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1 Introduction and notation
Throughout the paper, we use the standard notations of the Nevanlinna theory of mero-
morphic functions (see [1]).

Many authors, such as Weissenborn [2], Toda [3], Gao [4, 5] and Malmquist [6] etc. have
investigated complex differential equation theory, they obtained many results, such as the
following.

Theorem A (Malmquist theorem) (see [6]) Let ao(2),...,a,(2), bo(2),...,by(2) be rational
functions. If the differential equation

dw _ Plz,w(z))  ao(2) + ai(2)w(z) + - - + ap(2)nF(2)

Z RO = @) T ho@ s @@ T+ by W)

where P(z, w(z)) and Q(z, w(z)) do not have any common factors in w(z), admits a transcen-
dental meromorphic solution, then we have

q=0, p=<2

Theorem B (see [3]) When 0 <p <m -1, the differential equation

»
[Qu(z,w)]" = Zdj(z)wi(z),
=0
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where Qi(z,w) = Yy a@p@wo W)t .- (W), 0 < p < mmax{ip + 20y + -+ + (n + 1)iy},
a,(z) # 0, has no admissible meromorphic solutions except of the following form:

[Qi(z,w)]" = a,(2) (w + b(2)),

where b(z) = ﬂp—’; ;(;).

Recently, difference Nevanlinna theory has become a subject of great interest. Halburd
and Korhonen [7] and Chiang and Feng [8] ezc. investigated complex difference equation
theory, they got a lot of good results, such as the following.

In 2005, Laine et al. [9] studied the following difference equations:

_ P(z,w(2))
% oy(z) (g w(z + cj)) = 7(2(2’ @)’ (1)

where P(z,w(z)), Q(z,w(z)) are relatively prime polynomials in w(z) over the field of ra-
tional functions,the coefficient a;(z) is a rational function for every J and q := deg? > 0,
p:=deg’. They obtained the following result.

Theorem C (see [9]) Assume w(z) is a transcendental meromorphic solution of (1.1). If
w(z) has finitely many poles, then it must be of the following form:

w(z) = r(2)ef? + s(2),

where r(z) and s(z) are rational functions, and g(z) is a transcendental entire function sat-
isfying a difference equation of one of the following forms: either

Y sz+¢) = (o - g2 +d,
jel
or
Zg(z+ )= Zg(z+ ) +d,
jel jel
here I and ] are non-empty disjoint subsets of {1,2,...,n}, jo €{0,1,...,p},d € C.

Gao etc. have studied solutions of some types of complex difference equations and solu-
tions of system of complex difference equations, they also got some results (see [10, 11]).

On the basis of them, we also did some work. In this paper, first of all, we will investigate
solutions of systems of the higher-order complex difference equations (1.2)-(1.4),

Wiz + )™ =0 jaiewh, p<m,
- . (1.2)
[wa(z + )™ = 3L, bj(Dwy,  q <ma,
where cj,¢; € C\ {0};
[Q1(z, w)]™ =0 ai(z)wh,
> 1.3
{ [QZ(Z) W2)1m2 = ?:0 b](z)m/l’ ( )
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where

ki ) . )
Qi(z,w1) = Za(i)(z)w’f (wmi(z+c)" - (wilz +cn))”,

i=1

2(z, wy) Zb(, Y (wal z+cl))/1 --(wz(z+cn))j",

PqSVHlVﬂZnglhz‘ZﬁflMp ki>2,ky>2,¢,¢,€ C\{0},i=0,1,...,m,j=0,1,...,1, Ay; =
o +it+ - +iphyy=jo+ji+-+ju T(r,a4)(2) = o{T(r,w)}, T(r,b;)(2)) = o{ T(r,wa)};

(1.4)

_ Pi(zwr(2))
iz{,, ar@) ([T wilz +¢)) = m
zZ,wi(z
2l (Z)(H/el wa(z + ¢)) = Q22(z,w11(z))’

where {I}, {J} are two finite sets of multi-indices, ¢;,¢; € C (i € 1, j € J), the coeflicients
a;(z), by(z) are rational functions, P;(z, w2(2)), Q1(z, w2 (z)) are relatively prime polynomials
in wy. Py(z, w1(2)), Qa(z, w1(2)) are relatively prime polynomials in w;. The coefficients of
Pi(z,w(2)), Pa(z, wi(2)) are, respectively, rational functions, Qi(z, w2(z)), Qa(z, wi(z)) are
polynomials and their coefficients are, respectively, small functions of w,, w;. We have
q:= degw1 >0,q,:= degw2 >0,p1:= degﬁlz,pz = degf}1

Second, we will investigate solutions of higher-order complex g-difference equations.

The standard logarithmic derivative lemma and Wiman-Valiron theory (see [1]) play
important roles in the study of growth and value distribution of meromorphic solutions
of differential equations. When talking about linear g-difference equations, Barnett ez al.
[12] and Bergweiler et al. [13] give analogs of logarithmic derivative lemma and Wiman-
Valiron theory, respectively. Using the g-difference analog of the lemma on the logarith-
mic derivative, Zhang and Korhonen [14] investigated the relation of the characteristic
function of zero order meromorphic function f and its shift. They also concluded that
T(r,f(gz)) ~ T(r,f), when g € C\ {0}. One of its applications to g-difference equations is

as follows.

Theorem D (see [14]) Let qi,...,q, € C\ {0}, and let ay(2),...,a,(2), bo(2),...,bs(2) be

rational functions. If the q-difference equation

P(z,w(z))  ao(2) + a(2)w(z) + - - + ap(2)nF(2)

2_Maid) = Rz m) = Qw@) ~ bo(2) + bi(@w(z) + - + byQwi(z)’

i=1

where P(z, w(z)) and Q(z, w(z)) do not have any common factors in w(z), admits a transcen-

dental meromorphic solution of zero order, then we have

max{p,q} < n.

Let w be a non-constant meromorphic function of zero order, if meromorphic func-
tion g satisfies T'(r,g) = o{ T'(r, w)} = S(r, w), outside an exceptional set of zero logarithmic

density, then g is called a small function of w.
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We also will investigate the complex g-difference equations (1.5)-(1.7),

ao(2) + a (2w(z) + - - - + a,(2)w’(2)
bo(2) + bi(2)w(z) + - - - + by(2)wi(2) ’

Q(z,w) = 1.5)

where Q(z,w) = Y5 a@@wo (W(q12))L - - - (W(g,2)™", g1, ..., qu € C \ {0}, the coefficients
{au(z)} are small functions of w (outside an exceptional set of zero logarithmic den-
sity). ao(2),...,a,(2), bo(2),...,b4(2) are rational functions, and T'(r,a;) = o{T(r,w)}, i =
0,1,...,p. T(r, b)) = o{T(r,w)},j=0,1,...,q. We have

[w(@2)]" Za (2)W'(2), q1€C\[0},0<p<m,ayz)#0; (1.6)
k
Q(z, w) Za (2W(z), k=>2,0<p<m Zki,ap(z) #0, 1.7)

i=1

where Q(z,w) = Zik=1 ag(@wo (wW(q12))1 - - - (W(gu2))n, q; € C\{0},i=1,...,m, A; = io + i1 +
- + iy, and the coefficients {a(;(z)} are small functions of w (outside an exceptional set of
zero logarithmic density).

The remainder of the paper is organized as follows. In Section 2, we study the existence
of admissible meromorphic solutions of systems of complex difference equation (1.2), the
problem of the order of entire solutions of systems of complex difference equation (1.3),
and the form of transcendental meromorphic solutions of systems of complex difference
equation (1.4), and obtain three theorems. In Section 3, we study the problem of the ex-
istence of solutions of complex g-difference equations (1.5), (1.6) and (1.7), and we obtain
three theorems, and then we give some remarks and some examples, which show that the
results obtained in Section 3 are, in a sense, the best possible. In Section 4, we give a series
of lemmas for the proofs of the theorems. In Section 5, we prove theorems for complex
difference equations by a lemma given in Section 3. In Section 6, we prove theorems for
complex g-difference equations by a lemma given in Section 3.

2 Results for systems of complex difference equations

Definition 2.1 Let (w;(z), w2(z)) be a set of meromorphic solutions of (1.2), S;(r) means
the sum of characteristic functions of all coefficients in (1.2). If the meromorphic solutions
(w1(2), wo(2)) of (1.2) satisfy

Si(r) = o{T(r, wi)} =S(r,wy), i=12,

outside a possible exceptional set with finite logarithmic measure, then we say (w;(z),
wy(2)) is a set of admissible meromorphic solutions of (1.2).

We obtain the following results as regards complex difference equations.

Theorem 2.1 Let 0 < p < my, 0 < q < my, the system of higher-order complex difference
equations (1.2) has no admissible meromorphic solutions of finite order.

Theorem 2.2 Let 0 <p<my, 0 < g <my, ki > 2, ky > 2, the system of higher-order com-
plex difference equations (1.3) does not admit any entire solutions (w1(z), wa(z)) of order
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p(wy, wyp) = max{p(wy), p(w,)} greater than p except the following form:

[Q1(z, w)]"™ = a,(z)(wa(2)
[Q2(z, w)]™2 = by(2)(w1(2)

+c(2))?,
+d(2))7,
[Qi(z, wi)]™ =0 a(z)wh,

[Q2(z, w1)]™2 = by(2)(w1(2) + d(2))4,

[S1(z, w)]™ = ap(2)(wa(2) + c(2))",
[Qa(z, wo)]™2 = 7:0 bi(z)w},

where c(z), d(z) are meromorphic functions of order at most p, p = max{p(a;),i =0,1,...,p,
p(aw), p(b)),j=0,1,...,q, p(bg)}.

Theorem 2.3 Let (w1(z), wa(2)) be a set of transcendental meromorphic solutions of (1.4).
If wi(2), wa(2) have finitely many poles, they must be of the following form:

wi(2) = 12(2)e2@ 1+ 51(2),  wa(z) = n(2)e8 @ +5,(2),

where 1,(2), si(z), i = 1,2 are rational functions and g(z), i = 1,2, are transcendental entire
functions satisfying the following cases:

Yoolzrc)-Y @) =d, Y @lz+e)-) az+g)=ds,

iel iel3 jelh jel3

Y oore)+@-pa@=d, Y @lz+c)+(q-j)g) =d,

icly j€la

here I, I3, 14, |5, J3, Ja are non-empty subsets of {1,2,...,n}, LNI3 =2, h,N]3 =3, j; €
{Orlx'nfpl}er € {0;1’“-,192}; q > O’ q2 > 07 di € Cr i= 172'

Example 2.1 (wi(z), w2(2)) = (%ec"”‘1 + ﬁ, %em“z + z—1271) is a set of transcendental
meromorphic solution of the following system of higher-order complex difference equa-
tions:

wi(z+m)wi(z—7) + wi(z + 2m)wi(z - 27) = gll((’;’:’vi)),

Wa(z + m)wa(z — ) + wal(z + 2m)wo(z — 27) = %,

where

4
Pi(z,wy) = e 2 (z + 4m) (2" - ) (z + 37T)<W2 -3 _lzn)

5. (2 2 2 a2 o1 ’
+2e7°z(2° - %) (2 + 37) (2% + 2z — 47 )(wz z—271>

202 4 2\(, _ 2 2 1 ’
+e (2 —4n”)(z - ) (22" + 87wz + 37 )<W2 z—2n)

2¢7!
Z+7

+

(2 - 4n)(z + 47) (2 + 2mz — ) <W2 Tz —127T>

Page 5 of 22
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+ %(22 —47%)(z + 47)(z + 37),

2
Qilzwn) = e72(2* —4n°) @ + 4m)(2 — ) 2 + 3n>(Wz - z_lzn) :

4
Py(z,w) = €'2*(z— 4m) (2 — %) (2 - gn)<WI z +1271>

2 o\ 2 2 1 ’
+2ez(z* — %) (z - 37)(z* - 2mz + 47 )(w1 z+27r>

2
+e? (z2 - 4-712)(2 + 71)(2z2 -8z + 3712) (w1 - 1 )

zZ+2m
2 _ _ 22 1
+2e7 (22 - 4n?)(z - 4m) (z —2mz-7) (w1 - )
z—-T zZ+2m

+ %(22 ~47%)(z - 47)(z - 37),

Qa(z,w1) = e22(2* - 4n*)(z - 4m)(2* - 7*) (z - 37) (wl _ ! >2,
z+2m
Easily, we find that w;(z), w,(z) have finitely many poles, q; = 2, g = 2, and
g1(z) =cosz +2, g(z)=cosz-1
are transcendental entire functions satisfying

gz+m)+gz—m)=-2cosz+4=(0-2)g(z) +2,

Sz+m)+gz-m)=-2cosz-2=(0-2)gi(z) + 2.
This example shows that Theorem 2.3 is not vacuous.

3 Results for complex g-difference equations

Page 6 of 22

Definition 3.1 Let w(z) be an entire solution of (1.6) (or (1.7)), So(r) means the sum of

characteristic functions of all coefficients in (1.6) (or (1.7)). If the entire solution w(z) of

(1.6) (or (1.7)) satisfies

So(r) = o{T(r, w)} =S(r,w),

outside a possible exceptional set of zero logarithmic density, then we say w(z) is an ad-

missible entire solution of (1.6) (or (1.7)).

We obtain the following results as regards complex g-difference equations.

Theorem 3.1 Let g; € C\{0}, j =1,...,n. If the q-difference equation (1.5) admits a tran-

scendental meromorphic solution of zero order, then we have

k
max{p,q} < Z)»,«,

i=1

where M =ig + i1+ -+ iy.
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Remark 3.1 The following Example 3.1 shows the upper bound in Theorem 3.1 can be
reached.

n

Example 3.1 The functionf(z) =) .., ——=— isatranscendental entire function of order
2

7n(n+1)
zero and satisfies the g-difference equation f(2z) = z + zf(z). Then w(z) = Jﬁ is a tran-
scendental meromorphic function of order zero and satisfies the following g-difference
equation:
z(2z + Dw(z) + 2(z + )w?(z
w(2z) + w(4z) = ( (@) + A W (2) .
2723 + z(4z + Dw(z) + 2z + D)w?(2)

Easily we find that

p=q=2,  M=h=L
Thus
max{p,q} =2 =Xr + Ap.
Remark 3.2 It is clear that Theorem B is a special case of Theorem 3.1.

Remark 3.3 It is unlikely that most of the g-difference equations studied in this paper
have meromorphic solutions due to the properties of the g-difference operator. The reason
for this is the following. Consider as an example one of the simplest possible g-difference

equations,

fqz) =f(2).

This equation has no meromorphic solutions unless |g| = 1 and the argument of g is a
rational number. Otherwise, we take any complex value a such that f(zo) = a. Without loss
of generality we may assume that |g| <1 (otherwise consider é instead of g). Now by the
equation above, f(q"zo) = a for all n € N. But this implies that 4 has a finite accumulation
point in the complex plane (at z = 0 if |g| < 1), which is impossible. A similar phenomenon
can easily rule out the possibility of the existence of meromorphic solutions in most (but
not all) cases of g-difference equations.

Theorem 3.2 Let 0 < p < m, the g-difference equation (1.6) has no admissible entire solu-
tions of zero order.

Remark 3.4 If p = m, from Theorem 3.1, we know (1.6) admits a transcendental mero-
morphic solution of zero order, but it is uncertain whether the form of (1.6) (the excluded
q-difference equation as Theorem C),

- > _ 1)
[w(qlz)] = ﬂp(z)(w(z) + b(z)) » where b(z) = pa,(2) ’

has an admissible entire solution.
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Example 3.2 w(z) = z + 1 is an admissible entire solution of zero order of the following
q-difference equation:

w(2z) =2 [w(z) - %]

Clearly, we get

Example 3.3 w(z) = z2 — 1 is a non-admissible entire solution of the complex g-difference
equation of the form

[w(—v22)]" = (z% - ;iz + 4) [w(z) +1]%.

In this case

[
N

p=2, m

Theorem 3.3 Let 0 < p <m, k > 2, the q-difference equation (1.7) has no admissible entire
solutions of zero order except the following form:

[Q(z, w)]m = ozp(z)(w(z) + b(z))p,
where b(z) = op-1(0)

pap(z) *

Remark 3.5 It is uncertain whether the excluded g-difference equation has an admissible

solution.

Example 3.4 w(z) = z — 1 is an admissible entire solution of zero order of the following
q-difference equation:

1 (67 1 (1 1\7
|:W2(2Z) + —W(—Z> - 4—w<——z) w(-2z) + w(z)w(—z)] =9.
2 2 2 2 2
Clearly, we get

p=0, m=2.

Example 3.5 w(z) = z2 + 1 is a non-admissible entire solution of the complex g-difference
equation of the form

4
[Zw(—%z) w(v/22) — wA(=2z) — 2w(§z> —3w(2z) - w?(2) + 4w(z)w(22)}

= [w(z) - (£ + 2)]2.

In this case
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4 Lemmas for the proof of theorems
We need the following lemmas to prove theorems.

Lemma 4.1 (see [15]) Let

_ao(2) + ai(Z)w(z) + - - + ap(2)nF (2)
" bo(z) + bi(@)w(z) + - + by(2)wi(z)

R(z, w(2))

be an irreducible rational function in w(z) with the meromorphic coefficients {a;(z)} and
{bj(2)}. If w(2) is a meromorphic function, then

T(r,R(z,w(2))) = max{p,q} T (r,w(2)) + O[Z T(r,ai(z)) + Z T(r,bj(2)) }

Lemma4.2 (see [16]) Let T : [0, +00) — [0, +00) be a non-decreasing continuous function,
8 €(0,1), s €(0,+00). If T is of finite order, i.e.

log T'(r)
lim =
r—oo  logr

)

then
T(r+s)=T(r) +o(l:)>,
T

outside an exceptional set of finite logarithmic measure.

Lemma 4.3 (see [3]) Let gy(z) and gi(z) be meromorphic functions in |z| < 0o and linearly
independent over C, and put

20(2) + g1(z) = @.

Then

T(r,go) < T(r,®) + N(r,®) + N(r,g0) + 2N (r,g1) +N(r,gi> +N(r,gi) +8(r),
0 1

or

T(r,go) < m(r,®)+ N(r,g0) +ﬁ(r,g1) +N(r,g0) +N(r,gi) +ﬁ(r,gi) + S(r),
0 1

where, when gy, g1 are rational
S(r) = 0(1),

when gy, g1 are of finite order,
S(r) = O(logr)

in the other cases,

S(r) = O(log+ T(r,go) +log" T(r,gl)) +O(logr) (r— oo,r ¢ E).
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Lemma 4.4 (see [2]) Let w(z) be a meromorphic function and let ® be given by

D=w"+a, W+ +ao,
T(r,aj) =S(r,w), j=0,1,...,n—1

Then either
a n
o= (w + nl) ,
n

T(r,w) < ﬁ(r, é) + N(r,w) + S(r,w).

or

Lemma 4.5 (see [1]) Let ay,ay,...,a, (n > 2) be rational functions and let g1,g»,...,8, be
entire functions such that g; — g; is not a constant for every pair i,j € {1,2,...,n} such that

i#).1f
Z a/eg/ = 0,
j=1

then
a=ay=---=a,=0.

Lemma 4.6 (see [14]) Let w(z) be a transcendental meromorphic function of zero order
and g € C\ {0}. Then

N(r,w(gz)) = (1+0(1))N(r,w(2)),

T(r,w(q2)) = (1 +0(1)) T (r, w(2)),
for all r on a set of logarithmic density 1.
By Lemma 4.6, we can easily obtain the following lemma.

Lemma 4.7 Let w(z) be meromorphic function of zero order, {a(z)} be small function of
w(2),

If
Ai=ig+i1+---+1ip

then

k
T(r, Q(z, w)) < Z M T(r,w) + S(r,w).
i=1
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5 Proof of Theorems 2.1-2.3

Proofof Theorem 2.1 Let (w1(z), wa(2)) be a set of admissible meromorphic solutions of the
system of complex difference equations (1.2). It follows from Lemma 4.1 and Lemma 4.2
that

pT(r,wa) + S(r,wa) = my T (r, wy) + S(r, wy), (5.1)

qT (r,wy) + S(r,wy) = myT(r, wa) + S(r, wy). (5.2)

From (5.1) and (5.2), we obtain

T(r,w) S(r,wp)
= T(r,wo) " T(r,wy)’
T(r,wy)  S(r,wn)

=" T(r,w1) * T(r,w) (54

By (5.3) and (5.4), we have

pq = mym;.
This is a contradiction. Theorem 2.1 is proved. g

Proof of Theorem 2.2 Suppose that (1.3) does not have the form (2.1), (2.2), (2.3), and (1.3)
admits an entire solution (w;(z), wa(z)) of order greater than p. We rewrite (1.3) as follows:

[Qu(z, w)I™ = a,(2)(wa(2) + @Y + X oae)wh,  0<t<p-2,

= 55
[Q2(z, w2)]™2 = by(2) (w1 (2) + d(2))7 + 35 o by (&)W, 0<s<q-2, 55)

_ by
where c(z) = ;”7;, d(z) = q"qu,

is at least one / such that 4;(z) # 0, and there is at least one s; such that b, (z) # 0.
Let

ay(z) is a rational function, by, (z) is a rational function, there

Ag =-ay(2)(m2) +c(2))’,  Bo=[uw)]", Q) = Za;(z)wlz,
1=0

Ay =-by(2)(mi(2) +d(2))",  Bi=[Qlzw)]"™, ¢, = Z by, (2)wy'

51=0

then Ag + By = @y, A1 + By = ®;. Noting that the orders of ¢(z) and 4;(z) are at most p, the

orders of d(z) and by, (z) are at most p, &y # 0, &; # 0. As the proof of Theorem 1 in [5],

we can prove that Ay and By are linearly independent, A; and B; are linearly independent.
It follows from Lemma 4.3 that

T(r,Ap) < m(r,®g) + N(r,Ag) + N(r, Ao) + N(r,By)

+N<r,ALO) +N<V,Bi0> +S(r). (5.6)

Next we estimate each term of (5.6).
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By Lemma 4.1, we obtain

T(r,A¢) = pT(r,w2) = pT (1, ¢(2)) — T (r, a,(2)), (5.7)

m(r, o) < tm(r,w,) + Z m(r, al(z)) +0(1)
1=0

<tT(r,w) + Z T(r,ai(2)) + OQ1). (5.8)

1=0

As wy(z) is an entire function,

N(r,Ao) < N(r,a,) + pN(r,c(2)), (5.9)

N(r,Ap) §ﬁ(r,zzp) +N(r, Ap-1) +N(r, ai) (5.10)
p

and (5.9), (5.10) show that the order of N(r,Ag), N(r,Ao), is at most p, respectively.

We have
ﬁ(r i) <ﬁ(r i) m(r _ )
a0) =N\ "Wa(2) + c(2)
< T(r, wz(z)) + T(r, up(z)) + T(r, c(z)) +0(1), (5.11)
N(r, Bio) < T(r,Qu(z,w1))
p 1 ¢
< ET 7, Wo) ;ZT ra (5.12)

i=

As wi(z) is an entire function, then
N(r,By) = N(r, (2, w1)) < S(r,w1). (5.13)

Equation (5.13) shows that the order of N(r, By) is at most p.
On the other hand

P
S(r) = O(log T(r, w»)) + O(Z log* T(r, a,»)) +O(logr), r¢E.

i=0

From (5.6) to (5.13), we have
(P —r-1- 2 0(1)> T(r,wy)
my
=< N(Y,A()) + ]T](V,Ao) + N(F,BO) + S(r’ Wl)

» p
+ K3 Z T(r,a;) + O(Z log* T(r, ai)) + O(logr). (5.14)

i=0 i=0
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Similarly to the case above, we get

(q —-s—-1- 4 _ 0(1)) T(r,w1)
my

EN(}”,Al) +ﬁ(r1Al) +ﬁ(r:Bl) +S(rrW2)

q q
+Ky Y T(r b))+ o(ng+ T(r, b,»)) + O(log ). (5.15)

j=0 j=0

Noting that the order of right-hand side of the inequality (5.14) and (5.15) is at most p,
respectively,and p —t -1 - mil -0o1)>0,g-s-1- miz —o(1) > 0, therefore, the order of
w1, Wo is at most p. That is a contradiction.

This completes the proof of Theorem 2.2. O

Proof of Theorem 2.3 Note that Q(z, w;), Q2(z, w1) are monic polynomials and their co-

efficients are, respectively, small functions of w,, w;. By Lemma 4.4, we have

Q(zw) = (m@) -51)",  Qulzwa) = (w2(2) —52(2))"

or

T(r,w) < ﬁ(r, ;) + N(r,wy) + S(r, w1), (5.16)
Qa(z,w1)

T(r,wy) < N(r, #> + N(r, wo) + S(r,wy). (5.17)
Qu(z, w»)

On the other hand, P;(z, wy) and Q1 (z, ws), P2(z, w1), and Qq(z, w1 ) have only finitely many

common zeros. Therefore

1 Pl (Z, Wz)
N(r, 4(21 @ Wz)) < N(r, 7Q1(z, W2)> + O(logr)
< N(r, Z a;(z) l_[ wi(z + ci)) + O(logr)
{1 icl

= O(logr), (5.18)
1 P2(Z, W1)
N(“ G wl>) = N(” %G wl>> + Ollogr)

< N(r, Z bs(2) H wo(z + c;)) + O(logr)

3 jel

= O(logr). (5.19)

It follows from (5.16), (5.19), (5.17), and (5.18) that T'(r,wy) = S(r,w1), T (r,ws) = S(r, w»).
This is a contradiction. Thus Q;(z, wa) = (W2(2) — 52(2))%, Qa(z, w1) = (W1(2) — s1(2))%2.
Using (5.18) and (5.19), we see that Qy(z, wy) = (W2 (2) —s52(2)) %, Qa(z, wr) = (w1 (2) —s1(2))%2
have finitely many zeros. Since w;(z), wy(z) are transcendental meromorphic functions
with at most finitely many poles, Qi(z, wz) = (Wa(2) — 52(2))%, Qa(z, w1) = (W1(2) — 51(2))%2
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have at most finitely many poles, therefore, there are two rational functions /;(z), /(z)

and non-constant entire functions gi(z), g2(z) such that

Ql(zl WZ) = (WZ(Z) — Sz(Z))ql = hl(z)eg_l(z),
Qa(z, W) = (wi(2) - S1(Z))q2 = hy(2)e®@),

That is,
1 Z@
w(2) - 52(2) = on (I (2)) M e @, (5.20)
wi(2) — 51(2) = oz (h2(2)) ne'h (5.21)

where «;, i = 1,2, is the g;th root of unity.

Let
a(z) = g_l(z), 2(2) = g_Z(Z), (5.22)
0 [7p)
n@=a(m@)T, @ =a(h@)n. (5.23)

Then g(z), g2(2) are non-constant entire functions, r1(z), r2(z) are rational functions.
From (5.20) to (5.23), we have

wa(2) = r1(2)e@ + 55(2), w1(2) = 12(2)e2? + 51(2). (5.24)

Substituting (5.24) into the system of higher-order complex difference equations (1.4), we
get

> @@ e 2z + )e2 D 151z + )] (2)er @)y
=Y Py (2)e14 @,

Y b@I[ T (n(z + )en ™ + 55(2 + )| (ra (2)e2 @) 22
=Y Do (2)e2020.

(5.25)

Further,
rlql (2)am, (z) ]_[l.e 2 (z+ Ci)eZieMl o(z+e)+q12(2)
+ 1" (2) Y jeq Hu(g)eXier &t ma@ - Y iy (2)eha @,
1 (Y () [T, i + e s

+ 1P (2) Y e H21(z)eziefgl(“ci)*ngﬂz) _ 7;2:0 72,(2) 282

(5.26)

where the cardinality of the set M; € {I} is maximal among the sets in the collection {I},
the cardinality of the set M, € {J} is maximal among the sets in the collection {/}, {I'} is
a collection of non-empty subsets of {I'} = {1,2,...,n}, {J'} is a collection of non-empty
subsets of {J'} = {1,2,...,n}, and M, ¢ {I'}, My ¢ {J'}, H1;(z), Hy(z) are rational functions
for every I, J, p1;(2) (1 = 0,1,...,p1), P2, (2) (j2 = 0,1,...,ps) are rational functions, and
Py (2) 70, Pap, (2) 7 0.




Wang Advances in Difference Equations (2016) 2016:98 Page 15 of 22

By Lemma 4.5, there must exist at least two exponents in every equation in (5.26) that

cancel each other up to a constant, i.e. there exist dy, d, € C such that

Y oltc)-) olz+c)=d, (5.27)
ieM iely

D aete)-> ailz+q) =dy, (5.28)
jeMa Jjelo

or

Y @z+e)+ (g —j)g2) =di, (5.29)
ieh

Y gz +¢) +(q2 - j2)ga(2) = do, (5.30)
jen

where Iy € {I'}, Jo € '}, I € (MY U T}, 1 € (Mo} U 7).

Next, we prove that g(z), g2(z) must be transcendental.

Suppose that g1(z), g2(z) are two non-constant polynomials. Then, for every i € {I},] €
{J}, we have

gi(z +¢j) = g1(2) + g(2), &(z+¢) =p(2) + gi(2), (5.31)

where deg;_ <degg, deg; <deg, .

Case (i): Using (5.27), (5.28), (5.31), and the relationship among M, Iy, M>, Jo, it is easy
to obtain a contradiction.

Case (ii): Substituting the expression wy(z) = r5(2)e22@ + 51(2), wy(2) = r1(2)e1@ + 5,(2)

into the system of higher-order complex difference equations (1.4), we have

Yy @@ T (ra(z + €)e2 D + 51(z + ¢))] (1 (2)e @)1
= ﬁlzo P (2)(r1(2)e9@ + 55(2))1,

2@ g (ri(z + )€1 1 55(z + ;)] (ra(2)e22 @) 22
= 30 o P2y (D)2 (2)e2® +51(2))2,

(5.32)

where the rational functions pyj, (2), paj, (2) are the coefficients of the polynomials P (z, w-),
Py(z, wy) respectively.
di-3; i T . ..
By (5.29), we see that g1(z) = %;(Zhg(z}), substituting this expression into the first

equation of the system of higher-order complex difference equations (5.32), we have

d-Yier ©2(2)+8i(2)
Z ar(z) [H(rg(z +¢)eR2@E@ 4 (24 c,~))i|ri“ (z)e™ N
{1}

iel

=Y m@n@e 9 +5@)"

j1=0
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Since the polynomials P;(z, w;), Q1(z, w,) are relatively prime in wy, there are no common
factors of positive degree in w, for P;(z, w;), Q1(z, wo), and we find that

r1 )
Y by @(s22))" #0.

j1=0

Therefore we have got above a non-trivial algebraic equation for €22 with coefficients
which are small relative to 2@, this is a contradiction.

dr-3; () e . Lo
W, substituting this expression into

the second equation of the system of higher-order complex difference equations (5.32), we

Similarly, by (5.30), we obtain gy(z) =

also derive a contradiction.
This completes the proof of Theorem 2.3. d

6 Proof of Theorems 3.1-3.3

Proof of Theorem 3.1 Let w(z) be a zero order transcendental meromorphic solution of
equation (1.5). It follows from Lemma 4.3 and Lemma 4.7 that

max{p,q}T (r,w(z)) = T(r,R(z,w(2))) + S(r,w)
= T(r, Q(z, w)) +S8(r,w)

k
< Z AT (r,w) + S(r, w).

i=1

Thus

k
max{p,q} < Z A
i=1

Theorem 3.1 is proved. d

Proof of Theorem 3.2 Let w(z) be a zero order admissible entire solution of equation (1.6).
(i): We assume that (1.6) has the following form:

[(W(@12)]" = a,(2)(w(z) + b(2))’,

ap-1() By Lemma 4.3 and Lemma 4.6, we have
pap(z)

where b(z) =
mT (r,w) + S(r,w) = pT (r,w) + S(r,w).
Further
(m—p)T(r,w) =S(r,w).
In other words

m-p=0.

This is a contradiction.
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(ii): We assume that (1.6) does not have the following form:

[(W(@12)]" = ay(2)(w(z) + b(2))’,

upl

where b(z) = ) In other words, (1.6) has the following form:

[W(@12)]" = a,(2) (w(z) + b(2))’ Zb (2)W'(z), 2<p<m, (6.1)
and there is at least one i such that b;(z) # 0. Then (6.1) becomes

[w(qlz)]m = a,(z) (w(z) + b(z))p + Zbi(z)wi(z), bi(z) #0,0<t<p-2.

Let A = —a,(2)(w(2) + b(2))*, B = [w(q:12)]", ® = Zf:o bi(z)W'(z), then A + B= .
Case (i): If A = 0, then w(z) = —b(z), we obtain

T(r,w)=T(r,b) < T(r,ap) + T(r,a,1) + O(1).

Case (ii): If B = 0, then w”(2) = —a,'(2) Zfz_ol a;i(z2)W'(z), we have
p
T(r,w) <@p-1T(r, +2Tr,al )+ 01
i=0
That is,

p
T(r,w) <Y T(r.a)+0(1).

i=0

Case (iii): If ® = 0, then w'(z) Zt Lbiz , we get

T(r,w) < Z T(r,b;) + O(1) < K3 Z T(r,a;) + O(1),

i=0

where K is a positive constant.
Case (iv): IfA #0,B #0, ® # 0, A and B are linearly dependent, then there are constants
ki and ky (kiky # 0) such that kA + k,B = 0. From kA + k(@ — A) = 0, we obtain

(/]z_z - 1) a,(2)(w(z) + b(z))" ;}: bi(2)w'(2).

But A #0, ® #0, thus /]:—; #1, and we get
t
T(r,w) < —t |:Z T r,b (z) + T r, ap(z)) +pT(r,b(z)):| +0(1)
i=0

p
<Ky Y T(raiz)) +0Q),
i=0

where K is a positive constant.
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Case (v): If A #0,B#0, ® #0, A and B are linearly independent, then, by Lemma 4.3,
we have

T(r,A) < T(r,®) + N(r,®) + N(r,A) + 2N(r, B) + N(r, %) + ﬁ(r, %) +S8(r). (6.2)

Next we estimate each term of (6.2).
It follows from Lemma 4.3 that

T(r,A) =pT(r,w) —pT(r,b(z)) - T(r, ap(z)), (6.3)
T(r,®) = tT(r,w) + Y _ T(r,b:(2)) + OQ1), (6.4)
i=0
p
mT(r, w(qlz)) =Tr,B) =T, ®-A)=pT(r,w) + Z T(r, ai(z)),
i=0

ie.
T(rw(@12) = £ T(rw) + - i T(r,a:(2)) (6.5)
) 1 m ) i — (st} . .
Obviously,
N(r,®) <N(r,w) + Y _N(r,bi(2)), (6.6)
i=0
N(r,A) <N(r,w) + N(r, ap) + N(r, Ap-1) + ﬁ(r, ai) (6.7)
P
It follows from Lemma 4.6 that
N(r,B) = N(r, w(qlz)) = N(r, w(z)) +S(r,w), (6.8)
ﬁ(r l) <ﬁ(r L) +N<r 1 )
7)< "w(2) + b(2)
< T(r,w@) + T(r,ay(2)) + T(r,b(z)) + O(1), (6.9)
— 1 — 1
N(r, E) < N(r, w(qlz)) < T(r, w(qlz)) +0(@)
_P Ly
= ZT(F’ w) + - Z T(r,a:(2)). (6.10)

i=0

From (6.2) to (6.10), we obtain
N o »
(p —t-1- —) T(r,w) <4AN(r,w) + K3 Z T(r,a;)

m
i=0
»

<4N(r,w)+ K3 Y T(ra;), (6.11)

i=0

where Kj is a positive constant.
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Note that w(z) is an entire solution of (1.6), thus
N(r,w(z)) = 0. (6.12)

From (6.11), (6.12), and p — t — £ —1> 0, we obtain

p
T(r, w(z)) <K, Z T(r,a;) + S(r,w), (6.13)
i=0
where K} is a positive constant.
From case (i) to case (v), and w(z) being admissible, we obtain

»
T(r, w(z)) <K Z T(r,a;) +S(r,w) =S(r,w) = 0{ T(r, w(z)) },
i=0

where K is a positive constant. That is a contradiction.
This completes the proof of Theorem 3.2. O

Proof of Theorem 3.3 Let w(z) be a zero order admissible entire solution of equation (1.7).
We assume that (1.7) does not have the following form:

[Qew)]" = a,(2)(w(z) + b(2))",

where b(z) = ‘;‘; ;}((ZZ)). In other words, (1.7) has the following form:

p-2
[Q(z, w)]m = ap(z)(w(z) + b(z))p + Zbi(z)wi(z), 2<p<m, (6.14)

i=0
and there is at least one i such that b;(z) # 0. Then (6.14) becomes
t
[Qz,w)]" = a,(2) (w(2) + b)) + D biaW'(2), by(2) #0,0 <t <p-2.

i=0

Let A; = —a,(2)(w(2) + b(2))?, B, = [Q(z, w)]", ;1 = Zf’:o bi(2)W(2), then A; + By = ®;.
Case (i): As the proof of Theorem 3.2, if A; =0 or By =0 or ®; =0 or A; #0, B; #0,
®; #0, and A; and B are linearly dependent, we obtain

»
T(r,w(2) <Ks Z T(r,a;) + S(r,w),
i=0

where K is a positive constant.
Case (ii): IfA; #0, B, #0, ®; # 0, A; and B, are linearly independent, then by Lemma 4.3,
we have

T(r,A1) < T(r,®1) + N(r, ®1) + N(r, A1) + 2N(r, By)

+]T](r,Ai1> +ﬁ<r,f%> +S(r). (6.15)
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Next we estimate each term of (6.15).
It follows from Lemma 4.3 that

T(r,Ay) = pT (r,w) - pT (r,b(2)) — T (r,a,(2)), (6.16)
T(r, @) = tT(r,w) + Y _ T(r,bi(2)) + O), (6.17)
i=0
p
mT (r,Qz,w)) = T(r,By) = T(r, ®1 — Ay) = pT(r,w) + Z T(r,a:(z)),
i=0
ie.
p 1 ¢
T(rQew) =~ T(w) + — XO: T(r, a:(2)). (6.18)
Obviously,
N(r,®) <N(r,w) + Y _N(r,bi(2)), (6.19)
i=0
N(r,A;) <N(r,w) + N(r, ap) + N(r, ap-1) + ﬁ(r, al) (6.20)
P

It follows from Lemma 4.6 that

N(r’Bl) =

=

r, Q(z,w))

k

rY apz)w® (w(qlz))i1 . (w(qnz))in>

i=1

IA

Il
™M~ Z|

I
—_

N(r,ap@w® (wq2)" - (w(g,2)")

M~

=

[ﬁ(r, ag) (z)) + ﬁ(r, w(z)) +oeet ﬁ(r, w(q,,z))]
1

'F”%

[(n +1)N(r, w)] +S8(r,w)

i=1
=k(n+1)N(r,w) + S(r, w), (6.21)
ﬁ(r i) <N(r L) +ﬁ(r Lt )
A ) T ’ a,(2) " w(z) + b(z)
< T(r, w(z)) + T(r, ap(z)) + T(r,b(z)) +0(1), (6.22)

_ 1 — 1
N{r,— | <N|r,——
( Bl> ( Q(Z,W)>

<T(r,Q(zw)) +0(1)

1L
==T(r,w)+ - Z T(r, a,-(z)). (6.23)
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From (6.15) to (6.23), we obtain
» o »
(p —t-1- —) T(r,w) < [2 +2k(n + 1)]N(r, w) + Kg Z T(r,a;)
m i=0

»
< [2 +2k(n + 1)]N(r, w) + Kg Z T(r,a;), (6.24)
i=0

where Kj is a positive constant.

Note that w(z) is an entire solution of (1.7), thus
N(r,w) = 0. (6.25)

From (6.24), (6.25), and p —t — £ —1> 0, we obtain

p
T(r,w2) <K7 Y T(r,a;) +S(r,w), (6.26)

i=0

where K7 is a positive constant.

By case (i) and case (ii), and w(z) being admissible, we have

p
T(r,w(2)) <Ks Z T(r,a;) + S(r,w) = S(r,w) = o{ T (r,w(2)) },

i=0

where Kj is a positive constant. This is a contradiction.

This completes the proof of Theorem 3.3. d

Competing interests
The author declares to have no competing interests.

Author’s contributions
The author drafted the manuscript and read and approved the final manuscript.

Acknowledgements

The author is highly grateful to the editors and reviewers for carefully reading this paper and their inspiring comments,
which were helpful to improve the manuscript. The work is supported by the National Natural Science Foundation of
China (11171013), the Natural Science Foundation of the Education Department of Anhui Province (KJ2015A323), and
also by the Outstanding Innovative Talents Cultivation Funded Programs 2015 of Renmin University of China.

Received: 29 October 2015 Accepted: 22 February 2016 Published online: 08 April 2016

References

1.
2.
3.

Laine, I: Nevanlinna Theory and Complex Differential Equations. de Gruyter, Berlin (1993)

Weissenborn, G: On the theorem of Tumura and Clunie. Bull. Lond. Math. Soc. 18(4), 371-373 (1986)

Toda, N: On the growth of meromorphic solutions of some higher order differential equations. J. Math. Soc. Jpn.
38(3), 439-451 (1986)

. Gao, LY: The form of systems of algebraic differential equations with admissible solutions. J. Syst. Sci. Math. Sci. 24(1),

96-101 (2004)

. Gao, LY: The growth of solutions of systems of complex nonlinear algebraic differential equations. Acta Math. Sci.

30(3), 932-938 (2010)
Malmaquist, J: Sur les fonctions a un nombre fini de branches définies par les équations différentielles du premier
ordre. Acta Math. 36(1), 297-343 (1913) (in French)

. Halburd, RG, Korhonen, RJ: Difference analogue of the lemma on the logarithmic derivative with applications to

difference equations. J. Math. Anal. Appl. 314(2), 477-487 (2006)

. Chiang, YM, Feng, SJ: On the Nevanlinna characteristic of f(z + n) and difference equations in the complex plane.

Ramanujan J. 16(1), 105-129 (2008)



Wang Advances in Difference Equations (2016) 2016:98 Page 22 of 22

10.
11.
12.

. Laine, |, Rieppo, J, Silvennoinen, H: Remarks on complex difference equations. Comput. Methods Funct. Theory 5(1),

77-88 (2005)

Gao, LY: Solutions of complex higher-order difference equations. Acta Math. Sin. 56(4), 451-458 (2013)
Gao, LY: Systems of complex difference equations of Malmquist type. Acta Math. Sin. 55(2), 293-300 (2012)
Barnett, DC, Halburd, RG, Morgan, W, Korhonen, RJ: Nevanlinna theory for the g-difference operator and
meromorphic solutions of g-difference equations. Proc. R. Soc. Edinb,, Sect. A 137(3), 457-474 (2007)

. Bergweiler, W, Ishizaki, K, Yanagihara, N: Growth of meromorphic solutions of some functional equations. I. Aequ.

Math. 63(1-2), 140-151 (2002)

Zhang, JL, Korhonen, R: On the Nevanlinna characteristic of f(gz) and its applications. J. Math. Anal. Appl. 369(2),
537-544 (2010)

Mohon'ko, AZ: The Nevanlinna characteristics of certain meromorphic functions. Teor. Funkc. Funkc. Anal. Ih Prilozh.
14,83-87 (1971) (in Russian)

. Korhonen, R: A new Clunie type theorem for difference polynomials. J. Differ. Equ. Appl. 17(3), 387-400 (2011)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Solutions of complex difference and q-difference equations
	Abstract
	MSC
	Keywords

	Introduction and notation
	Results for systems of complex difference equations
	Results for complex q-difference equations
	Lemmas for the proof of theorems
	Proof of Theorems 2.1-2.3
	Proof of Theorems 3.1-3.3
	Competing interests
	Author's contributions
	Acknowledgements
	References


