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Abstract
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1 Introduction

Fractional differential equations are an excellent tool in the modeling of many phenomena
in various fields of science and engineering [1-3], and the subject of fractional differential
equations is gaining much attention (see [4—11] and the references therein).

Recently, Hadamard fractional derivative was studied in [12-15], and Klimek [16] stud-
ied the existence and uniqueness of the solution of a sequential fractional differential equa-
tion with Hadamard derivative by using the contraction principle and a new equivalent
norm and metric. Ahmad and Ntouyas [17] studied two-dimensional fractional differen-
tial systems with Hadamard derivative. Next, Jarad et al. [18, 19] presented a Caputo-type
modification about Hadamard fractional derivative and developed the fundamental theo-
rem of fractional calculus in the Caputo-Hadamard setting.

Furthermore, impulsive effects exist widely in many processes in which their states can
be described by impulsive differential equations, and the subject of impulsive Caputo frac-
tional differential equations is widely studied (see [20—26]); impulsive fractional partial
differential equations are also considered (see [27-32]).

Motivated by the above-mentioned works, we consider the following impulsive system
with Hadamard fractional derivative:

uDLu(t) =f(t,u(t), qe@,2),te(@Tlandt#t (k=1,2,...,m)
andt#4 (1=1,2,...,n),

ATy W)l = nT g "wt) = n T W) = M), k=1,2,...,m,  (L1)
ADE )y, = nD u@}) = nDi u@) = Mw(E)), 1=1,2,...,m,
Hj;:qu(a’f) = Uy, HDZIlu(a’“) =u,
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where a > 0, yDI, denotes left-sided Hadamard fractional derivative of order g, f :
J x R — R is an appropriate continuous function, a =ty < {1 < -+ <ty <ty =T
anda=f) <t < - <, <tpu=T, Hjij denotes the left-sided Hadamard fractional
integral of order 2 — ¢, and Hjazfqu(t;) = lim,_ ¢+ Hj:fqu(tk + ¢) and fofqu(t,:) =
lim,_, o- Hjazfqu(tk + ¢) represent the right and left limits of y :fqu(t) at t = t, respec-
tively. The derivatives HDZIlu(fl*) and HDZIlu(Z‘l‘) have a similar meaning for HDZIlu(t).

Moreover, a,t1, b2, ..., tyy By b2, .., by T is queued toa =ty < t] < -+ < tg < tg,; = T so that
set{ty, ta,.. oty By B B} = set{t], 8, 20 )

For each interval [a, £;] (here k =1,2,...,), suppose that [a, &,] C [a,t;] C [a, tiy+1] (here
ko € {1,2,...,m}) and [a, ] C [a,t,] C [a, b 1] (here ki € {1,2,...,n}), respectively.
Next, we simplify system (1.1) to obtain the following system:

uDLu(t) =f(t,u(t)), qe@,2),te(@Tlandt#t (k=1,2,...,m),
ATy W)y = n T "ult)) — n T ulty) = M), k=1,2,...,m,
ADT ) ieg, = uDE u(t}) — uDI u(E)) = A(uley)), k=1,2,...,m,

a a
2- -1
o Yy(a*) = u,, HDZ+ ula®) = uy.

(1.2)

Leta=tg<ti< - <tpm<tmi=1,Jy=lat],and Ji = (tx, tr1] (k=1,2,...,m).

The rest of this paper is organized as follows. In Section 2, some definitions and con-
clusions are presented. In Section 3, we give formulas of a general solution for a kind of
impulsive differential equations with Hadamard fractional derivative of order g € (1,2). In

Section 4, an example is provided to expound our results.

2 Preliminaries

In this section, we introduce some basic definitions, notation, and lemmas used in this

paper.

Definition 2.1 ([2], p.110) The left-sided Hadamard fractional integral of order g € R* of
a function x(¢) is defined by

t -1
(Hja‘ix)(t)=%q)/ (ln§>q x(S)? (O<a<t=<T),

where I'(-) is the gamma function.

Definition 2.2 ([2], p.111) The left-sided Hadamard fractional derivative of order g € [n —
1,n], n € Z* of a function x(¢) is defined by

n t n—-q-1
(HDZM)(’:):F(%—q)(t%) /(lné) ! x(s)% O<a<x<T).

Lemma 2.3 ([2], Theorem 3.28) Let g >0, n = —[—q], and 0 < y < 1. Let G be an open
setin R, and f : (a,b] x G — R be a function such that f(t,x) € C,.nla,b] for any y € G.
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A function x € C,_gnla, b] is a solution of the fractional integral equation
! b; A A A ds
)=y ——|In— — In - , — (0 £),
0-Yrrn(e) crgf () oS o

i=1

if and only if x is a solution of the fractional Cauchy problem

{HDch(t) =f(t: x(t))7 q € (I’l - 1’ l’l], te (ﬂ, b], (21)

HDZIix(a") =b,cR, i=12,....,m;n=—-[-ql.

Lemma 2.4 ([2], Properties 2.26, 2.28, 2.37) For ¢ >0,p>0,and 0 <a<b < oo, iff €
Cymnla,b] (0 <y <1), then n T nTrf = uT L f and yDL.n TLf =f.

3 Main results
For system (1.1) we have

lim {system (1.1) }

HDZ+ ult) =f(t,u®), qe@,2),te(@Tlandt#t; (k=1,2,...,m),
ATE W=y = 1T ult]) = T2 Tu(E]) = Ar(ulty)),

3.1
k=1,2,...,m, .
Hjﬂz:qu(a*) = Uy, HDZ:1M(61+) =U.
lim system (1.1
Aq(u(t))—0,..., Am(u(t;n))_)o{ Y ( )}
HDZ* M(t) =f(t, M(t)), qe (1$2)¢ te (ﬂ, T] and ¢ #Zl (l = 1’ 2’ . .,1’1),
A(DE W)y, = nDL u(@) - iDL uE) = Au(E;)), (3.2)
[=12,...,n, .
" ;fqu(a*) = Uy, HDZIlu(a’f) =u.
i lim {system (1.1)}
AL (UE)= 0, A (u(T)—0,
A](u(tl_))—>0 ,,,,, A () —0
HDZ+ I,{(t) :f(t! M(t)), q € (11 2)’ te (ﬂ, T]’ (3 3)

wDE ua) =w,  w T u(at) = us,
Therefore, the solution of system (1.1) satisfies the following three conditions:

(i lim {the solution of system (1.1)}
AL (@)= 0,y A (u(8;))—0

= { the solution of system (3.1)},

ii lim the solution of system (1.1
(i Ar(u(t))—0,..., Am(u(t;n))‘)o{ ¥ ( )}

= {the solution of system (3,2)},
iii lim the solution of system (1.1
(i) Aq(u(t))—0,..., Am(u(t?n))ﬁo{ ¥ ( )}

A (E)) 0,00 A (ulE)—0

= {the solution of system (3.3)}
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Therefore, we give the definition of a solution of system (1.1).

Definition 3.1 A function z(¢) : [a, T] — Ris said to be a solution of the fractional Cauchy

problem (1.1) if Hj;fqz(a*) =uy and HDZIlz(a*) = u, the equation condition yD?, z(¢) =

f(t,2(t)) for each t € (a, T] is satisfied, the impulsive conditions A(y ﬂzfqz)l t=t, = Ar(2(£;))

(k=1,2,...,m)and A(HDZIlz)h:;l = Al(z(il‘)) (l=1,2,...,n) are satisfied, the restriction of

z(-) to the interval (¢, £;,,] (k=0,1,2,...,R) is continuous, and conditions (i)-(iii) hold.
Using the equality In é = f; % (k=0,1,2,...,m), define the piecewise function

~ 1 ~ . t de\ 11 1 ~ N t de\ 172
0= i) ([ )+ e ([ 5)

k k

1 trop\1t ds
+— In - f(s, u(s)) — for t € (¢, tg,1] (Where k=0,1,2,...,m).
F(Q) ti N S

By Definition 2.2 we have
2 10)
1 (.4 Z/f( t)qu[ 1 L ( ,7>q1
=\ = In — _ D‘1+ uler InL
{F(Z—Q)( dt) a \ 1 F(q)(H o u(5)) I

+ 1 ( jz_qu(f))(lnﬁ)qz
F(g-1 e T\ Ty

1 [ g\ dsi| dn }
_— In< : =z
* F(Q) v/t\k (n S) f(s u(S)) S n te(trtis]
B 1 d 2 t t 2—-g-1 1 1 . n q-1
Aracala) [(m))  [rgtesuan(ng)
1 2-q + n 2
) (n])
1 [ g\ dsdn
_— In2 : =z
* I'(q) /tk (n S) 1 (5,u0) s } n }te(tk,tm]

B 1 dA\* [t/ e\T s o\ dsdn

‘{r<2—q)r<q)(t%) / (1“5) [/ (ln§> f (S’”(S))?h}teww
AN/ (/. ¢ ds

= {<t5> (/tk (ln ;)/(s, u(s))?) LE(WM]

=f(t; M(t))|t6(tk,t/<+1]‘

+

So, u(t) satisfies the condition of Hadamard fractional derivative and does not satisfy
conditions (i)-(iii). Thus, we will assume that #(¢) is an approximate solution to seek the

exact solution of system (1.1). First, let us prove two useful conclusions.

Lemma3.2 Letq € (1,2),and let x be a constant. System (3.1) is equivalent to the fractional

integral equation
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([ oyt g ([ L) 4 L [ (In )T (s, u(s)) £
fort e (a,t],
Fs ()T ([ )72 4 5 [ (In t)q (s, u(s))

ko Aiu(t] )) t ds\g—2 td 1
u(t) = + i F(q—l) 4 D Zz 1}‘A )[F_(/a ss)q (3.4)
u L ds\q-2 1 q-1 d.
I‘(qult)' (Ja S)q + 1 Jo (I T s, M(S))—S
ui+Jq' flsuls) tdsyg-1 _ " ]n +u2+fa (In £ ds\g—2
-l e o b

o [0 (s, u(s) %] for t € (b tean]
provided that the integral in (3.4) exists.

Proof Necessity. We will verify that Eq. (3.4) satisfies the conditions of system (3.1).

For system (3.1), we have

uDLou(t) =f(t,u(t)), qe€1,2),te(a T]and
tZt (k=1,2,...,m),
lim INCN R HJ TTuE]) - n T () = Arluley)),

k=1,2,...,m,
D) =, ) =
au(t) =ftu), qe@,2),te(aT],
HD"+ wa)=w,  wJoula®) = u.
Therefore,
lim the solution of system (3.1
AL(U(E) >0, Amw(r;n))ao{ ystem (3.0}
= {the solution of system (3.3)}. (3.5)

Moreover, we easily verify that Eq. (3.4) satisfies condition (3.5).
Next, taking the Hadamard fractional derivative of Eq. (3.4) for each ¢ € (f, tx41] (k =

0,1,2,...,m), we have

HDZ+ I/l(t)

ol (AT, ( té)“ 1 ( E)‘” ds
_HD”{F(q)(/,, D) (L) rrg () s

A ([t ds\ T
TR
k

_Zmi(u(t;))[%</;?)q_l+ (g (

i=1

1 [ e\t Lt [y fsu) %t ds
Tq)/ (1“E> o) ) (/ ?>

u In ;—L Uy + f;i(ln %)f(s, u(s))% L ds\17?
B F(g-1) <f: 7)
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1 [t/ e\ d
_Fq) : <ln;> f(s,u(s));s]}

k

=f(t’ M(t))tzalfe(tkvfku] - {Z(XAi(u(ti))[f(t’ u(t))tzu _f(t’ ”(t))tzti])

i=1 te(tpotisl

=f (&, u(®))lreotn)-

So, Eq. (3.4) satisfies the Hadamard fractional derivative of system (3.1).
Finally, for each t (k =1,2,...,m) in Eq. (3.4), we have

() = T )

1 Lo\ dy 1 Lo\ dp
= - In = 20 _ InZ i
{m—q)/ﬂ (“n) s }H; {m—q)/a (“n) o }

= Ac(u(t))-

Therefore, Eq. (3.4) satisfies the impulsive conditions of (3.1). Thus, Eq. (3.4) satisfies all
conditions of system (3.1).
Sufficiency. We will prove that the solutions of system (3.1) satisfy Eq. (3.4) by mathe-

matical induction. By Definitions 2.1 and 2.2 the solution of system (3.1) satisfies

m £\4! Uy £\172 1 trop\I! ds
u(t) = Tq)(ln ;) + m(ln ;) + Tq)f; <1n;> f(S’ M(S))?
o Lds\ T Uy tds\ 7
‘W)(/ ?> +r<q—1><fa ?)

1 ' £\ ds
+Tq)/a (ln§> flsule)~ forte(anl. 36

Using (3.6) and Definitions 2.1 and 2.2, we get HDZIlu(tl*) = HDZIlu(tl‘) =+ f;lf(s,
u(s)% and yJ5u(t)) = nJ5u(e)) + M@(E)) = mIn 2 + uy + [T(In D)f (s, u(s) % +

Aq(u(t])). Therefore, the approximate solution for ¢ € (1, £,] is provided by

~ 1 -1 (.4 Lds\ 17 1 - + fds\"
u(t)=m(HDZ+1”(t1))<A f) "Tq-1 (a7 qu(tl))(/q ?S)

1o e\ d
+ Tq)/ﬂ (ln ;) f(s,u(s))?s
L+ [ f(s,u(s) % ( /f ds>q—1

L(g) s
L I 4 ay + [0 D) (s, u(s) S + AL (u(t))) (/‘ é)qz
I'g-1) t

N

1 ‘ £\ ds
+ @ A (hl ;) f(s, M(S))? fort e (tl,tz], (3'7)
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Let e;(¢) = u(t) — u(t) for t € (1, £,], where u(z) is the exact solution of system (3.1). Due to

. m L ds\ 9! Uy tds\ 172
Iim  u(t) = — / — +— / —
A1 (u(ty)—0 Fig\J, s Fg-D)\J, s

1 ARAYE ds
+TQ)/¢; <ln;) f(s,u(s))? for t € (t1, ),

we obtain
lim e (¢)
A (u(t))—0

= lim u(t) —u(t
Al(u(tl’))%(){ ( ) ( )}

“ fds\ T Uy Lds\T? 1 [t e\ ds
al[S) LS g [(nd) st
it S f (s uls) % </t ds)q‘1

I'(q) s

s
u In % Uy + f;l (In %)f(s,u(s))% L ds\ 172
B Fg-1) </t ?)

1 ' £\ ds
@) <ln;> f(S,u(S))? fort € (t1, ta]. (3.8)

By (3.8) we assume that

el(t) = J(Al(u(tl‘))) Alliglo e (t)
~ N tds\ 1 Uy L ds\17?
oot ([ ) s ([ S)

1 [t e\ ds u+ [ fsu()L / (tds\7"
rrg [ (n5) slown T -2 (1)

u In % Uy + f;‘ (In %)f(s, u(s))% tds\17?
B Fg-1) </z ?)

_ %q) t: (m E)q_lf(s, u(s))%] for t € (f1, 1],
where the function o (-) is an undetermined function with o (0) = 1. Then,
u(t) = u(t) + e (t)
A (2 i )
)

[ 2 [ %)
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up + f;lf(s,u(s))% Lds\17
F(q)/ ( ) S () s I'(q) (/q ?>

U ln%1 + Uy + f;l (In %)f(s, u(s))% s\ 172
- I(g-1) (-/m ?)

1 ' £\ ds
_ Tq)v/t; (111 ;) f(S, M(S))?] for t € (t1,to]. (3.9)

Using (3.9), we obtain HDZIlu(t;) = HDZIIM(tZ‘) =u + f;zf(s, u(s))% and
w2 u(8) = T u(ty) + As(u(5))
ty
=u ln%2 + Uy + / <ln ts—z)/(s, u(s))% + Al(u(tl_)) + Az(u(tz_)).
So, the approximate solution for ¢ € (¢, 3] is given by

1

L s\ 1 2 tds\*
w0 - ot ue) ([ 5) ([ )
1 t t q-1 ds
v () seaS

[ fsus) P ( / @)ql
- F(Q) 12} s

L In2 4y + [P0 2)f (s, ()% + Ar(u(y)) + Ao (u(t;)) (/’f é)qq
I'(g-1) to

S

A ds
TQ) . (ln ;) f(s, u(s))? for t € (ty, t3]. (3.10)

Let ey (t) = u(t) —u(t) for t € (o, £3]. By (3.6) and (3.9) the exact solution u(z) of system (3.1)

satisfies
s\ 17 AN
i = ([E) (1)
w0 VTGS ) T\ s
Az (u(ty))—0
1 t £\t d
F(q)/u<ln§> flsu©)= forte (bl
lim u(t)

AL(u(E)—0

_t ([1As\TT, _w ([fds)T
_F(q)</a S) +F(q—1)</u S)
L[t ds  Aolu(ty)) ([*ds\"
+Tq)/a (1“E> )+ o (f ?>
B u; tds\ 1! Uy tds\ 172
el ([ ) (LS

w+ [P fsuls)® ¢ rtds\I
q)/( > S’()_‘ I'(g) (f?)
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mIn2 +uy + [P0 2)f(s,u(s)% [ [t ds\T7>
) Fg-1) (/t ?>

t q-1 d
_%q) \ (ln ;) f(s,u(s))f} for t € (5, t3],

. o m tds\ 1 Uy Lds\ 172

Az(»}(lg}wou(t)_ﬁq)(/u ?) +1"(q—1)(/ ?>
L[t ds  A(r)) ([1ds\"

v [ (mg) steun T FER([F)

~ u; L ds\ 1 Uy
o] ([ 2) s (

s i+ [0 fsu(s)E ([t ds\
r()/( ) e O /?>

u; ln + Uy +ft1(1n ”)f(s,u(s) ds (/‘é>q2

C(g-1) §
t q-1

Therefore,

lim  ex(t)=  lim  {u(t) - iilt)
A1 (u(t)))—0, A1(u(tf))—>0y{ }

Ap(u(ty))—0 An(u(ty))—0

o m tds\ 1 Uy tds\97?
‘W)(f ?) +F(q—1>(/ ?>

1 [t )Tt ds w+ [2f(su(s)% [ tds\
g [, () sl T TR (D)

m ln%2 + Uy + f;z(ln %)f(s, u(s))% (/t afs)q_2
t2

I'g-1) s
1 tron\T! ds
_ Tq) i (ln ;) f(s,u(s))?, (3.11)
B 020 =, | {ule) - 30))

ety ([t ([5)
SAAG ) fsu)

o+ [ f s uls) % ( / _s)q'l
I'(q) th S

u11n2+u2+f lntz)f(su )) (/ ds) -2
5]

I'g-1) s

1 Lo\t ds
_ Tq) i (ln ;) f(s,u(s)) " }, (3.12)
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lim  e(f) = (I(m% o{u(t)—it(t)}

Az(u(t2 ))—0 Ao (ul

ow ds\ 7! Uy tds\ 172
‘Wﬁ(/ ?) +F(q—1)</a ?)

1 [t \7! ds  A(u(y)) [ [Fds\T?
+Tq>/a (1“E> ST+ Ty (f ?)
M) ( / @)‘H Cm [ u) ( f @)H

F(g-1) I'(g) , S

u11n2+u2+f lntz)f(su )) (/ ds)

I(g-1) .
SAG 0 o)
_(l—o(Al(u(t;)))){%</a ) F(q . (/ %) -2

1 [t/ e\7! ds w+ [ f(s,u(S) tds -1
+Ff])/u (ln;) f(s,u(s))s ( :)

CmInd v+ [0 D) (s u(s) % (/ é)

I'g-1) s
1 troop\1t ds
_ Tq) , (ln ;) f(s, u(s)) . } (3.13)

So, by (3.11)-(3.13) we obtain

td q-1 t 4 q-2
s [ 2)" [
m+ [} fls )% ([t ds\ T
F(q)/< ) (5. ()__ I'(q) (/tz S>

mIn2 +uy + [P(In2)f (s, u(s)% [ [t ds)\T>
) Flg-1) (/t ?>

i L (n) e ] ([ 4)
=
—(1—o<A1<u<r1)>>>[%(/;f) e 1)( )
g () Bt

CwmIn v+ [0 D)f (s, u(s) ( / ds)

I'g-1) s

1 LT ds
_Tq)/ﬁ <ln;> f(s,u(s))?i| for t € (ty, t3].
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Thus,
u(t) = () + ey (t)
[ ms ()
q)/ ( ) £ (s, uls) iS
GRS
el s ([ ) e ()
F(q)/( ) s,()__”1+f1f(su %( d:>

Cmln® s+ [0 Sy (s u(9) ([ é)
I(g-1) f

_ %q) t: <ln E)qlf(s, u(S))%]
_(1—0(A2(M(t2))))[%</. s) F(q 1)(/ d?)
(

1 [t/ \*! ds u1+f f(s,u(S)d; ds
g/, () stoue <)

u In % Uy + f;z (In %)f(s u(s)) ds
B F(q_l) </t2 s )

1 ‘ £\ ds
@, <ln;> f(s u(s))?] for t € (t5,t3].

Letting ¢, — t;, we have

u(t) =f(t,u(®), qe(,2),te(atslandt#t andt #t,,
Jim A<Hja+ W) omg = w2 ~ n T2 = M), k=12,
HD M(ﬂ+) =uy Hj;:qu(f) = U,

HDZ+ u(t) :f(t’ M(t)), qe (0’1)’t € (d, t3] and ¢ #tly
AT Wy = A () + Ao (u(t;)),
HDZIlu(tf) =u, Hjazfqu(f) = Us.

Using (3.9) and (3.14) in systems (3.16) and (3.15), respectively, we obtain

1-0(A1+Ay)=1-0(A1) +1-0(Ay) VA, Ay eR.

Page 11 of 36

(3.14)

(3.15)

(3.16)

Letting p(z) =1 - o(z) (Vz € R), we have p(z + w) = p(z) + p(w) (Vz,w € R). Therefore,

p(z) = kz, where X is a constant. So, by (3.9) and (3.14) we get
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o[l %)
+ %q) / t(lng)q_lf(s, u(s))? + Arl((:(_t%) ( /t: ?>q—2
) (%) e ([ 4)

) oy B

i ln%1 Uy + fatl (In %)f(s, u(s))% b ds\ 17
- I'(g-1) (ftl ?>

1 AR ds
“t@ ) (ln;) f(s, u(s))?] fort € (1, 1,),

and

u(t):%(/a d?) 1“(;:2 1)(/ is>q2 F(q)/( >q_1f(syu(s))?
) e (2
x| s ([ d)ﬁ ([ 4y
4)/( ) flsu () “”fatllf((qs;u(S))% (/;?)H

mIn4 +u, + ff(m%)f(s,u(s))g (/t é)’ﬂ

I'g-1) s
1 [t/ \7! d
_Tq) , (ln;) f(s,u(s)):s]

U ds\ 7! Uy L ds\17?
~rdafuls ))[wq)(/ s) +r<q—1)(/a ?)
5wt [ fsus)® 0 rtds\ T
r@/( ) Sl () I'(g) (/ s)

CmInZ 4wy + [ (In 2)fGs, u(s))% (/t @)‘1—2
F(q_l) ty N

t q-1
_ %q)/tz (lné) f(s,u(s))%] for t € (ty, t3].
For t € (¢, txs1], suppose that
m ds\ 1™ Uy ds
"0ty (/ 5 > " T (f ?) "T@ / (i > o)
A; (u(f ) -2
()

i=1

Page 12 of 36

(3.17)

(3.18)
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k ~ u L ds\ 1 tds
"2 AN WL ) m( ?)

1 t t gq-1 ds ul + f lf(S, )ds t ds
il (1“5) Slou) M@ </ ?)

i ln% Uy + f;‘ (In %)f(s,u(s))% L ds\17?
B Fg-1) (/c ?>

1 t t q-1 ds
— Tq) , <ln ;) f(S, M(S))?] for t € (¢, trial. (3.19)

Using (3.19), we obtain D% u(t],,) = uD% u(ty,) = w + [ f(s,u(s)% and
2— 2— — _
i T u(ten) = n T ulten) + A (u(tia))
k+1

—mn L +/tk+1 fien Su(s)—+ZA
1 a 2 ; ]

So, the approximate solution for ¢ € (fx41, tx+2] is provided by

3 1 t 4 q-1 1 t 4 q-2
i) = gy (P ”““”(fw T) *rap ) </ ?)
t -1

(lné)q f(s,u(s))%

F(Q) thyl

:u1+fak+1f(s,u(s))% </~t E)Q—l
I'(g) te S

wIn % 4y + [0 (In %L)f (s, () L + 00 As(u(e))) ( /t ds>‘1‘2
+ —_—
I'(g-1) z

k+1 S

1 t £\ ds
—_— In- , —  for t € (txs1, tisa)- 3.20
+ Q) tm(ns) f(S ”(S)) P or t € (tks1s tis2] ( )

Let e41(2) = u(t) — u(t) for t € (k11 trs2]- By (3.19) the exact solution u(t) of system (3.1)
satisfies

. 7 tds\ 1 Uy ¢ ds\ 172
lim u(t) = — " PR —
ALUE) =0 A (B, )0 L@ \J. s Fg-D\Ja s

t q-1 4
%q) / <1n g) f(S,u(s))?S for t € (tgs1, tesal,

lim  u(f)
Aj(u(tj’))ﬁo

U fds\ U tds\ 17 1 tro p\T1 ds
[5) ms([S) g [ (n) et

Z Ai(u(t;)) ( /f als)q-2
1<i<k+1, I(g-1) ;S
and i#
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~ u L s\t Uy tds\ 172
_lsl-szm,m"(”(t" ))[Tm(/a ?) "Tg-1 (/ ?>

and i#

1 [t e\ ds u+ [} flsu(s)L ¢ rtds\*
cg () oS B ()

7 ln% Uy + f:(ln %)f(s, u(s))% </‘t é)(;_z
- I'g-1) t

.S

thl lf( ())— for t € (txy1,trez] and 1 <j<k+1
_—— - s,u or +1» +. an —_) = M

Therefore,

Iim e (t
Aj(u(t/.’))ﬁo k+1()

= lim u(t) — u(t
Aj(u(t/.‘))—>0{ ( ) ( )}

_1§iszk+1, I'(g-1) |:</tl s) _</t’<+1 S) :|

and i#

u L s\t Uy Lds\ 12
+{Tq>(/ ?> +r(q—1)(/a ?)

1 t £\ 41 ds u+ karlf(s,u(s))é t o ge\ 1t
_ In = ) = _ a s il
¥ r@/u (“) F(5,u(9) ) (/ )

i In t’jT*l Uy + f;"”(ln ”T“)f(s,u(s))% (/‘ é)q_Z
F(q_ 1) tres1

S

1 [t £\ d
_ Fq) . <ln ;) f(s, u(s))?s}
~ i tds\ 11 Uy b ds\ 172
T 2 Al (L) s (9)

and i#

1 t t q-1 ds M1+f;if(S,M(S))% t ds q-1
T ACH IR (/ %)

u ln% + Uy + f;i(ln %)f(s, u(s))% (/t ds)‘i’_2
t

INCEDY) .S
1 Lo\t ds
_ Fq) \ (ln ;) f(S, M(S))?] for t € (txs1, treal, (3.21)
lim ex(t)

AL )0t (8 )0

= lim {u(t) - ﬁ(t)}

AL )0 Dy ()0

o m tds\ 1 Uy tds\ 172
sz(/ ?) *r(q—n(fﬂ ?>
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ds u1+fak+1f(s,u(s))% t 4o\ 41
q)/ ( > A (f ?)

up In %L 4 gy 4 [11 (In L )£ (s, u(s)) (ff @)H
Ig-1) o S

t q-1
_ %q) L <ln g) f(s u(s))% for t € (tys1, traal. (3.22)

So, by (3.21) and (3.22) we obtain

k+1

N A [ s\ ([t ds\T

€k+1(t) = ; F(q_l) [(‘/tl ?) - <'/tk+1 :> :|

U s\ Uy tds\"
ol S (LT

1 t t gq-1 ds u1+fﬂk+1f(s’u(s))% t ds q-1
"T@ Ja <1“E) Slou) - '@ </ ?>

i In t/<7+1 Uy + f;’“l (In t’fT“)f(s, u(s))% </t é)qﬂ
I'(g-1) ta S

1 ¢ £\t ds
_Tq) tku(ln;) f(s,u(s))?
k+1 —2
m ds a-
e [r(m (/ s) T 1)( >
1 [t/ \7! ds w+ [ t’f (s, M(S))ds t s\ T
Tq)/ (1ng) slo)C - ([%)

ulnZ +u2 +ft’ In t’)f(s,u(s))ds (/’ ds)q2

T(g-1) s

t q-1 d.
[ ] et

Thus,

u(t) = u(t) + e ()

_wm tds\ 1 Uy tds\ 172
_F(q)(/ S> +F(q—1)(/u S>

ds A Au(E) ([t ds\T2
F(q)/ (l _) Sl +; T(g-1 (/t ?)
k+1 -1 -2
_ 7 tds\? Uy " ds\?
-2 Al ))[Wz)@ ?) "Tg-1 (/ ?>

1 t t q-1 ds u1+f;"f(s,u(s))% t ds q-1
T Ja (]“5) Sou@) -5 </ ?)
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N

u ln% + Uy + f;i(ln %)f(s,u(s))% (/t é)qz
- T(g-1) .

t q-1
() )] st

So, the solution of system (3.1) satisfies Eq. (3.4).
So, system (3.1) is equivalent to Eq. (3.4). The proof is now completed. O

Lemma 3.3 Let g € (1,2), and let h be a constant. System (3.2) is equivalent to the frac-
tional integral equation

t dsyg-1 £ dsyq-2
rigUa )77+ mim (e )1
“rig 0 9T Jorte (@il
¢ - ¢ ! -
%(f ”’S)‘I1 tasyen g Ja U0 DT (s u(s) S

tds td
u(t) = Y0 r(q) (f e Z] lhA wE DG, D (3.23)
* <L;2n(ft ds)" s g Ja(n) lf(s’u(s)ds
% 2
L{1+fa tds\g-1 _ " lné+u2+fa/(ln sus) td 2
S ¥ 7 f 21 T(g-1) f s)q

% ftl,(ln Lya- 1f(s, u(S))%] forte (@t 1<1<n
provided that the integral in (3.23) exists.

Proof Necessity. We will verify that Eq. (3.23) satisfies the conditions of system (3.2).
For system (3.2), there exists an implicit condition

uDLu(t) =f(t,u(t)), qe1,2),te(a T]and
£ 4L (=1,2,...,m),

. -1 - s
_ lim _ A(HDZ+ ”)'t:zl HDa+ u(t;) HDa+ u(tl) Al(’/‘(tl )
Al(u(tl )—0,... A (u(t;)—0
1=1,2,...,n,
uDL u(at) = w, wJu(a*) = uy,

HDZ+ u(t) =f(lf,l/t(t)), qe (L,2),te(a 1],
HDZIIM(Q+) = U, H a2+_qu(ﬂ+) = Uy,

that is,
lim { the solution of system (3.2)}
= {the solution of system (3.3)}. (3.24)

Obviously, Eq. (3.23) satisfies condition (3.24).
Next, taking the Hadamard fractional derivative to Eq. (3.23) for each ¢ € (¢,%,1] (I =

0,1,2,...,n), we have
u; tds\ 1! Uy L ds\17?
s[4 ol )
)= { ol S) (LS
ds
)5

1 troo g1 ! Aj(u(z;)) tds\ 1!
rrg ) () R P (L)
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u; L ds\ 1 Uy tds\ 172
N BA as
Z [ <q>(f s> +r(q—1>(fu s)
1 [t e\ ds u1+f;’f(s,u(s))% Eds\1!
il (1"E> e </ ?)

]
u ln% Uy + f;f(ln %)f(s, u(s))% (/‘t ds)qz
t

F(g-1)  §
s (=) T
=f(t,u(®),. e
~ [Xl: A (w(@))f (6 w®) o, —f (6 1(8)) . ] }
2 €@
=f (t, u())lre@ -

So, Eq. (3.23) satisfies the Hadamard fractional derivative of system (3.2).
Finally, for each #; ({=1,2,...,n) in Eq. (3.23), we have

uDZ u(fl) HDZIIM(ZI)

1 d\ [t/ e\"1 _dp

) {F(2—61) (ta)«/a (ln;> u(n)7}t—>ﬁ'
1 d bl e\"  dp

- {W D (%) / (‘“ ;) “('”VLE

1
- Ai(u(®))
Therefore, Eq. (3.23) satisfies the impulsive conditions of (3.2). Thus, Eq. (3.23) satisfies
all conditions of (3.2).
Sufficiency. We will prove that the solutions of system (3.2) satisfy Eq. (3.23) by math-

ematical induction. For t € (g, t;], by Definitions 2.1 and 2.2, the solution of system (3.2)

satisfies

t a-1 U t q-2 1 t t q-1 dS
ute) = F(q)( ) +F(q—1)(ln2) Tl (1“;) f(S’M(S)):
_ Ui ds -1 Uy tdS q-2
(LS (L)
t -1
* %q) / (“1 é)q f(s,u(s))? fort € (a,4]. (3.25)

By (3.25) and Definitions 2.1 and 2.2 we have

D u(E) =D () =+ [ o) % ¢ ()
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and

Zl El z
. ﬂzfqu(il") =nd @) = m (/ ?) +uy +f <lnts—1)f(s,u(s))?.

Therefore, the approximate solution for ¢ € (¢, ;] is provided by

_ 1 o [T\ 1 0 g [\
0= st ([ 2 ([ )

1 [t/ \*! ds
+ W[ (ln ;) f(s,u(s))?

o [l us)E + A (uE)) ( / @)‘H

I'(q) s
u In % Uy + fatl (In E;1)f(s, u(s))% tds\ 172
* I'(g-1) (fn ?)
t q-1 d o
+ %q) i (m 2) £(s u(s))?s for ¢ € (&1, %) (3.26)

Let () = u(t) — u(t) for t € (£, ,]. Due to

. u L ds\ 1 Uy tds\ 172
o lim w(t) = — — + —
Ay (u(E)—0 L@ \Ja s Fg-)\J. s

1 A ds o
+ Tq)/a (ln ;) f(s,u(s))? for t € (, 5],

we have

_ h_rn él (t)
Aq(u(t)))—0

= lim  {u@) - @)}
A (u(t))—0

o wm s\ 1 Uy L ds\ 172
Fcz)(/ ?) +r<q—1>(fﬂ ?>

1 [t e\t ds i+ [ flsuls)E [ [t ds\T!
vig [ () sewn - ()

7 ln%1 Uy + f;l(ln%)f(s,u(s))% </“ é)q‘z
- F(q_l) El

N

gq-1

: d .
_%q) i <1nf> flsu()% forte @l

N

Therefore, we assume that

él(t) = (S(Al (u(i{))) _ 11}I1 él(t)

Aq(u(t))—0

([ 4) ([ 4)”
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1t 6\ ds i+ [ flsuls)E [ [t ds\T!
. (h‘E) e (f ?)

u In % Uy + f;‘ (In z%)f(s, u(s))% tds\17?
B Fg-1) </z ?)

1 Ly p\I! ds
“T@ s (ln ;) f(s,u(s))?],

where §(-) is an undetermined function with §(0) = 1. So,

u(t) = u(t) + & (t)
) e ([9)”
i () ot S 2
_(1-5(&(”(21))))[%)(/ S) "T(- 1)( d?)
g () st

u 1n + Uy + ftl(ln a ) (s, u(s)) ds L ds\ 172
- T(g-1) (/ﬁ ?>

¢ q-1
_ %q) : (ln g) f(s u(s))%] for t € (f,L). (3.27)

By (3.27) we obtain
; = B ds - - -
HDﬂ+ u(tz) HDgilu(tz_) + Ay (u(tz’)) = +/ f(s, u(s));s + Al(u(tl_)) + Ay (u(t;))

and

2-q 2-q (- 2'2 - — 22 B Z'z ds
W2 U(E) = w2 u(E) =i 2+ 4 Ba(uE))n +/ In 2 (s, u(9)

a

So, the approximate solution for ¢ € (£, £] is given by

) 1 _ td q-1 1 td q-2
0 = Fg Pe ”(t2))</t2 ?s) * Fg-p ™ “2*q”(t2))(ft2 f)

1 [t \7! ds
+ Tf])/:z (ln;) f(s,u(s))?

ot [ u)E + B (ulE) + Aa(u(is) ( / ds )q-l

I'(q) H S
mIn2 +uy + Ay (u(E)) ln% + f;z(ln 2)f(s,u(s)E /[t g\ T2
" Fig-1) (/t ?>
t 71 d -
+ %q) A <ln ;3) flu)S foree @bl (3.28)
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Let ey () = u(t) — u(t) for t € (£, £3]. By (3.27) the exact solution u(t) of system (3.2) satisfies

. N tds\ 1 Uy tds\ 7172
_lim u(t)= — / — + / —
Ay (u(E)—0, L@ \Ja s Fg-)\Ja s

Az(u(fz_))—m
1 [ ! d .
7 / (m;) f(s,u(s))?S for ¢ € (B, Is],

o lim u(e)
Ap(u(t)—0

o ([T wm (tds\T
‘wn(/a s> +r(q—1></,l s)
t q-1 d A iri t ds\ 11
I ACHIRCEORRE T
_ _ u; ds\ %" ds
~-aE @) ([ ) n(a?)
ds
N

ds u1+f2fsu(s))ds
)/( > e (/ )

m ln%2 Uy + f;z (In %)f(s, u(s))% tds\ 172
- F(q - 1) (/tz ?)

1 ' £\ ds o
@ ). (ln;) f(s,u(s))?] for t € (£, 23],

lim u(®)
Aau(E;))—~0

wallS) 9

+ %q)/at<ln£>q_1f(s,u(s))? 1(u(t1))< El %>

—<1—a<A1(u<z;>>)>[%(/a e (9
o) -5

u; In ;1 + Uy + f;l (In %)f(s,u(s))% b ds\ 17
- I'(g-1) (/n ?>

1 ' £\ ds o
_m/tl(lng f(s,u(s))?] for t € (£, t3].

Therefore,

Clim e@®) = lim  {u()-u@)}
Ar(u())—0, A (u(ty)—0,

Ag(u(ig))—>0 Az(u(ii))—w

o m s\ 1 Uy L ds\17?
Wz)(f ?) +r<q—1>(/a ?>
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1 [t \*! ds i+ [Pf(su()% [ [t ds\T
g ], (mg) o) Q- g (1)

N ln%2 Uy + f;z (In z;z)f(s, u(s))% tds\ 172
B Fg-1) </ 7)

I AN ds o
T 5 <]n ;) f(s,u(s))? for t € (£, 3], (3.29)

~ lim 52 (t)
Ao(ulty)—0

= lim {u(t) - Zt(t)}

Ao (ulty))—0
Ay (u(ty)) ( /f @)H A ()
I'(q) nos )

@@) ( [Fds\T" M) & [fds\T?

(g </ ?> " Tg-1) 1“E</z2 ?)
u; L ds\ 1 Uy t ds\ 172 1 trop\I! ds
TallS) el S) mpf () seanT

w2 f (s u(s)E ( / @)q-l
I'(q) B S

m ln 2 puy+ ftz (In 2 2)f (s, M(S))ds (/ _)q—2
F(g-1) nt

_ %q) z:(ln S)q_lf(s,u(S))?]
_(1—8(51(”(21))))[%(fu ) ( d?>
) 2o 0

ulln + Uy +ft1(1n a f(s,u(s))ds (/téy’_z

I'(g-1) S
¢ -1
_%q)/n(lnz)q f(s,u(s))?] for t € (£, 23], (3.30)
lim  e(¢)

Al(u(tl’))%()

= lim  {u@) - @)}
Aq(u(t]))—0

w3 () ([ #)

1 [t e\ s w+ [P flsul)% [ [t ds\T"
g (n5) T (/ 7)
N ln%2 Uy + f:z(ln E?z)f(s, u(s))% (/t é)q_Z

I'g-1) 7 S

1 t t gq-1 ds o
T . <ln ;) f(s u(s)):] for t € (£, £3]. (3.31)
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So, by (3.29)-(3.31) we obtain

R [ [T\ Aw@) ([ ds\T M@E)InE oo ge\e
eZ(t) = F(q) (jtl ?) - r'(q) (\/tz ?) - W(-/t‘z ?>
_ _ u tds -1
+8(Az(u(t2)))[ﬁq)(fu :) ( )

a’s u1+f2fsu
r()/( ) S5 =

wIn 2+ + [0 2)f (s, u() % (1 ds\ "
B F(q_l) <‘/;2 s)

1 t t q-1 ds
) ]
_ 7 Lds\T! 2 tds\"
~(1-5(A ((ﬁ))))[@([a ?) +r(q—1)</a ?)
ds u1+f;1f(s,u(s))% Lds\1
" T )/ < ) R (f ?>

wIn D o+ [P (InB)f (s, u(s) (ft @)H

L ds\ 1
(%)

F(q_ 1) S
1 TR ds o
_ Tq) A (hl ;) f(S, M(S))?:| for t € (£, £3]. (3.32)

Thus,
u(t) = u(t) + ey (t)
u ds ds 1 t/ o ! ds
) (q)(/ ?> "Tq- 1)(/ s) +ﬁq)/a<1n;> flsu9)—
IW ( ) Az(u(tz))< _)q-l
t S
< - u; ds Uy t ds q-2
_(1_5(A1(u(t1))))[%(/a ?> +ﬁ(/ ?)
”1+f1f5 u(s ds
r(q)/( ) 7o) - r@ (/ s>

u; In ;1 Uy + f;l (In %)f(s, u(s))% tds\ 172
- I(g-1) (fﬁ ?)

s | (m E)q_lf(s, o)’ |
_<1_5<A2<u<zz>>>>[%)( /a d—) ( )
ol - 2
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ulln— + Uy +ft2 In tz)fs u(s))ds </té>q2
(g-1) i S

t q-1
_%q) A (mg) f(s,u(s))%] for t € (b, Zs]. (3.33)

Letting £, — £, we have

a@) =f(tu®), qe,2),te(a3]andt#t and t # 5,
Tim A(Hja+ Wty = n TG - T = @), =12, (334)
T Dq+ u(a*) = uy, H 42+ “u(a*) = up

AT W), = Ay ))+Az( @), (3.35)
uD @) = w,  nJuat) = uy.

[HDZ+ u(t) =f(l’,bt(t)), qc (Orl): le (61, Z3] and ¢ 7{21»
—

Using (3.27) and (3.33) in systems (3.35) and (3.34), respectively, we have
1- (S(Al + Az) =1- (S(Al) +1- 5(&2) VAl, Az eR.

Letting y(z) =1 — 8(z) (Vz € R), we have y(z + w) = y(2) + y(w) (Vz,w € R). Therefore,
v (z) = hz, where I is a constant. So, by (3.27) and (3.33) we get

m tds\ 1! Uy tds\ 17
=L 5) mn([)
1 [t -1 ds A tds\ 1
rrg ) (n) s T2 ([F)
- - u tdS -1 U tdS -2
08| 5 ( ?) aa([9)
u1+f:1f(s,u(s))% Lds\1!
q)/( ) S () I(g) (/ ?>

" ln%1 Uy + fatl (In %)f(s, u(s))% tds\ 172
} Fg-1) (/t ?>

1 AR ds e
@k <1n;) f(s,u(s))?] for t € (1, &),

and

_ (s
“ (q)(f s)

1(ut1>( t@

ds 1 ¢ £\ ds
T 1)</ s) +Tq)/a<ln5> f(o,u0) =
) Az(u(tz))< _)q‘l
I §
S;

S
@[ ([ 5)  men([5)
r(q)/(hlg)qlf ) __ul+f1f<;)u (f is>
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I'g-1) s

1 trop\9! ds
_Tq) 5 (ln;) f(s,u(s))?]
U ds\ 7! Uy ¢ ds\ 172
~haa(u(s ))[r(q)</ s) +r(q—1)(/a ?>
1 t t q-1 ds u1+f;2f(s,u(s))% tds q-1
vl (1“5) Sou) 5 - (/ ?>

i In2 2+ uy +ft2 In tz)f S,M(S))ds (/téylz
(q_l) Zz N

0 ln%1 + Uy + fazl(ln %‘)f(s, u(s))% (/t ds)qz
o

: -1
b [0 ] s

Due to similarity of the proof with Lemma 3.2, the rest of proof is omitted.

So, system (3.2) is equivalent to Eq. (3.23). The proof is now completed. d

Theorem 3.4 Let q € (1,2), and let %, h be two constants. System (1.1) is equivalent to the
fractional integral equation

Py )T 2 ([ )72 4 o [y (n )17 (s, (s)) &
forte(at],

%(ff@)ﬂ ) s [ lnt)q’lf(s u(s) <
- T <f;ds>” * X e et
- nglml u(ti DIES(f, L)t + r;;z 5, L)

o f ‘(In t)q_lf(s,u(s))ds - 7”1% Joul) ( f; dsya-t

s
M(t) = uy ln +u2+fﬂ ln L)f (s,u(s) )d t ds\q-2 (336)
- T(q- f <)

g JyIn9) (s ) %)
—Z/l‘zl hA If ) [ u (ft ds q_ r(zzl)(ft dS)q 2

f (In t)q 1f(s, ()% - el o) r(q) (ft dsya-1

ulln7+u2+ja ln sus)

- e OO ([ Y — i In 7 (5 ) 4]
Jorte(t,t ,1,k=12,...,8

provided that the integral in (3.36) exists.

Proof Necessity. We will verify that Eq. (3.36) satisfies the conditions of system (1.1).
First, we can easily verify that Eq. (3.36) satisfies the three implicit conditions (i)-(iii) by
Lemmas 3.2 and 3.3.
Second, the proof that Eq. (3.36) satisfies the Hadamard fractional derivative and im-
pulsive conditions of system (1.1) is similar to that of Lemma 3.2 and is omitted.
Sufficiency. We will prove that the solutions of system (3.1) satisfy Eq. (3.36) by math-

ematical induction. For ¢ € [a,t{], it is clear that the solution of system (1.1) satisfies
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Eq. (3.36) with

m tds\ 1! Uy tds\17?
aw-fo([5) e ([9)

1 TN ds )
+Tq) ; (m;) f(s,u(s))? for ¢ € [a,t;]. (3.37)

For ¢ € (¢],8,], there exist three cases t] = f; < f1, t; = f; < 1, and § = # = f;. For the
two cases (¢ = #; < f; and #] = f; < #;), we can verify that the solution of (1.1) satisfies Eq.
(3.36) for t € (¢, ;] by Lemmas 3.2 and 3.3, respectively. Hence, we will consider the case
f = t; = 1. Using (3.37), we have

a1 < - 4 ds - -
DS U(E) = u DS () + Ao ((])) = + f flou) S + Ai(u(e)) and
a

Hj+ Tu(e’) = Hj+ Tu(t) + Ar(u(z))

t /
=un h Uy + / 'In t—lf(s,u(s))é + A (u(8))).
a . S s

Therefore, the approximate solution of system (1.1) for ¢ € (¢, t}] is given by

. 1 L Lds\ T 1 t s\
- gt ([ £) gt ([ %)

1t e\t ds
+ ﬁq)‘/t; (ln ;) f(s,u(s))?

w15 u9)E + A () ( / @)q-l
B F(@) ¢S

1

N ulln + Uy +f11n 1f s, u(s)) SS + A (u(8))) (/fé>q2

Ig-1) s
1 /‘( t)q_l ds
+— In- s,u(s))— forte (t,t]. (3.38)
F(q) Y s f( ) s ( 1 2]
Lete; (t) = u(t) —us(¢) for ¢ € (¢}, t,]. By Lemmas 3.2 and 3.3 the exact solution u(t) of system
(1.1) satisfies
lim u(t)

A1)~ 0,A1 (u(t]7))—~>0

o m tds\ 1 Uy tds\ 172
Tq)</ ?) *r(q—n(f; ?>
t q-1 d
%q)_/ (ln§> f(s,u(s))?s fort e (¢,

lim  u(t)
Ap(u(t])—0

o m tds\ 1 Uy L ds\17?
sz(/ ?) *r(q—n(fﬂ ?>
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Ar(u(t))) ( f@)q‘l
q)/( > S() g /trs

1

i ([ %) L)
it [ (02) s R ([

u; In ;1 + Uy + f;l (In ;Uf(s,u(s))% tds\ 7172
- I'(g-1) <ft ?>

1

F(q)/ ( ) S (s, uls)) (is} forte(t{,tg],

O lim u(2)
Ap(u(t;)—0

o m tds\ 1 Uy tds\ 17
T </ ?) "Tq-1 (/ ?>
1t 71 ds A ds
+Tq)/a (lné) f(s,u(s))?SJr Fl((;‘(tll (t ?>
d t
s ([9) s ([5)
-1 u1+f1fsu(s ds ds\ 7!
q)/( > S ()_‘ r@ (/ s)

u; In ;1 + Uy + f;l (In %)f(s,u(s))% b ds\ 172
- I(g-1) <fz ?>

1

1 [t \*! d L
T ; <ln;) f(s,u(s));s} fort e (4,1].

Therefore,

) . u tds\ 1 Uy L ds\17?
lim &)= —— — + —
AL(u(£)—0, L@ \Ja s Fg-D\Ja s
0

At )~

1 t t q-1 ds u+ fﬂtif(s, u(s))%
g () o) T -

u; ln% Uy + f;i In %f(s,u(s))% (/t ds)q_2
t:

Fg-1) /s

1

t q-1
1 (ln g) f(s u(s))? fort e (4,t)],

_F(Q) 4
Aml(%eoel(t)_[l_ml(u(tl ))]{F(q)</a S) F(q 1)(
1 [t \7! ds  w+ [1f(s,u(s)%
) a<1“z) S0 -

Page 26 of 36

tds\ 1
(L)

(3.39)
[
s\ 17
(L %)
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u; ln% + Uy + f:i(ln %)f(s, u(s))% (/t als)q_2
F(q_l) ¢

7S
1

LT ds L
“T@ A (m;) f(s,u(s))?} fort e (4,8, (3.40)
i 7, /- 251 Y ds ds
Amﬂ%ﬁf“”:U‘KA“”“)”h75<ﬂ'?) - D(ﬂ.:)

1 t/ p\21 ds +falf(57l4
il (lnE) e (f )

D% v+ [0 )7 us) % ( / @)‘H
I(g-1) g S

t 1
- %q)fti <ln g)q f(s M(S))?} fort e (4,1]. (3.41)

By (3.39)-(3.41) we get

1 [t e\ ds i+ [ flsuls) [ 1t ds\T
v [ (n5) o2 - (1)

1
R ln% + Uy + f;i(ln%)f(s, u(s))% </t é)q_z
I'(g-1) A

1

1 [t \*! ds .y
_Tq)/t; (ln ;) f(s,u(s)):} fort € (8]

Then,
u(t) = u(t) + e (¢t)
il ) r(LS) g (o) o
() AU

o) b e s ([ ) s (%)

s m+ [ fsus)® ([t ds\"
r()/( ) e O (/?>

m I+ 500 D)5, u(s) % (ff é)ﬂ
I‘(q—l) ¢

/7§
1

t -1
_%q)/q (mé)" f(s,u(S))%} fort e (4,8)- (3.42)
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Next, for t € (f;,t;,,] (k=1,2,...,2), suppose that

u Lds\1 U tds\ 172
”‘”:W)(/a ?) "Tg-1 (f ?)
1 [t/ e\t d
+m/a <ln ;) f(s,u(s))?S
O AE) [ [T\ SN Aw@E) [ [t ds\ T
"L T (/ ?) +}Z r@ (/ ?)

1 t ds q-1
_Zm [F(q)</ s) T D ( )
1[4\ u1+f f (s, u(s) L ds
' Tq)/ (]“5) 7o) ) </ ?)

" ln% Uy + f;‘ (In %)f(s,u(s))% ¢ ds\ 77
B F(g-1) (f ?>

_ %q) ./;,-t<ln E)q_lf(s, u(s))%]
_im,(u(zj—))[%@t?)q e 1)(

1 [t/ £\7! ds u1+f’f(s,u(3))ds tds
+Tq)./; (ln;) f(s,u(s))? (/ ?>

/
i lng Uy + f;’(ln %)f(s, u(s))% (/‘t ds)q_2
£;

F(q -1) i S
1 Lo\t ds
_ Tq) A (ln ;) f(s u(s))?] for t € (¢, t1/(+1]~ (3.43)
By (3.43) we have
(k+1)1 B
DL () D) + 3
ky+1
tea (k+1)1 _
=u + / f(s, u(s)) + A,(u(t;))
a 1=1
and
(k+1)o
1T u(tin) = n g u(tc,) + > Adu(r))
ko+1
B t//(+l ds tl/(+1 tk+1 ds (k+1)o
_le; ?+M2+/a In . +ZZA1
k ,
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Therefore, the approximate solution of system (1.1) for ¢ € (¢, t;,,] is given by

. 1 tods\9! 1 i tods\17?
0= D) ([ F) g ) ()

k+1 k+1
1t ( t)ql ds
+ — In- s, u(s)) —
I'(q) /% 5) 6
t, ~ -
m+ [ ue) L + TG A @) ( /t ds)ql
- I'(q) g,
ullnm vz + [5 I k+1f (525D % + Y0 Au(t) + Xy Aj(uE ) In k+1
+
I'(g-1)
(/t ds)qZ 1 t (l t>q1f( ())ds P te(t’ y ] (3.44)
X — + — n- S, U\S))— or , . .
tl/<+1 s I-(q) t//<+1 s s k+17 “k+2

Let &1 (t) = u(t) - is(z) for t € (¢,1,t;,,]. By (3.43) the exact solution of system (1.1) satisfies

lim u(t)
Al67) 0,8 (u(E )0

for all i and j

o m tds\ 1 Uy ¢ ds\ 172
) (/ ?) "Tq-1 (/ ?>

1 t t q-1 ds , /
+ Tq)/a <ln;> f(s u(s))? for t € (41, tesa )

lim u(t)
Aj(u(t;))—0 for all ie{lo+1,lo+2,...,(L+1)o},

Aj(u(fi’))ﬁo for all je{l; +1,51 +2,...,(I+1)1 }

m Lds\ T Uy tds\ 172 1 L/ g\t ds
ol S) ([T g [ (nd) T

_ t q-2

+ Z ?f’(u(til)) (/ é)

1<i<(k+1)o and (-1 \Jy s
i¢{lo+LIp+2,...,(1+1)o}

. Z A/(M(Z]?)) (ft é)q—l
1<j<(k+1); and ') 5 S
Jje{h+1,0h+2,...,(1+1)1}

BN IRt tds\1 Uy ( ¢ ds>q2
_ N ds ds
1sis(k2+1:)0 and Al ))[F(q) (/a s ) "Tg-1) /a s

i¢{lo+L1p+2,...(I1+1)}

1 ¢ t a-1 ds M1+f fsu ds
o (1“;> S5 (/t,, s>

u ln% + Uy + f;i(ln %)f(s, u(s))% (/t ds)q_2
tl

I'g-1) s

1 L7 p\I! ds
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B _ t ds\ 11 t e\ T2
- > hA/(”(ﬁ))[%(/ —S> * %(/ —S>
1<j<(k+1); and (‘I) a S (q - ) a S
je{h+L+2,..,(1+1)1}
1 tr g\ ds  wi+ [T F(s,uls)% / [t ds\9
*——/(m? Flo )& - 1t LS uu</_g
L(g) Jo \ s s I'(g) i s
b b1y U ds t q-2
U In P + Uy + fa (hl ;)f(s,u(s)); (f dS)
I'(g-1) pos
1 t( t)ql ds
-— In- s, u(s) —:| fort € (ty,1 tp,p]and1 <l <k +1
F(q) Zj s f( )S (kl kZ]
Therefore,
lim e (t)
Ai(u(t;))AO,Aj(u(Zj’))%O
for all i and j
= lim {u(t) - tft(t)}
A,‘(u(ti’))HO,A/(u(Ej’))%O
for all i and j
7 s\ 1 Uy tds\ 172 1 troop\I! ds
[ a2 i )
F(Q) a S F(q_l) a S F(Q) a S S
m+/ﬁﬂf@uﬁh%</ﬁ¢h)*l
I'(q) G0 S
[ 2wy o+ [kt In B (s, () 2 ( /f ds)”‘2
I'(g-1) ta S
1 t £\ ds
-— In- , — forte(t b, 3.45
F(q)/[/ (ns) f(S M(S)) s or (k+l k+2] ( )

k+1

lim
Aj(u(t;))—0 for all ie{lo+1,lo+2,....(L+1)o},

Ai(u(t;))
I'g-1)

2

1<i<(k+1)o and
i¢{lo+1,lp+2,...,(I1+1)o}

2

1<j<(k+1); and
Jje{h+1,0+2,...,(1+1)1}

Aj(u(@)
I'(g)

]
1<j<k; and
jé{h+1,0+2,...,(1+1)1}
u; (/’t ds>q‘1 Uy
BTy — +
F(Q) a S F(q — 1)

[

Ry (@) 1n et

N

ek+l(t)

fut) i)
)L ]

[N

(1.5

k+1

Eds\T* 1 troop\1t ds
?> +Tq)‘/ﬂ(ln;> f(s,u(s))?

]

(I
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ok [ fls () E ( / @)‘“

I'(q) s

k+1

L [ S v+ [ n L (s uls) %t ds\ T
F(q - 1) t S

k+1

1 ! £\ ds
T <ln ;) S (s,uls)) <

’
Lk

i Z KAi(u(ti))[%(j: %)ql * F(;Z_ 1) (/: ?)q

1<i<(k+1)o and
i¢{lo+Llp+2,...(1+1)o}

1 t t q-1 ds u1+f;if(s,u(s))% t ds q-1
. (1“E> e (/ ?>

u In ;—’ Uy + f;i(ln %)f(s, u(s))% tds\17?
B Fg-1) </ ?)

1 trop\I! ds
_Ffl)/t,(ln;) f(S’u(S))?]

i SRS a2

1<j<(k+1); and
je{h+1,0+2,...,(1+1)1}

1 [t e\ ds i+ [T fsul)% [ [t ds\""
v [ (n5) slown T - (1)

U

N ln% Uy + f;f(ln %)f(s,u(s))% L ds\ 172
B F(g-1) (/t, ?>

1 -1

I'(g) s

By (3.45) and (3.46) we have

é/<+1(t)

(k+1)g

AN ( [t ds\T> Lods\T?
U5 (L) ]

i=1

(k+1)1 A](M(Z]_)) t ds q-1 tds q-1
) [(f ?> _</ ?) }
k1 /

k+1

1 ¢ £\ 4L ds u1+f;’/‘*1f(5,u(s))% t e\
g f () o ST ()

k+1

[ S vy« [ n L (s ul(s) %t ds\ T
F(q - 1) t N

k+1

o G ds\TE w [\
_ZAj(u(tj))lnzj(/; ?> +W)<f ?> +F(q_1)</a

-2

2

tds
s
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t
-— / (ln E) f(s u(s))é] fort € (ty,tr,p]and1 < <k+1. (3.46)

.
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t -1
b <1n f>q Fls u) %
/ S S

I'(q)

- kim ([ is) =il d?)

M1+faif(3, w(s) L ( [tds\ T
)/( > S’() @) (/_>

u; In ;’ + Uy + f;’ (In ts—’)f(s, u(s))% tds\17?
- I(g-1) </: ?)

1 tro\7t ds
_ Fq) , <ln;> f(s,u(s))?]

(k+1)1
u; ds
_Z u(5y) [Wq)(/ s) g 1)(

q-2

1 [t A\ ds wi+ [T f(su(s)% [ [t ds\ T
ol (1"E> St = ()

7

u; In ;i + Uy + f;f(ln %)f(s, u(s))% ¢ ds\ 172
- I(q-1) (/t ?>

j
ds
, fort e (¢t
r(q)/( ) S ts) s] ort € (o fo
Thus,

u(t) = (t) + e ()

Page 32 of 36

(3.47)

h “ds ds
= Tq)(/ N ) F(q 1) </a‘ ;) F(q)/ ( > S,M(S) S

(k+1)g A( (t )) q (k+1)1 y M(t )) q-1
S

(k+1)o 1 2
N Lds\ T -
-2 [F(g) (f ?) "D ( )
q

1 £\4! ds ui+ [ f(suls)E ( rtds
+Top/ﬂ(h’3) 60T -5 </ )

0 ln% + Uy + futl (In %)f(s,u(s))% tds\17?
- T(g-1) (/t ?)

t q-1 d
SIACH RN

-yt ([5)

Uy /téqz
g-)\J, s

.S
5

t -1 j ds t -1
s () st ) ot L Sl ([’
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Ig-1) s

mm§+m+ﬁméy@mm%</qﬁy4

j
1 [ t)ql ds
-— In- s, u(s) —:| for t € (ty 1 trsa |-
rig | () Ao’ (th o]

So, system (1.1) is equivalent to the integral equation (3.36). The proof is now completed.
O

Corollary 3.5 Let g € (1,2), and let X, h be two constants. System (1.2) is equivalent to the
fractional integral equation

s 9+
Jort e (a,t1],
%(ft Lyt + (ft ds)q 24 1 ft lnz)q_lf(S,u(S))%
+le[l"q1 (ftdsq2 t) ftds)ql]
u(t) = YK Au(E) + hA(ult; ))][ (ft dsyo-1

* g JuIn DT (5 )
_%(f; is)q 1 u11n7+u2+{‘a((ln (s,u(s (ft dS)q )
o S (m Y1 s, () £
fortefk,k=1,2,...,m

sy F(lq) [0 YL f (s, u(s) &

Ty (3.48)

provided that the integral in (3.48) exists.

4 Example

In this section, we give an example to illustrate the usefulness of our results.

Example 1 Let us consider the general solution of the impulsive fractional system

HD?+ u(t)=Int, te(l,3]landt+#2,
A(Hjﬁ Wl = Hjﬁu(r) CnTu@) =5,
A(HDpu)u 2= D}, u2) - uDlu(2) =5,
HJF u(1%) = uy, HD1+u(1*) =uy.

(4.1)

By the Theorem 3.4 the general solution is obtained by

uy ( t@ ——1
r(3)

1 s
forte(l 2],

t 3_ t 3_ t 3_
o (f dS) e 9 e s [ i Ins e
3

(/‘t dS)j—2 + _(ft d5)§—1

(X(S " h(s u1 j-t dS)——l uz 1)( lt %)%_2 (4.2)

__1 ds u1+f1 lns— t dsy3_1
+—f1 ln— lns———r(%) (f, %)z
u11n2+u2+f1 ln lns— tds\3-2 __1
r(3-1) =, ) e )f2 (In Ins g
fort e (2,3].

3 3
’ds 372 4 (%)flt(lné)i—llns%

u(t) =
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Here %, I are two constants. Next, we will verify that Eq. (4.2) satisfies all conditions of
system (4.1).

Taking the Hadamard fractional derivative of the both sides of Eq. (4.2), we have

(i) for t € (1,2],

3
HD17+u(t)

1 d\? [t £\ u; " ds\ 27! Uy 1 ds 272
wapta) [0 FsUS) msUs)
re-s)\dt) h n ri)\Ji s rG-nD\J,i s

1 1 n 31 ds|dn
+ =3 In— Ins— [—
') A s sl
2 pr 3-1r oy 3-1
:%(ti> /(lnf) |:/ <lnﬁ> lnsé}ﬂzlnt,
rEriE)\ de) L n 1 s sim

(ii) for t € (2, 3],

DA () = — (ti)zfto 5)2‘3‘1{ " (/é)l
PR Ereon\Car) L\ r&\; s

1 n n 31 ds u +f12 lns% " ds\ 2
+ —3f In— Ins— - ————=—= / —
')A S S r'() 2 S

w24+ [Fn?) st (/ " d—)
2

ré-i s

1 n n 21 ds|) dn
——3/ In — Ins— |} —
I'(3) J2 s S n
1 d\? [t e\ s [rds)i
:{lnt|t21+—1 <t—> /(m—) |:—1 (/ —)
r\de) Jo \ n L) \Ja s
_ 34
8 (/’7 ds>2 i|dn
‘l'—3 — —
rE)\Ja s n
. 1 [ d\ [ e\
— (&8 + hé)| Int|>1 — t— In —
o )<“ = r(%)(dt) l(“n)
|:u1+f121ns% (/"7 ds>§‘1 u11n2+u2+f12(1n%)lns% (/’7 ds);_z
x| —2 5 — + —
r@) 2 8 r'(3) 2 S

2
3.1
1 1 n\? ds|dn
+ =3 In— Ins— |—
r'(3) J2 s s1n /)i
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={In¢|;=1 — (A8 + AS)[Int|;>1 —In t|t22]}te(23]

= Int|se2,3]-

So, Eq. (4.2) satisfies the Hadamard fractional derivative condition of system (4.1).
By Definition 2.1 we obtain

j% o ullnt+u2+fltln§1ns% fort e[1,2],
2u(t) = _
A wnt +uy + fflnﬁlns% +8+68(Int—1n2) forte(2,3],
and

1 u + ) Ins% for ¢ € [1,2],

HD1+u(t) = u t ds _
1+ [ Ins% +8 forte(2,3].

Therefore,

H«7éu(2+) —Hjéu(f) =4 and HD1%+”(2+) _HD1%+”(2_) =0

That is, Eq. (4.2) satisfies the impulsive condition in system (4.1).
Finally, it is obvious that Eq. (4.2) satisfies the three implicit conditions (i)-(iii). So,
Eq. (4.2) is the general solution of system (4.1).
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