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Abstract

In this article, a numerical study is introduced for solving the fractional wave
equations by using an efficient class of finite difference methods. The proposed
scheme is based on the Hermite formula. The stability and the convergence analysis
of the proposed methods are given by a recently proposed procedure similar to the
standard von Neumann stability analysis. A simple and accurate stability criterion valid
for different discretization schemes of the fractional derivative, arbitrary weight factor,
and arbitrary order of the fractional derivative, are given and checked numerically.
Finally, a numerical example is presented to confirm the theoretical results.

Keywords: finite difference methods; Hermite formula; fractional wave equation;
stability and convergence analysis

1 Introduction

In recent years, it has turned out that many phenomena in engineering, physics, chem-
istry, and other sciences can be described very successfully by models using mathemati-
cal tools from fractional calculus, i.e. the theory of derivatives and integrals of fractional
(non-integer) order. There are many applications of the fractional differential equations
(FDEs), see [1-10], and the studied models have received a great deal of attention like in
the fields of viscoelastic materials [1], solutes in natural porous or fractured media [3], and
anomalous diffusion. Most FDEs do not have exact solutions, so approximate and numer-
ical techniques must be used [11-21]. Recently, several numerical methods to solve FDEs
have been given such as the variational iteration method [16], the Adomian’s decomposi-
tion method [21], the collocation method [22-24], and the finite difference method [15,
17, 25]. In this section, we introduce the Riemann-Liouville definitions of the fractional
derivative operator D [26, 27].

Definition 1 The Riemann-Liouville derivative D* of order « of the function y(x) is de-
fined by

" B 1 a [* y(7)
Dy = I'(n—o) dx" /0 (x — )+l

dr, x>0,04>0, 1
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where 7 is the smallest integer exceeding o and I'(-) is the Gamma function. If ¢« = m € N,
then the above definition coincides with the classical mth derivative y (x).

In this paper, we will study the numerical solutions of the following fractional differential

wave equation:
DY u(x, t) = ugx(x,2) + f(,8), 1< <2, (2)

on a finite domain 0 <x < L, 0 < ¢ < T, where f(x,t) is the source term and D“ is the
Riemann-Liouville derivative of order o with respect to the time ¢. Under the zero bound-
ary conditions

14(0, t) = M(L: t) =0, (3)
and the following initial conditions
ux,0)=g1(x) and u(x,0)=g(x), (4)

here g (x) and g,(x) are given functions.

In the last few years there have appeared many papers studying the proposed model (2)-
(4) [15, 17]. In this paper, we study the time fractional case and use an efficient class of
finite difference methods based on the Hermite formula to solve this model.

The plan of the paper is as follows. In Section 2, we give some approximate formulas of
the fractional derivatives and numerical finite difference scheme. In Section 3, we study the
stability and the accuracy of the presented scheme. In Section 4, we introduce numerical
solutions of fractional wave equation. The paper ends with some conclusions in Section 5.

2 Finite difference scheme of the fractional wave equation
In this section, we introduce an efficient class of FDM and use it to obtain the discretization
finite difference formula of the time fractional wave equation (2). For some positive integer
numbers N and M, we use the notations Ax and A¢ for the space-step length and the time-
step length, respectively. The coordinates of the mesh points are x; = jAx (j = 0,1,...,N),
and t,, = mAt (m=0,1,...,M) and the values of the solution u(x, ) on these grid points
are u(xj, ty,) = u/”‘ ~ Uj’”, where Ax =h = %, At=k= 1\1/1

For more details as regards discretization in fractional calculus see [9, 25, 28].

In the first step, the ordinary second order differential operators are discretized as fol-

lows [15]:
9%u u}"*l - 2u;" + u;"‘l
— = O(k?). 5
8t2 xi,tm k2 + ( ) ( )

Now, using equation (5), we can derive an efficient approximate formula of the fractional

derivative for %u(x, t) (1 < a < 2) at the points (x;, £,,) as follows:

A p— / 0 St~ d
—ulx, ty,) = —— —u(x;, )t — s s
ate re-a)f, 927"’
1 i /”‘ [uf”—Zu;+u;‘1 2] .~
= — =+ O(k?) |(mk —s)%ds
1"(2—0!); (r-Dk k> )
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r+1 —2ul + ur—l

1 ity 2
“TTC-a)2- a)z[ k? + Ok )}

x [(m—=r+1)>* = (m-r)>*][K*]

2:(14].”1 —2u + uj"l)[(m —r+1) — (m—-r)"]

B 1
T T(B-a)k® -

I

1
re-aw

M=

+ [(m—7+1)** = (m-r)*>*]O(k*). (6)

I
—_

r

The above formula can be rewritten as

0* u(xp tm) = 2 —r+1 - 1 2- 4-
35 —AakZa)“ u" letlm ™ +M;n ’)+mm “O(k a)
m
= Ak Zwi"‘)(u;”_r” 2u ”’ Ly ] ) + O(k ) (7)
r=1
where
1 (@) 2—a 2—a
Aot,k = W and w, =T — (V - 1) . (8)

We must note that ) satisfies the following facts:

1) o >0,r=12,....
@ o >0, r=12,....
Now, we are going to obtain the finite difference scheme of the fractional wave equation

(2). To achieve this aim we evaluate this equation at the points of the grid (x;, ,,,):

oY 92 u(xj, by

ﬁu(xjr bm) = 32 +f(x/: L) %)

Using equations (7) and (9), we have

3% u(xj, ty) " 5 ) 5
o = Aax ) o (W =2l ) £l ) + O(K). (10)
r=1

In order to get two additional equations, replace j by j — 1 and j + 1, respectively, in the

above equation, so we have

3 u(x] 1 tm) —A,

" Zw(a) Imlr+2 2Mm r+l + Lt ) f(x, Lt + O(kz), (11)
r=1

and

82 (x 1,
A—Aaka“ Wi = 2l + W) = f (00, ) + O(K). (12)
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The Hermite formula with two-order derivatives at the grid point (x;, £,,,) is

azu(xj—l: tm) 82I/l(xj; tm) a2u(xj+11 tm) 12
o +10 ozt P - (i1, )

= 2u(x), L) + u(Xjs1, tm)) = O(h4). (13)

Substitute from equations (10)-(12) into equation (13), and denote u(xj, t,,) by ", then
with neglect the high order terms and under some simplifications, we can obtain the fol-

lowing form:

1 “ 1 n?
ghQAa,k Z wﬁ“)(uj’ff”z - Zuj’ff”l + uj"f[’) - 2(1 + Eth”"k> w'y = —f7
r=2

6
5.9 - (@) 2 1 5.9 n
+ §h Agk Za)r‘" ("% = 20" ) - 2(§/’l Agk = 2) u/' - Z.’;Tl
r=2
1 “ 1 5h2
+ gth""k Z @ (u;'jl_”z - 2uj”’+I’+1 + uﬁ[’) - 2(1 + gth“'k> Ui - ?]jm
r=2
1 2 m+1 m-1 m+1 m-1 ) 2 m+1 m-1
+ gh Agpe (W + w7+l Wl + §h Agpe(u™ +u"') = 0. (14)

Let L[]m be the approximate solution, and let T]’” = u]’” — Uj’”,j =12,....N,m=12,....M

be the error, then we have the error formula

1 “ } } 5 u
gtha,k Z wﬁa) (17:11 r+2 21—7:11 r+l " T;ill r) + gtha,k Z w£a)
r=2 r=2

- . ., L - : . .
x (T}m r+2 2ij r+l ij r) + thAa,k Zwr(“a)(T}Tl r+2 _ 27—7:11 r+l T]rfl r)
r=2

1 5 1
_ 2(1 + gth%k) T;fl - 2(§h2Aa,k - 2) T;” - 2(1 + gh2A""‘> T}fl

1 5
+ gtha,k(Y}’ffl + TP+ T + T + §h2Aa,k(ij+l + T =0, (15)

with
Ty =T"=0, m=12,...,M. (16)

Proposition 1 Assuming that the solution of (15) has the form T/" = &,,¢*/", then

: 112 Aq (5 + cos(Bh))
" 21+ Lh2Ag ) cos(Bh) + SH2Aqx 2
X |:§m+1 + sm—l + Z w,(«a)(%‘m—r+2 - 2Em—r+1 + smr):|; (17)
r=2

where B = 2mm.
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Proof Substitute in (15) by 77" = &,,¢#" and divide by e/, we get

1 “ , 1 ,
thAa,k Z wﬁa)(gm—HZ - 2$m—r+1 + ém—r)e_lﬂh -2 <1 + gtha,k>gme_lﬂh

r=2

5 2 ¢ () 5 2
+ gh Aa,k Zwr (Sm—r+2 - 25m—r+1 + Sm—r) - 2(§h Aa,k -2 gm

r=2

1 “ , 1 ,
+ gtha,k Z wf«a)(é:m—HZ - 2§m—r+l + sm—r)elﬂh - 2(1 + gtha,k> gmelﬁh

r=2

1 . . . .
+ gtha,k(gmﬂeilﬂh + Em—leilﬁh + 5m+lelﬂh + Sm—lelﬂh)

+ thAa,k(‘i:erl + Em—le_iﬂh) =0.

Using some trigonometric formulas and some simplifications we can obtain

m
_h Aak 5 +cos ,Bh) Zw %-m r+2 T 2§m—r+1 + Sm—r)
L, 5.9 1,
—212(1+ gh Agi | cos(Bh) + §h Agi =2 & + §h Ao k(5 +cos(Bh))Emn
L,
+ gh Aa,k(S + cos(,Bh))%‘m_l =0
_h Aozk 5 + COS(IBh) Zw a)(‘i:m r+2 — 2§m rel T Sm r)
r=2
L, 5.9 L,
-212(1+ gh Aa i ) cos(Bh) + §h Agk =2 |Em + gh Aa (5 + cos(Bh))ém
1
+ gthmk(5 +¢0s(Bh))&m1 =0
from which we can obtain the required formula and this completes the proof.

3 Stability analysis
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(18)

(19)

(20)

In this section, we use the von Neumann method to study the stability analysis of the finite

difference scheme (14) for the force free case (i.e., f(x,t) = 0).

Proposition 2 Assume that k* < 6F(3 then

th? Ay i (5 + cos(Bh))
21+ §h2Aq i) cos(Bh) + §h2Ag ) -2

Proof Since Ay x = 1"2(3;—&

a)’ka_

m and, by using the assumption that k% <

can obtain

1 ”
P
Agr 6

’

I‘(S —a)

(21)

, we
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so,
1, 5.5
21+ =h Aa,k <—=h Aa,k —1, (23)
6 6
and since 1 — cos(8/) < 2, we have
1L, 5.5
2(1+ gh A | (1-cos(Bh)) <2 gh Agx -1}, (24)
which implies that
1, 5.5
2(1+ gh Agx | cos(Bh) + §h Aok —2>0. (25)

Now, since —3/%A, x < 1512 Ay i, WP Ag j — 4h2 Ay j — 24 < 2012 A j — 5h2 A k — 24, and since
cos(Bh) <1, we have

[P Ag i = 4H>Ag i — 24] cos(Bh) < 201 Ag i — 5B Ag i — 24, (26)
ie.,

5h?Agx + W2 Aq i cos(Bh) < 24 cos(Bh) + 4> Ay cos(Bh) + 20M* Ay i — 24, (27)
SO

W Aq k(5 + cos(Bh)) < 2[ (12 + 2h°Aq ) cos(Bh) +10h*Ag i — 12], (28)
ie.,

W Aq i (5 + cos(Bh)) < (2)(6) [2 (1 + éhZAa,k) cos(Bh) + gh2Aa,k - 2], (29)
which together with (25) completes the proof of the proposition. O

Proposition 3 Assume that &, (m =1,2,..., M) is the solution of (17), with the condition

ke < i, then || < |Eo| (m =1,2,...,M).

Proof 1t is easy to prove it by the mathematical induction together with Proposition 2.

O
We know that
I = Z £V (30)
Theorem 1 The finite difference scheme (14) is stable under the condition
k% < h—2 (31)

6I'(3 — )
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Proof From Proposition 3 and (30), | T2 < || T°|l2, m = 1,2,..., M, which means that the

difference scheme is stable. g

By the Lax equivalence theorem [28] we can show that the numerical solution converges

to the exact solution as /1, k — 0.

4 Numerical results
In this section, we will test the proposed method by considering the following numerical
example. Consider the fractional wave equation (2) in the interval [0, 1] with the following

source term:

(2t + o — 3)

21 .
rG-w) + 7T :| sin(mx), (32)

S 0) = [
and the initial conditions u#(x,0) = 0, #,(x,0) = —sin(;Tx).

The exact solution of equation (2) in this case is u(x, t) = sin(7x) (> — t).

In Figures 1-3, the behavior of the exact solution and the numerical solution of the frac-
tional wave equation (2) by means of the fractional finite difference method based on the
Hermite formula with different values of «, Ax, At and the final time T is given.

From these figures, we can conclude that the numerical solution of the proposed method
are in excellent agreement with the exact solution. Tables 1 and 2 show the magnitude of
the maximum error between the exact solution and the numerical solution obtained by
using the fractional FDM based on the Hermite formula discussed above with different

values of «, Ax, At, and the final time T.

Figure 1 The behavior of the exact solution and s
the numerical solution of the fractional wave = * Excal Solution ®
A 002+ & O Numerical Solution &
equation (2) by means of the proposed method #
— _ 1 _ 1 — 004+
fora =173, Ax= g5, At= Tooo»and T=0.75.
006+
008+
2 aat
0121
014+
016}
-0.18
02 L
0.1 0.2 03 0.4 05 06 07 08 08 1
X
Figure 2 The behavior of the exact solution and 2

the numerical solution of the fractional wave
equation (2) by means of the proposed method

- =1 -1 -
fora =1.75, Ax = W,At_ 505, and T=2.

ux 1)

08}
0B}
04}

02r #  Excat Solution
) ) L © Numerical Solution | \ .

1} 01 02 03 04 05 06 07 08 08 1
x
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Figure 3 The behavior of the exact solution and
the numerical solution of the fractional wave
equation (2) by means of the proposed method
fora = 1.66, Ax = 735, At = 115, and T=4.

ufx.t)

12

[}
| %
%® 4 Excat So]ution ) %
o ;3 . . | © Numerical Solution | . . &
0 0.1 02 0.3 04 05 0.6 07 0.8 08
X
Table 1 The maximum error with different values of Ax and Atfora =1.5and T=0.2
1 1 1 1 1 1 1 1
Ax 5 70 2 £ 3 @ @ S
At 1 2 2 1 € € £ €
50 100 150 150 200 200 210 220
max. error 0.01149  0.00361 0.00120 0.00115  0.00021 0.00019  0.00006  0.00004
Table 2 The maximum error with different values of Ax, Atfore=1.7and T=0.4
1 1 1 1 1 1 1 1
Ax 7 5 £l £ £ % % 7
At 1 5N ER ER B 1 1 1
50 700 200 250 300 300 750 780
max. error 00139  0.01064 0.00736 0.00653 0.00586 0.00494  0.00460 0.00443
x 1OZEI1
8 T T T T
o
o) (e}
61 o o i
o (o)
) Oo
4 o2 ° Ooooooo 1
oO 5 OWO OO
L o) le] .
2 ooOOOOOOoO © ° oo
= ™% o o 0% oo o,
‘;’ bo 6% 00 % [ O(ﬁ
QoP O’ T 0.0 o
o %0 o %" ©° o
O (o) fe) o
o A o 3 R
o Qoo o
o © ° o
4l P ° o000
(o] OO
o o
6 o o i
O@O
-80 0.‘1 0.‘2 0!3 0.‘4 0.‘5 OTB O.‘7 0.‘8 Or9 1
X
Figure 4 The behavior of the numerical solution of the fractional wave equation (2) by means of the
proposed method for o = 1.5, Ax = 15, At = 35,and T=2.

From Figure 4, we can see that the numerical solution is unstable, since the stability

condition (31) is not satisfied.

5 Conclusion and remarks

This paper presents a class of numerical methods for solving the fractional wave equations.
This class of methods depends on the finite difference method based on the Hermite for-
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mula. Special attention is given to the study of the stability and the convergence of the
fractional finite difference scheme. To execute this aim we have resorted to a kind of frac-
tional von Neumann stability analysis. From the theoretical study we can conclude that
this procedure is suitable for the proposed fractional finite difference scheme and leads to
very good predictions for the stability bounds. Numerical solutions and exact solutions
of the proposed problem are compared and the derived stability condition is checked nu-
merically. From this comparison, we can conclude that the numerical solutions are in ex-
cellent agreement with the exact solutions. All computations in this paper were run with
the Matlab programming package.
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