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1 Introduction

In recent years, many mathematical models such as SIR model [1-3], SEIR model [4, 5],
SEIRS model [6] and some other models [7-10] have been proposed to predict propaga-
tion of computer viruses. All the computer virus models above neglect delays in the virus
spreading process. As is well known, delays have an important effect on dynamical models
and they can cause the occurrence of the Hopf bifurcation. Therefore, it is reasonable to
investigate dynamics of the dynamical systems with time delay. In [11], Zhang and Yang

studied the following SEIRS worm propagation model with time delay:

B — p— BI(£)S(¢) - pbE(t) — qbI(t) — dS(¢) + (R(t — T),
O _ BI(t)S(t) + pbE(t) + qbI(¢t) — eE(t) - dE(2),

G = eE(@0) = y1(t - 1) - dI(6) - nl(2),

RO~ yI(t - 7) - dR(t) - ¢R(t - T),

where S(£), E(t), I(t), and R(t) denote numbers of nodes at time ¢ in states susceptible,
exposed, infectious, and recovered, respectively. For the specific meanings of b, d, p, q, B,
&, ¥, ¢, and n, one can refer to [11]. 7 is the period to clean the worms in one node for the
antivirus software and the temporary immunity period of the recovered nodes. It should
be pointed out that Zhang and Yang assumed that the period to clean the worms in one
node for the antivirus software and the temporary immunity period of the recovered nodes
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are the same [11] for convenience of analysis. In addition, Zhang and Yang neglected the
latent period of worms. Based on this and motivated by the work about dynamics of the
dynamical system with two or multiple delays in [12—-18], we incorporate the time delay
due to the latent period of worms in system (1) and obtain the following system with two

delays:

dfz—y) = BI()S(¢) + pbE(t) + qbI(¢) — ¢E(t — T5) — dE(2),
AU = eE(t - 5) — yI(t - 71) - dI(t) - n1(t),
% =yI(t—11) —dR(t) - (R(t - 1),

(2)

where 7; has the same meaning as that of 7 in system (1) and 7, is the time delay due to
the latent period of worms.

The structure of this paper is as follows. Local stability of the positive equilibrium and
existence of the Hopf bifurcation are analyzed in Section 2. The direction and the stability
of the Hopf bifurcation when 7; € (0, 739) and 1, > 0 are determined by means of the nor-
mal form theory and center manifold theorem in Section 3. Some numerical simulations
are carried out in order to demonstrate the theoretical analysis in Section 4. Conclusions

and discussions are also included in the last section.

2 Local stability and local Hopf bifurcation

According to the analysis in [11], we know that if

_ bBe +bdge + bdp(d +y +n)

- 1
Ro dd+e)d+y+n)

and
d+e)d+y+n)>pbld+y+n)+qgbe

system (2) has a unique positive equilibrium D, (S, Ex, I, R.), with

S - d+e)d+y+n)—pbd+y+n)-qbe
* = ,38 )
_(d+¢)[bBe +d(pb(d +y +n) + gbe — (d + &)(d + y +1))]

I, ,
Bd+e)d+¢)d+y+n)-Bye
E*:d+y+ﬂ1*, R, = 14 L.
& d+¢

The Jacobian matrix of system (2) at D, is

»y
A —oqp -0 —a13 —Bue™"m
A
oy =| T A=y = yne " —Q3 0
*x) = —}\. —)\. ’
0 —y3e" " A — a3z — Pze™ M 0

0 0 —,3436_)Jl A —Qgq — ,344€_kr1
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where
an =—(d + BL), oy = —pb,

ax =pb—d, a3 = qb + BS,,

Pu=1¢, Bz =-v, Bz =7V,

Then we can obtain the characteristic equation of system (2)

)\,4 +A3)\,3 +A2)\.2 +A1)\ +A()
+ (B3A® + BoA> + BiA + By)e

+ (C2A2 +Ch+ Co)e‘n”

+(D32® + DyA? + DA + Dg)e M+

+(E2A* + By + Eg)e ™™™ + (Fid + Fo)e 1™ = 0,

where

Ap = agzaas(anan — ap01) + 0320044 (0130001 — A11@23),
Aq = (o33 + @aa) (02021 — @22) + 230032 (011 + lag)

— azzaaalon + 02) — 013001030,

13 = _(qb + IBS*)r

asz =—(d +n),

an = Bl,

Qaq = —d,

Y22 = —¢&, V32 = €.

Ag = (o1 + a2) (033 + 0ag) + 01102 + 0330044 — 023032 — 12001,

Az = (o1 + 022 + o433 + Aaa),

By = (011092 — @120021) (033 Baa + 0144 B33) + (130021 — ct110023) 032 Baa,

By = (B33 + Paa) (01201 — nita2) + 230032 aa

— (o1 + ag2) (33 Baa + 0144 B33),

By = (o1 + 0022) (B33 + Paa) + @33 Bas + daafss,

B3 = —(B33 + Paa), Co = 110022 B33 Baa — 0210032 Bra Pas,
C1 = —B33faalom + a2), G, = B33 Pass

Do = anias3ya(eas + Paa) + a1 (@aa Pz vz — @23 Baaya),

D1 = a93Baays2 — Bazyao(on + dtaa) — Paayaa (o + oi33)

— o033 + 0taa) — 033044,

Dy = (01 + 0rpp + 033 + Qaa) Y22,

Eo = asaayso(izoor — 0110623), E = a3yl + 0taa) — 0130021 Y32,

E; = —ap3y3, Fo = a11833Baa Yo — a211aBaz V32,

Case 1l 1) = 7 = 0. Equation (3) becomes

)\,4 +A13)\,3 +A12)\,2 +A11)» +A1() = O,

Fy = —B33Baayor.
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where

AIO :A() +B()+C() +D() +Eo +F0, Au :A1+BI+C1+D1 +E1+F1,

A12:A2+BZ+C2+D2+E2, A13=A3+33+D3.

According to Routh-Hurwitz criterion, if the condition (H;) equations (5)-(8) hold, D,
is locally asymptotically stable when 7; = 7, = 0. We have

D;=A;3>0, (5)
A 1
Dy=det| " >0, (6)
An Ap
Aiz 1 0
D3 =det An Ap Az | >0, (7)
0 Ap An

D, = det >0. (8)

0 0 0 Ajp
Case 2 11 >0, 75 = 0. Equation (3) becomes
)\.4 + A23)\‘3 + Azz)\.z + Agl)\. + A20
+ (Bzg)\?’ + Bzz)\.z + 321)\ + Bz())ei}‘rl
+ (ng)uz + Cgl)n + CSO)E_ZATI =0, (9)

where

Azo = Ag + Eo, Ay =A1+Ey, A=Ay + Ey, Ajz = A3,
By =By + Dy, By =By + Do, By, =By + Do, By3 = B3 + D3,
Cyo = Co + Fo, Cu=C+H, Cy =G,

Multiplying by '™, equation (9) becomes
Bzg)\‘g + Bzz)n2 + Bm)u + 320
+ ()\.4 +A23)\.3 +A22)»2 +A21)\, +A20)6At1
+ (ng)uz + C21)» + Czo)e—)ﬂc1 =0. (10)

Let A = iw; (w1 > 0) be a root of equation (10). Then we have

(@f = (Agz + Cp)w} + Az + Cao) cos i — ((Aa1 — Car)wn — Az sinTian
= Bza)% - Bo,
(@ = (Azy — C)@? + Az — Coo) sin Ty + (A1 + Cor)wr — A3 3) cos Ty

= Bga)i)’ - Bla)l.
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Then we can get

7 5 3
g7y + S0 + 3wy + i

sin Ty = ’
3 6 4 2
w7 + hew? + hawi + hawi + ho
6 4 2
Zowy +&awy + L2071 + Lo

COS Ty = 3 5 7 3 )

w; + h6a)1 + ]’14(1)1 + hza)l + h()

where

80 = Bao(Cao — Ago), &1 = (A1 + Cy1)Bao — (Ao + Co0)Ba,

& = (A — C2)Bao + (Ao — Co0)Baa + (Co1 — A21)Bay,

83 = (A20 + Ca0)Baz — (A1 + Co1)Baa + (A2a + Ca2)Ba1 — A3 Bao,

81 = (A1 — Co1)Bas — (A2z — Cp2)Bya + A3 By1 — By,

85 = A23Bay — By — (A + C2)Bas, 86 = By — A3Bs3, &7 = Bas,
ho=A3)—C3y  hy=A} — Cy —2A50A0 +2CyCo,

ha=A3, — Cyy + 2400 —2A0Ass,  he =A% —2A.

Then one can obtain

wiﬁ + 6270)}4 + e26w}2 + e25a)}° + ez4wf + 6236()16 + ezzwf + ema)f +ey =0, (11)

where

ex=h2—-g2  exn =2hohy -2 g7

ex = M3 + 2hohy — g5 — 29084 — 28183,

€3 = 2hohe + 2haha — g5 — 28086 — 26185 — 28284,
exs = M3 — @2 + 2ho + 2hah — 28385 — 26187 — 28286,
exs = 20y + 2hahg — g7 — 2937 — 28486

2 2 2
€26 = h6 -4t 2]’14 - 2g5g7, ey7 = 2h6 -4
Let w? = vy, then equation (11) becomes
3 7 6 5 4 3 2
V] + ex7V) + exeVy + €as5V; + eaaV] + ex3V; + ey + envy + ey = 0. (12)

Next, we make the following assumption.
(Hp1) Equation (12) has at least one positive root.

If the condition (Hy;) holds, there exists a positive root v;y > 0 of equation (12) such that
equation (10) has a pair of purely imaginary roots +iw = +i,/vy9. Then we can get the
corresponding critical value of 7; at which a Hopf bifurcation occurs:

1 G6Wio + 840y + LT + Lo

Tiop = —— arccos 3 7 3 7 7 7 5 7 .
w10 Wiy T Newyy + 1ywiy + Nawyg + o
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Differentiating the two sides of equation (10) with respect to 7, we get

dr ™
dl’l
_ 3323)\2 + 2322)\, + le + (2C22)\, + C21)67At1 + (4-)\3 + 3A23)\.2 + 2A22)» +1“21)€)“‘[1
- (C22)\.3 + CyA2 + Czo)n)e_)“tl - (}\.5 +A23A.4 + AgA3 + Ay A2 +A20)x)€)“r1
3!

e

Define

Re[ﬁ:r _ PorQar + P21Qop
dTl T1=T10 Q%R + Q%I

Obviously, if the condition (Haz) PorQar + P2;Qos # 0 holds, then Re[;f—;];llzr1 o # 0. There-
fore, according to the analysis above and the Hopf bifurcation theorem in [19], we have the

following.
Theorem 1 Suppose that the conditions (Ha1)-(Hay) hold. The positive equilibrium
D, (S, Ex, L, Ry) is locally asymptotically stable for 7, € [0, T1o) and system (2) undergoes a
Hopf bifurcation at the positive equilibrium D, (S, Ex, I, R,) when 71 = ty0.
Case 3 11 =0, 7o > 0. Equation (3) becomes

)\,4 +A33)»3 +A32)&2 +A31)» +A30 + (Dgg)\g + Dgz)xz + Dgl)n + l);;())e_)w2 =0, (13)

where

A30 =A0+B()+C0, Agl =A1 +Bl+C1, A32 =A2 +BQ+C2,
Aszz = Az + B3,

D3g =Dy + Ey + Fo, D3 =D + Ey + F, D3y =Dy + Ey, D33 = Ds.
Let A = iwy (wy > 0) be a root of equation (13). Then we get

3\ 2 2 4
(D313 — D33ws) sin Towy + (D30 — D3aw3) €Os Tawy = Azawi — wy — Az,

(D31w2 — D3303) €08 Tyws — (D30 — D323) sin Tyws = Aszw3 — Az s,
which leads to
a)g + egga)g + (3326()3L + egla)g +e30 = 0, (14)
where

es0 = A3, — D3, es1 = A3, — D3, — 2A30A3 + 2D30 D3,

esy = A3, — D3y — 2A31A33 + 2A30 + 2D3, D33, e33 = A3; — D3y — 2A3,.



Wang and Chai Advances in Difference Equations (2016) 2016:100

Page 7 of 19

The discussion of the distribution of the roots of equation (14) is similar to that in [20].

Thus, we make the following assumption.

(Hs;) Equation (14) has at least one positive root.

If the condition (Hs;) holds, then there exists wy¢ > 0 such that equation (13) has a pair

of purely imaginary roots £iwyg. For wyg, we have

1
Tyg = — arccos(((Dglwzo —Dagwgo) X (A33w30 —A31w20) + (DSO —D32‘U%O)

w70

X (Agza)go — a)go —A30))/((D31(u20 — Dgga)go)z + (D30 —Dgza)%o)z)),

Differentiating the two sides of equation (13) with respect to t,, we get

A 403+ 34502 + 2430 + Ay
dl'z - )\()\.4’ +A33)\.3 +A32)\2 + Az A +A30)

2D33)\2 + 2D32)\ + D31 Ty

+ - .
}\.(Dgg)ng + D32)\.2 + Dgl)\. + Dgo) A

Further, we get

o[ £ ] i)

dry  (D31wa0 — D33iy)? + (D3g — Dypawdy)?’

2=120

where f,(v2) = V3 + e33v3 + e32V3 + e31v2 + €30 and vy = 0y, Vo, = 0.

Obviously, if the condition (Hsy) f; (v2.) # 0 holds, then Re[;%]’l # 0. Therefore, we

=720
have the following.

Theorem 2 Suppose that the conditions (Hs1)-(Hsp) hold. The positive equilibrium

D, (S, Ex, L, R,) is locally asymptotically stable for T, € [0, Ta9) and system (2) undergoes a

Hopf bifurcation at the positive equilibrium D, (S, Ey, Ly, R,) when 7, = Ty9.
Case 4 7 = 17 = 7 > 0. Equation (3) becomes

)\,4 + A43)\.3 + A42)\2 + A41)» + A40
+ (B43)L3 + B42)\2 + B41)\ + B4o)e_“

+ (C43}\3 + C42)\2 + Czu)\. + C40)€_2)LT + (qu)\. + F40)e_3” =0,
where

Ao = Ay, Ay =Ay, Ay = Ay, Az = A3,
Byo =By + Ey, By =By + £, By =By + Ey,
Bys = B3, Cyo = Co + Dy, Cyu=C +Dy,

Cao = Cy + Dy, Cu3 =Ds, Fyo = Fo, Fy =F.

(15)
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Multiplying by €*7, equation (15) becomes

B43)\.3 + B42)\,2 + B41)\ + B40
+ ()\.4 +A43)\.3 +A42)\‘2 +A41)\‘ -"144())6)Lr
+ (C43}\3 + C4,2)\2 + Czu)n + C4,0)€_)J

+ (F41)L + F40)€_2M' =0. (16)
Let A = iw (@ > 0) be the root of equation (16), then

Gy (w)cosTw — Gyo(w) sintw + Gy3(w) = Fiwsin2tw + Fy cos 2t w,

Gus(w)sinTw + Gus(w) cos Tw + Gue(w) = Fiwcos2tw — Fy sin2tw,
where

Ga () = 0" — (Agz + Ca2)®* + Asg + Cao,
Gaa(w) = (Agg — Car)w — (Agz - C43)w3,
Gu3(w) = By — Bpw?,

Gus(w) = 0* = (Agr — Cip)w” + Ago — Cao,
Gas(®) = (Ag + Ca)w — (Agz + Caz)e’,

Gu6(®) = Buw — Byso’.
Thus, we have

(Gar(@)cos Tw — Gaa(w) sinTw + Gaz (a)))2
+ (G44(a)) sintw + Gas(w)costw + G46(w))2 = Flza)2 + Fg. 17)
Similar to the analysis in [21], we can obtain the expression of cos T from equation (17)

when sin T = +/1 - cos? Tw and we denote f3; (w) = cos Tw and fi(w) = sin Tw. Thus, we
have the following equation with respect to w:

fi(w) +fh(w) =1. (18)

Next, we assume the following.
(Ha41) Equation (18) has at least one positive root.

If the condition (Hy;) holds, then equation (18) has one root wy, > 0 such that equation
(16) has a pair of purely imaginary roots iwy,. For g, > 0, we have

Tox = arccos fu1 (wos)-

Wox

Similarly, we can obtain the expression of cosTw from equation (17) when sintw =
—+/1 - cos? tw and we denote fi3(w) = cos Tw and fi4(w) = sin Tw. Thus, we have the equa-
tion with respect to w:

Page 8 of 19
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fi5(@) + fy(@) = 1. (19)

If equation (19) has one positive root wy such that equation (16) has a pair of purely
imaginary roots tiwj, then we can obtain the corresponding critical value of the delay

1
15 = —- arccos faz (wyp).
@

Let 79 = min{zo,, 75} and let equation (16) have a pair of purely imaginary roots %iw,
when 7 = 79. Taking the derivative with respect to t on both sides of equation (16), we get

E - 3

[d)\]‘l__m(x) T
T A

where

P4()\.) = 3343)\.2 + 2342)\. + B41 + (4)\3 + 3A43)\.2 + 2A42)\. +A41)€)Lr
+ (3C43}\2 + 2C42)\ + C41)€7)LT + F41€72)LT,
Q4()\,) = )\(C43)\3 + C42)»2 + C41)\, + C40)€7M’ + 2)»(1341)\. + F4())

- )»()\,4 + A4,3)\3 + A42)\2 + A4,1)» + A40)e“.
Define

Re[d—)\:|_l _ PyrQur + PasQu
dt T=T0 QiR + Qil

Obviously, if the condition (Haz) ParQar + ParQas # 0 holds, then Re[% #0. There-
fore, we have the following results according to the Hopf bifurcation theorem in [19].

-1
]r:ro

Theorem 3 Suppose that the conditions (Hy1)-(Hgp) hold. The positive equilibrium
D, (Ss, Ex, I, Ry) is locally asymptotically stable for t € [0,t) and system (2) undergoes
a Hopf bifurcation at the positive equilibrium D,(S, Es, L, R.) when © = 1.

Case 5 11 € (0,199), T2 > 0. In this case, we choose 1, as a bifurcation parameter with
71 € (0,710). Let A = iws, be the root of equation (3), then

Gs1(was+) 8iN Towos + Goa(way) COS Toxwoy = Ha1(wos),

Gs1(w2+) €08 To o, — Ga1(w2y) SIN To oy, = Hio(woy),
where

3 2\
G51(w2*) = Elwz* + (D1w2* — Dga)z*) COS 1wy — (Do - Dza)z*) SIN T1 W2
+ Fywoy COS 2T w1y — Fo SIN 2Ty w1y,
Gsa(was) = Eg — Esw?, + (Diwas — Dsw3, ) si Dy — Dyw?
52\W24) = Lo 2wy, t (D12 3y, ) SIN T1W2, + (Lo 25, ) COS T1 W2

+ Fiwos SIN 2T was + Fo COS 271 w04,
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2 4 3 : 2
H51 ((,()2*) = Azwz* — Wy, —Ao — (Blwz* — ngz*) SIN Ty Wy — (B() — Bzwz*) COS T1 W9«
— Cla)z* sin 2'[1(,()2* - (C() — Cza)g*) Ccos 2‘[1(,()2*,
3 3 2 :
Hsy(was) = A5 — Aoy — (Bla)z* - ngZ*) COS T{(Woy + (Bo - Bsz*) Sin Ty wox

- Cl(,()z* Cos 21’16{)2* + (C() - Cz(,()%*) sin 2‘[1(1)2*.
Thus, we can obtain the following equation with respect to w:
G2, (@2) + Gy (@22) = HE (02) + Hy (@34). (20)

Similar to the discussion above, we make the following assumption.
(Hs1) Equation (20) has at least one positive root.

If the condition (Hs;) holds, then there exists w} > 0 satisfying equation (20) and equa-
tion (3) has a pair of purely imaginary roots +iwj. For w}, we have

. 1 Gs1(w3) x Hep(w3) + Gsa(w3) x Hsi(w3)
T30 = — arceos & o)+ C (o) .
2 51(@) 52 (@5

Differentiating the two sides of equation (3) with respect to 7,, we have

’

[dx]‘l Ps(h) T

dr a

TQs0)

where

P5(1) = 4% + 3A30% + 24 + A1 — (B3 Ty A
— (11By — 3B3)A% = (11B; — 2Bo)A + 1By — Bl)e*)‘fl
+((2C =20 C)A + €y = 211Cp — 211 CoA? ) e 247
+ (D3 = tuDy)A% + (2D5 — TiD)k — 1y D3> )e Mt ™)
+ (2Exh + E)e ™ + (Fy — 21, Fy — 21, Fy)e *?a+™),
Qs(1) = (D3A® + DoA% + Dy + Dy)e ™)

+ (EQ)LZ +EA+ Eo)e_)ﬂ2 + (F\ + Fo)e—)u(211+72).

Define

R [ dx :|1 P5pQsp + P5;Qs;
e =22 F T ey
dT2

2 2
=1}, sr+ Q5

Obviously, if the condition (Hsz) PspQsr + Ps;Qs; # 0 holds, then Re[ di 1-1 5 #0. Ac-

dry Aty =1
cording to the discussion above, we have the following.

Theorem 4 Suppose that the conditions (Hs)-(Hsy) hold. The positive equilibrium
D, (S, E., I, R,) is locally asymptotically stable for T, € [0, t},) and system (2) undergoes a
Hopf bifurcation at the positive equilibrium D, (S, Ey, I, R.) when ty = ;.
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3 Direction and stability of the Hopf bifurcation
In this section, we shall derive the formulas determining direction and stability of the Hopf
bifurcation under the case 7; € (0, 730) and 72 > 0 by using the normal form theory and the
center manifold theorem.

Let u1(£) = S(&) — Se, ua(t) = E(t) — Ey, u(t) = I(£) — L, ua(t) = R() = Ry, 72 = T3 + i,
1 € R, and normalize the delay by t — (t/12). Throughout this section, we assume that
735 € (0, 710) < 755. Then system (2) becomes

M(t) = Luut + F(M: ut)r (21)

where u; = (u1(t), uz(2), u3(t), us(t))” € C= C([-1,0],R*) and L, : C — R*, F:Rx C — R*
are given, respectively, by

LM¢ = (7:2*0 + M) (amtx¢(0) + Buixh <_T%> + thx¢(_1))

T2
and
—-Bé1(0)p3(0)
Bé1(0)¢3(0)
F(u,¢)=(o+m) | " 0
0
Here
ap ap a0 0 0 0 PBu
01 Oy (O3 0 ﬂ 0 0 0 0
a = b = b
L0 0 a0 "o 0 B 0
0 o0 0 oug 0 0 Baz Paa
0O 0 O O
10 y2 0 O
0O 0 0 O

Thus, there exists a matrix function 5(6, i) : [-1,0] — R* such that

0
Lo [ dno.we0), ¢ec
a1
For ¢ € C([-1,0],R*), we define

Lo, ~1<6<0,
A(u)g = -
1 dn(6,1¢®), 6=0,

and

0, -1<6<0,
F(u,¢), 6=0.

R(p)¢ =
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Then system (21) becomes

u(t) = A()us + R(1)us.
Define the adjoint operator A* of A(0) as follows:

. —dflis), 0<s<l,
A*(p) =

[%dn"(s,0)p(-s), s=0,

and a bilinear form is defined by

0 4
(0900 =5090) - [ [ 56 -0ranopic)de, 22)

where n(0) = n(6,0).

Let p(0) = (1, p2, p3, pa)T€®220? be the eigenvector of A corresponding to iwo7y and
p*(s) = D(1, p3, p3, pZ)eiw; 0% be the eigenvector of A* corresponding to —iwy 7p. According
to the definition of A(0) and A*(0), we can get

% —itfh W}
iwj — o33 — Paze” 102
P2 = it of 03,
yae 0%

, ok % ik % -1
. iwy — o33 — Page 0“2 BiaPaze H 0?2
pP3 = (le - 0511) X [oa3 + —it} wk t * ~iTjW}
y3pe 12072 iwy — agq — Page™ 0“2
Baze 0?2
P4 = % 03
sk —1T1W:
ik — 0gq — Bage T092
) 44 1344 (23)
o
% la)2 + 01
ps = -,
a1
. . ¥ *
ot = (iwy + o) (i + orgp + Yope'™0%2) ap
3~ ik ok - Tk k)
Q1 y32€' 7202 V32€'720?2
. iTE 0k % *
of = (iwy + o33 + B33eM02)pF a3 + a3 05
ro _

Basze’0?2 Baze™0s
From equation (22), we have

(0%, 0) = D[1+ paps + P35 + Paly + Trpe 102 py (b1 5y + b2 p3)
+ T30€720%2 p3 (103 + €205 ) |-

Then we choose

_ _ _ i *a)* _ _ ¥ w* — — -1
D =1+ pafs + P3Py + paby + Tipe 102 py (b1 oy +bapy) + Tyge 202 ps(c1 5 +e205) |

such that (p*, p) =1, (p*, p) = 0.
Next, we can obtain the coefficients by using the algorithms in [19] and using the com-
putation process used in [22]:

&0 =2B75,Dps(p; - 1),
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g2 = 2B15,Dp3(p5 - 1),
gn = BrsD(ps + 23)(p5 - 1),

- 1 _ 1
@1 = 2B13,D(p5 - 1) (Wﬁ)(om + 5 W0 ()75 + Wi (0) + 5 W§3)<o>>,

with
j 0) ; ig020(0) _, .
Wio(9) = 20° O iesyoso | 802PO) s | p picgyeso
5wk 3tF wf ’
2072 20W2
ig11p(0) ;s ignp(0) _, « «
Wu(@) = _g_ezr20w29 + g_e ity w36 +E,,
oW 5wk
2072 20Wo

where E; and E; can be computed by the following equations, respectively:

|
oy —0 —ai3 —Brae 22720 Eil)
—0o] Olé2 —073 0 E%z)
E=2 0 —2iw} TS, / ’
—V32€ 2720 O[33 0 0
0 0 —ﬁ43672iw31§0 Ol:H' 0
-1 (1)
o1 12 13 B Ez
a0 + Y2 23 0 Eg)
Ey=- ,
0 V32 o33 + B33 0 0
0 0 Bas 44 + Pag 0
with

! .k
oy = 2iw, — oy,

/ . % —2iwi T}
oy = 20wy — 0tgy — Yope 2720,
/ % —2iwX T
Q33 = 2iwy — o33 — Baze” 20,

0[24 = leé — 044 — ,3446_2iw;T{k°
1 2
EV =—-pps,  E=pps,

EY = —B(ps + f3), Eéz) = B(p3 + p3).

Therefore, we can obtain the following values:

Igo21*\  gn
C1(0) = — 2l |2 = == ,
1(0) 2, és(gngzo g1 3 5
Re{C;(0)}
Ha = _?’
Re{A/(735)} (24)

ﬂZ = ZRe{Cl(O)}i

__Im{Gi(0)} + pa Im{'(z3)}
? 3w} ‘

Therefore we have the following result.
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Figure 1 The track of the states S, E, /, R for 71 = 10.055 < 13.6109 = 79o.
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Figure 2 The track of the states S, E, I, R for 7, = 14.965 > 13.6109 = 7q¢.

Theorem 5 For system (2), if o > 0 (ua < 0), the Hopf bifurcation is supercritical (sub-
critical). If B, < 0 (B, > 0) the bifurcating periodic solutions are stable (unstable). If T, > 0

(T, < 0), the period of the bifurcating periodic solutions increases (decreases).

4 Numerical simulations

In order to verify the obtained results above, we present a numerical example in this sec-
tion. We choose the same values of the parameters in [11]. That is, b = 0.7, d = 0.06,
p=0.02,4g=0.01, 8=0.1,¢e=0.2,y =0.05 n=0.01, ¢ =0.1. We obtain the following

case of system (2):
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Figure 4 The track of the states S, E, I, R for T, = 13.076 > 11.9776 = 13.

B~ 0.7 - 0.11(t)S(£) — 0.014E(t) — 0.0071(£) - 0.06S(¢) + 0.1R(¢t — 71),

40— 0.11()S(t) + 0.014E(£) + 0.0071(£) — 0.2E(t — 75) — 0.06E(d),
49— 0.2E(t - 15) — 0.051(¢ — 1) - 0.061(£) — 0.0LI(),
dR0) _ 0.051(¢ — ) — 0.06R(z) — O.1R(t - 7).

(25)

According to the analysis in [11], we know that system (25) has a unique positive equi-
librium D, (1.4050,1.5422,4.9350, 2.9610) and system (25) is locally asymptotically stable

when 71 =175, = 0.

For 71 > 0, 7, = 0. We have wyy = 0.1245, 119 = 13.6109, and A'(t19) = 0.0073 + 0.0299i.
Thus, according to Theorem 1, D, is asymptotically stable when 7; € [0,13.6109) and un-
stable when 7; > 13.6109 and a Hopf bifurcation occurs when 7; = 739 = 13.6109. This
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Figure 6 The track of the states S, E, I, R for T =9.667 > 8.8645 = 1.

property can be illustrated by the numerical simulations in Figures 1-2. Similarly, we have
wyo = 0.6322, 159 =11.9776. The corresponding waveforms are shown in Figures 3-4.

For 7 = 79 = 7 > 0. We can obtain wy = 1.0091 and 7, = 8.8645 by some complex com-
putations. That is, when 7 increases from zero to 7y, D, is asymptotically stable when
7 € [0,8.8645). However, when t > 75 = 8.8645, D, will lose its stability and a Hopf bifur-
cation occurs, which can be verified by the numerical simulations in Figures 5-6.

Finally, we have w} = 0.6582 and 1}, = 7.855 for the case when 7; =10.25 € (0, 7y9), 72 > 0.
From Theorem 4, we can conclude that D, is asymptotically stable when 7, € [0,7.855) and
it will become unstable once 7, pass through the critical value ;. This can be illustrated
by Figures 7-8. Furthermore, we obtain C;(0) = —0.2966 — 1.0665i, u, = 0.2206 > 0, B, =
—0.5932 < 0, T5 = 0.1821 > 0. Therefore, by Theorem 5, we know that the Hopf bifurcation
is supercritical. The bifurcating periodic solutions are stable and the period of the periodic
solutions increases.
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5 Conclusions

In the present paper, we devote our attention to the stability and Hopf bifurcation of an

SEIRS epidemic model which describes the transmission of worms in the network through

vertical transmission with two delays based on the work in the literature [11]. By regarding

the different combinations of the two delays as the Hopf bifurcation parameter, the cor-

responding critical value of the delay is obtained. When the value of the delay is smaller

than the corresponding critical value, the positive equilibrium is asymptotically stable and

the propagation of the worms in the network can be predicted and controlled easily in this

case. However, a local Hopf bifurcation occurs and a branch of periodic solutions bifurcate

from the positive equilibrium when the value of the delay is bigger than the corresponding
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critical value. Thus, the propagation of the worms becomes unstable and out of control.
Therefore, we should take some measures to postpone the onset of the Hopf bifurcation.

It should be noted that the model investigated in this paper assumes that the latent com-
puters have no infection ability. This is not consistent with reality. Therefore, it is more
realistic to investigate the dynamics of the following worm propagation model with graded
rates:

5= b= HUOSE) = HEOSO - pHEE) - gbl(©) = dS(©) + R~ ),
90 = BUOS() + FE®)S(E) + pHE(D) + qbI(E) — E(t — 12) ~ dE(?),
% =¢E(t- ) - yI(t—©)—dI(t) - nl(z),

dfz—it) =yI(t — 1) —dR(¢) — ¢R(t — 17),

(26)

where $; and B, are the transmission rates of the infective computers and the latent com-
puters, respectively. We leave this as our future work.
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