map T are satisfied,
which yields the existence of the global stable manifold YW*(Esw) and the global unstable
manifold W*(Egsw), where W*(Egy) is passing through the point Esy, and it is a graph of
a decreasing function. The curve W*(Esy) is the graph of an increasing function. Let

W™= {(xfl!x0)|(x71;x0) =ne (xE();yEo) for some (xE()JyE()) € WS(ESW)}r

W' = { (-1, %0) | (Engs VEne) <ne (¥-1,%0) for some (xgy, Vey:) € WP (Esw)}.
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Figure 2 Visual illustration of (a) Theorem 5 and (b) Theorem 6.

Take (x0,y0) € W~ N [U},00)? and (Xo, ) € W* N [U}, 00)%. By Theorem 4 in [19] we see
that there exists ng > 0 such that T"(xo, y0) € int(Qs(Esw)) and T"(Xo,¥o) € int(Q1(Esw))
for n > ny. The rest of the proof follows from Lemma 1. See Figure 2(a) for its visual illus-
tration. 0

Theorem 6 Assume that equation (1) has no minimal period-two solutions and there exist
three equilibrium points X < xXsw < Xng Where the equilibrium points xo and Xng are locally
asymptotically stable and xsw is non-hyperbolic. Then there exist two continuous curves
Ci(Esw) and Cy(Esw) passing through the point Esw, which are the graphs of decreasing
functions. The set of the initial condition Q1 = {(x_1,%0)} is the union of three disjoint basins
of attraction, namely Q, = B(Eo) U B(Esw) U B(Exg), where

B(Eo) = {(xo,yo)|(xo,yo) =ne (X£y, VE, ) for some (xg,,yE,) € Cl(Esw)},
B(Esw) = {(0,50)|(%£q, ¥Ey) =ne (¥0,¥0) Zne (Eye» VEn:) for some
(xE0»VEy) € Ci(Esw) and (Xe» YEn:) € C2(Esw)},

B(Exg) = { (%0, ¥0)|(XEe» VExg) =ne (%0,Y0) for some (xgy, VEr:) € Ca(Esw)}-

Proof The characterization of B(Ey) and B(Eng) follows as in Theorem 5.

The existence of the curves C;(Esw) and Cy(Esy) passing through the point Egyw which
are the graphs of decreasing functions follows from Lemma 2. Assume that (xg,,yg,) €
Ci(Esw). Since Cy(Esw) is an invariant set and there are no period-two solutions we
must have T"(xg,, yg,) = Esw as n — oo. Similarly, we obtain 7" (xg;, V) = Esw as
n — 00 if (Xeyg, VEne) € C2(Esw). Suppose that (xky, Vey) =ne (¥0,Y0) =ne (¥EngsVENe) for
some (xg,,YE,) € C1(Esw) and (Xg, Ve ) € C2(Esw). Then T"(xgy, YE,) <ne T"(%0,¥0) <ne
T"(%Eyg» YEn)» Which implies that T"(xo,y0) — Esw as n — o0. See Figure 2(b) for the
visual illustration of this result. O

Now, we consider the dynamical scenarios when there exists a minimal period-two so-
lution which is a saddle point (see Figure 3(a)).
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Figure 3 Visual illustration of (a) Theorem 7 and (b) Theorem 8.

Theorem 7 Assume that equation (1) has three equilibrium points Uy < Xy < Xsw < XNE
where the equilibrium points xo and xng are locally asymptotically stable. Further, as-
sume that there exists a minimal period-two solution {®1, V1} which is a saddle point such
that (®1, V1) € int(Q2(Esw)). In this case there exist four continuous curves VW (&1, W),
WE (W, ®q), WH(Dq, W1), WH(W, O1), where W (D1, W), W (W, O1) are passing through
the point Esw and are graphs of decreasing functions. The curves W*(®q, V1), W* (¥, ;)
are the graphs of increasing functions and are starting at Ey. Every solution which starts
below W* (1, W1) UW? (W, ®1) in the North-East ordering converges to Eq and every solu-
tion which starts above W*(®1, V1) U WH(Wy, &1) in the North-East ordering converges to
Exg, i.e. W(P1,¥) =Cf =C5 and W (W, &1) =C; =C;5.

Proof The map T is cooperative and all conditions of Theorems 1 and 4 in [19] are satis-
fied, which yields the existence of the global stable manifolds W*(®4, ¥;), W* (¥, ®;) and
the global unstable manifolds W*(®4, W;), W*(W1, ®;) where W*¥(®q, Wy), WH (W, ;) are
passing through the point Esy, and they are graphs of decreasing functions. Let

W™= {(xoyyo)|(xo,yo) =<ne (X£y,YE,) for some (xg,, YE,) € W (D1, W) UWS (W, ¢1)},
W = {(%0,50)| (%Exg» VEnz) Zne (¥0,¥0) for some

(KENg VEng) € W D1, W) U WP (W, (Dl)}'

Take (xo,%0) € W™ N [0,00)% and (%o,%0) € W* N [0,00)2. By Theorem 4 in [19] we see
that there exist 79,71 > 0 such that T"(xg, yo) € int(Q3(®P1, Y1) N Q3 (¥, ®1)) for n > ng and
T"(%0,¥0) € int(Qy(P1, ¥1) N Qi(¥1, 1)) for n > my. Since int(Q3(Py, ¥1) N Q3(Wy, 1)) S
int(Q3(Esw)) € B(Eo) and int(Q1(P1, W1) N Q1(Wy, @1)) € int(Q1(Esw)) S B(Ene) we have
T"(x0,y0) — Eo as n — o0 if (xo, yo) € int(Q3(P1, ¥1) N Q3(W1, P1)) and T"(x0,y0) — EnE
as n — o0 if (g, yo) € int(Q1(P1, ¥1) N Q1 (Y1, D1)). O

Now, we consider the dynamical scenario when there exist three minimal period-two
solutions.



Bilgin et al. Advances in Difference Equations (2016) 2016:74 Page 10 of 25

Theorem 8 Assume that equation (1) has three equilibrium points U; < X¢ < Xsw < XNE
where the equilibrium points Xy and xxg are locally asymptotically stable and Xsy is
a repeller. Further, assume that there exist three minimal period-two solutions {®;, V;},
such that (®;, ;) € int(Qy(Esw)), i = 1,2,3, where {®1,V1} and {®,, sy} are the saddle
points and { @3, Y3} is locally asymptotically stable. In this case there exist four continuous
curves WS(®D1, W), W (W, Oy), W (D4, W;), W (W,, @) where WH(Pq, W1), WH(Yy, &y),
WS (Dq, Wy), WE(W,, ©y) are passing through the point Esw and are graphs of decreasing
functions. Every solution which starts below W*(®,, Wy) U WH(W,, ®y) in the North-East
ordering converges to Ey and every solution which starts above W*(®q, W1) U W*(Wy, @) in
the North-East ordering converges to Exg. Every solution which starts above W*(®,, W,) U
WE(W,, ®3) and below WS(Pq, V1) U W5 (W, 1) in the North-East ordering converges to
{®3, W3}. In other words, the set of the initial condition Qy = {(x_1,%0)} is the union of five

disjoint basins of attraction, namely
Q1 = B(Eo) U B({®1, W1}) U B({®2, ¥2}) U B({®3, ¥5}) U B(Exg),
where

B({®1, W1}) = WH (D1, W) U W (W, By),
B({®@2, ¥s}) = W (D3, Wa) U W (W, D3),
B(Eo) = {(x0,70)|(%0,¥0) =ne (x£,, Y, ) for some

(%0, VEy) € WP (D2, W) UWH (W, d,)},
B(Exg) = {(x0,50)|(%Eg» VEng) =ne (%0,50) for some

(Ener VEns) € WH(D1, Wp) U WP (W, @)},
B({®s3, ¥3}) = { (%0, 70)|(Eq» ¥Ey) Zne (%0, ¥0) = (¥ VErs:) fOr some
(XEng VEng) € WE( D1, W) U WH(W, @) and

(xEo;yEo) € Ws(d)Z) \I'IZ) U WS(\IIZ, d)Z)}'
Thus, we have W* (o, W3) = Cif, W (Wy, @3) = C;, WH(D1, W) =C5, and W (¥, 1) =C5.

Proof All conditions of Theorems 1 and 4 in [19] for the cooperative map T are satis-
fied, which yields the existence of the global stable manifolds W*(®y, ¥;), W* (¥4, @),
WH( Dy, Wy), WH(W,, ®5), which are passing through the point Egy, and they are graphs
of decreasing functions. Since T is a cooperative map it can be seen that (P, V1) <pe
(@3, W3) Kne (P2, ¥2) or (P2, W2) Kne (P3, ¥V3) Kne (P1, ¥1). Assume (Pg, 1) Kpe (D3,
W3) < pe (2, W7). As in the proof of Theorem 7 one can see that

B(Eo) = {(x0,70)(%0,50) =ne (*£y, V) for some
(xEo)yE()) € Ws(q)l; \Ijl) U WS(\IJI) ch)}r
B(Exe) = {(xo,yo)l(xENE,yENE) =ne (%0,0) for some

(XEne ) VEng) € WE( Do, Wa) U W (W, 432)}-



Bilgin et al. Advances in Difference Equations (2016) 2016:74 Page 11 of 25

So, we assume that (xg;,VE)) =<ne (%0,0) =X (X VEne) fOr some (Xeye, V) € WE(P2)
and (xg,,yE,) € W¥(®1,¥;). By Theorem 4 in [19] we see that there exists ny > 0
such that T%(xq,y,) € int(Q3(®Py, ¥1) N Qy(P,, W,)) for n > ny. By Corollary 1 we get
[(Dq, U3), (D3, W3)] U [(P3, W3), (©1, U1)] € B(P3, ¥3) which implies that int(Qs (P, ¥1) N
Q1(DP2, W) = [(Po, W2), (@1, ¥1)] € B(P3, W3). If (x£,¥E)) Zne ¥o,¥0) = (KEngp> VEN:) for
some (Xpyp, Veng) € W(P2, Vo) and (xg,,yg,) € WH(P1, W1) then there exists ny > 0
such that T (xg,7o) € int(Q3(®y1, ¥1) N Q1(Py, ¥,)) for n > ny. By Corollary 1 we get
[(Wq, Do), (W3, P3)] U [(Y3, P3), (W1, D1)]] € B(P3, ¥3), which implies that int(Qs (W, &1) N
Q1(¥y, @7)) = [(¥3, P2), (¥1, P1)]] € B(P3, ¥3). This completes the proof. O

Now, we consider two dynamical scenarios when there exists a minimal period-two so-
lution {®, ¥} which is a non-hyperbolic of stable type (i.e. if ;1 and p are eigenvalues of
Jr(®, V) then p; =1 and |uo| <1).

Theorem 9 Assume that equation (1) has three equilibrium points U; < Xy < Xsw < XNE
where the equilibrium points xo and XN are locally asymptotically stable and xsv is a re-
peller or non-hyperbolic equilibrium point. Further, assume that there exist two minimal
period-two solutions {®,V} and {®;, ¥}, where {®, ¥} is a non-hyperbolic period-two so-
lution of the stable type and {1, ¥V} is a saddle point, and (O, V) <ye (P1, V1) (see Fig-
ure 4(a)). In this case there exist four continuous curves W¥(®1, V1), W (W, &1), C5(P, V),
C5(V, @) which are passing through the point Esw and which are graphs of decreasing func-
tions. The set Qy = {(x_1,%0) : 1 > U1, %0 > U1} is the union of four disjoint basins of at-
traction, namely

Q1 = B(Eo) U B({®1, W1}) U B({®, V}) U B(Exe),
where

B({®1, W1}) = W (D1, W1) UWH (@, W),

B(Eo) = {(%0,50)1(%0, ¥0) =Zne (X£y»YE,) for some (xg,,yE,) € C(®, W) UC(Y, D)},

Figure 4 Visual illustration of (a) Theorem 9 and (b) Theorem 10.
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B(Exg) = {(x0,¥0)|(XEe» VExg) =ne (*0,0) for some
(XEne ) VEng) € WE(P1, W1) U WH(U, Cbl)};
B({®,¥}) =C(®, V) UC(V, D)

U {(xOr)’O)KxEO;J/EO) =he (xOryO) =< (xENE;yENE)fOVSOWIB
(xENEryENE) € Ws(q)l: "I’l) U WS(LIJI’ CDI) and

(xE0» VEy) € C(D, W) UC(W, D)}
Thus, we have C(®, W) =C;, C(¥, @) = C;, WPy, W) = C5, and W (¥, P,) =C;.

Proof Since {®, ¥} is a non-hyperbolic period-two solution of the stable type and {®;, ¥}
is a saddle point, all conditions of Theorems 1 and 4 in [19] for the cooperative map T are
satisfied, which yields the existence of the global stable manifolds WW*(®q, ¥1), W*¥ (W1, $4)
and invariant curves C(®, V), C(W, ®) which are passing through the point Egy, and they
are graphs of decreasing functions.

Take (x9,%0) such that (x9,0) <ne (X£,,¥E,) for some (xg,,yg,) € C(®,¥) U C(V, D).
In view of Theorem 4 in [19] there exists ny > 0 such that 7"(xo, yo) € int(Q3(P, ¥) N
Q3 (¥, ®)) for n > ny. Since int(Q3 (P, ¥) N Qs(V¥, ®)) < int(Q3(Esw)) by Lemma 1 we obtain

B(EO) = {(x;y)|(x’y) =he (xEo)yEo) for some (xEoﬂyEg) € C(CD) "Ij) U C(\Ijr CI))}

If (x0,%0) is such that (xg,Vey:) =ne (¥0,¥0) for some (xg,VEy:) € WH(®y, ¥1) U
W?* (W, ®;) by Theorem 4 in [19] there exists ny > 0 such that 7" (xo, yo) € int(Q; (P1, V1) N
Q1 (W1, ®,)) for n > ny. Since int(Qy(P1, ¥1) N Q1 (¥, P1)) < int(Q1(Esw)) by Lemma 1 we

obtain

B(Exg) = {(%0, Y0)| (¥Exges VEne) Zne (%0, ¥0) for some

(KEng VEng) € W D1, W1) U WP (W, q31)}~

Now, we assume that (xg,,¥E)) =<ne (X0,%0) =ne (X£yp VEye) for some (Xg,VEy:) €
WE(®P1, W) and (xg,,¥E,) € C(P,¥). By Theorem 4 in [19] we see that there exists
no > 0 such that T"(xg, yo) € int(Qs(®Py1, ¥1) N Q1 (P, V)) for n > ny. By Corollary 1 we get
[(@, W), (P, ¥1)] € B{P, ¥}). Similarly, if (xg), ¥£,) <ne (*0,Y0) =ne (XExgs VEr:) for some
(XEng YEng) € WE(W1, @1) and (xg,, ¥g,) € C(Y, @) we see that there exists 19 > 0 such that
T"(x0,%0) € int(Q3 (W1, ®1) N Q1 (¥, ®)) for n > ny. By Corollary 1 we get [T(P), (¥, ®;)] <
B({®, ¥}). This implies (xo,y0) € B{P, V}). O

The proof of the following result is similar to the proof of Theorem 9 and will be omitted.

Theorem 10 Assume that equation (1) has three equilibrium points Uy < X¢ < Xsw < XNE
where the equilibrium points Xy and x\g are locally asymptotically stable and xgy is a re-
peller or non-hyperbolic equilibrium point. Further, assume that there exist two minimal
period-two solutions {®, ¥} and {1, V1}, where {®, W} is a non-hyperbolic period-two so-
lution of the stable type and {®1, ¥} is a saddle point, and (1, V1) Kne (P, V) (see Fig-
ure 4(b)). In this case there exist four continuous curves YW*(®1, Wy), W (¥, ®;), C5(P, V),
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C5(, @) where WH (D1, W), Wi (W, @1), C(P, W), C(¥, @) are passing through the point
Egw, which are graphs of decreasing functions. The set Qy = {(x_1,%0) : x_1 > Uy, %0 > U4} is
the union of four disjoint basins of attraction, namely

Q1 = B(Eo) U B({®1, W1}) UB({®, ¥}) U B(Exg),
where

B({®@1, W1}) = Wi (D1, W) UWH (D, W),
B(Eo) = {(%0,70)|(%0, ¥0) =ne (%£y,E,) for some
(XEq) VEg) € WP (D1, W1) U W (W, @1)},
B(Exe) = {(%0,70) | (xeng VExe) Zne (x,9) for some (xgyg, Vi) € C(@, W) UC(Y, D)},
B({®,¥}) =C(®, V) UC(¥, D)
U { (%0, 70)1(X£q> o) Zne (K0,¥0) < (Xeys VErs ) for some
(XENe s VENE) € C(@, W) U C(Y, @) and

(%EysYE,) € WH(P1, W1) U WP (W, ‘191)}.
Thus, we have C(®, V) =C;, C(¥, @) = C;, W (P, W) =Cf, and Wi (I, ©1) = C5.

4 Examples

In this section we give an application of our results in establishing global dynamics of some
equations from mathematical biology. We present two cases in detail. All three models are
of the types

Xn+l zfl(xn) +fZ(xn—1)r n= 0’ l""r

where f;, i = 1,2 are transition functions, considered by many researchers in mathematical
biology [6]. The most common transition functions in modeling are linear, Beverton-Holt
(f(u) = {), and sigmoid Beverton-Holt (f(«) = 1“:;; , 0 > 1). The case when both tran-
sition functions are Beverton-Holt functions was treated in [6] and we prove that in this

case there are no period-two solutions and so every solution converges to an equilibrium.
However, in all other cases for any other combination of transition functions the period-
two solutions exist and play an important role in the dynamics.

Ax2 Bx2
4.1 Example 1: X,y = 8 e
T+x5 1+xn_1

In this part we apply Theorems 5-10 to describe the global dynamics of the difference

equation in the title.

4.1.1 The equilibrium points
We consider the difference equation

Ax? Bx?
Xp+l = — n;l , n=0,1,..., (8)
1+x2 1+ax,
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where A, B > 0 and the initial conditions x_;, x( are non-negative. In view of the above
restriction on the initial conditions of equation (8), the equilibrium points of equation (8)
are the nonnegative solutions of the equation

Ax? Bx?

X=——+ ——
1+x2 1+Xx2

or equivalently

=3 _ =2 < _

¥ -%A+B) +x=0. 9)
Now we have the following result.

Lemma 3 The following holds:
(i) IfA + B <2 then equation (8) has a unique equilibrium point xo = 0.
(i) IfA + B =2 then equation (8) has two equilibrium points xo = 0 and x = (A + B)/2.
(ili) IfA + B> 2 then equation (8) has three equilibrium points xo = 0,

Xsw = %(A +B— /(A +B)?-4), and xng = %(A +B+/(A+B)?-4);x=(A+B)/2.

Next, we investigate the stability of the nonnegative equilibrium points of equation (8).
Set

Au? Bv?
fu,v) = —

+—
1+u?2 1+12

and observe that f, (i, v) > 0 and f,(,v) > 0. The next three lemmas are straightforward.

Lemma 4 Assume that A,B > 0. Then the equilibrium point x, is locally asymptotically
stable.

Lemma5 Assume that A+ B > 2. Then the equilibrium point xng is locally asymptotically
stable if A + B > 2 and non-hyperbolic if A + B = 2.

Proof It can be seen that

4A
p =fu(xNnyNE) = A +B)2(\/W+A +B)

and

B
q :fv(xNErxNE) = * .
(A+B?*\/(A+B)2-4+A+B)

Then the proof follows from Theorem 1.1.1 in [2] and the fact that

VA +B)?-4

1—p—q=T and p,q>0. g
Lemma 6 Assume that A + B > 2. Then the equilibrium point xsy is:
(i) a saddle point if 2A(A+B) +(A-B)\/(A+B)?-4>0and A+B>2;
(ii) a repeller if2A(A+B)+(A-B)y/(A+B)?>-4<0and A +B>2;
(iii) a non-hyperbolic if A+B=2o0r2A(A+B)+(A-B)\/(A+B)?-4=0.
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Proof It can be seen that

AWVA+B?2-4+A+B)
(A +B)?

B(/(A+B)2—4+A +B)
(A +B)?

P = fulxsw, Xsw) =

’

q = frlxsw, xsw) =

Then the proof follows from Theorem 1.1.1 in [2] and the fact that

VA+B)?-4 2A(A+B)+(A-B)y/(A+B)?-4
1—P-q=—% and l+p-g-= A )+((A+B))2( +5) .

4.1.2 Period-two solutions
Next, we investigate the existence and stability of the positive minimal period-two solu-
tions of equation (8). Let {¢, 1} be a minimal period-two solution of equation (8). Then

d’ =f(1/f, ¢) and 1# =f(¢7 1#) with ‘ﬁ:‘l’ € [0, OO) and ¢ 7! 1/f,
which is equivalent to

_ Ay? B _A¢* By
¢_1+W2+1+¢2 and w_1+¢2+1+1/f2 with ¢ # ¢,

which is true if and only if ¢ # v,
—AY® —Ay?9* — By ¢® —BY* + Y24’ +° + PP+ =0 (10)
and
¥ —AY’p* - Ap? - BY? - By 9t + Y + Y + Y097 + y¢? = 0. (11)
By eliminating v from (10) and (11) we obtain
¢(#” +1)(Ad + Bp - ¢* ~1)f(¢) = 0
and by eliminating ¢ from (10) and (11) we obtain
v(v? +1)(Ay + By -y - 1)f(¥) =0,
where
f(x) = Bx® + 2Bx° (A% - B?) + x*(A* - 2AB> + A” + B* + 2B?)
+x°(A® + 2A’B- AB* - 2B%) + x*(A* — A’B- A*(B* - 2) + AB® + B?)
+x(A® - AB?) + A2

Since (A + B)x — x?> — 1 # 0 for any x different from the equilibrium point, the minimal
period-two solutions are solutions of the equation

f@)=o. 12)
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Lemma 7 Let

A =4A% —12A°B + 8A*B? + 84" + 8A%B® — 36 A3B —12A’B* + 47A’B* + 4A*
+4AB® —18AB® + 8AB - B* + 4B,
Ay =2A% —4A’B* - 3A% + 2B* - 6B?,
Ay =—(8A7 —8A°B® +16A° - 32A"*B — 8A’B* — 45A°B> + 8A® + 39A°B?)
+8A’B + 8AB® — 40AB* + 16AB? — 4B° + 168>,
Ag =324 - 64A"B - 96A1°B? + 148A% + 256A°B® — 436A°B + 64A%B*
+3324%B% + 264A% — 384A7B° — 92A7B® —900A’B
+64A°B® + 324A°B* +1,627A°B? + 2124°
+256A°B7 — 84A°B® —1,992A4°B% - 624A°B - 96A*B®
—700A*B® +1,402A4*B* + 2,0084*B?
+64A* — 64A%B° + 652A°B” —192A3B° —1,536A%B°
+32A2B° —104A2B® — 425A°B° + 724AB*
—128A%B% - 40AB’ + 204AB” - 144AB° + 12B® — 64B° + 648,
Ay =A(4A° —~16A’B* +15A7 - 23A°B + 24A°B* + 10A° B>
+7A% —20A*B? - 77A*B - 16A3B°® — A®B* + 69A3B*
—8A% + 45A’B° —~77A’B® + 8A’B + 4AB®
—24AB® + 20AB* + 8AB> - 2B” + 10B° - 8B°),

As =-3A%—843B - 6A%B? — 4A% + 8AB + B* - 4B2.

Then the following holds:

(a) Consider equation (12). Then all its real roots are positive numbers. Furthermore,
equation (8) has up to three minimal period-two solutions.

(b) IfA; >0, foralll <i<5and A >0 then equation (12) has six real roots.
Consequently, equation (8) has three minimal period-two solutions.

() If A; <0 forsomel <i<4and As >0, A >0 then equation (12) has two distinct
real roots and two pairs of conjugate imaginary roots. Consequently, equation (8) has
one minimal period-two solution.

(d) IfA;>0foralll<i<j—land A; <O forallj<i<4 forsomel <j<5and As <0,
A > 0 then equation (12) has four distinct real roots and one pair of conjugate
imaginary roots. Consequently, equation (8) has two minimal period-two solutions.

(e) If A; <0, Ajy1 >0 for somel <i<3and As <0, A >0 then equation (12) has three
pairs of conjugate imaginary roots. Consequently, equation (8) has no minimal
period-two solution.

(f) Assume that A =0, and A3z #0 and As #0.

(£1) If (A1 <0and Ay > 0) or (Ay <0 and As > 0) then equation (12) has no real

roots and has two distinct pairs of conjugate imaginary roots, one of them of
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multiplicity one and the other one of multiplicity two. Consequently, equation
(8) has no minimal period-two solutions.

(£2) If A1 >0 and Ay >0 and As > 0 then equation (12) has four distinct real roots,
two of them are multiplicity two and other two of multiplicity one and has no
conjugate imaginary roots. Consequently, equation (8) has two minimal
period-two solutions.

Proof The proof of (a) follows from Descartes’ rule of signs.
The discrimination matrix [22, 23] of f (x) and f’(x) is given by

dg ds ag as a; a ao 0 0 0 0 0
0 6as bas 4a, 3as 2a, @ 0 0 0 0 0
0 as as as az a ay ag 0 0 0 0
0 0 6ag bas 4as 3as 2a, @ 0 0 0 0
0 0 ag as ay as ay a; ag 0 0 0
Discr(f): 0 0 0 6ag bas 4ays 3az3 2a, a; 0 0 0 ’
0 0 0 de as ag as a, a ag 0 0
0 0 0 0 6ag bas 4ay, 3as3 2a, @ 0 0
0 0 0 0 de as ay as a, a ag O
0 0 0 0 0 6ag bas 4as, 3az3 2a, a; O
0 0 0 0 0 ag as ay as a, a, dg
0 0 0 0 0 0 6ag bas 4ay, 3as 2a, a

where ag = B?, a5 = 2B(A? - B?), ay = A* —2A’B? + A2 + B* + 2B?, a3 = A® + 2A’B - AB? —
2B3, a4y =A*—APB—A*(B>-2) +AB® + B%, a; = A®> — AB?, and a( = A2.

Let Dy denote the determinant of the submatrix of Discr(f), formed by the first 2k row
and the first 2k columns, for k =1,..., m. By a straightforward calculation one can see that

D, = 6B%,

D, = 4B%(2A* - 4A’B* - 3A” + 2B* - 6B%),

D3 =-2B°(A-B)*(A + B)(8A7 — 8A°B” + 16A° - 32A*B
—8A%B* —45A3B* + 8A% + 39A%B°
+8A’B + 8AB® — 40AB* + 16AB” - 4B° + 16B°),

Dy = A’B(B-A)*(A + B)*(32A4" - 64A" B - 96A'°B* + 148A"° + 256A°B°
—436A°B + 64A%B* + 3324%B? + 264A% — 384A7B° — 9247 B?
—900A”B + 64A°B® + 324A°B* + 1,627A°B? + 212A°
+256A°B7 — 84A°B® —1,992A4°B% - 624A°B - 96A*B® — 700A*B®
+1,4024%B* + 2,008A4*B? + 64A* — 64A3B° + 6524°B” —1924°B°
-1,536A%B% + 3242B'° —104A?B® — 425A?B° + 724A’B*
~128A%B> - 40AB° + 204AB’ - 144AB° + 12B° — 64B° + 64B%),

Ds =2A*B%(B-A)*(A + B)*(4A° - 12A°B + 8A*B* + 8A" + 8A’B® - 36A°B
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—12A’B* + 47A’B” + 4A” + 4AB° — 18AB’ + 8AB - B* + 4B°)
x (4A° —16A’B* + 15A” — 23A°B + 24A°B* + 10A° B>
+7A% = 20A*B® - 77A*B - 16A°B® - A’B* + 69A°B’
~8A% + 45A°B° - 77A’B’ + 8AB + 4AB®
~24AB° + 20AB* + 8AB*> - 2B” + 10B° - 8B?),
D = A°B°(B-A)°(A + B)*(-3A* - 8A°B - 6A>B*> — 4A” + 8AB + B* - 4B%)
x (4A° —~12A°B + 8A*B* + 8A* + 8A’B® - 36A’B - 12A°B* + 47AB

+4A% + 4AB° ~ 18AB® + 8AB - B* + 4B?)".
The rest of the proof follows from Theorem 1 in [23]. O

4.1.3 The global behavior

In this section we describe the global behavior of equation (8) which has three equilibrium
points Xy, xXsw,xNg € I such that 0 = Xy < Xsw < xng Where the equilibrium points x and
xNg are locally asymptotically stable and xgyw is unstable. Further, x, <A + B for all n > 1.
One can see that all minimal period-two solutions of (8) belong to int(Qz(Esw) U Q4(Esw)).

Lemma 8 IfA + B < 2 then there exists a unique equilibrium point xo = 0 which is globally
asymptotically stable.

Proof The proof follows from Theorem 2 and the fact that x, <A + B for n > 1. O

Theorem 11 Assume that A + B > 2. Then the following holds:

(i) IfA; <0and Ajy1 > 0 for somel <i<3and As <0, A >0 then equation (8) has
three equilibrium points such that 0 = Xy < xXsw < XNg Where xg and xxg are locally
asymptotically stable and xsv is saddle point and has no period-two solution. The
global behavior of equation (8) is described by Theorem 6. For example, this
happens for A = 0.46 and B =1.98.

(i) If A; <0 forsomel <i<4and As >0, A >0 then equation (8) has three
equilibrium points such that 0 = xo < Xsw < XNg Where xo and xng are locally
asymptotically stable and xgv is repeller and one period-two solution {¢1, Y} which
is a saddle point. The global behavior of equation (8) is described by Theorem 7. For
example, this happens for A = 0.46 and B = 2.18.

(iii) If A; >0, foralll <i<5and A >0 then equation (8) has three equilibrium points
such that 0 = Xy < Xsw < XNg Where xo and xng are locally asymptotically stable and
xsw is repeller and three minimal period-two solutions {¢1, Y1}, {¢2, Y2}, and
{#3, Vr3} such that (¢1, V1) Zne (92, V2) =ne (@3, V3) where {¢1, Y1}, and {¢p3, Y3} are
saddle points and {¢p, 2} is locally asymptotically stable. The global behavior of
equation (8) is described by Theorem 8. For example, this happens for A = 0.06 and
B=2.09.

(iv) IfA=0,A5>0,A1>0, Ay >0, Az >0 then equation (8) has three equilibrium
points such that 0 = Xy < Xsw < XNg Where xo and xng are locally asymptotically
stable and xsv is repeller and two minimal period-two solutions {¢y, Y1} and
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{2, Yo} such that (¢1, Y1) Zne (P2, V2) Where either {¢1, Y1} is non-hyperbolic and
{2, Yo} is a saddle point or {¢1, Y1} is a saddle point and {¢p, >} is non-hyperbolic.
If period-two solution which is non-hyperbolic is of stable type then the global
behavior of equation (8) is described by Theorems 8 and 9. For example, this
happens for A = 0.06 and B =1.9998768381155188.

Proof (i) By assumption we have Az < 0. By Lemmas 4 and 5 the equilibrium points x,

and x\g are locally asymptotically stable. Since

(24% +24B)" — (A - BP*((A + B - 4)

=3A% + 843B + 6A%B% + 4A% - 8AB — B* + 4B? (13)

by Lemma 6, the equilibrium point xgy is a saddle point. By Lemma 7 there are no minimal
period-two solutions so the rest of the proof follows from Theorem 6.

(ii) By our assumptions we have As > 0. By Lemmas 4 and 5 the equilibrium points x
and xng are locally asymptotically stable. In view of (13) and Lemma 6 the equilibrium
point xsy is a repeller. Since the discriminant of polynomial f(x) is Dis(f) = Dg # 0 simi-
larly as in Theorem 15 of [21] one can see that all period-two solutions are hyperbolic. In
view of Lemma 2 we see that C{ UCy is a totally ordered set which is invariant under T. If
(%0,90) € C{ UCT then {T"(x9,%0)} is eventually componentwise monotone. Then there ex-
ists a minimal period-two solution {(¢1, Y1), (¥1,¢1)} € C; UCT C Q2(Esw) U Qa(Eswy) such
that T7"(xo,y0) — (¢1, Y1) as 1 — oco. By Lemma 7 there exists only one minimal period-
two solution, which implies that {¢;, v} is a saddle point. The rest of the proof follows
from Theorem 7.

(iii) Similarly as in (ii) one can see that (¢, ¥1) € Cf UCy and (¢3,¥3) € C; U C; which
are saddle points. By Corollary 1 there exists a minimal period-two solution {¢,, ¥} such
that (¢1, Y1) <ne (92, ¥2) Zne (¢3, ¥3) which is locally asymptotically stable. The rest of the
proof follows from Theorem 8.

(iv) Since Az > 0, by Lemmas 4 and 5 the equilibrium points x, and xng are locally
asymptotically stable. Since

(24% + 2AB)* — (A - B)*((A + B)> - 4)

=3A% + 84A°B + 6A’B? + 4A%> — 8AB — B* + 4B?

by Lemma 6 the equilibrium point xsy is a repeller. By Lemma 7 there exist two minimal
period-two solutions. Let g(x,y) = f(y,x) and h(x,y) = f(f(y,x), y). Then period-two curves,
that is, the curves of which the intersection is a period-two solution, are given by

Cr={®y) gy =x},  Cqi={xy):hxy) =y}
Taking derivatives of g(x,y) = x and h(x,y) = y with respect to x we get

_1-g ()

/ c oy M)
y;(x)— g},/(x’y) y@(x)

1-hy(x,y)
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One can see that

1-g(@,4)  H(p V)
g v)  1-hy(e, V)
l-eg @ _1-(a+h)+(en-hHg)
fi 1= S —hy)
o) Q- p)d-po)
CAQ-m) o fa-m)

Ve(@) - y5(9) =

where p(u) is the characteristic equation of the matrix

]Tz(qa,\y):(el fl).
g

By Lemma 7, suppose that {¢;, ¥} is a minimal period-two solution such that {¢1, {1} are
roots of multiplicity two of (12) and {¢,, ¥»} are roots of multiplicity one of (12). In view
of Lemma 7 in [24] we have y}(d)l) —y’G(¢>1) =0and y’ﬁ(qbz) —y/é(qﬁz) # 0, which implies that
{¢1, Y1} is non-hyperbolic. Since detJ7(¢2, ¥2) > 0 and trJ7 (¢, ¥2) > 0 we see that {¢o, Y2}
is hyperbolic. Since Esy is a repeller it must be so that {¢,, ¥, } is a saddle point. If {¢y, ¥}
is non-hyperbolic of the stable type then the rest of the proof follows from Theorem 9.

O

sz_
4.2 Example 2: x,,1 = Ax, + — &1

2
1 +Xp_q

In this part we apply Theorems 5-10 to describe the global dynamics of difference equation
in the title.

4.2.1 The equilibrium points
We consider the difference equation

Bx?
xn+1=Axn+1 2L, n=01,..., (14)
+x

where A, B > 0 and the initial conditions x_;, xy are non-negative. In view of the above
restriction on the initial conditions of equation (14), the equilibrium points of equation

(14) are the positive solutions of the equation

or equivalently

(A-1)x®+Bx*+(A-1)x=0. (15)
Now we have the following result.
Lemma 9 The equilibrium points of equation (14) satisfy:

(i) IfA >1o0r B —4(A —1)? < 0 then equation (14) has a unique equilibrium point
X0 = 0.



Bilgin et al. Advances in Difference Equations (2016) 2016:74 Page 21 of 25

(ii) IfA <1and B* - 4(A —1)* = O then equation (14) has two equilibrium points xy = 0,

B
XSW = 304 -
(iii) IfA <1 and B? — 4(A —1)? > O then equation (14) has three equilibrium points

B-+/B2-4(A-1)2 B+a/B2-4(A-1)2

%0 =0, %sw = —555 > and xNg = S0A)

Next, we investigate the stability of the equilibrium points of equation (14). Set

2

Bv
V) =A
flu,v) u+1+v2

and observe that f, (¢, v) > 0 and f,(,v) > 0. The next three lemmas are straightforward.

Lemma 10 Assume that A, B > 0. Then the equilibrium point x, of equation (14) is locally
asymptotically stable if A < 1, non-hyperbolic if A = 1, and a saddle point if A > 1.

Lemma 11 Assume that A < 1. If B — 4(A —1)? > 0 then the equilibrium point xxg of equa-
tion (14) is locally asymptotically stable and non-hyperbolic if B> — 4(A - 1) = 0.

Proof The proof follows from Theorem 1.1.1 in [2] and the fact that

and p,g>0,

1-A)/B-4A-1)?
l-p-q=

where p = f,,(xxE, xnE) and g = fi, (xNE, XNE)- (I
Lemma 12 Assume that A < 1. Then the equilibrium point xsy is:
(i) a saddle point if (A —1)\/B* —4(A —1)? + 2AB > 0 and B> — 4(A -1)2 > 0;

(i) a repeller if (A —1)y/B* —4(A —1)? + 2AB < and B> — 4(A —1)? > 0;
(iii) a non-hyperbolic point if B> — 4(A —1)? = 0.

Proof The proof follows from Theorem 1.1.1 in [2] and the fact that

(A-1)y/B?—4(A-1)? +24B
- : )

A-1)/B%2-4(A-1)2
1- —q:( ) ( ) and l+p-gq
B
where p = f,(xsvw, Xsw) and q = f,(xsw, Xsw). O

4.2.2 Period-two solutions
Next, we investigate the existence and stability of the positive minimal period-two solu-
tions of equation (14).

Let {¢, ¥} be a minimal period-two solution of equation (14). Then

B¢ ) By
g VAL

¢ =AY + , OFY,
which is true if and only if ¢ # ¢ and

—AY —AY ¢’ — B + ¢ + ¢ =0, (16)
—AY 9 —Adp—Byr+ Y3+ =0. 17)
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By eliminating ¥ from (16) and (17) we obtain
¢(Ap” + A+ Bp - ~1)§(9) =0,

and by eliminating ¢ from (16) and (17) we obtain
V(Ay® +A+By -y? -1)z(¥) =0,

where

() = (A+1)x° —2(A + 1)Bx® + (A + )x*(A> + B> +2) — (A* + 34 + 2)Bx’
+962(2A3 +242+ AB* + A + 1) —A(A+1)Bx + A%(A +1).

Since (A —1)x? + Bx + A —1 #0 for any x different from the equilibrium point, the minimal

period-two solutions are solutions of the equation
) =0. (18)
The proof of the following lemma is similar to the proof of Lemma 7, so we skip it.
Lemmal3 Let

A =4A° + 20A* + 8A3B? + 40A% —12A?B* + 40A? + 4AB* - 21AB” + 20A — B* + 4,

Ar=-(34%-2B+6),

Ay =—(8A7 +8A° +16A°B> - 32A*B* + 8A’B* - 45A° B
- 24A% + 39A°B* - 24A” + 8AB* - 40AB® + 16A - 4B” + 16),

Az = 64AM +192A' 4+ 2124°B% — 64A° + 12A8B% — 704A% + 264A7B* + 77247 B?
—384A7 —108A°B* +2,828A°B? + 896A° + 148A°B® + 247A°B* + 1,516 A°B?
+896A° + 8A*B® + 237A*B* - 572A*B* — 384A* + 324°B® + 60A4%B°
—363A4%B* +140A3B* - 704A3 + 32A%B® — 224A%B° + 247A*B* + 100A?B?
— 64A% — 40AB® + 240AB* — 336AB* + 192A +12B* — 648 + 64,

Ay =—(8-324% + 48A* - 32A° + 8A® —10B> - 30AB> + 57A”B*
+8A3B% + 8A*B? + 70A°B* — 7A°B? + 2B* + 26AB* —17A%B* + 8A3B*
-15A*B* - 4AB® - 4A’B®),

As =—(4A* —~16A% + 3A’B* + 24A + 2AB* - 16A - B + 4).

Then the following holds:
(a) Consider equation (18). Then all its real roots are positive numbers. Furthermore,
equation (14) has up to three minimal period-two solutions.

(b) If A; >0, foralll1 <i<5and A >0 then equation (18) has six real roots.
Consequently, equation (14) has three minimal period-two solutions.
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() If A; <0 forsomel <i<4and As >0, A >0 then equation (18) has two distinct
real roots and two pairs of conjugate imaginary roots. Consequently, equation (14)
has one minimal period-two solutions.

(d) IfA;>0foralll<i<j—land A; <O forallj<i<4forsomel <j<5and As <0,
A > 0 then equation (18) has four distinct real roots and one pair of conjugate
imaginary roots. Consequently, equation (14) has two minimal period-two solutions.

(e) If A; <0, Ay >0 for somel <i<3and As <0, A >0 then equation (18) has three
pairs of conjugate imaginary roots. Consequently, equation (14) has no minimal
period-two solution.

(f) Assume that A =0, A3 #0, As #0.

(£1) If(A1 <0, A2 >0)or(Ag <0, Az > 0) then equation (18) has no real roots and
has two distinct pairs of conjugate imaginary roots one of them is of multiplicity
one and the other one of multiplicity two. Consequently, equation (14) has no
minimal period-two solutions.

(£2) If A1 >0, Ay >0, As > 0 then equation (18) has four distinct real roots, two of
them are of multiplicity two and the other two of multiplicity one and has no
conjugate imaginary roots. Consequently, equation (14) has two minimal

period-two solutions.

4.2.3 The global behavior
In this section we describe the global behavior of equation (14). Equation (14) has three
equilibrium points Xg,xsw,*Ng € I such that 0 = Xy < Xsw < xng where the equilibrium
points Xy and Xy are locally asymptotically stable and xsw is unstable. One can see that
all minimal period two solutions of (14) belong to int(Q2(Esw) U Qa(Esw)).

Let u,,1 = Au, + B. By mathematical induction, it is easy to see that x,, < u, for n > 0 if

X0 < ug. Since

o B(1-A") A4
U, =U + — ",
n 0 1-A
and
U,=ug+nB, A=1,
we obtain u,, — % as n — o0 if A < 1. Thus, we conclude that the interval [0, % + €]

where € > 0 attracts all solutions, when A < 1.

Lemma 14 If A > 1 then there exists a unique equilibrium point xo = 0 and every solution

{x,} satisfies

lim x,, = o0.
n— 00

Proof By using the difference inequalities method [25], the proof follows from the fact

that x,, > v, for n > 0 where xg = vo and v, = Av,._; for n > 1. O

Theorem 12 Assume that A <1 and B* — 4(A —1)? > 0. Then the following holds:
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(i) IfA; <0, Ay >0 forsomel <i<3and As <0, A >0 then equation (14) has three
equilibrium point such that 0 < X < xXsw < XNg Where xo and xng are locally
asymptotically stable and xsw is a saddle point and has no period-two solution. The
global behavior of equation (14) is described by Theorem 6. For example, this
happens for A = 0.3 and B = 2.0.

(i) If A; <0 forsomel <i<4and As >0, A >0 then equation (14) has three
equilibrium points such that 0 < Xy < Xsw < XNg Where xo and xng are locally
asymptotically stable and xsv is a repeller and one period-two solution {¢1, ¥1}
which is a saddle point. The global behavior of equation (14) is described by
Theorem 7. For example, this happens for A = 0.1 and B =1.9.

(ili) If A; >0, forall1 <i<5and A > 0 then equation (14) has three equilibrium points
such that 0 < Xy < Xsw < XxNg wWhere xo and xng are locally asymptotically stable and
xsw is a repeller and three minimal period-two solutions {¢y, Y1}, {d2, 2}, and
{@3, Y3} such that (¢1, Y1) Zne (2, V2) Zne (@3, V3) where {¢1, Y1}, and {¢3,¥3} are
saddle points and {¢py, 2} is locally asymptotically stable. The global behavior of
equation (14) is described by Theorem 8. For example, this happens for A = 0.1 and
B=2.0.

(iv) If A=0and As>0and Ay >0, Ay >0, A >0 then equation (14) has three
equilibrium points such that 0 < Xy < Xsw < XNg Where xo and xng are locally
asymptotically stable and xsw is a repeller and two minimal period-two solutions
{1, ¥} and (¢, Vra} such that (p1, Y1) <ne (P2, Yr2) where either {¢y, Y1} is
non-hyperbolic and {¢o, Y2} is a saddle point or {¢p1,yn} is a saddle point and
{2, Yo} is non-hyperbolic. If a period-two solution which is non-hyperbolic is of
stable type then the global behavior of equation (14) is described by Theorems 8
and 9. For example, this happens for A = 0.1 and B =1.97282.

Remark 2 Similarly as in the previous two examples, one can see that the difference equa-
tion
Axy BxZ,

5 A,B>0,x_1,%0>0,n=0,1,...
n

Xn+l =

1+x, 1+x,

has three equilibrium points X, Xsw, Xng € [0, 00) such that 0 = Xy < Xsw < xng where the
equilibrium points x, and xg are locally asymptotically stable and xsyw is unstable and
x, <A + B for all n > 1. Further, one can see that all its minimal period two solutions
belong to int(Q2(Esw) U Qa(Esw)). It has up to three minimal period-two solutions and
the global behavior can be described by Theorem 12, where the determinants A; will have
different values which depend of the discrimination matrix.

All figures are created by Dynamica 4 [26].
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