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1 Introduction

In recent years, since the fractional differential equation has been widely applied in var-
ious areas such as mathematics, physics, chemistry, biology, and so forth, lots of books
on fractional calculus have appeared, see [1-4] and the references therein. The boundary
value problems are a very important part of fractional differential equations theory, and
more and more researchers’ attention has been attracted and plenty of meaningful results
have been obtained; see [5-23]. For example, in [21], the authors studied the existence
of multiple positive solutions of systems of the boundary value problems of the Caputo

fractional differential equations

—CDz(t) = fi(t,z(t)), fora.e.te[0,1]andicl,
az;(0) — Bz;(0) = 0, vzi(1) + 6z;(1) =0,
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where z(t) = (z1(¢),...,2,(¢)), q € (1,2), the parameters «, 8, y, § are positive real numbers,
and obtained some interesting conclusions. Reference [22] studied the existence of at least

one positive solution for the following problem:

D§. u(t) =f(t,u(t)), te(0,00),

limy_, o+ t>u(t) = a, lim;_.o+ D§tu(t) = b,

wherel<a <2,a,b € R, f:(0,00) x R — R isa continuous function, and f may be singu-
lar at £ = 0, i.e., lim;_, ¢+ f(£,-) = +00. And the paper also considered an infinite fractional
boundary value problem for singular integro-differential equation of mixed type on the
half line

Dg. u(t) = f (¢, u(t), (Su)(t), (Hu)(t)), t €(0,00),

limy_, o+ t>u(t) = a, lim;_ o+ D§tu(t) = b,

where S, H : (0,00) x (0,00) = [0,00), (Su)(¢) = [, K(t,5)u(s) ds, (Hu)(t) = fOtH(t, S)u(s)ds.
The authors proved the existence of at least one positive solution for two problems of the
boundary value problem for the fractional differential equation by using a fixed point
theorem in partially ordered sets and the contraction mapping principle.

The disturbance parameter in boundary conditions is a very important factor while solv-
ing the actual problems with the boundary value problems of differential equations and
also it is inevitable that the impact of such a disturbance parameter to the existence of
solutions always exists. However, as far as we know, there are only several papers studying
this kind of impact, see [23-28]. In [24], the authors studied the second-order differen-
tial equation boundary value problem with one-parameter nonhomogeneous boundary

conditions

u +pt)u +g(t)=0, te(0,1),
u(0) =0, u(l) = A.

And the multi-point boundary value problem

u'(t) +a(t)f(u)=0, te(0,1),
W(0)=0,  u()-Y"kulE)=b

was considered in [25]. References [26, 27] studied the two-parameter nonhomogeneous

boundary value problem of the second-order differential equation

u'(t) =f(t,u,u'), te(0,1),

u(0) = 37 au(t;) = A, u(Q) = 37 biu(t) = ha.

It was shown that under some assumptions there exists a continuous curve I" separating
the plane R? into disjoint regions AZ and AN with I" € A£ such that this boundary value
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problem has at least two solutions on Af \ T, one solution on I', and no solution on AV,
The authors also studied the higher order boundary value problems with nonhomoge-
neous boundary conditions in [28] and get the some conclusion. Reference [23] studied
the existence and nonexistence of positive solutions for the boundary value problems of

the fractional differential equations

—CDou(t) = f(t,u(t)), te(0,1),
miu(0) —mu'(0) =0,

myu(l) + nyu/(1) = fol g(s)u(s)ds +a,

where “D? is the Caputo fractional derivative of order §. And one studied the impact of the
disturbance parameter a on the existence of positive solutions. Under certain conditions,
the authors also obtained the demarcation point which divides the disturbance parameters
into two subintervals such that the boundary value problem has positive solutions for
the disturbance parameter in one subinterval while there are no positive solutions in the
other.

In this paper, we study the existence and nonexistence of the positive solutions of the

fractional order the boundary value problem which is composed of the equation
D). u(t) +f(t,u(t)) =0, forae. te(0,1), (1.1)
and nonhomogeneous boundary conditions with the disturbance parameters a, b

lim £27%u(t) = a, u(l) = b, (1.2)

t—0%

where Dg+ is the standard Riemann-Liouville fractional derivative of order §,1 <8 <2,J =
(0,1], disturbance parameters a >0, b > 0, f : [0,1] x [0, +o0) — [0, +00), and f satisfies
the L;-Caratheddory conditions.

We say that f satisfies the L;-Caratheddory conditions on [0,1] x [0, +00), if

(i) f(-,u) is measurable for all « € [0, +00);
(i) f(¢,-) is continuous for a.e. t € [0,1];

(iii) for every y > 0, there exists ¢, € L;[0,1] such that |f(t, 52y < @, (t) for all

ue[0,y]andace. t€[0,1].

In the paper, we have the following.

(H) For any ¢ €/, f(t, u) is monotone increasing with respect to u.

We focus on studying the impact of the disturbance parameters a, b on the existence
of positive solutions. We use the upper and lower solutions method and the Schauder
fixed point theorem, and we obtain sufficient conditions so that the problem has at least
one positive solution, two positive solutions, and no positive solution, respectively. In
addition, we also prove that there exists a bounded and continuous curve L dividing
[0, +00) x [0, +00) into two separate subsets AF and AN with L € A¥ such that the bound-
ary value problem has at least two positive solutions for each (a,b) € Af \ L, one positive
solution for each (a,b) € L, and no positive solution for any (a, ) € AN under certain con-

ditions.
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2 Preliminaries
In this section, we present some useful definitions and the related theorems.

Definition 2.1 (See [4]) Let u € L1[0,1]. The integrals

» _ L u
Ioou(t) = o ) T ds, t>0,

where p > 0, is called the Riemann-Liouville fractional integral of order p.

Definition 2.2 (See [4]) The Riemann-Liouville derivative of order p for a continuous
function u: (0, +00) — R is given by

(A (Y
Dy-u(®) = r<n—p)< t) I (t—s)pﬂ—"ds‘(dt) o tule)

provided the right side is pointwise defined on (0, +00), where n = [p] +land n -1 < p < n.

Lemma 2.1 (See [3], Lemma 1.1) The space AC"[0,1] (n € N,) consists of those and only
those functions u(t) which can be represented in the form
n-1
u(t) = (I5.y) () + chtk,

k=0

where y(t) € L1[0,1], cx (k=0,1,...,n - 1) are arbitrary constants, and

(Z5:3)(0) =

” i W /0 (t — )" Ly(s) ds.

Lemma 2.2 (See [3], Lemma 2.4) Letp > 0. If u € L1[0,1], then the equality
(Dng; u)(t) = u(t)
holds a.e. on [0,1].

Lemma 2.3 (See [3], Corollary 2.1) Let p > 0 and n = [p] + 1, the equality (D’S+ u)(t)=0is
valid if, and only if,

n
u(t) =y et’™,
k=1

where cx € R (k=1,2,...) are arbitrary constants.

Lemma 2.4 (See [3], Lemma 2.5) Let p > 0 and n = [p] + 1. If u € L1[0,1] and Ig:p €
AC"[0,1], then the equality

B (Dhou)(®) = u(t) = > cxt?™

k=1

holds a.e. on [0,1].
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Let

E:= Cg_a[O,l] = {u € C(0,1]: li%l £270u() < +oo},
t—07*

then E is a Banach space with the norm ||ul| = sup,o ;27 |u()|.
Lemma 2.5 If D). u € L1[0,1], then I2-°u € AC?[0,1].

Proof Since Dj.u € L[0,1] and (D}, u)(¢t) = (%)Ué:‘su(t), it follows that I2:%u € AC*[0,1]
from Lemma 2.1. g

Definition 2.3 If u € E, Dg+u € L,1]0,1] and satisfies (1.1) and (1.2), u is called a solution
of the fractional boundary value problem (1.1) and (1.2). Furthermore, if u(¢) > 0, ¢ € (0,1),

u is called a positive solution of the fractional boundary value problem (1.1) and (1.2).

Lemma 2.6 For anyy € L1[0,1], the boundary value problem

Diu(t) +y(t) =0, forae te(0,1), (2.1)
tlirg 2u(t) = a, u(l) = b, (2.2)

has a unique solution
t
u(t) = / G(t,s)y(s)ds + (b - a)t®™* + at’~2, (2.3)
0

where

1| E@-9)7" - (-5,

T TE) | =), (24)

Proof Suppose u is a solution of the boundary value problem (2.1) and (2.2). Since y €
L1[0,1], (2.1) means that there exists a.e. on [0, 1] the fractional derivative Dg+ u € L,[0,1].
By Lemma 2.5, I2°u(t) € AC?[0,1]. Thus we can apply Lemma 2.4, we have

2
(I3 Dyeu)(8) = u(t) = > ¢it™,
j=1

that is,
u(t) = =y(t) + cot’™ + c1°72 (2.5)

By the boundary conditions lim,_, o+ > u(t) = a and u(1) = b, we can show

1
co = ﬁ / 1=y ds+(b-a), a=a
0
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Then

1 /! 1t _
u(t) = —m‘/(; (t—s)"ty(s)ds + m/{) (t(l—s))5 1y(s) ds+ (b-a)t ™ + at®?

1 [ . Lo )
ol /0 ((t0 =) = (£ =5 y(s) ds + 0! /t (t1-5))""y(s)ds

+at®? —at® !+ pt!

1
/ G(t,8)y(s)ds + (b - a)t® ! + a2,
0

On the other hand, if u satisfies the (2.3), then u satisfies the (2.5), too. Applying the
operator ny to both sides of (2.5), we have

d\’ d\’ d\’
(D) u)(t) = (E) I3 u(t) =—<$) (I I y) (2) =—(%) I3.y(t) = —y(8),

which implies (2.1) is satisfied.
We can easily show that u satisfies (2.2). O

Lemma 2.7 Let G be defined by (2.4). Then,
(1) foranyt,se (0,1), G(t,s) > 0;
(2) foranyt,s € [0,1], G(t,s) is continuous and G(t,s) < ﬁ;
(3) for 0 <s<t<1,the G(t,s) is monotone increasing with respect to t and for
0 <t<s<1,the G(t,s) is monotone decreasing with respect to t;
(4) ﬁ(a D1 - )s(1 -5’ < 23G(L,s) < ﬁs(l —8)%1 = G(s,s), t,s € (0,1).

Proof (1) By the expression of G(t,s), it is easy to see G(t,s) > 0, t,s € (0,1).
(2) By the expression of G(t,s), we can get results easily.
(3) According to the definition of G(¢,s), for 0 < s < £ < 1, we have

aG(t,s) 6-1 4, 5-1 §-2
% - TG) (2= = (-9
e TP YRR RN )
= To) (t-9"21-9) (t-s"7?)
<0.

Therefore, G(¢,s) is monotone decreasing with respectto ¢ for 0 <s<t <1.
It is obvious G(¢,s) is monotone increasing with respect to ¢ for 0 <t <s<1.
(4) The result can be found in [13]. O

Lemma 2.8 Ifu € Cj [0,1], Dg+u € L1[(0,1], then the boundary value problem (1.1) and

(1.2) is equivalent to the integral equation
1
u(t) = ] Gt,s)f (s,u(s))ds+ (b-a)t* +at’>, te].
0

Proof By Lemma 2.6, we can easily see that Lemma 2.8 holds. O
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Let
P:{ueE:u(t)zO,tEJ},

then PisaconeinE.

For each u € P, we have

t—0t

1
lim [tz_a / G(t, s)f(s, u(s)) ds + (b —a)t + ﬂ] =a.
0
Let
1
Tu(t) = / G(t,s)f(s, u(s)) ds+(b-a)t+at®>? forueP.
0

Hence, T: P — E.
Lemma 2.9 The operator T : P — P is completely continuous.

Proof ltis easy to show T: P — P.

(1) T is a continuous operator.

If {u,} C P, u € P, and ||u, — ul| - 0 as n — oo, there exists a constant y > 0, such that
llu,ll <y and ||u|| <y, thatis, for any ¢ € J, [£*"u,(t)| <y, |7 u(t)| < y.

Therefore, for a.e. s € J, we can show

lim f(s, u,,(s)) = nli)nolof(s, ss_zsz_gu,,(s)) :f(s, 35_232_5u(s)) =f(s, u(s)),

n—00

and there exists ¢, € 1,[0,1], fora.e.s €/,

If (5, 14 (5)) = f (5, u(s)) | < 20, (s).

Then by the Lebesgue dominated convergence theorem, we can get

lim sup |t2“3 Tu, (£) — £279 Tu(t)|

lim || Tu, — Tul|
n—00 n*)OO[E[O,l]

1
< lim sup tz_‘S/ G(t,s)[f(s, u,,(s)) —f(s, u(s))|ds

=0 te(0,1] 0
1 1 )
=T6) fo Jim £ (s, 2(s)) —f (s, u(s)) | ds

=0.

S0 limy,s o0 || Tty — Tutl| = 0.

By Lemma 2.7, a > 0, and b > 0, we have Tu(t) > 0, t € J. Hence, T : P — P is continu-
ous.

(2) T : P — P is relatively compact.

Let A; be any bounded set, then there exists a constant y > 0 such that ||u#|| < y for each
u € Ay, that is, sup,; £27°|u(t)| < y.
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There exists ¢, € L1[0,1] for any u € A;, we have

If (s, u(9))| = |[f (5,82 uls)) | < @y (5), s€T,
1
|27 Tu(t)| = ‘/ G, s)f (s,u(s)ds + (b—a)t +a
0

1 1
< — s)ds + b + 2a.
=To @y (s)

It shows that T'(4;) is uniformly bounded.
In addition, for any given u € A;, because the G(t,s) is continuous for (¢,s) € [0,1] x
[0,1], then it must be uniformly continuous. So for any ¢ > 0, there exists a constant o €

(0, m) such that for any #,£,81,52 € [0,1], as |t — tp| < 0 and [s; — s3] < 0, we can get

&

279G, 51) - 270Gy, 80)| <« ———————.
|1 bR 2 2| 2f01<py(s)ds+1

Then
|57 Tu(ty) — 67 Tu(ty)|

1
< / |£57°Gt2,5) — 5 °G(t1, 9)||f (s, u(s)) | ds + |b - al|t, — &
0

1
< / |657°G(t2,5) = 1;°G(11,5)| |, ()| ds + |b — al |t — 1]
0

e 1 e
- - ds+ ———(
<2f01g0y(s)ds+1/o #r(s) S+2(b+ﬂ)+1( +a)

=E&.

Thus, we have proved T'(A;) is equicontinuous.
By the Arzela-Ascoli theorem, we know that T is relatively compact.
Therefore, T is completely continuous. O

3 Comparison principle and the existence of solutions
Definition 3.1 Letx € E, Dg+a € L,[0,1], we say that « is a lower solution of the boundary
value problem (1.1) and (1.2), if

~Di.a(t) <f(ta(t), forae.te(0,1), 3.)
tlir(r)1+ @) < a, a(l) <b. (3.2)

Let B € E, D). B € L1[0,1], we say that B is an upper solution of the boundary value
problem (1.1) and (1.2), if

-D). () = f(t, B(¢)), forae.te(0,1), (3.3)

Jlim 20B(t) > a, B(1) > b. (3.4)
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Lemma3.1 Ifu €L, Dg+ u € L1[0,1] and it satisfies

Dg+ u(t) <0, fora.e te(0,1),

liI(I)l 273u(t) > 0, u(1) >0,
t—0t

then u(t) >0, fort €.

Proof Denote —Dg+u(t) = y(¢), then y(¢t) > 0, for a.e. t € (0,1).
Let lim;_, o+ t* 2 u(t) = a, u(1) = b, thena > 0, b > 0.

Now we consider the boundary value problem

D}, u(t) = y(t), forae te(0,1),

lim £2%u(t) = a, u(l) = b.

t—0%

By Lemma 2.6, we have
1
u(t) = / G(t,s)y(s)ds + (b —a)t’™ + at®?
0
1
= / G(t,8)y(s)ds + at’2(1-1¢) + bt* .
0

It follows that () > O for ¢t € J from Lemma 2.7. O

Theorem 3.1 Suppose (H) holds, there exist a nonnegative lower solution a and an upper
solution B of the boundary value problem (1.1) and (1.2) such that a(t) < B(¢t) for t € ].
Then the boundary value problem (1.1) and (1.2) has at least one positive solution u and it
satisfies a(t) < u(t) < B(¢) fort €.

Proof Let

[ B(1), u>p),
AhGu) = ftu),  alt) <u<p),
flt,a(®), wu<all).

Since f satisfies the L;-Carathe6dory conditions, we have f; satisfies L;-Carathe6dory
conditions, too.
We consider the boundary value problem

Dy u(t) +fi(t,u(t) =0, forae.te(0,1), (3.5)
tlir(r)1+ 27u(t) = a, u(1) = b. (3.6)

We define T} : P — P by

1
Tiu(t) = / G(t,9)fi (s, u(s)) ds+ (b - )t +at’2.
0



Su et al. Advances in Difference Equations (2016) 2016:30 Page 10 of 24

By (H), for any u € P and ¢ € ], we have

0 <filt,u®) =A (L 2°u®)) <fi(t 2287 B(1))
<AL < @up)(©).

Define
1 1
A = P: < — d b— .
o~ fuerinn = o [Comodssib-al+al

It is easy to see that A, is a closed and convex set.
By (H), we can get

1
|27 Thu(t)| = ‘f 26t )i (s, u(s))ds + (b-a)t +a
0

1
5/ G(t,s)fl(s,u(s))ds+ |b—al+a
0
1
5/ G(t,s)f(s,s’s’2||,3||)ds+|b—a|+a
0

1 1
< — s)ds+ |b—al +a.
< 1"(5)/0 ?ip1(s) | |

So

1 1
Thu| < — ds+[b— ,
Tl = i [ @ s 1b-al va

that is, T1 2A2 — Az.
Similar to the proof of Lemma 2.9, we can prove T is completely continuous.
By the Schauder fixed point theorem, we can see that 77 has at least one fixed point u,
that is, there exists a positive solution u of the boundary value problem (3.5) and (3.6).
Finally, we prove «(t) < u(t) < B(t), fort €J.
Let v(t) = u(t) — «(¢), by (H), we have
Dg+ V(t) = Dg+ u(t) - Dg+a(t)
= —fi(t u(t)) - D). a(2)
< -f(tu®) +fAi(t )
<0,

lim £27%v(t) = lim *?u(t) - lim £*Pa(t) >a-a=0,
t—0% t—0% t—0+

and
v(1) =u(l) —a(l) = b-b=0.

It follows that v(¢) > O for ¢ € ] from Lemma 3.1.
Hence, we can show u(t) > «(t) fort € J.
Similarly, we can get u(¢) < B(t) for t € J.
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So each solution of the boundary value problem (3.5) and (3.6) satisfies a(£) < u(t) < 8(¢)
for ¢ € J. That is, fi(t, u(t)) = f (¢, u(¢)) and u is a positive solution of the boundary value
problem (1.1) and (1.2). |

4 Impact of disturbance parameters a, b on the existence of solutions
Theorem 4.1 Let (H) hold.

(1) Ifthere exist parameters a =a > 0 and b = b > 0 such that the boundary value
problem (1.1) and (1.2) has a positive solution u, then for any 0 < a < a and
0<b<b,the boundary value problem (1.1) and (1.2) has a positive solution u and
b-a)t+at’?<u<uforte].

(2) Ifthere exist parametersa=a > 0 and b = b > 0 such that the boundary value
problem (1.1) and (1.2) does not have positive solutions, then for any a > a and b > b,
the boundary value problem (1.1) and (1.2) does not have positive solutions.

Proof (1) Since there exist parameters ¢ = a > 0 and b = b > 0 such that the boundary

value problem (1.1) and (1.2) has a positive solution i, by Lemma 2.8, we have
1 -
u(t) = / G(t,s)f (s,i(s)) ds + (b - @)t* ™ +at*>.
0

Hence, forany 0 <a <g and 0 <b<hb,
()= b-a)’+vat™? > b-a)’ vat’?, te].
We take a = (b — a)t* ! + at®2 and B = i, then

-Dj.a(t) = =D}, ((b-a)t’™ +at®?) < f(t,a(t)), te(0,1),

lim £a(t) = lim £27°((b-a)t*" +at’?) = a, a(l) =b.
t—07t t—0*

We see that @ and B satisfy (3.1), (3.2), (3.3), and (3.4).

Therefore, o« and B are the lower solution and the upper solution of the boundary value
problem (1.1) and (1.2), respectively.

For the parameters 0 <a <aand 0 <b < b, by Theorem 3.1, we see that the boundary
value problem (1.1) and (1.2) has at least one positive solution z and «(£) < u(t) < 8(¢) for
te].

(2) If there exist constants ao > a and by > b such that the boundary value problem (1.1)
and (1.2) has a positive solution for the parameters g, and by, by (1), we can show that for
each 0 <a <ag and 0 < b < by, the boundary value problem (1.1) and (1.2) has a positive
solution. Therefore, the boundary value problem (1.1) and (1.2) has a positive solution for
the parameters  and b, which is a contradiction. d

For convenience, we denote

_ T(+2) 2,048T(5- 1)
T +2)+1 o1 -1
£, 1572 2
f° =limsup supu, Jfoo =liminf inf TA M).

u—0+  teJ u U—+00 te[é,%] u
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Let
P={ucE:*"u(t) > (8 -1t - t)|ul,t €J}.
Then P is a cone in E and P C P.

Lemma 4.1 (See [29]) Let E be a Banach space and P C E be a cone in E. Assume that Q
is a bounded open subset of E and 0 € Q and that T : PN Q — P is compact. If

u#tTu forallu ePNoQandr e [0,1],
then the fixed point index i(T,IAJ N Q,IA)) =1.
Lemma 4.2 (See [29]) Let E be a Banach space and P C E be a cone in E. Assume that 2
is a bounded open subset of E and that T : PNQ— Pis compact. If there exists ug € P\ {6}
such that

u—Tu#tuy foralluePNoQandt >0,

then the fixed point index (T, PNQ,P)=0.

Lemma 4.3 If u is a positive solution of the boundary value problem (1.1) and (1.2) , then
forte],

£270u(t) > (8 - el - &) |lul.

Proof By Lemma 2.8, we can show

1
u(t) = / G(t, s)f(s, u(s)) ds+ (b -a)t ™t +ar® 2
0
It follows from Lemma 2.7, for ¢ € J, that

1
270 = / $23 G(t,s)f(s, u(s)) ds+(b-a)t+a
0

2/0 F(S)(a D1 - t)s(1 - )’ f (s, u(s)) ds + (1 — t)a + bt

1
> (8—1)t(1—t)<%/ s(l—s)‘s‘lf(s,u(s))ds+b+a>.
0

On the other hand,

1

2-8 1 5-1
tu(t) < @ | s(1-ys) f(s,u(s))ds+b+a,

we have

< [ (o) ds + b
||u||_m‘/os =) f (s,u(s)) ds + b + a.
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Hence,

£270u(t) > (8 - el - &) |lul. O

Theorem 4.2 Let (H) hold, f° = 0, and f5, = +00.
(1) Ifa =0, the boundary value problem (1.1) and (1.2) has at least one positive solution
for small enough b; the boundary value problem (1.1) and (1.2) has no positive
solution for large enough b.

(2) Ifb=0, the boundary value problem (1.1) and (1.2) has at least one positive solution

for small enough a; the boundary value problem (1.1) and (1.2) has no positive
solution for large enough a.

(3) Ifb = ka (for any k > 0), the boundary value problem (1.1) and (1.2) has at least one
positive solution for small enough a and b; the boundary value problem (1.1) and
(1.2) has no positive solution for large enough a and b.
Proof (1) By f° =0, for given N > 0, there exists a constant r; > 0 such that
f(t, t‘s_zu) <Nu<Nr, forte]Janduec(0,r].
Let

Q ={ueE:|ul<n}

When b < Nry, for any u € PN 9, we have |t2%u(t)] < r, t €J. By Lemma 2.7, we can
get

1
275 (Tu)(t) = / £#G(, s)f(s, u(s)) ds+(b-a)t+a
0

1
_ / Gt s)f (5, uls)) ds + bt
0

< L /1 s(1- s)‘Hf(s, 55_252_5u(s)) ds+b
“T©) Jo

er F((S)
< == + Nry
rG) r@E+1)
= }"1
= |lull,
that is,
1 Tull < llull, uePnagy. (4.1)

We can show that

u#tTu forallu e PN 9, and T € [0,1].
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Otherwise, there exist u* € PN 3 and t* € [0,1] such that u* = t* Tu*, then

[ =l 7w = | 7w

’

which contradicts to (4.1).
In view of Lemma 4.1, we can get

i(T,PNQ,P)=1. (4.2)

On the other hand, by f5, = +00, for given M > 0, there exists a constant R > 0 such that
13
f(t,u)>Mu, forte [Z’ Z] and u € [R, +00). (4.3)

Let R; > %R and

Qy = {u e E: |ul <R1}.
For any u € PN 3Ky, we have u € P and ||u|| = Ry, so

3(6-1)

3
min u(t) > min £°u(t) > E(5 — x| = Ri>R. (4.4)

te[£,3] te[,3]

By Lemma 2.7, we can get
1
273 (Tu)(¢) = / Gt ) (s,u(s)) ds+ (b-a)t +a
0

1
= / 273G, s)f(s, u(s)) ds + bt

0

1 1
TG) ./o (6 - D)t(1 - £)s(1 - 5)°f (s, u(s)) ds + bt.

When ¢ = 7, by (4.3) and (4.4), we can show

1
2

2-8 %
(%) (Tu)(%) > %(8)/1 (6 = 1)s(1 — )°"Mu(s) ds
3M(S—-1)% [
> (ﬁ / s<1—s)5-1ds)||u||

3M(S-1)% [
Z(W/:i S(l—S)dS)”M”

1M -1)
©2,048T(5-1)

o]l

[zl

Hence,

I Tull > ull, €PN, (4.5)
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In the following, we show that there exists u, € p \ {6} such that
u—Tu#tTuy foralluef)ﬁaﬂg and t > 0.
If this is not true, then there exist u* € PN 0€2, and t* > 0 such that u* — Tu* = t*uy, so
u' =Tu" + t*uy > Tu®,
and

] = | 7

’

which contradicts (4.5).

By Lemma 4.2, we have

i(T,PNQ,,P)=0. (4.6)
By (4.2), (4.6), and the additivity property of the fixed point index, we obtain

i(T,PN (2 \ ), P) =T, PN 2, P) —i(T,PNQ,P) =0-1=-1#0.

Then T has at least one fixed point z € PN (2, \ ©1), which implies the boundary value
problem (1.1) and (1.2) has at least one positive solution.

In the following, we prove that there exists large enough b such that the boundary value
problem (1.1) and (1.2) has no positive solution.

Otherwise, for any large enough b,,, the boundary value problem (1.1) and (1.2) has solu-
tions, then there exists {,} such that, for lim,_, . b, = +00, the boundary value problem

D).u(t) +f(t,u(t)) =0, forae. te(0,1),
lirgl 273u(t) = 0, u(l) = b,
t—0*

has a positive solution, which we denote ,,.
Due to this,

1
uy(1) = / G(Ls)f (s, un(s)) ds + by
0

> b, —> +00 (1 — +00),

so ||u,|| — +oc.

In addition, by f5, = +00 and given M > 0, there exists a constant R > 0 such that f(t, x) >
2Mu, t € [1,3], and u € [Ry, +00).

Let R; > %I_{ Forany u € 3i)ie1 ={ulu e 2 llull = Ri}, we have |£2%u| < Ry, so

3(8

— 1)
16

3 _
min #(t) > min £27°u(t) > —6 - 1)||u| = Ry >R.
tel1,3) tel1,3] 16
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Similar to the proof above, we can see that, for large integer n,

D (R 5o AMOD
=) un =) >2 ————lunll = 2|1l
2 "\ 2 2,048T(5 -1)" " "

So ||u,|| > 2||u,||, which is a contradiction.
(2) Similar to the proof of (1), we can prove (2) holds.
(3) By f° = 0 and given N > 0, there exists 71 > 0 such that
f(t, t‘s’zu) <Nu<Nr, forte]Jandue(0,7].
Let
Q3 = {u eE:|ul < ?1}.
Since b = ka and k > 0, let max{a, b} = amax{l,k} < N7, we have 0 < a((k-1)t +1) <

amax{l,k} < N7.
Hence, for any u € PNoQs, by Lemma 2.7, we can get

1
273 (Tu)t = / 273G, s)f(s, u(s)) ds+ (b -a)t+a
0

= /1 £ G(t,s)f(s, u(s)) ds+ (ka—a)t +a
0

1

ﬁ / s(L=9)"" (55" uls)) ds + a((k =1t + 1)
0
1 ~

N(r(a v2) " 1)’1

= |lull (4.7)

and

lim £27%(Tu)t = a < N7 < 7.
t—0*t

This implies || Tu|| < ||u|| for u € PNnogs.
It is similar to the proof of (1), by Lemma 4.1, we have

i(T,PNQs,P) =1. (4.8)

On the other hand, by fi, = +00 and given M > 0, similar to the proof of (1), we can see
that there exists a constant R; such that

Qu={ucE:|ul <R}
and

i(T,PNQy,P)=0. (4.9)

Page 16 of 24
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By (4.8) and (4.9), and the additivity property of the fixed point index, we obtain
i(T,PN (24 \ ), P) = i(T,PN 2, D)~ i(T,PNQ3,P) =0 -1=-170,

then T has at least one fixed point u € €4 \ Q3, that is, the boundary value problem (1.1)
and (1.2) has a positive solution.

Similar to the proof of (1), we can prove that the boundary value problem (1.1) and (1.2)
has no positive solution for large enough a and b.

In summary, the boundary value problem (1.1) and (1.2) has at least one positive solution
for small enough a and b; the boundary value problem (1.1) and (1.2) has no solution for
large enough a and b. O

Theorem 4.3 Let f, = +00 and A C R? be a bounded set. Then for each parameters
(a,b) € A, there exists a constant n(A) such that the positive solution u of the boundary
value problem (1.1) and (1.2) satisfies ||u|| < n(A).

Proof Because A is a bounded set, there are constants 71, 172, such that for each parameter

(ﬂ,b)GA,OS(lSTh,OSbETh.

Since fy = +00, for M > 0, there exists a constant R > 0 such that
ft,u)>Mu, wuclR,+0),te].

Letn = %, we can show ||| <.
Otherwise, | «|| > n. Hence,

3(6-1 3(6-1
min u(t) > min 2u(t) > —( )||M|| > ( )77 =R
tel},3] tel}, 3] 16 L

By Lemma 2.7, we have
1
270 = / 23 G(t,s)f(s, u(s)) ds+ (b -a)t+a
0

o L i s )
_F(S),é (6 -1t - t)s(1—5)’"f (s, u(s)) ds + (b — a)t + a.

Whent:%,we can show
1\ /1 1 [
- ) s —— | ¢-Dst-s)M
(2) u<2> > 4F(8)/}L ( )s(1—s) u(s)ds
3
M@-1) [ 5-12-8
ZT(B) ) s(1—=5)°"s"%u(s)ds

3

3M(§-1)* 1
(76ir(8)) / s(l—s)‘s-lds>||u||

M(s-1)? (1
(Feara [, sa-9as )i

4

v

v

Page 17 of 24
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1M - 1)
= ——————|lu|
2,0480(5 — 1)

el

which is a contradiction. g

Theorem 4.4 Let (H) hold. If the f° = 0 and f, = +00, then there exists a continuous curve
L CR? =[0,+00) x [0, +00) such that the following conclusions hold:
(1) R? is divided into two separate sub-regions by L: A¥, AN, and L € AF.
(2) The boundary value problem (1.1) and (1.2) has at least two positive solutions for
each parameters (a,b) € AE \ L; the boundary value problem (1.1) and (1.2) has at
least one positive solution for (a, b) € L; the boundary value problem (1.1) and (1.2)
does not have a positive solution for any (a,b) € AN.

Proof Let

AF = {(a,b) € Ri :

the boundary value problem (1.1) and (1.2) has at least one positive solution}.
By Theorem 4.2, A  @. For any (4,b) € AE, we define
S@b)={(a,b)eR?:0<a<a0=<b<b)

By Theorem 4.1, S C AF if and only if (,b) € AE. So

AE = U S.

(a,b)enE

Let AN =R? \ A%, by Theorem 4.2, AN # &, and A U AN = R2.

(i) It follows from Theorem 4.2 that the Af is a bounded set.

(ii) Let L be the boundary of A£. We can prove that the boundary value problem (1.1)
and (1.2) has at least one positive solution for (a,b) € L. That is L C AF.

Take (a, b) € L, then there exists a sequence {(a,,, )}, € AL, such thata,, — a, b, —
b, (m — 00). Let u,,(t) be the solution of the boundary value problem (1.1) and (1.2) for
the parameters a = a,, and b = b,,. By Theorem 4.3, there exists a constant = n(A¥)
such that ||z, || < n. Then {u,,(t)}5_; is uniformly bounded and we can prove {u,,(t)}5r_;
is equicontinuous, similar to the proof of Lemma 2.9.

It follows that {u,,(£)}5;_; has a subsequence which is uniformly convergent on J from
the Ascoli-Arzela theorem. Without loss of generality, we can assume that {u,,(¢)}5.; itself
converges uniformly to z on /, then u € P. Since f satisfies the L;-Carathe6dory conditions
and

1
Up(t) = / G(&,5)f (s, tm(s)) ds + (b — am)t’ ! + a2,
0

letting m — 00, by the Lebesgue dominated convergence theorem, we can get

1
u(t) = / Gt,s)f (s,u(s)) ds + (b - a)t*™ +at*™>.
0
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So the boundary value problem (1.1) and (1.2) has at least one positive solution for the
parameters (a,b) € Land L C AE. By Lemma 4.3, we have u € 2

(iii) By Theorem 4.1, the boundary value problem (1.1) and (1.2) has at least one positive
solution for (a, b) € A%, has no positive solution for any (a,b) € AN, and L is the boundary
of AE.

(iv) We can prove that the boundary value problem (1.1) and (1.2) has at least two positive
solutions for (a,b) € AF\ L.

Let (a,b) = (a0, bo) € AE \ L be fixed, then there exist (@,) and (a,b) € AL \ L such that
a<ag<aandb< by < b, the boundary value problem (1.1) and (1.2) has a solution i for
(a,b) = (a,b). In view of Theorem 4.1, the boundary value problem (1.1) and (1.2) has at
least one positive solution u1, and u; < u for (a, b) = (4o, bo). Similarly, the boundary value
problem (1.1) and (1.2) has a solution  for (a,b) = (a, b) and u < u;.

Hence, u < u; < u.

Let o = u, B = u, Obviously, «, 8 are the lower solution and the upper solution of the
boundary value problem (1.1) and (1.2) for (a, b) = (a0, bo), respectively.

Let (4,b) € AN such that ao < & and b < b.

Define K : [ag, &) x [bo, b] x P — P,

1
K(ky, ko, u) = / G(t,s)f(s, u(s)) ds + (ky — k))£* + Iyt 2.
0

Let

[t B(1), u>B),
F(t: u) = f(t’ M)! Ol(t) <u= ,B(t)r
fat), u<al?),

define K : [ag,a) x [bo,b] x P— P,
A 1
K(ky, ko, u) = / G(t,s)F(s, u(s)) ds + (ky — k)5~ + k2?2,
0

Similar to the proof of Lemma 2.9, for each (ki, k) € [ag,a] x [bo, l;], we can show K and
K are completely continuous operators.

By Lemma 2.8, u is a positive solution of the boundary value problem (1.1) and (1.2) if
and only if u = K(a, b, u).

Define a linear segmentation
So = {(kl,kz) eR?:k =(1—-1)ag +ta,ky=(1-1)bo + tht e [0,1]}.
Let A € R? be a bounded set such that Sy N Af C A, (a,b) € A, (a, b) € A,and n = n(A)
given by Theorem 4.3.
Let

Q= {u el ull < nalt) <ult) < B@), ¢ 6]},

then Q is a nonempty bounded open set of Pand u; € Q.
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Since F is bounded, there exists a constant R > 1 > 0 such that for each (ky, ko, u) €
[a0, @] x [bo, b] x P, we have |23 K (ky, ks, u)| < R.
Let

B(O,R) = {ucE:|ul <R}.

It is easy to show  C PNB(O,R) and u #Mf(u when u € PN 3B(O,R) and p € [0,1].
By Lemma 4.1, for eacha <k <a,b <k, < Z), we have

i(K(ky, ks, u), PN B9, R), P) = 1.
Dueto K having no fixed point on Pn (m\ Q),foreachay <ki <a,by <k, < l;,
i(K (ki ko 1), P 0 (B(O,R) \ R),P) = 0.

We notice K |o = K, by the excision property of the fixed point index, for each gy < k; <
a, by <ky< b, we have
i(K (K, ko, u), PN 2, P)
= i(K(ki, ko, u), PN 2, D)
= i(f((klrkZ’ M)’ZA) ﬁB(@,R),f’) - i(f((klkaru)er N (B(GrR) \ 5);13)

-1 (4.10)
Because (a, 1;) € AN, for each u € P, we have K(a, i), u) # u and

i(K(@,b,u),PN B6,R),P) = 0. (4.12)

~ J—

Define H : [0,1] x (PN B(6,R)) — C3 ;[0,1],
H(t,u) = K((l —T)ag+7ta,1-1)by + h, u),

then H is completely continuous.
We can prove H(t,u) # u for (t,u) € [0,1] X (PN 3B(H,R)).
Otherwise, there exists (1o, #o) € [0,1] x (PN 3B(6, R)) such that H(to, uo) = uo, that is

I(((l - To)do + ‘5021, (1 - To)bo + T()E, u()) =Uy, UpE j), ||1/l0 || =R.

So for ki = (1 — 19)ag + Tod, ky = (1 — T0)bo + rol;, and (ky, k2) € A, uy is a solution of the
boundary value problem (1.1) and (1.2), by Theorem 4.3, ||uo|| < n, which is a contradiction.
According to homotopy invariance of the fixed point index and (4.10), it follows that

i(K(ao, bo, u), P N B(6,R), P) = i(H(0,u),P N B(Y,R),P)
= i(H(1,u),PN B(6,R), P)
= i(K(a,b,u), PN B©,R), P)

- 0. (4.12)
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By (4.11) and (4.12),
i(K(ag, bo, u), PN (B(®,R) \ Q),P) = -1.
Hence, the boundary value problem (1.1) and (1.2) has a solution u; € PN (B6,R) \ Q) for
(ﬂ, b) = (ﬂo, bO)'

Since uy € 2, then u; # uy, that is, the boundary value problem (1.1) and (1.2) has at least
two positive solutions for (a, b) = (ag, b). O

5 Illustration

To illustrate our main results, we present the following examples.

Example 5.1 We consider the boundary value problem which is composed of the equation

3 q
Dy, u(t) + e** _1=0, forae. te(0,1), (5.1)
and nonhomogeneous boundary conditions

lim 2u(t)=a,  u(l)=b, (5.2)

t—0%

where g > 1.

q
Let f(t,u) = e!** — 1. Clearly, & = %, it is easy to see that (H) holds,

1

, Lt iu) uh
f° =limsup supju = lim sup =0,
u—0*t tef u u—0+ u
and
o S|
foo =liminf inf = liminf = +00.
Uu—+00 te[%,%] u Uu—+00 u

By Theorem 4.4, we see that there exists a bounded and continuous curve L in R?
separating R? into two disjoint subsets Af and AN with L € Af such that boundary
value problem (5.1) and (5.2) has at least two positive solutions for each for each param-
eters (a,b) € AF \ L, one positive solution for (a,b) € L and no positive solution for any
(a,b) € AN,

Example 5.2 We consider the boundary value problem which is composed of the equa-

tion
7 . 3 3
Dy u(t) + (¢sint + Hu? +tiu? arctantu =0, fora.e. t € (0,1), (5.3)
and nonhomogeneous boundary conditions

lim tiut)=a,  u(l)=h. (5.4)
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Let f(¢,u) = t(sint + 1)u® + t3u arctan tu. Clearly, § = %, it is easy to see that (H) holds,

1

Lt 2u . .
f° =limsup supju = limsup((sin1 + 1)u + u? arctan u) =0,
u—0* teJ u u—0t

and

3
L 1 1 1\* 1
Jfoo =liminf inf JACLY = 1iminf<(sin i 1>—u + <Z) u? arctan Zu) = +00.

U—+00 te[%,%] u U—+00 4

By Theorem 4.4, we see that there exists a bounded and continuous curve L in Ri sep-
arating R? into two disjoint subsets Af and AN with L € Af such that the boundary
value problem (5.3) and (5.4) has at least two positive solutions for each for each param-
eters (a,b) € Af \ L, one positive solution for (a,b) € L and no positive solution for any
(a,b) € AN.

Example 5.3 We consider the boundary value problem which is composed of the equa-

tion
5
Di.ult) + (1+a(®)ttu? =0, forae. te(0,1), (5.5)
and nonhomogeneous boundary conditions

lim Bult)=a,  u()=b, (5.6)

where p > 1, a(t) is a continuous function for ¢ € [0,1] and a(¢) > 0, t € [%, % .
Letf(t,u)=(1+ a(t))tli’ u?. Clearly, § = %, it is easy to see that (H) holds,

1
t,t72 .
f° =limsup supf( 4 = sup(l + a(t)) limsupu?~' = 0,

u—0t tef u te] u—0t

and

foo = liminf inf Su) = inf (1+ a(t))t[% liminf ! = +00.
Uu—+00 te[%,%] u te[%,%] Uu—+00
By Theorem 4.4, we see that there exists a bounded and continuous curve L in R? sep-
arating R? into two disjoint subsets A and AN with L € Af such that the boundary
value problem (5.5) and (5.6) has at least two positive solutions for each for each param-
eters (a,b) € Af \ L, one positive solution for (a,b) € L, and no positive solution for any
(a,b) € AN,

6 Conclusions

The existence and nonexistence of positive solutions for fractional differential equations
with nonhomogeneous boundary conditions is an important topic in the area of fractional
calculus. When solving the actual problems with the boundary value problems of differen-
tial equations, the disturbance parameter under boundary conditions is a very important
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factor. Moreover, it is always inevitable that the impact of such a disturbance parameter
to the existence of solutions always exists.

In this paper, by using the upper and lower solution method and fixed point theorem,
we obtain the sufficient conditions for the boundary value problem to have at least one
positive solution, two positive solutions, and no positive solution, respectively. Moreover,
under certain conditions, we prove that there exists a bounded and continuous curve L
dividing [0, +00) x [0, +00) into two separate subsets A and AN with L € A® such that
the boundary value problem has at least two positive solutions for each (a4, b) € AE\L, one
positive solution for each (a, b) € L, and no positive solution for any (a,b) € AN.
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