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Abstract

By means of the method of upper and lower solutions together with the Schauder
fixed point theorem, the conditions for the existence of at least one positive solution
are established for some higher-order singular infinite-point fractional differential
equation with p-Laplacian. The nonlinear term may be singular with respect to both
the time and the space variables.
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1 Introduction
We investigate the existence of positive solutions for the following fractional differential
equations containing a p-Laplacian operator (PFDE, for short) and infinite-point bound-

ary value conditions:

D}, (¢ (D3, u(®) +f(tu(t) =0, 0<t<l, "
w(0)=u'(0)=---=u"2(0) =0, D§, u(0) = 0, u(1) = Y7, oju(§)),

where Dj,, Dg , is the standard Riemann-Liouville derivative, ¢,(s) = [s[’™%s, p > 1, f €
C((0,1) x ,)), J = (0,+00), R* = [0,+00). f(t,u) may be singular at £ = 0,1 and u = 0,
ie[l,n—2]isafixed integer, n - 1<a <m,n>3,0<B <1, a;>0,0<& <&< <
<< -<1(=12,..), A=Y " >0, A= (@ -1)(a-2)-- (@ -

In recent years, many excellent results of fractional differential equations have been
widely reported for their numerous applications such as in electrodynamics of a com-
plex medium, control, electromagnetic, polymer rheology, and so on; see [1-21] for an
extensive collection of such results. In [4—6], by means of a fixed point theorem and the
theory of the fixed point index together with the eigenvalue with respect to the relevant
linear operator, the existence and multiplicity of positive solutions, pseudo-solutions are
obtained for the m-point boundary value problem of the fractional differential equations

(A) Dj,ult)+ q(t)f(t,u(t)) =0, O0<t<l,
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subject to the following boundary conditions:
(B) w(©0)=u(0)=--=u"2(0)=0,  u(l)=) oul).

Similar results are extended to more general boundary value problems in [7]. Motivated by
[8], by introducing height functions of the nonlinear term on some bounded sets, we con-
sidered the local existence and multiplicity of positive solutions for BVP (A) with infinite-
point boundary value conditions in [9]. On the other hand, there have been some papers
dealing with the fractional differential equations involving p-Laplacian operator [10-16].
The purpose of this paper is to study the existence of at least one positive solution for
PFDE (1) by means of the upper and lower solutions and the Schauder fixed point theo-
rem. A function u € C[0,1] is said to be a positive of problem (1) if u#(t) > 0 on ¢ € (0,1)
and u satisfies (1) on [0,1].

Compared to [5-7], this paper admits the following three new features. First of all, the
fact that the p-Laplacian operator, involved in differential operator and infinite points,
is contained in boundary value problems makes the problem considered more general.
Second, a nonlinear term permits singularities with respect to both the time and the space

variables.

2 Preliminaries and several lemmas
Let E be the Banach space of continuous functions u : [0,1] — R equipped with the norm
lle£]] = maxo<¢<1 |u()|. Here, we list some definitions and useful lemmas from fractional

calculus theory.

Definition 1 ([3]) The Riemann-Liouville fractional integral of order « > 0 of a function

y:(0,00) — Ris given by

1 t
B0 = s [ ¢ b6
0 v F((X) 0 )
provided the right-hand side is pointwise defined on (0, co).

Definition 2 ([3]) The Riemann-Liouville fractional derivative of order « > 0 of a contin-

uous function y: (0,00) — R is given by

d\" [t
o= (L) [ 28

I'(n-a) )

where # = [«] + 1, [¢] denotes the integer part of the number «, provided that the right-

hand side is pointwise defined on (0, 00).
Now, we consider the linear fractional differential equation

{D&u(t) +y()=0, 0<t<], 2

u(0) = u/(0) = --- = u"2(0) = 0, u®(1) = 1%, ou(§)).
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Lemma 1 ([9]) Given y € L'[0,1], then the unique solution of the problem (2) can be ex-
pressed by

1
ult) - / Glt,9)y(s) ds,
0

where

3)

Glt,s) = 1 [ta_lp(s)(l —5)* I _p(0)(t—5)*"t, O0<s<t<l,

PO () |2 p(s)1 - 5)*, 0<t<s<l,

where p(s) = A — Zs<$ a, )°‘ 11 - s)!. Obviously, G(t,s) is continuous on [0,1] x [0,1].

Proof The proof is similar to that in [9] except for the convergence of the integral
fol G(t, s)y(s) ds, which is easy to show. We omit it here. O

Lemma 2 ([7]) The function G(t,s) defined by (3) has the following properties:
1) p(O)T(a)G(2,s) = mys(1 —s)* it L Ve, s € [0,1];
(2) p(O)F(a)G(t ) < [My + p(0)n](1 — s)* 1= 1t*L v¢t,5 € [0,1];

(3) pO)T(@)G(t,s) < [M + p(O)ns(1 —5)*7, Vt,5 € [0,1];

(4) G(t,s)>0,Vtse(0,1),

26)-p(0) )
S

where My = Sup,_,, , my = infy < 22 ), 2= are positive numbers.

Proof The proof of (1) and (3) is almost as the same as that in [7] and (4) is obvious. To
get (2), check the proof of Lemma 2.4 in [7]. For 0 <s <t <1, we get

POIT(@G(t,9) = p(s)(1 - )¢ = p(0)(£ — 5)*~!

= [p(s) = p(0)]@ - 9" + p(O)[A - )" — (£ - 5) 7]

< Mys(1—s)* 7 4 p(0) (1 — 5)* g [1 - (1 - ;)] |:1 + (1 - ;)
(-8) (1) ]
+{1--) +---+(1--
t t

< Mys(1—s)* 1 4 p(0)(1 - 5)* 1t 2sm
< Mys(1—s)* 1 4 p(0)A - 5)* 1t 2t

< [Ml +p(0)n](1 —g)etiget

For 0 < ¢t <s <1, we have

pO)C(@)G(t,s) = p(s)(1 —s)* gt
= [P(S) —p(O)](l — S)a—l—itafl +p(0)(1 _ s)aflfita,l

< [Ml +p(0)n](1 — )it
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Let g > 1 satisfy i + %1 =1. Then @, I(s) = @4(s). To study the PFDE (1), we first consider
the associated linear PFDE,

Db (0 (D%, u(t) +y(t) =0, 0<t<1, @

u(0) =/(0) =+ = u"2(0) = 0, D, u(0) = 0, u(1) = 3%, nju(§),
for y € I1[0,1] and y > 0. O
Lemma 3 The unique solution for the associated linear PFDE (4) can be written

1\ o [ B-1
u(t) = (—) / G(t,s)p; (/ (s—1)"" (‘E)dl’) ds.
r'(B) 0 o 0 Y

Proof Let w = D, u, v = ¢,(w). Then the initial value problem

Di v(t)+y(t)=0, te(0,1), )

v(0)=0

has the solution v(£) = ¢;t#~ — IPy(¢), ¢ € [0,1]. Noticing that v(0) = 0, 0 < 8 < 1, we have
c1 = 0. As a consequence,

v(t) = -IPy(t), tel0,1]. (6)

Considering that D§ u =w, w = go;l(v), we have from (6)

7)

D, u(t) = ¢, (-1IP (1)), 0<t<l,
w(0)=u'(0)=---=ul"2(0)=0,  uP(1) = nju(§).

By Lemma 1, the solution of (7) can be expressed by

1 q-1 51 s
u(t) = (Tﬂ)) /0 G(t,S)ﬁlJI;1 (/0 (s— r)ﬂ‘ly(r)dt) ds. O

Definition 3 A continuous function W(¢) is called a lower solution of the PFDE (1) if it
satisfies

~Df, (D5, W(2) <f(£,W(), 0<t<l,
¥(0) >0, ¥'(0)>0, ..., ¥2(0)>0, DL, W(0) >0, ¥(1) > YoV (E).

Definition 4 A continuous function ®(t) is called an upper solution of the PFDE (1) if it
satisfies

-D} (9,(D5, ®() > f(£, (1)), 0<t<],
®(0) <0, ¥(0) <0, ..., D"2(0) <0, D, $(0) <0, V(1) < T, oD (§).

Let

F= {u € C([0,1],R),u(0) =/(0) =~ =u"2(0) = 0, u” (1) = Y " au()) {.

Jj=1
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Lemma 4 Let u € F such that —-D§, u(t) > 0, t € [0,1]. Then u(t) > 0, t € [0,1].

Proof Let —DF, u(t) = h(z), here h(t) > 0, t € [0,1]. Noticing that u € F, by Lemma 1, we
know that

1
u(t):/ G(t,s)h(s)ds.
0

It follows from Lemma 2 and /(¢) > 0 that u(¢) > 0, ¢t € [0,1]. O

Lemma 5 (Leray-Schauder fixed point theorem) Let T be a continuous and compact map-
ping of a Banach space E into itself, such that the set

{x € E:x=0Tx,forsome0 <o <1} (8)
is bounded. Then T has a fixed point.

3 Main results

_ a1 = my 37 _ Mi+p(0)n . . . .
Denote e(t) = t**, m = PO M= FORER We list below some assumptions used in this
paper.

(Ho) 0< [y @,"(fy(s—1)P"f(z,e(r))dr) ds < +00.
(Hi) f € C((0,1) x J,R"), for any fixed ¢ € (0,1), f(¢, u) is non-increasing in u, for any ¢ €
(0,1), there exists A > 0 such that for all (¢, u) € (0,1] x J,

F(tcu) < cHf (2, ). )
From (9), it is easy to see that if ¢ € [1, +00), then
f(t,cu) > c"\f(t, u). (10)
Let
P={xeC[0,1] : x(t) = 0, € [0,1]}.
Obviously, P is a normal cone in the Banach space E. Now, define a subset D in E as follows:

D= { u € P: there exist two positive numbers [, <1 < L, such that

Lee(t) < u(t) < Lye(t),t € [0,1]}. (11)
Obviously, D is nonempty since e(t) € P. Now define an operator A as follows:

1

q-1 r1 s
Tﬂ)) /0 G(If,S)(/)I;1 </0 (s— r)ﬁ‘lf(r,u(t)) dt) ds, te[0,1]. (12)

(Au)(t) = (
Theorem 1 Assume that (Hy) and (Hy) hold. Then the PFDE (1) has at least one positive
solution w* € D, and there exist constants 0 < k <1 and K > 1 such that ke(t) < w*(t) <
Ke(t), t € [0,1].
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Proof First, we show that A : D — D is well defined.
In fact, for any u € D, there exist two positive numbers L, > 1 > [, such that

le(t) <u(t) <Lye(t), te[0,1]. (13)

We have from (Hy), (H;), Lemma 2, (9), (10), and (13)

(%ﬁ))ﬂ /01 Glt.9)e,' ( /OS(S -0 (z,u(x)) df) ds
< (1) e [ ([0 rtehe)ar) s
(F(ﬂ)) LM / (/ (s - (, e(r))dr>ds e(t)
[(F(ﬂ))q ll_x M / 73 (/ (s-)7f (v, er))dr) dS+1j|e(t)

=Lye(t) (14)

and

-1 s
(%ﬁ))q /01 Gt ( /0 (5= ) (z,u(x) df) ds
-1 )
- <%ﬂ))q T /015(1 _S)a_l_i‘pzzl(/o (s—1)f(,e(r)) dr) ds - e(?)

> Le(t), (15)

-1 1 s
I = min{ %, (%ﬂ))q LMV .fo s(1—s)* ! (/0 (s—1)ff (1, e(r)) dr> ds},
-1 1 s
L= [(%ﬂ))q l;“q’l)ﬁ . /0 go;l (/0 (s— r)ﬂ’lf(r,e(r)) dr) ds + 1].
By (Hp), it is clear that
1 ) s
/ s1- s)""l"gol;1 (/ (s— 1) f(r,e(r)) dr) ds
0 0
1 s
-1 - )Y (, d )ds .
E/Ogop (/o(s )7 f (7, e(r)) dr | ds < +00

Thus, from (14) and (15), we know that A : D — D and is well defined.
By Lemma 3, we know that Au(t) satisfies the following equation:

(Au)(0) = (Au)'(0) = - - - = (Au)*2(0) = 0, (16)

ngJr(‘pp(Dng(AM)( N) =f(tut), 0<t<l,
D§, (Au)(0) = 0, (Au)(’>(1) > i (Au)(E).
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Now, we are in a position to find a pair of upper and lower solutions for PFDE (1). Let

-1 1 s
uo(t) = <%ﬁ))q /0 G(t,s)<p1;1 (/0 (s— I)B‘lf(t,e(r)) d‘L’) ds, te]0,1].

By Lemma 2, we get

1\t af [ p-1
uomz(ﬁﬁ)) m/o ®, </0 (s—1) f(r,e(t))dt)ds-e(t), t€[0,1].

As a consequence, there exists a constant ky > 1 such that
kouo(t) > e(t), Vtel0,1]. 17)

It follows from (Hy), (H;), and (17) that A is decreasing on u, thus for k > ko, we have

q-1 p1 s
(%ﬁ)) /0 G699, (/O (s = 1) If (z, ko (7)) dr) ds
q-1 p1 s
= (%,3)) /0 G(t,s)(pgl (/(; (s— ":)ﬁ_lf(f:kouo(r)) d'L’) ds

1 s
%ﬂ))q /01 G(t,SW;l (/(; (s— )" (v,e(r)) dl’) ds < +00

and

1 s
uo(t) < (%ﬂ))q ]\_/[/Olgz)p1 (/0 (s—1)f (1, e(r)) dt) ds < +o0.

Let p = (5)"'M [, 9, (J5(s = ) If (x, e(r)) d) ds + 1. Take

-1 1 s Aq%l
k* = max{ko, [(%ﬁ))q W/O (,01;1 (/0 (s— r)’glf(r,p)dr> ds] o }
Then we have
1 gq-1 1 s
+00 > <F(,3)> /0 G(t, ,g)('g;1 (/0 (s— t)ﬂ—lf(t,k*uo(t)) dr) ds
-1 1 s
> (k*)—k(q—1)<%ﬁ)>q mta-l/o %;1 </0 (s—‘r)’g_lf(r,uo(t)) dr) ds
-1 1 s
> (k*)—k(q—l)(%ﬂ)>q mta_lfo %;1 </0 (s— ‘E)’g_lf(‘r,p) d‘L') ds

>l vrelo,1]. (18)

Let

D(t) = K up(t), W(z) = (AD)(2). (19)
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Then it follows from (17) and (18) that

-1 s
d(t) =k* (%ﬂ))q /1 G(t,s)gz)[;l (/ (s— r)ﬁ_lf(r,e(t)) dr) ds > %71, (20)
0 0
-1 s
W(t) = (ﬁ)q /01 (—7(t,s)(p1;1 (/o (s— r)ﬂ_lf(r,k*uo(r)) dt) ds> 7L (21)

In addition, by (16) and (19), we see that

®(0) = ®'(0)=---=0"P(0)=0,  D§®0)=0, D)1 =) n®(E)
j=1
w(0)=@'(0)=--=w"P(0)=0, DE¥0)=0, wI1)=) nWwE).
j=1
By (19),

1 q-1 p1 s
W) = (A@)(t):(m> /0 G(t,s)(pp1< /0 (s-r)ﬁlf(f,k*uo(f))dr) ds

-1 r1 s
Sk*(%ﬂ)) /OG(t,s)gapl(/O (s—t)ﬂlf(t,uo(f))dt)ds

= ®(t), Vtelo,1]. (22)

Considering the fact that f is non-increasing in u, we see from (19)-(21) that

D, (¢0(D5,W(0))) +£ (& ¥ (1)) = D, (¢(D5, (A9)(0))) +/ (8 ¥ (1))
> D}, (9,(D%, (AD)(®D))) +£ (£, @(2))
=—f (¢, @) +f (¢, P() =0, (23)
D, (0 (D5, 9(0) + (6, 9(0)) = D} (6 (D3, A(™))) +£ (5, 0(0)
=—f(6*7) +£ (6 ()
<—f(t* ) +f(6*7) = 0. (24)
By (23) and (24), we know that ®, ¥ € P are the desired upper and lower solutions of the

PFDE (1), respectively.
Define a function F as follows:

&, W(t), u<¥(@),
F(t,u) = {f(t,u(t), W) <u<®(), (25)
f(t, ®(2), @) <u.

This together with (H;) shows that F: (0,1) x R* — R* is continuous.
In the following, we shall show that the fractional boundary value problem

Db (9,(Dg,u(t) + E(t,u(t)) =0, 0<t<1,

u(0) = /'(0) = --- =u"2(0) = 0, D%, u(0) = 0, (1) = Yo ou(g), (26)

has a positive solution.
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Let

1 q-1 1 s
(Tu)(t) = (m> /o G(t,s)go;1 </0 (s— 1) F(7,u(r)) dr) ds, te[0,1]. (27)

Then T : E — E and a fixed point of the operator T is a solution of the PFDE (26). By (20),
(21), the definition of F, and the fact that f(¢, &) is non-increasing in u, we have

f(t,@1) <F(t,u®) <f(t,¥(0), Vxe€kE, (28)
and
f(& @) <F(tu@) <f(t,t*"), VxeE. (29)

By Lemma 2 and (29), for u € E, we have

q-1 1 s
(Tu)(t) = (%}3)) /0 G(t,s)ga;l (/0 (s— r)ﬂ’lF(r,u(t)) dr) ds

-1 s
(i) 5 [ oo

which means that T is uniformly bounded. Considering the uniform continuity of G(t, s)
on [0,1] x [0,1], it can easily be seen that 7' : E — E is completely continuous. In addition,
we see from (30) that (8) holds. Thus, Schauder fixed point theorem guarantees that T
has at least one fixed point w.

Now, we are in a position to show that

W(t) <w(t) < d(t), tel0,1]. (31)

Since w is a fixed point of T, we have by (26)

w(0) =w(0)=---=w"20)=0, DILw0)=0, w?(1)= Zajw(g,), (32)
j=1
®(0)=0'(0)=---=0"P(0)=0, DfO0)=0, V1)=) ndE). (33)
j=1

Let z(t) = @,(D§, ®(2)) — ¢,(D§, w(t)). Then

Dg+Z(t) = Dg+ (‘pp(Dngq)(t))) _Dg+ (wp(DngW(t)))
=—f(6*) + F(t,w()) <0, te0,1],

Z(O) = ¢P(Dg+q)(0)) - (pP(DngW(O)) =0.
By (5) and (6), we know that

z(t) <0,
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which means that
9p(DG, (1)) = @, (DG, (1)) < 0.
We see from the fact that ¢, is monotone increasing
<pp(D‘(’)‘+d>(t)) = ‘pp(Dg+W(t))’ Le., —<pp(D‘(’§+(d> - W))(t) > 0.
It follows from Lemma 4, (32), and (33) that
D) —w(t) > 0.
Thus, we have proved that w(t) < ®(t) on [0,1]. Similarly, we can get w(¢) > W(t) on [0,1].
As a consequence, (31) holds. So, F(t, w(t)) = f(¢, w(t)), t € [0,1]. Hence, w(¢) is a positive

solution of the PFDE (1). Noticing that ®, W € D, by (31), we can easily see that there exist
constants 0 < k <1 and K > 1 such that

ke(t) <w*(t) < Ke(t), te]0,1]. O

4 An example
Consider the following singular PFDE:

1

1 7
D2 (¢s(D3,w)(®) + 2t Bus =0, 0<t<1,
u(0) =u/(0) = u"(0) = 0, (34)

7
D¢, u(0) =0, w'(1) =375 j%u(%).

- . 1,-L _1 7 1 2 5 2 1
In this situation, f(t,u) = 5t 2u"s,a =5, =5,p=3,e(t) =12, A = E,ajzp,gjz o

375 @ ~ 2109 < A. By a simple computation, we have

0< /Ol(ppl (As(s— )P f (1, e(r)) dr) ds
L6

11 NG
:/ (—/ (1—‘[)_%7,'_% dr) ds = 27[ < +00.
0 0

2

1

1 _5 2
T 27 2dr) ds

ol
—

Therefore, (H;) holds. It is easy to see that (H,) is satisfied for A = %. By Theorem 1, PFDE
(34) has at least one positive solution w* such that there exist constants 0 < k < 1and K > 1
with ke(t) < w*(t) < Ke(t), t € [0,1].
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