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1 Introduction
For o € N, the Bernoulli polynomials of order « are defined by (see [1-15])

t o oo () t”
Xt _ o
(et—1> e’ = EOBn (x)—n!. 1)
n=

When x =0, B = Bﬁ,a)(O) are the Bernoulli numbers of order « defined by

O\ et
= B 2
(ef—1> ; " nl @

The Daehee polynomials are defined by (see [11, 12] and [15])

log(1 + £) T "
(%)(ut) =) Dal)—. 3)
n=0 :
In the special case x = 0, D,, = D,,(0) are called the Daehee numbers defined by

(10g(1+t)> ~ ad D ﬁ @)
t - "n!

n=0
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The Stirling numbers of the first and second kind are defined, respectively, by

n-1 n
(x)n = n(x - l) = Zsl(nx l)xl’ (5)
i=0 =0

where 51(#,0) = 8,0, s1(n, k) = 0, for k > n, and
n
X" = Z 32(717 k)(x)kr (6)
k=0

where s3(1,0) = 8,0, S2(1, k) = 0 for k > n, and §,, ¢ is the Kronecker delta.
The Stirling numbers of the second kind have the generating function (see [2, 3, 5, 6]
and [7])

o0 I
(et—l)m =m!Zsz(l,m)%. (7)
l=m '

2 Higher-order Daechee numbers and polynomials
In this section, we derive explicit formulas and recurrence relations for the higher-order
Daehee numbers and polynomials of the first and second kinds. Also, we give a relation
between these numbers and Norlund numbers. Furthermore, we introduce the matrix rep-
resentation of some results for higher-order Daehee numbers and polynomials obtained
by Kim et al. [8] in terms of Stirling numbers, Nérlund numbers, and Bernoulli numbers
of higher order and give simple and short proofs of these results.

Kim et al. [8] defined the Daehee numbers of the first kind of order k by the generating
function

00 k

t" log(1+¢)
P - (7g > : (8)
o n! t

An explicit formula for DY is given by the following theorem.

Theorem 1 Forn e Z, k € N, we have

phow ¥ G ©)

h+lp+-+l=n+k 172 k

Proof From Eq. (8) we have

) - k
= (log(1 + t))k = (Z %H) .

o tn+l<
§ p®
"
n=0 I=1

Using the Cauchy rule for a product of series, we obtain

00 0 S ( l)r—k
(k) — — r
ZDn 7! _Z Z 1112...1kt'
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Letting r — k = n in the right-hand side, we have

S ® tn+k S 0 (_l)n .

_ n+
ZD" ! _Z Z 1112---lkt ’
n=0 n=0 lj+ly+--+lp=n+k

Equating the coefficients of #"** on both sides yields (9). This completes the proof. O

Remark 1 It is worth noting that setting k =1 in (9), we get Eq. (2.2) of [1] as a particular

case.

Kim et al. ([8], Theorem 1) proved that (see [16]), for n € Z and k € N,
® s1(n+ k, k)
k

We can represent the Daehee numbers of the first kind of order k by an (1 + 1) x (k + 1)

D (10)

matrix, 0 < k < n, as follows:

p® pP p@ pk
(0) (1) (2) (k)
p® v D Dy Dy
b Dy DY Dy

The following theorem gives a recurrence relation for Daehee numbers of the first kind of
order k.

Theorem 2 For n € Z and k € N, we have

1
(k) (k-1)
Dy =y [kDy7” = (n +1)(n + K)DP], (11)

where DY =1,D) =0 forn>1,k=0,1,...,n.

Proof The recurrence relation for the Stirling numbers of the first kind is given by
si(n+1,k) = s1(n, k — 1) — nsy(n, k).

Replacing n by n + k, we get
sim+k+1L,k)=s1(n+k, k—=1)— (n+k)s1(n + k, k).

By using relation (10) we have

n+k+1 n+k _ n+k
( k )Dikjl:<k—1>Dik”D_(”+k)< k )Dzk);

hence,

(n+k+1)DY, = kD*P — (n+ k)(n + 1)DP.

n+l — n+l

This completes the proof. d
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A Mathcad program is written and executed to generate the higher-order Daehee num-
bers using the recurrence relation (11); see the Appendix.
For example, if 0 < # < 3 and 0 < k < n, then we have

1 1 1
-1/2 -1 -3/2
2/3 11/6  7/2
-3/2 -5 -—-45/4

S O O

Kim et al. ([8], Theorem 4) proved the following result: for n € Z and k € N,
n
Bglk) = ZDg)sz(n, m). 12)

m=0

Remark 2 We can write this relation in the matrix form as follows:
B® —§,p®, (13)

where D® isan (n+1) x (k+1) matrix (0 < k < n) for the Daehee numbers of the first kind
of order k, and S, is an (n + 1) x (# + 1) lower triangular matrix for the Stirling numbers of
the second kind, and B® is an (1 + 1) x (k + 1) matrix for the Bernoulli numbers of order k.

For example, setting 0 <# <3 and 0 < k < n in (13), we have

1 00 0\/1 1 1 1 1 1 1 1
010 offo -1/2 -1 -32] o -1/2 -1 -372
o0 1 1 o0flo 23 16 72| |o 16 56 2
0 1 3 1/\0 -3/2 -5 -45/4 0 0 -1/2 -9/4

Kim et al. ([8], Theorem 3) introduced the following result: for n € Z and k € N,
n
D(nk) = Zsl(n,m)Bg?. (14)
m=0
We can write this relation in the matrix form as follows:

D® = SIB(k), (15)

where S; is an (n + 1) x (n + 1) lower triangular matrix for the Stirling numbers of the first
kind.

For example, setting 0 <# <3 and 0 <k < in (15), we have

1 0 0 0\ /1 1 1 1 1 1 1 1
o1 0 offo -2 -1 -32| o 12 -1 -32
0 -1 1 oflo 16 56 2 | |o 23 11/6 72
0 2 -3 1/\o 0 -1/2 -9/4 0 -3/2 -5 -45/4
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Remark 3 Using the matrix form (15), we easily derive a short proof of Theorem 4 in Kim
et al. [8]. Multiplying both sides by the Stirling number of second kind, we get

$,D® = §,8,B% = IB® = BW,
where I is the identity matrix of order (n +1).

Kim et al. [8] defined the Daehee polynomials of order k by the generating function as

follows:
e} n k
> o - () e 16)
n=0

Liu and Srivastava [14] defined the Norlund numbers of the second kind bﬁf) as follows:

<10g(1 + t)) Z b 17)

Next, we give a relation between the Daehee polynomials of order k and the Nérlund
numbers of the second kind 5% in the following theorem.

Theorem 3 For m € Z and k € N, we have
“ z
DX (z) = m! Z ( )bf;“. (18)
cs\m-n
Proof From Eq. (17) by multiplying both sides by (1 + £)* we have

L z z = z i
(log(1+t)) 1+ = Zb (L + ) = Zb Z<l>t

i=0

"2 2 (mz— n>tm g3 (mz— n)bff)t’”. 19

n=0 m=n m=0 n=0

Replacing x by —k in (19), we have

log(1 + H\* i “ o
t m—n "
m=0 n=0
o0 tm
b 20

Z m Z (m n) " oml (20)
m=0 n=0

From (16) and (20) we have (18). This completes the proof. a

Corollary 1 Setting k =1 in (18), we have

Du(e)=my <mz_ n) be, (21)

n=0
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Setting z = 0 in (18), we have the following relation between Daehee numbers of higher

order and Norlund numbers of the second kind.
Corollary 2 For k € N, by setting z =0 in (18) we obtain
DX = iR, (22)

The following relation between Bernoulli numbers and Bernoulli polynomials of order

k is given by Kimura [13]:

B0 =3 () 23)

o
Therefore, we can represent (23) in the matrix form
BY(x) = P(x)BY, (24)

where B (x) is an (1 + 1) x (k + 1) matrix (0 < k < n) for Bernoulli polynomials of order &,

By'(x) By By®) - By
) B® B'w B® - Bk
BYw)=| . : o P
BY(®) BY® BY® - Bk

where the column & represents the Bernoulli polynomials of order k, B% is an (1 + 1) x
(k+1) matrix (0 < k < n) for Bernoulli numbers of order &, and the matrix P(x), the Pascal

matrix, is the (n + 1) x (n + 1) lower triangular matrix defined by

(=7 i),

0 otherwise,

(P@)), = Lj=0,1,...,1.

For example, setting 0 <z <3 and 0 < k < n in (24), we have

1 0 0 O 1 1 1 1
X 1 0 O 0o -1/2 -1 -=3/2
¥ 2 1 0]]l0o 16 5/6 2
2 3% 3x 1/J\0 0 -1/2 -9/4
1 1 1 1
1 3
_ X x—3 x—1 x—3
X xr-x+ i xr =2+ 2 X2 —3x+2
K -3 tix -3+ i1 A -Jat+6x—3

Kim et al. ([8], Theorem 5) introduced the following result: for n € Z and k € N,

DP@) = " s1(m,m)BR (x). (25)

m=0

Page 6 of 21
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We can write this relation in the matrix form as follows:
DX (x) = $;BV(x), (26)

where D®(x) is the (1 + 1) x (k + 1) matrix for the Daehee polynomials of the first kind
with order k, and B®(x) is the (1 + 1) x (k + 1) matrix for the Bernoulli polynomials of
order k.

For example, setting 0 <# <3 and 0 <k <nin (26), we have

1 0 0 O
0 1 0 O
0O -1 1 O
0 2 -3 1
1 1 1 1
o X X — % x—1 X — %
K xt-x+ g xr =2+ 2 X2 —3x+2
-3 ix -3+ i1 A -dat+6x—3
1 1 1 1
B X X — % x—-1 X — %
x—x Xt -2+ 3 Xt —3x+ ¢ X —dx+ 7
3 2 392, 1, 3 .3 2,2 3152 45
X =3x"+2x X —sxT+Fx—5 X -—6x"+5x-5 ¥ -Jx"+17x-F
Kim et al. ([8], Theorem 7) introduced the following result: for n € Z and k € N,
n
BY ) =Y DY (x)sy(n, m). (27)
m=0
We can write Eq. (27) in the matrix form as follows:
B®(x) = $,D® (x). (28)

For example, setting 0 <# <3 and 0 <k < in (28), we have

1 0 0 O
01 0 O
01 1 0
01 3 1
1 1 1 1
y X x—1 x—-1 x—%
x—x X -2+ 3 x*-3x+ g Xt —dx+ 2
x3 = 3x% + 2x x3—%x2+%x—% x3—6x2+%x—5 963—%xz+17x—44—5
1 1 1 1
1 3
_ X x—3 x—1 x—3
X xt-x+ i xr =2+ 2 X2 —3x+2
3 .3 3.2 1 3 o,2,5. 1 .3 92 9
X xT—Sx 5% X 3x +3x—5 X —3x + 6x :
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Remark 4 We can prove Theorem 7 in Kim et al. [8] by using the matrix form (26) as
follows. Multiplying both sides of (26) by the Stirling number of second kind, we have

$:DW(x) = $,8,B® (x) = IB® (x) = B® ().

Kim et al. [8] defined the Daehee numbers of the second kind of order k by the generating
function as follows:

it (A=)log-6)\"
> ol - () 29)

Kim et al. ([8], Theorem 8) introduced the following result: for n € Z and k € N,

1B mBEk), (30)

=0

where ['l’] = (-1)"s1(n, 1) = |s1(n, k)| = 5(n, k), and s(n, k) are the signless Stirling numbers
of the first kind; see [3] and [5, 6].

We can write this theorem in the matrix form as follows:
P® - sk, (31)

where D® is the (1 + 1) x (k + 1) matrix of Daehee numbers of the second kind of order
k, and & is the (n + 1) x (1 + 1) lower triangular matrix for the signless Stirling numbers
of the first kind.

For example, setting 0 <# <3 and 0 < k < n in (31), we have

1 00 0\ /1 1 1 1 1 1 1 1
010 o0ffo -2 -1 -32| |o -1/2 -1 -3/2
o011 0|]lo 16 56 2 | |0 -1/3 -1/6 1/2
023 1/\0o 0 -12 -9/4 0 -1/2 0 3/4

Kim et al. ([8], Theorem 9) introduced the following result: for n € Z and k € N,

B~ 3 1y sy, D [0, -
m=0

We can write Eq. (32) in the matrix form as follows:
BX = S2D(k), (33)

where S, is the (1 +1) x (n + 1) lower triangular matrix for signed Stirling numbers of the
second kind defined by

o (_l)i_jSZ(i:j)’ i = i, ..
Sy)ii= i,j=0,1,...,n.
(82 0 otherwise, J
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For example, setting 0 <#n <3 and 0 < k <#in (33), we have

1 0 0 O 1 1 1 1 1 1 1 1
0 1 0 0 0 -12 -1 =32 |0 -1/2 -1 -3/2
0 -1 1 0 0 -1/3 -1/6 1/2 0 1/6 5/6 2
0 1 -3 1 0 -1/2 0 3/4 o o0 -1/2 -9/4

Remark 5 We can prove Theorem 9 in Kim et al. [8] by using the matrix form (31) as
follows. Multiplying both sides of (31) by the matrix of sign Stirling numbers of second
kind S, we have

$,D% = §,&B% = 1B® = B,
which gives Eq. (33), where we used the identity S,& = 1.

Kim et al. [8] defined the Daehee polynomials of the second kind of order k by the gen-
erating function as follows:

> . " ((1-t)logl-8)\* }
ZD’;[(k)](x)E = (_—t> 1-ty. (34)

n=0

Kim et al. ([8], Eq. (31)) introduced the following result: for n € Z and k € N,

DE[(] () = 3 (=151 (n, m) B (=), (35)

m=0

Equation (35) is equivalent to
n
DE[(0)]@) = > (1, m)BY) (~x). (36)
m=0
We can write Eq. (36) in the matrix form as follows:
D®(x) = &BX (-x), (37)
where D®)(x) is the (1 + 1) x (k + 1) matrix of the Daehee polynomials of the second kind

of order k, and B®(x) is the (n + 1) x (k + 1) matrix of the Bernoulli polynomials.
For example, setting 0 <# <3 and 0 <k <nin (37), we have

1 0 0 O 1 1 1 1
010 Of] —« —x—1 —x—1 —x-3
01 1 0 x2 X rx+t X%+ 2+ 2 X2 +3x+2
3 3 3,2 1 3 9,2 5, 1 .3 9.2 . 9
0 2 3 1 —Xx° =X —IXT—oXx —x 3x 2X—3 X7 — 5% 6x )
1 1 1 1
1 3
_ —x —x—3 —x—-1 —x-3
X —x %t -1 Ktx—p X +2x+3
2 _ .3 3x 3,x_1 3% _ .3 % _ 3.3
3x° —x° —2x - +35-3 > =X X— 5 —x+ 3
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Kim et al. ([8], Theorem 11) introduced the following result: for n € Z and k € N,

B (=) = 3 (-1 s, ) DY, [ (0] ). (38)

m=0

We can write Eq. (38) in the matrix form as follows:
B®(=x) = §, D% (x). (39)

For example, setting 0 <z <3 and 0 < k < in (39), we have

1 O 0 0 1 1 1 1
01 0 0 —x —-x—1 —x—1 —x-3
0 -1 1 0 x2—x x*—1 x2+x—% X2 +2%+ 5
0 1 -3 1) \B?-a*-2x - -P+I-1 Z_3 x-3 4343
1 1 1 1
1 3
I B —x—3 —-x-1 —x-5
x> x2+x+% x2+2x+% X2 +3x+2
3 3 32 « 3 2 5x 1 3 9x2
X -5y -3 -5 -g x-S -6

Remark 6 We can prove Eq. (39) ([8], Theorem 11), directly by using the matrix form (37)
as follows. Multiplying both sides of (37) by S,, we get

$,DW (x) = S, SBH (—x) = IBY () = BW (),
and, thus, we have Eq. (39).

3 The A-Daehee numbers and polynomials of higher order

In this section we introduce the matrix representation for the A-Daehee numbers and

polynomials of higher order given by Kim et al. [9]. Hence, we can derive these results in

matrix representation and prove these results simply by using the given matrix forms.
The A-Daehee polynomials of the first kind of order k can be defined by the generating

function
Alog(1+t) k i (k) t"
——— ) A+t = D —. 40
LS S o

When x = 0, DY) = D¥) (0) are called the A-Daehee numbers of order k:

Alog(1 +¢) ko w t"
— | = D —. 41
((1+t))‘—1 2 "t (1)

n=0

It is easy to see that D(,,k) (x) = D;ki () and D,y (x) = D;DA (x).
Kim et al. ([9], Theorem 3) obtained the following results: for n > 0 and k € N,

D(nk))\ (%) = Zsl(n, m))»mng) <;> (42)
m=0
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and
n
X
A B;k) <Z) = Z so(m, m)DE’,j,),\ (x).
m=0

We can write these results in the following matrix forms:

DY) = §,ABY (’A—C)

and

ABW G) = $,D{" (x),

Page 11 of 21

(43)

(44)

(45)

where, D(Ak) (%) is the (n + 1) x (k + 1) matrix for the A-Daehee polynomials of the first kind
of order k, B (x/1) is the (1 + 1) x (k + 1) matrix for the Bernoulli polynomials of order
k with x — x/A, and A is the (n + 1) x (n + 1) diagonal matrix with elements (A); = 1/,

i=j=0,1,...,n.

For example, setting 0 <# <3 and 0 <k < in (44), we have

1 0 0 O\/1 0 0 O
01 0 ofJ]Jo » o0 o
0 -1 1 ofJlo o A2 o
0 2 -3 1/\0 0 0 A3
1 1 1
X X 1 X X
X xx2 xz)L_xEI xzxz_xl 5 xZX
2 a2 xts 23 te A
S ox 32 8 s 3 21 e 92
B2 2 T3 20 Az T3 2 T a2
1 1 1
x x-3% x—A
" xx-1) %—Ax+%+x2—x L
Dg) () D5, () DY) @)

where
D) (x) = x(x - 1)(x - 2),
1
DY) (x) = —5 G-+ 1)(A2 - 4w + 42 + 247 — 4x),

1
DY) (x) = 4 (BA—2x+2)(33% 620 + 63 + 20 — ).

1
-3
2

e +

3x 2

*
o+

o

1
x—

1
DY) (x) = —5()\ - 2x+2)(A - 2% + &% — Ax),

3%

2

52 _odx+A+at—x 2)»2—3)»x+37’\+x2—x ’
3
DY) (x)

Remark 7 In fact, we can prove Eq. (45) by simply by multiplying Eq. (44) by S, as follows:

$:D;7(x) = SZSIAB(k)<;—C> - IAB(k)<1—C> - AB(k)<;_C>‘

The following theorem gives a relation between the Daehee polynomials of higher order

and A-Daehee polynomials of higher order.
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Theorem 4 For m > 0, we have

m (k)
B =my. 3 ZER((0) (1) o

1 l l
n=0 ij+ig+---+ip=m 1 2 "

Proof From (16), replacing (1 + £) by (1 + £)*, we have

k 0 n
(Alog(l + tl)) (L0 = ZDSP(x)((l +1) —1) ‘

A
1+1) e n!

Thus, from (40) we get

00 m A
Zotoniy- S22 ()

n=0 i=

2 DP®) (= (2
22032
n= i=1

Using the Cauchy rule for a product of series, we obtain

ZD 00 z (’”z ) (k)(A)t

u
M=Ni]+ig++ip=m

DDV oIy B (g

1
n=0 i1 +ip+--+iy=m 1

Equating the coefficients of " on both sides yields (46). This completes the proof. d
Setting x = 0 in (46), we have the following corollary as a particular case.

Corollary 3 For m > 0, we have

m ®
w0 DY (A (R (*
ph-my. ¥ () (1) (@7)

n=0 ij+ig+---+ip=m

Kim et al. [9] defined the A-Daehee polynomials of the second kind of order k as follows:

Alog(1 +¢) ™
<7(1+m_1> +1) ZD ()— (48)

Kim et al. ([9], Theorem 5) proved that

DB, x) =3 s1(m, )2'BY <k " ’%) (49)

1=0

and

xm3k></<+ > Zsz(m,n)DM( ). (50)
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Also, Kim et al. ([9], Eq. (35)) introduced the following result:
BY(k - x) = (-1)"BY (x). (51)

Remark 8 We can write (49) and (50), respectively, in the following matrix forms:

DY (x) = 5, A,BY (_;—‘) (52)
and
ABY (—;ﬁ) = $,D (), (53)

where D; (x) is the (11 +1) x (1 + 1) matrix for the A-Daehee polynomials of the second kind

of order k, and A; is the (z + 1) x (# + 1) diagonal matrix with elements (A;); = (-1)’ for
i=j=0,1,...,m.

For example, setting 0 <# <3 and 0 <k <nin (52), we have

1 0 0 O 1 0 O 0
0 1 0 O 0 -A 0 0
0 -1 1 oJ|lo 0 A2 o
0 2 -3 1/J\0 0 0 -A3
1 1 1 1
_x —x_1 _*_1 _x_3
« 7 S r 2 x rT2
L S+ a+a?) A%(%A2+2)»x+x2) 521 +x) (1 + %)
_ﬁ x(A+2x)(A+x) _ (A+x)(k2+4kx+2x2) _ (3)\+2x)(3}\2+61x+2x2)
A 223 223 433
1 1 1 1
x Lix A+ Zoyx
x(x—1) %+Ax—%+x2—x %+2Ax—k+x2—x 20243 -2+ a2 —x |
g, D5 @) DY) @) )

where

. . 1
D) =xx-x-2), DY) = 50 20— 2)(% +2x - x* - Ax),

. 1
DY) (x) = SO x- D(A% + 4hx — 42 + 24° — 4x),

N 1
Dgg))\ (x) = 1(3)\ +2x = 2)(32% + 6Ax — 64 + 247 — 4x).

Remark 9 We can prove Eq. (50) easily by using the matrix form, multiplying Eq. (52) by
S, as follows:

$:DV (%) = $,8,A,BY (—;) - IA,B® (_;) - ABY (_%)
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4 The twisted A-Daehee numbers and polynomials of higher order
Kim et al. [10] defined the twisted A-Daehee polynomials of the first kind of order k by the

generating function

1 k S n
(%) Q+&0)° = X_;fog(xm%. (54)

In the special case x = 0, ng,k = qukg (0|)) are called the twisted A-Daehee numbers of the
first kind of order k:

A IOg(l + Et) k > (k) t"
—— ) =) D, —. 55
((1+st)k—1 ; R ) (55)
The twisted Bernoulli polynomials of order r € N are defined by the generating function
(see [4])
¢ ’ xt _ - CY

The relation between the twisted A-Daehee polynomials and A-Daehee polynomials of

order k is given in the following corollary.

Corollary 4 Forn> 0 and k € N, we have
D} (x11) = £"DY) (x). (57)

Proof Replacing ¢t with £t in (40), we have

Mog(1+£6)\* 0y B o o
— ") 1+&)*= D - = "D —. 58
((1 veo1) 18D ZO &= Zn:() D) (58)
Hence, by virtue of (54) and (58) we get (57). This completes the proof. O

If we put x = 0 and A =1 in (57), then we have, respectively,
DL, ="y and DL(x) = £"DV(x).

Kim et al. ([10], Theorem 1) proved the following relation: for m € Z and k € N,

m ) x
DY, (x[2) = £ 3" $1(m, 2B (K) (59)
1=0
and
x m
)‘mBg«(,)EA (X) - Z Dgtk; (®|1)§ ™" s2(m, ), (60)

n=0
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where BZ)S*(%) is defined by Kim et al. ([10], Eq. (15)) as follows:

M e (2) 2
(5)‘8“—1) (Se) =§ ;k Bm,g"h(X)%‘ (61)

Remark 10 We can write (59) in the matrix form
DY) = E8,ABY (;—C) (62)

where Dék) (x|7) is the (1 + 1) x (k + 1) matrix for the twisted Daehee numbers of the first
kind of order k, and E is the (# + 1) x (z + 1) diagonal matrix with elements (&);; = & for

i=j=0,1,...,n.

For example, setting 0 <# <3 and 0 <k < nin (62), we have

10 0 O 1 0 0 0\/1 0 0 O
0 &£ 0 O 0 1 o0 ollo » o o
0 0 & o]|lo -1 1 o]0 0 A% 0
00 o &/J\o 2 -3 1/\0o 0o 0 A3
1 1 1 1
x x_ 1 x_1 x_ 3
X )Lz ZA 2 Z)L 2)\ 2
© x 3 & bx 3 A% 1 6w %2 a3 9
¥ow T wrteE 2 tiE T X 22 T 4
1 1 1 1
_ £x ~£(-24) —£(L—x) -£(3¢ - 2%)
T E2x(x-1) 52(%—Ax+%+x2—x) 2302 -2+ +a% —x) E2(201-3Bhx+ 3h+at-x) |
D5 (xl2) DY) (x[2) D2 (x12) D) (x12)
where

3
DY(xla) = E2x(x - 1)(x~2),  D{L(xIA) = ~S G- 2x 2)(h - 2x + 2% — Ax),

3
Dg%;(xl)\) = —%(A —x+1) (A% - 4dx + 41 + 257 — 4x),

3
DY)(xI2) = == (3%~ 22 + 2)(33% — 6 + 63 + 247 — 4a).

Remark 11 In fact, it seems that the statement in (60) is not correct (the second equation
of Kim et al. [10], Theorem 1). From (62), multiplying both sides by E !, we have

=1y _m-lg ®(*\_ w(*).
E7D M) =ETES;AB — ] =S;AB —;
; (x12) 1 <A) 1 (A)

then multiplying both sides by S,, we have

S,E'DP (x[1) = $,8,ABY (%) - ABW (;) (63)

From (60) and (63) it is clear that there is a contradiction.
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In the following theorem we obtained a corrected relation.

Theorem 5 For m € 7 and k € N, we have
A" Bk ( ) ZDnE(xM)é "sy(m, n). (64)

Proof From Eq. (54), replacing ¢ by (' —1)/&, we have

Alog(1 + _1)) k _ s _1)"
(f) (1+ €0y St e

a 1

Substituting (7) into (65), we have

RERWRTIR S S £
HE) _ -n
(e“—l) et =) D, (x|A)E E sz(m,n)m!
0 m=n

n=

) ZD(“ #1) ';). (65)

oo m -

DY) (xn)E sy (m, n );!. (66)

m=0 n=0

From (1) and (66) we have

= m —-n tm
%A B(k< )m' %;ﬁk (el)& 520 ) (67)

Equating the coefficients of " on both sides gives (64). This completes the proof. g

Moreover, we can represent Eq. (64) in the following matrix form as in (63):

B(k>(§) = A7, 27D (x]2). (68)

For example, setting 0 <# <3 and 0 <k < n in (68), we have

1 0 0 O 1 0 0 O 1 0 0 O
0oL o oflo1ooffo g 0 0O
00 % oflo 1 1 0off00 5 O
00 0 55/\0131/\00 0 5
1 1 1 1
£x -£(n—2%) —E(-x) -£(3& - 24)
E2x(x—1) 52(%—Ax+'§+x2—x) 2202 -2+ A +a’ —x) EX(202-3hx+ Ir+a’—a)
DE)(x[2) D5 (x12) D) (x]2) D& (i)
1 1 1 1
x x_ 1 x_1 x_3
_ xz X x 2 ) x R r 2
£ x 3% a0 5x_ 32 A1 ex_ 9% &9
Bowm Tzt wToztE T2 T wztiE T
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where
3
Dg(xl)\) = E%x(x - 1)(x - 2), Dél‘)s(xlk) = —%(A 2%+ 2)(k — 2 +x% - Ax),
2 g3
DY) (x11) = ~S -+ D)(A% - 4hx + 42 + 24° — 4x),

3
D) (x[3) = —%m —2x+2) (312 — 61x + 61 + 2x% — 4x).

Kim et al. [10] introduced the twisted A-Daehee polynomials of the second kind of order
k as follows:

k 00 n
(uog((lljss;);l_ - st)k) (607 = Y DG, )

n=0
Setting x = 0, 1552/\ = lA)qué (0]A), we have the twisted Daehee numbers of second kind of
order k:

n

w
It (70)

M2
Wi

Alog(1 +E6)(1+E0)*\*
( Q+&0) -1 )

Il
o

n

Kim et al. ([10], Theorem 2) proved that, for m € Z and k € N,

E7"Dye(x|1) = ;sl(m, l)AlBEk) (k ¥ X) 71)
and
x "
sl (ke 5) - Dmpntomme o)
n=

Using Eq. (51), we can write (71) in the matrix form
DY (x11) = £8,A,BY (—;) (73)

where ]A)g() (x]A) is the (# +1) x (k +1) matrix for the twisted Daehee numbers of the second
kind of order k.
For example, setting 0 <z <3 and 0 < k < n in (73), we have

1 0 0 O 1 0 0 O\/1 0o 0 O
0 & 0 o]Jo 1 o o]0 -» 0 O
0 0 £ 0 0 -1 1 o]Jlo 0o A»* o0
00 0 €J\0 2 -3 1/\0o 0 0 =A%
1 1 1 1
_x —x_1 _%_1 _x_3
% 2)\ 2A 2 ) A A 2
i ’;—2+§+% ’;2+%+% f—2+37x+2
P X 32 8 5x 3a2 P 1 6x 9x2 P 9

Page 17 of 21
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1 1 1 1
_ Ex %()L+2x) E(A+x) %(3& +2x)
E2x(x—1) %‘2(% +hr—2rat-x) E2EN+2m-A+a’—x) E2QA2 43— +a’-a) |
D)) D) (l2) D (1) D) (xl2)

where

D) (xln) = £3x(x — 1) (x — 2),
DY (x[) = £ 2
Y xl)\)——g()»+2x—2)(k+2x—x - M%),
A2 g3
D) (x1r) = 2 x =11 + 4hx — 4+ 20 ~ 4),

3
D)) = %(3)\ +2x —2)(3A% + 6Ax — 61 + 2x” — 4x).

From (73), multiplying both sides by £, we have
=210 (r) = 2125, ABY (=2 ) =5,A,BR (-2,
& (x1A) 1441 Y 1441 5
and multiplying both sides by S,, we have

S, 2 DY (x[1) = 5,84, BY (%) —IA,BW (%) - A,B® (%) (74)

From (72) and (74) we have a contradiction.

Remark 12 In fact, it clear that (72) is not correct (the second equation of Kim et al. [10],
Theorem 2).

We give the correction of (72) in the following theorem.

Theorem 6 Form € Z and k € N, we have
m

"B, (k) <k+ —> Z x|k E7"sy(m, n). (75)

Proof From Eq. (69), replacing ¢ by (e’ — 1)/, we have

Mog(1+ £+ HE K g 1) ¢ 1"
( (1+ £y 1 ><1+ ) ZD”E( e nen

(ekf\t ) (ka+x)t _ ZD |}\) '%_1) ’
(e)\?t ) Z ng( M)f_ 1) . (76)

n=0
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Substituting Eq. (7) into Eq. (76), we have

00 0 £
A (k _

D Dl aE™ Y salmm)—

n=0 m=n

o0

m

. "
= DY) (612)E "5 (m, m)—. (77)
m!
m=0 n=0
From Eq. (1) and Eq. (77) we have
Z A’”Biﬁ) <k + X) poi Z ZD% (x| L)E "5 (mm, n)%. (78)
m=0 m=0 n=0
Equating the coefficients of " on both sides gives (75). This completes the proof. O

Moreover, by using Eq. (51) we can represent Eq. (75) in the following matrix form:

X A (K
B® (_X> _ AI—IS2571Dg)(x|)L), (79)

where AB®(k + £) = A;B®(-%),

For example, setting 0 <#n <3 and 0 < k < n in (79), we have

1 0 0 O 1 00 0\f1 0 0 0
0 -1 0o oflo1o0of]JO0 £ 0 ©
00 % oflo11offl0o0 5 O
00 0 —3/\0 131/ 00 0 5
1 1 1 1
Ex %(A +2x) EM+x) %(35 +2x)
E2x(x—1) 52(% +he—baa?—x) E2CNP+2x—r+x’-x) EXQ202+3hx—Ir+a’—a)
DY) (xl2) DY) (x[2) DY) (xl) DY) (x|

—
—_
—_
—_

_% _x_1 _%_1 _x_3

_ x X2 x r 2

= 2 2 2 ’
X X X 1 X 2x 5 X 3x
2 a2Tits Ztats a2
_a _x 32 P _sx_ 3 _ P 1 _6x_ 9% _ & _9
23 20 222 A3 26 A2 A2 A2z A3 4

where

DY) (xl3) = £3x(x — 1) (x - 2),
A _ & 2
5.0 (*[1) = —?(k +2x - 2)(A +2x — &% — Ax),

3
D) (x1n) = Z(hra- D(A% + 4hx — 42 + 247 — 4x),

3
DY) = 2(3)\ +2x —2)(3A% + 6Ax — 6 + 2x” — 4x).

For more details and very recent results on these numbers, see [17].
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5 Conclusions

We derived generalization of higher-order Daehee numbers and polynomials. Moreover,
new matrix representations for these numbers and polynomials are obtained. This en-
abled us to obtain simple and short proofs of many previous results on higher-order
Daehee numbers and polynomials. Furthermore, we investigated the relations between
these numbers and polynomials and Stirling numbers, N6érlund numbers, and Bernoulli
numbers of higher-order. Finally, some numerical results are given.

Appendix
Mathcad program for higher-order Daehee numbers using the recurrence relation (11):

D(n,k):=| Doy <1
foriel---n

Diy <0
forjel---k

Dy <1
forie0---n-1

forjel- -k

Dy < (iﬂ%) “[j-Disrjo1— (i +1) - (i +)) - Dyl
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