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Abstract

In this paper we study the powers under umbral composition and degeneration for
Sheffer sequences, where we presented several applications related to Bernoulli
polynomials, Frobenius-Euler polynomials, falling factorial polynomials and Bell
polynomials and their degeneration cases.
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1 Introduction

The aim of this paper is to use umbral calculus and to study powers under umbral compo-
sition and degeneration for Sheffer sequences. Umbral calculus (see [1, 2]) has been used
in numerous problems of applied mathematics, theoretical physics, approximation theory,
and several diverse areas of mathematics. In this paper, umbral calculus is considered for
some special Sheffer polynomials (to be defined in next section) such as Bell polynomials,
Bernoulli polynomials, Frobenius-Euler polynomials, Korobov polynomials, degenerate
Bernoulli polynomials, and falling factorial polynomials.

The order O(f(¢)) of the non-zero power series f(¢) is the smallest integer k for which
the coefficient of X does not vanish. A series g(£) with O(g(¢)) = 0 is called an invertible
series and a series f(¢) with O(f(¢)) = 1 is called a delta series.

Let g(t) be an invertible series and let f(£) be a delta series. Then there exists a unique
sequence s, (x) of polynomials such that (g(£)f(£)¥s,(x)) = n!8,x, for n,k > 0 (see [2]). The
sequence s, (x) is called the Sheffer sequence for the Sheffer pair (g(¢),f(¢)), which is indi-
cated by s, (x) ~ (g(2),f(2)). It is well known that s, (x) ~ (g(¢),f(¢)) if and only if

L o _ a
T gsn(x) —

where f (¢) is the compositional inverse of f(£) determined by f (f @) = f (f(e) =t

For each nonnegative integer 1, the mth power of an invertible series g(¢) will be indi-
cated by (g(¢))"”, while the compositional powers of a delta series f(¢) will be denoted by
f™(#)=fof o---of(t). For p,(x) and g,,(x) = > ;_, qnit’, the umbral composition of g, (x)
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with p,(x), denoted by g, o p,,(x), is defined by g, 0 p,(x) = >} _o quipk(x). The main goal of
this paper is to study the powers under umbral composition and degeneration for Sheffer
sequences. Moreover, we present several applications related to Bernoulli polynomials,
Frobenius-Euler polynomials, falling factorial polynomials and Bell polynomials and their
degeneration cases (for definitions, see below). For instance, see Corollaries 3.2, 3.4, 3.6,
and 3.8.

2 Preliminaries: powers under umbral composition and degeneration for
Sheffer sequences

We start by stating the following theorem, which is given as Theorem 3.5.5 in Roman’s

book [2].

Theorem 2.1 The set of Sheffer sequences is a group under operation of umbral composi-

tion. If sy(x) ~ (g(£),f(t)) and ry(x) ~ (h(£),£(2)), then ry(x) o su(x) ~ (EO)A(f(2)), £(f (1))

The identity under umbral composition is x" ~ (1,t), and the inverse of the sequence

$u(x) ~ (g(£),f (2)) is the Sheffer sequence for (g(f(£))™,f(£)).

As a corollary, we see that, if s,,(x) ~ (g(£),f(¢)) and r,(x) ~ (1, £(2)), then the generating
function for r, os,(x) is obtained from that for s, (x) by substituting £(¢) for £. As r,, 05, (x) ~
(g(®),£(f(2))), and the compositional inverse of £(f(t)) is]_’(f(t)),

g(FE®)) " e O =3 "y, 0 Sn(x)— 6))

n>0

From the definition of umbral composition, we see that the mth power under umbral com-

position of r,(x) ~ (h(t), £(t)) is given by

m-1
ri (x) ~ (1‘[ h(wt)),e'”(t)), (2)

i=1

for m € Z.y. In particular, for the Appel sequence r,(x) ~ (k(¢),t), we have rf,m)(x) ~
((h())™, £); for the associated sequence r,,(x) ~ (L, £(£)), we have r"™ (x) ~ (1, £(t)).
For n > 0, we write r,(x) = Y ;_, P = Zk;o r.xx5, where we agree that r; ; =0 for all

i <j.In general, we write
”‘)(x) = Zr kx = Zr kx ,
k>0

for all m € Z.¢. Then we see that

n

rnk = E TnyVey, s V1 ko m = 2’ (3)
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(from now on, the sum in (3) is understood as r,; for m = 1). From (2), the generating
function for o (x) is given by

Zr;m)(x)i =— 1, = et = —_——— 1_ — U
=0 nt [TEy heiem(z)) [T:Z A(em=i(z))

Let R = Ry),¢() be the lower triangular matrix of infinite size where rows and columns
are indexed by nonnegative integers and the nth row consists of the coefficients of r,(x),
namely 7,0, ...,%11,0,0,.... Then, as was noted in [3], from (3) we see that rEZ',’() is the (n, k)-
entry of R™.

Let r,,(x) = Y p_o Tuxx* ~ (h(t), £). Thus, by (2), we have

n

r) =Y rOak ~ ((n(e))", t).

k=0

Observe here that the notation " (x) for the mth power of r,,(x) under umbral composi-
tion agrees with that for mth order polynomial of r,,(x).

Now let us give two examples. At first, let o > 0. Let us first consider the Bernoulli poly-
nomials BY (x) of order « (see [4]). So, if

== 3 (e~ ((557) )
k=0

then
(m) (o) ¢ n (am) _k et_l o
r,(x) = By, (x):z X B~ x" ~ — ,t).
k=0

Thus, from (3), we get the following result.
Theorem 2.2 Foralln> k>0 and o,m € Z.,

n
n\ pam) n\ (b Cn1\ ple) pl@ @
(k)Bn_k = Z (£1)<£2)...( f B, B, B .
0yeelip1=0

.....

As a second example, let us take the Frobenius-Euler polynomials Hﬁ,a)(xlk) of order «,
1+# X eC (see [5-7]). So, if

ru(x) = HO(x]|A) = Z <Z>ka)(k)xk ~ <(elt__;>at)

k=0

then

é am g - A o
- (- (52))

k=0

Thus, again from (3), we obtain the following result.
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Theorem 2.3 Foralln> k>0 and a,m € Z.y,

n (am) _ é n Zl Em—l ()
() e () @) (5 Yot o

....... 1

3 Powers under umbral composition applied to associated sequences
In this section, we study the powers under umbral composition applied to associ-
ated sequences. Throughout this section, let r,(x) = > ;_, Fuxx® ~ (1,£(2)) and rﬁ,m)(x) =

i FuRa ~ (L),
3.1 Generalized falling factorial polynomials

As a first interesting case, let us consider the generalized falling factorial polynomials
@A) =x(x—=A)---(x—(m=1)A), for n > 1, and (x|A)g =1 (see [4]). So

rn(x) = (x[A), = aniksl(nr k)xk ~ (l’f(t))

k=0

with f(¢) = % Then, by (3), we obtain

n
P = ST S, )RS (€, £) - KRS (G, )

£1,eliy—1=0
=k Z S1(m, €1)81(€1, £2) - - - S1 (€1, ). @
€10l p—1=0

To proceed, we recall the transfer formula (see [2]): for p,(x) ~ (1,f(¢)) and g, (x) ~ (1, £(¢)),
we have q,,(x) = x(f (£)/£(£))"x p,(x), for all n > 1. As x”" ~ (1, £), we have, for n > 1,

Thus, for n > 1,0 < m < n—1, we observe that

(F®) "3 () = (F(0)" (e () "5 = (elf ()" """,

Therefore,

n-1-m

(f(t))mx_l"n(x) = Z wAEBE”*m)xn—l—K—m'

£!
£=0
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Now, we get, for 1> 1, r2 (x) = x(f (£) /f2(£))"x" r,(x), which gives

n-1
kz K1
D(x)=x> B k,(f(t) ()
ko=0
n-1 n-1- k2< n—1
Z - }“kl +kZB(n)B(n*k2)le—k1—k2
ky “ky
k=0 k1=0 /(1,/(2,}1 1- /(1 k2)

n n— 1 ) _k (nk >> .
- Z A Bk B 1) ok 5
k=1 <k1+k2n—k (kl; ky, k-1 2

By induction on m, we obtain the following result.

Theorem 3.1 Forall m,n>1,

n m
(m) - E n-1 n—-k (”’Zﬁjﬂ k) \
)= ( 2 (kl,...,/<m,k—1>k EBk, e

k=1 \ky+-+ky=n-k

Note that by combining the two expressions (see (4) and Theorem 3.1) for r,(qm) (x), we
obtain the same result as obtained in [8], Theorem 4:

Corollary 3.2 Foralll<k<nandm=>1,

n

D Sim)Si(t, €) - Si(lr, k)

n-1 (1) pli—kn) _ pln—km——ka)
= Z (kl,“',km’k_l)BkmBkml By

ky+--+km=n—k
Note that for m =1, the above corollary reduces to S;(n, k) = (" l)Bgl)k.

3.2 Degenerate Bell polynomials

Now, let us take the assoc1ated sequence r,(x) to f(t) = 1” 1 g ra(x) = Y p_oSa(n,
k|n)xk ~ (1,f(¢)) and r (x) = o n”;()xk ~ (1,f™(¢)). Here, Sz(n,kM) are the degener-
ate Stirling numbers of the second kind obtained by %((1 + ARV — 1)k = 2ok Sa(m k[2) tn—”,
(see [9]). Indeed, as f(£) = (1 + At)"* — 1, we get

A 1/2 g xk
_x(@eaplrony _ Ur _
E r,,(x)—n‘ =e = E ((1 + AL) 1) 7l

n=0 ! k>0

= Z (Xn: So(n, /(Ik)xk> Z—y:

n>0 \ k=0

Thus, r,(®) = Y ;_, Sy(n,k|A)xk. As A — 0, r,(x) tends to the Bell polynomial Bel,(x) =
Y koo S2(m, k)x*. Hence they may be called the degenerate Bell polynomials. From (3), we
obtain

n

T =Y S 01yl £a12) - Sa(Ey, KIA). 6)
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On the other hand, from the transfer formula, we get, for n > 1, r,(x) = x(At/((1 + £)* —
1)) x %

Recall that the Korobov polynomials K, (X, x) of order r (see [10]) are given by generat-
ing function (A/((1+)* = 1)) (1 +8)" = 3,0 Kuin (2, x)‘ For x = 0, K, (1) = Ky, (%, 0)
are called the Korobov numbers of order r. Note that K, (%, x) should be distinguished
from K, ,(,') (A,x), which denotes the rth power under umbral composition of K;,(X, x). Thus,

n

£k n-1
ra(x) =x Z[(k,(,,)()») Ex"_l = Z (k B 1)[(,,_/(,(,,)()\,)961(.
’ k=1

k>0

To proceed further, we observe the following: for 0 <m <n -1,

S@ % () = £ @) (e () """ = (elf ()" "¢
= (= 1) (At/((L+ ) = 1)) a1

£
= (l’l - l)m ZI(Z,(n—m)()‘-) Exn o

£>0

n-1-m }1 1
Z+m1<[ L(n—m) ()\)xn == -,

£=0

Thus, by induction on m and (3), we can state the following formula.

Theorem 3.3 Forall m,n>1,

(m) _ - n-1 " k
ry ) = Z( Z (kb ek k — 1) E[Kkmn-z?:,-ﬂ ki)(}"))x .

k=1 \ki+-+ky=n-k

Combining the two expressions for rﬁ,m)(x) (see (6) and Theorem 3.3), we obtain the

following corollary.

Corollary 3.4 Foralll<k<nandm=>1,

n

> Sa(m ta|A)S2(Er, 214) -+ Sa(mor, KI)

£150li-1=0
= E K n-sm. ki (A)-
— )’ i=j+1 "1
e (kl,...,km,k iy )

Note that the above corollary with m1 = 1 shows that S, (1, £1|1) = (Z:})K,,,k,(,,)()n).

3.3 Degenerate falling factorial polynomials

As for third example, let us consider the associated sequence r,(x) to f(£) = (1 + A
1. So, ru(x) = Yo Silm kIR)xk ~ (L) and r”(x) = 5o rWak ~ (Lf™(1)). Here,
S1(n, k|)) are the degenerate Stirling numbers of the first kind (see [4, 9]) given by %((1 +
£ —1)k/ak = an & S1(m, k|A) tn—n, r»(x) may be called the degenerate falling factorial polyno-

)1/A _

mials, since, as A — 0, r,,(x) tends to the falling factorial polynomial (x),, = >";_, S1(n, k)ak.
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From (3), we obtain

n

A=Y S GINSIE, 10 S (G, K1), )
€1, ly—1=0

We recall that the degenerate Bernoulli polynomials 8, (A, %) of order r are defined by

the generating function

r X, t”
EI(A+ A 1) @+ 2y =) B (o 2)—.

n>0

For x = 0, B,(n(X) = Bu)(A,0) are called the degenerate Bernoulli numbers of order r.
Here, B, (A, x) should not be confused with ;3,(,’) (A,x), which denotes the rth power under

umbral composition of 8,(A,x). So, by these definitions, for n > 1, we have

n

t
T )

k=0
"\ (n-1
)] [ IR
-1
k=1

ru(x) =x

Thus, for 0 < m < n -1, we have

FO" 5 r(x) = (L)

tn—m

(L + Ap)/e — 1y

n-l-m

= (n_l)m

n-1-m }’1 1
¢+”l n_m)()\)xn—l—ﬂ—m'

£=0

By using similar arguments to (5), we obtain

D) = x(F ) [f2(8) "% ralx)

n n—
) Bra(n ()‘),Bkl,(nkz)()»))xk
; (/Q/QX:;,_,( (/(1, ko, k — 1)

Hence, by induction on 1, we derive the following result.

Theorem 3.5 Forall m,n>1,

. n n— 1 m
1) = Z( Z (kl ko k — 1) H’Bk/'(”*zfﬁm kz‘)()‘))xk‘
P n» j:l

k=1 \ky+---+kpm=n—k

Combining the two expressions for rS,m)(x) (see (7) and Theorem 3.5), we obtain the

following corollary.
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Corollary 3.6 Foralll <k <nandm=>1,

n

D Sim bW)Si(ty, €a]R) -+ Sy (€, k(D)
€150 ly—1=0

= Z (kl’ k k 1) Hﬂkl z /+1 )

ky+--+kyy=n—k
Note that the above corollary with m = 1 shows that S;(n, k|A) = (Zj) Bric o) (X).

3.4 Generalized Bell polynomials

One more example is Bell polynomials, also called the exponential polynomials, which
are given by the generating function eHe-1 = > =0 Belu( )n—", (see [4]). Let r,(x) =
A'Bel,(x/A) = Y }_o M"7KS, (n, K)x* ~ (1,£(¢)) with f(¢) = ilog(l + At). Thus, f(£) = &;__1’
which implies

t" x(
Zr,,(x); er @) ZA”Bel x/k)—

>0 n>0
- n-k k ¢
= Z(ZA Sa(n, k) )—
P
n>0 \ k=0
Thus, from (3), we get
S S0, 0)80(00,62) - Sa(Enr, K. ®
€10l i—1=0

To proceed we recall that the Bernoulli polynomials of the second kind b, (x) of order r
are given by the generating function

(t/ log(1 + t) "1+ 2)* Z by (x

n>0

(see [4]). For x = 0, by,(y) = by, (0) are the Bernoulli numbers of the second kind of order r.
Here, b, (x) should be distinguished from bﬁ,r)(x), which denotes the rth power under
umbral composition of b,,(x). So, for n > 1,

At "o ARk
W) =% ———— ) ¥ = bim ——x"
ra() x(log(1+kt)) * xZ k0D T

n

For 0 <m < n -1, we observe that

n-1-m
n=m_ m n- n=1Derm n—1-C-m
SO () = (2lf @) = Y %A‘me_mx ot
=0 ’

Thus, by induction on m (similar to Theorem 3.1), one can obtain the following formula.



Kim et al. Advances in Difference Equations (2016) 2016:66

Theorem 3.7 Forall m,n > 1,

r;m«x):z( > (T l)nk )

k=1 \ki+-+ky=n-k

Combining the two expressions for rg,m)(x) (see (8) and Theorem 3.7), we obtain the

following corollary.

Corollary 3.8 Foralll<k<nandm=>1,

n

D S0n0)S(t, ) Sa(l, K)

£1,elyy—1=0
n-1 )ﬁ
- > by -5, k)
—_ )’ i=j+1 "
P ki,... .k k=1 i j

Note that the above corollary with m = 1 shows that Sy(n, k) = ( )b,, k()

4 Degenerations of Sheffer sequences
Let s,(x) ~ (g(t),f(£)) and r,(x) ~ (1,£(2)). Then g(f(t))1e¥® = D=0 s,,(x)%. In view of
Theorem 2.1 and (1), we have

n

- - 1 Fm t
g(f(ﬂm(t))) L (@) _ ZrLM) OSn(x)E-

n>0

In other words, the generating function for ram

o s,(x) is obtained from that of s,(x) by
replacing ¢ by 2(8) exactly m times. In particular, for £(¢) = %(eM —1) (resp. £(¢) = % log(1 +
L)), rﬁ,m) o s,(x) will be called the mth degeneration of s,(x) by 2(8) = %10g(1 + At) (resp.
£(t) = %(e“ -1)).

The research in this section was motivated by the following example (see [8]) b,(x) ~
(t/(e' = 1),et —1) = (g(¢),f(#)) and 7, (x) = (x|A), ~ (1, (¥ = 1)/A) = (1,£(2)). Note here that
b, (x) is the Bernoulli polynomial of the second kind whose generating function is given
by

———(1+t)*=) b, (x)—. )

n>0

log(l t)

From this consideration, we see that the generating function of r,(qm) o b,(x), the mth de-
generation of b,(x) by £(¢) = % log(1 + Af), is obtained from b,(x) in (9) by replacing ¢ by
% log(1 + At) exactly m times. The polynomial rﬁ,m) o b,(x) is denoted by cf;")’\) (x) in [8] and
is given by

oy (x) = Zx"—k( Y S 0)Si (6, 6) -sl(em_l,k)> bi(x).
£

k=0

This agrees with the result in [8].

Page 9 of 11
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In general, the mth degeneration of s,,(x) ~ (g(t),f(t)) by £(¢) = % log(1 + At) is given by

n

" 0 5,(x) = Z)»nfk Z S1(n,£1)S1(£1,£2) - - - S1(€m1, k) | sic(x),
k=0

L1erli—1=0

where r,(x) ~ (1, (e* = 1)/A) = (1, £(2)).
Also, the mth degeneration of s,,(x) ~ (g(t),f(t)) by £(¢) = %(e“ —1) is given by

" 0 5,(x) = Z)»nfk Z Sa(1,£1)S2(£1,€3) - - - S2 (€11, k) | sk (x),
k=0

L1erlin—1=0

where r,(x) ~ (1,log(1 + A£)/A) = (1, £(¢)). On the other hand,

n n

MM os, @)=Y | Y San ISy (€, €alh) - Sa(Cr, KI2) i)

k=0 \l1,..l;—1=0

are polynomials whose generating function is obtained from that of s, (x) ~ (g(¢),f(¢)) by
replacing t by £(£) = (1+A)"/* —1 exactly m times (here r,,(x) ~ (1, £(2)) = (1, (A +£)* —1)/1)).
In addition,

n n

rMos, )=y | Y SimalnSi (b, ealh) - Si (b, k1A Jsil)

k=0 \l1,..lp_1=0

are the polynomials whose generating function is obtained from that of s, (x) ~ (g(¢),f(¢))
by replacing ¢ by £(¢) = ((1+t)* —1)/A exactly m times (here r,(x) ~ (1, £(¢)) = (L, (1 + At)* —
1)).
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