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1 Background

Let R* represent the set of positive numbers, let R* = R* U {0} and suppose that « and
y are real numbers such that 0 < y < 1. Throughout, we assume that u = u(x, y, t) is a real
function on (x,y,£) € R x R x R* which satisfies

a d a
—u+au _u+_u —Au—f(u)=0. 1)
at ax  Jy

Here, A denotes the two-dimensional Laplacian operator, and

S@) =u(l—u)(u-y). (2)

This model is the Burgers-Huxley equation that generalizes the classical Burgers equa-
tion [1] and the Hodgkin-Huxley model [2]. Many applications of this equation and its
variations may be found in the sciences and in engineering [3-5].

Several discretizations of (1) and related equations have been proposed in the litera-
ture using different approaches [6-10]. Recently, the first author derived an exact finite-
difference scheme for the one-dimensional Burgers-Huxley equation, which preserved
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positivity, boundedness and monotonicity [11]. However, questions like the following were

left unanswered (the present note intends to provide affirmative responses to all of them).

Problem 1 Are there analytical results that guarantee the existence and uniqueness of
positive and bounded solutions of the Burgers-Huxley equation?

Problem 2 Can the scheme of [11] be dimensionally generalized in such way that the
resulting method preserves the dynamical properties derived therein?

Problem 3 Is the scheme convergent? In the affirmative case, under which conditions?
What is the order of convergence?

The following results are the most important properties on the existence and uniqueness
of positive and bounded solutions of the Burgers-Huxley equation. They provide affirma-

tive responses to Problem 1.

Theorem 1 (See [12], p.206) Let Q C R? be open, bounded and connected, let T € R*
and let A be an elliptic operator of order 2. Consider the parabolic initial-boundary-value
problem

% =Au+ F(x,t,u,Vu), subjectto 3)
ulx, t) =u(x,t), for(x,t)e 2 x {0}UIQ x [0,T],
and suppose that the following hypotheses are satisfied:
1. uissmooth,
2. F(x,t,u, Vu) is locally Holder continuous with respect to (X, t),
3. F(x,t,u,Vu) is Lipschitz continuous in u, uniformly for bounded subsets of
Qx[0,T] xR xR? and
4. U =Au+ F(x,0,%, Vi) holds for (x,£) € 3Q2 x {0}.
Then there exists a unique solution of (3) in Q x [0, To], for some 0 < Ty < T.

As a consequence, if the conditions of Theorem 1 are satisfied for the initial-boundary
conditions of the partial differential equation (1) then there exist T > 0 and a unique solu-
tion of (1) in  x [0, Ty]. The proof readily follows from the theorem with F(x, ¢, u, Vi) =
—au - Vu - (1,1)" +f(u) and f given by (2).

The next result establishes the positivity and the boundedness of classical solutions
of (1). It will be a crucial tool in the derivation of the convergent character of our finite-
difference method.

Theorem 2 (Ervin et al. [13]) If u € {1,y} and if u(x,t) is a classical solution of (3) sat-
isfying 0 < u(x,t) < u for each (x,t) € Q@ x {0} U dQ x [0, T], then 0 < u(x,t) < ju for each
(x,£) € Q© x R*.

This work is divided as follows. In Section 2, we introduce the finite-difference scheme
to approximate solutions of (1) and derive some technical results. In turn, Section 3 shows
that our numerical method has the same dynamical properties as its one-dimensional
counterpart, thus providing and affirmative answer to Problem 2. Section 4 is devoted
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to a proof of the convergence property of our technique. Finally, we close this work with a

brief section of concluding remarks.

2 Preliminaries

Mimicking the approach followed in [11], we suppose that a, b, ¢, d, and T are real numbers
which satisfy a < b, c <d, and T > 0. Let us fix a rectangular spatial domain Q = [a, ] x
[c,d] of € R?, and assume that K, M, and N are positive integers. In this work, we consider

regular partitions

A=Xg <X < <Xp<---<xy=b, me{0,1,...,M},

C=Yo<y < <Y<---<yn=d, nef{0,1,...,N},

of the intervals [4, b] and [c, d], respectively, each of them with norm given by Ax and Ay.
Also, let us consider a (not necessarily uniform) partition

O=ty<thi<--<kr<---<txg=T, kel01,...,K},

of the temporal interval [0, T]. We convey that u’,‘n,n will represent an approximation to the
exact value of the solution of (1) at the point (x,,, y,) and the time #.

Let Aty =ty — t; foreach k € {0,1,...,K—1}. Foreachm € {1,...,M-1},n e {1,...,N -
1}, and z = x, y we define the constants

o Aty
F2A7
K Ab
° (A9
k k(. .k k k kY, k k(, k k
Cm,n = Rx (um+1,n + Mm—l,n) + (1 - 2Rx - 2Ry)um,n + Ry (um,n+1 + um,n—l)’
k k(. k k k(, k k
Dm,n =1+ ory (ur(n+1,n - Mm—l,n) + ary (um,n+l - um,n—l)‘

For the sake of convenience, we introduce the following discrete operators (which are al-

ready standard in the literature of the area):

k+1 k
S ko _ Upin — Wnn
Uy =
At
k k
5(1) k (um+1,n - um—l,n)
X um,n - )
2Ax
k k
5(1) k  _ (um,wrl - um,n—l)
y um,n - ’
2Ay
k k k
SOk _ Unsin = 2 + Ui 1
X m,n (Ax)2 )
k k k
5(2)uk _ Ul — 2um,n + U1
Yy

e (Ay)?
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With this nomenclature at hand, the following formula provides a discretization of (1) at
the point (x,,,, ¥, £x), foreachm e {1,..., M -1}, n € {1,...,N -1},and k € {0,1,..., K - 1}:

Stufn’n + ozuf,ﬁl (89(51) + 8}(,1))u

£ (02 4 0, — () =0, @

For convenience, we use Lu’,‘n,n to denote the left-hand side of this identity. One may readily

k+1)

check that (4) can be expressed as F’ (u 0, where

F,l;,n(u) =—u(l—u)(u—-y)Aty + Dfmu - Cﬁm

A simplification of the notation may prove convenient here [11]. More precisely, when no
danger of confusion is present, we will denote the function F% , by F. It is obvious that F
is a cubic polynomial on # which may be rewritten as

F(u) = Ata® — L+ y)Atgu® + [y Aty + DX, Ju— CF .

As expected, the calculation of the roots of F will be carried out exactly using Cardano’s
method which, in spite of the fact that it is an elementary technique, has been used as an
auxiliary tool in various mathematical problems [11].

For the remainder of this work, welet 1 € {1, y} and assume that the following inequality
holds at time #:

2Ry +RY) <1.

Lemma 1 Suppose that u* > 0 for some k € {0,1,...,K}. Then CX,, > 0 for each m €
{1,....M-1}andnefl,...,N-1}.

Proof Clearly 1 - 2Rk - 2Rly‘ >0, so all the terms in the right-hand side of C¥, , = RX(uf ., +
)+ (1—2Rk - 2Rly‘)u’,‘n,n + R’y‘(ufn,ml +uf, ) are positive. O

mln

Lemma 2 If |a|/u"§ < R’z‘ and u* < p for z = x,y and some k € {0,1,...,K} then CK -

m n
k k
(47228 (I’lm+ln um—l,n) - a/'l’r)]f(um,nﬂ - I’lm,n—l) < K.

Proof Note that 1 - 2R¥ — ZR;‘, RE + aprk, RE — apurk € R* for each z = x,7. On the other
hand, the fact that u¥ < u holds yields

= (R]; —aurf)u + (R]y‘ —ot,urf)u, + (R +oapur, )
+ (Ry + apury) e+ (1- 2R — 2R )

(Rk—Ol/U") U1t (Rk—oc,urk) mn+1+(R +oz,qu)

y Uyn-1

+ (RS + aprk)ul

m-1,n

+ (1-2R - 2R})uy, ,

= Cfn’n — o (U — U1 ,) — a/u";‘ (uk - ufn’n_l),

m+1,n m-1,n m,n+1
as desired. O

From these lemmas and the intermediate value theorem, F has a root in (0, 1) when
|oz|,ur’z( <R’z‘ and 0 <uf forz=x,yand k € {0,1,...,K —1}.
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Lemma 3 If Aty <1, la|urk < 1 for z=x,y, and UK U UK UK are in (0, 1)
then F is strictly increasing in (0, j).

Proof From the hypotheses,

k k
+3ark ( Upiin um_lm) <3Blor|pury <1,
k
m,

+3ark (

m n+l

-u ,,H) < 3|oz|,ur§ <1

Note that F/ (i) = 3Atu? —2(1+ y)Atyu+y Aty + D’,(n’n is a parabola for which the minimum

value v of F’ satisfies

1L+y) Ak
3

) T (um n+1 um,n—l)] - Atk

_ k(. k k k(. k k
v=1+ yAtk +ar, (um+1,n - Z'tm—l,n) + ary (um,n+1 - um,n—l) -

3+ (y —y?) Al +3ark Wl

_ maln iy, ~1n
3
3 +3a [r (um+1n Uy, 1n) +r (um el um,n_l)] - Aty
3
(1 Aty) + [1+ Sark(umﬂn u],‘nfl N+[1+ Sozrk(um el = /fﬂ,nfl)]
3
So, the ordinate of the vertex of F’ is positive. This means that F' > 0 in all R. O

Let Aty <1and |a|urk < & for z = x,y and k € {0,1,...,K}. Note that F has a unique
root in (0, ) if u¥ € (0, ). Indeed, F has roots in (0, u) since |a|ur < e Rk forz=x,y.
On the other hand 2R¥ < 1 implies that |o|ur < % < 5. The assumpt10ns of the previous
lemma are satisfied, and we conclude that F has exactly one zero in (0, ), as desired.

3 Dynamical consistency
The dynamical properties of the method (4) are noticed in this section. Following the

nomenclature in [11], for each k € {0,1,...,K} we let

k k ok ko ko k k ko k k
W= (0 0 UG 15 Uy o Uy 0 Uy 15w s Uy o0 Uiy 00 Ui 100 Uipg )

Theorem 3 Let 0 < u® < u and suppose that for each k € {0,1,...,K}:

(1) At <1,

(2) 2Ry +R) <1,

(3) lalurk <2R¥/3 for z = x,y, and

(4) u’éyn, uﬁ,,,n, u]r(n,O’ ”Z,N eO,p) formefl,...,.M-1},nefl,...,N-1}.
Then (4) has a unique solution (uk)f=0 with each 0 <u* < .

Proof Supposethat 0 <uf<pandme(l,...,M—-1},ne(l,...,N —1}. Then uk” e (0, )

by discussions in the previous section, whence the result follows. O

The next result establishes that the method (1) preserves the monotonicity. We employ
here ideas of [11] again.
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Theorem 4 Let 0 < u® < v° < . Suppose that (1), (2) and (3) of Theorem 3 as well as the
condition
e O<uf, <vi, <mO<uh <vh  <pu,0<ul o<k <p,and0<ul,  <vh < for
eachme{l,...,M}andnef{l,...,N},
hold for each k € {0,1,...,K}. Then 0 < u* < v < u for each such k.

Proof Suppose that u¥ < v&,let m € {1,...,M —1} and n € {1,...,N — 1}, and observe that
k*l is the unique solution of G(v) = —v(1 - v)(v — y) Aty + fm —],’;yn in (0, ), where

]V]:’I,Vl = R]; (V]r(n+1,n + Vlr(n—l,n) + (1 - ZRI; Rk) + Rk(l/r(n,n-v-l + an,n—l)’
E;I;,n =1+ Olri (V]:}’l+1,}’l - V]:n—l,n) + arjlf (vltfn,nﬂ - V]:n,n—l)'

If H = F — G then

H(w) =[1-2Rt - 2R§](v’,;m —ub, )+ [RE—ark (V1 — tesr )
+ [Rl; + Olrl;] (V]r(n—l,n - u]r(n—l,n) + [R]; - arj’f] (V]:VI,W+1 - M’r(n,nﬂ)
k
m

[ +ozrk]( Vot = Uppu1)s

which is positive for each w € [0, 1], so F(w) > G(w). It follows that uk*l k*},, and the

conclusion is reached by recursion. g

Corollary 1 Let 0 <u® < u! < u, and suppose that (1), (2), and (3) of Theorem 3 together
with the following condition hold for each k € {0,1,...,K}:
e Ifmefl,....M-1}andnefl,...,N -1} then 0 <u’6n <ul(§+n1 <MW, O<uf\4n <uf\,[*}4 < U,
0 <ub o <ubil<w,and0<ul v <uli <pu.

Then 0 < u* < u**! < u for each k € 7* U {0}.

This corollary still holds if we reverse the corresponding inequalities between successive

approximations.

4 Convergence
We follow now the approach of [14] to show that the method (4) is a convergent technique.
First, we quote or prove some technical lemmas.

Lemma 4 (Discrete Gronwall’s inequality [15]) Let K > 1, and let A,B,Cy € R for each
ke{0,1,...,K}.If(A+B)At < X 53, and if (WhY satisfies w* —wA! < AAtwk + BAtW ! +
CrAt foreach k =1,...,K, then

max |wk| <[w®+ AtZC, 2A+B)T
1<k<K

For simplicity, we consider now a regular partition of [0, T'] consisting of K subintervals.
This implies that At = At for each k € {0,1,...,K — 1} where At = T/K, and that R’Z< =R,
and r¥ = r, for z = x,y. We use u to denote an exact solution of the continuous model while
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w will represent a solution of the numerical method. Note that u satisfies (4) at the point
(% Yn» tx), with truncation error

k k k
’ V) — .= .
R, = Lu(Xy, s te) — Lu,, , = —Lu (5)

Here, Lu represents the left-hand side of equation (1).

Lemma 5 Ifu € Cﬁff(Q x [0, T1]) is a solution of (1) bounded in (0,1) then there exists
C € R independent of At, Ax, and Ay with |RX, | < C(At + (Ax)* + (Ay)?) for each m €
{1,....M-1}tandnefl,...,N-1}.

Proof Fix a common bound C; € R* for the functions 91, 0,1, Oxxx, Oxxxxld, Oy, Oyyyl,
and 0,,,,u in the interior of €2, and such that the following holds:

|l4k+1 ]fn,,,| < CAg,

|8euk, , — duk, | < 1Ci1AL,

160 uk, i o — otk < 1Ci(Ax)?,
DY k ) umn| Le(ayy?,
|3 mn axxuly(nn| = LZCI(Ax)Z:

|8 mn yy”mn| =15 Cl(Ay)z

Use these inequalities to obtain

1
2 2 kel o), k K+l k k
gCI(Az) + CAt > ujih |8} )um,n — |+ | — b, |02l |
> |uf,,+i18il)ufnn - ukﬂazuk’ +uf Uk~ ufmazu;'n|

Z‘ k+18(1 u/y(nna u/};n‘
for z = x,y. The fact that u is bounded in (0,1) yields

(By +5)C1At = 2y Ci At +2C At + y C1 At + 3C At

>y [y~ ufn,n| Ui+ Uiy
k+1

k+1 k k+1 k |
mn

+|Lt HM t+u, |+y|u um,n

+ [ - ui‘n,nH(u’;zi) sty + ()|

= [ty (1= 10,03) (= V) = 143, (1= 63,,) (= ¥

As a consequence,

|thfn,n| = |5tu/;n,n - atufnn| + |Ol|{|u]:;i15i1 mn - ulr(n,naxultfn,n|
+ ‘ 15;318}/1 m,n - u]:n,na;\'u]:n,nn + |89(52)u]r(n,n - xxufn,n|

+ i o (1 ukﬂ) (ulr(ntth - ]/) - u/:n,n (1 - M]:n,n) (ul;fn,n - )/)|

+ }8)(12)1'/};111 - 8}’)’1’/7(”,71’

<= ClAt+|oz|[ Cl[(Ax)2+(Ay)]+2C12At}
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1
+ ECI[(Ax)Z +(Ay)*] + 3y CLAL + 5C At
=C 1 +2|a|CL+ 3y AL+ C lo | [(Ax)2 +(Ay)*].
2 6 12

If we define D; = Cl(% + 2]la|C; + 3y) and D, = Cl(% + %) then the number C =

max{D;, D,} has the desired property. O
Lemma 6 Let 8:;, = wk /,‘n,n for each m € {0,1,...,M}, n € {0,1,...,N}, and k €

{0,1,...,1(}.F0reachme{1,...,M—1},ne {1,...,N-1},and k € {0,1,...,K -1},

lefil| < [eX [I1—2R, —2Ry| + |ek . [|Rx — awhitr|

m+l,n
|8m 1"||R +awk+1rx|+|8mn+1||R —O[Wk+lry|
+ ek i ||Ry + awhinr, | + | ALRE, |

N |At8k+1_ }(l—ufﬁ,)( fﬁl + y)

m,n-1

k+1 1(1- wk+1 ukl y) _a(aa(}) + 5;1))uk |

m, mn|*

+w,

Proof Departing from (5), using the fact that w is a solution for the finite-difference
scheme and simplifying, we reach the following expression for each m € {1,...,M — 1},
eachnefl,...,N-1},and k€ {0,1,...,K —1}:

R]:,,_n = 5:85,,,,, + ozwfn"; (5;9) + 5(1))8k + ask+1(8 D4 8(1 )

mn
= Epa[ (L= ) (5 + ) + Wi, (L= Wil — w7 — )]

- (59(3) + 8;2))8,”

Using the definitions of the discrete operators and rearranging terms, we obtain

efil =gk [1-2R, —2R)] +ek ., [Ry —awhiir,]

+ 8’,‘”_1% [R + “Wk+1rx] + 8’;qm1 [Ry Oka+1 ry]
e [Ry ankihn ]+ Attt [(1- ) (i + )

+ w]”1 (L=wir =ty —v) —a (80 + 8y, ] + ALRy

m,n’
and the result follows after taking the absolute values on both sides of this identity. O

Theorem5 Letu € Cﬁ;f(Q % [0, T) be a solution of (1) such that 0 < u(x,t) < u for (x,t) €
Q x [0, T, and suppose that the following conditions hold:

(1) At<1,

(2) 2(R: +R)) <1,

(3) lajur, < %forz =x,y, and

(4) (Ax)? +(Ay)? <6.
If (w)Ik(:O is the unique solution of (4) in (0, ) then there exists a constant CeR* indepen-
dent of At, Ax, and Ay such that

= 2 2
Or<nka<xK|u -wh| < C(At+(Ax)* + (Ay)?).
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Proof Following Lemma 6, let £¥ = max{|8’fmn| :m=0,1,...,M;n=0,1,...,N} foreach k €
{0,1,...,K}. Obviously |sfm| < &k for each m € {0,1,...,M -1}, n € {0,1,...,N — 1}, and
ke{0,1,...,K}, so
R < EM1 - 2R, — 2R, | + £ |Ry — awjihry| + EX|Ry + awhllr |
+& |R —awk+1ry|+§ fR +aw ry|+|AtR |
+ At§k+l|(1 uk+1)( k+1 + )/) + Wfr:;%;(l _ W/;r:i _ uk+l _ )/)

m,n m,n
(5 +51) mn\

Using the fact that the continuous and the discrete solutions are bounded in (0, 1) as well as
Lemma 5 and the positivity of the coefficients in the above inequality, one readily obtains
glel gk < AR QK| + ALC(AL + (Ax)? + (Ay)?), where

Q= (=) (b v y) + whit (L= whih — it —y) —a (8 + 80)udh

m,n m,n m,n

Observe on the other hand that

|Q |< |1 Mk+1 (| k+l|+y) |Wk+l (|1 Wk+1|+ |uk+1i+y)

+lal](8) +0) )|
2 2
<5+ al|(88 +8")uy,, | §5+3|a|[C1(2+ (O G ;r(Ay) )]
=5+ 3|a|C;.

As a consequence, we obtain

gF gk < At (5 4 3]a|Cy) + ALC(AL + (Ax)* + (Ay)?).

K-1

Suppose that At < TS

. An application of Lemma 4 yields

lrr}<a)§(|§ | <e 5+3|°‘|C1)T[$0 +I(AtC(At +(Ax)? + (Ay)z)].

Finally, the exactness of the initial-boundary conditions guarantees that £° = 0. The con-
clusion follows with C = e25+3lICT TC, O

5 Conclusions and perspectives

In this note, we extended dimensionally a numerical technique to approximate the solu-
tion of the well-known Burgers-Huxley equation, using a finite-difference perspective. The
method is an exact technique that requires one to solve a cubic polynomial at each tempo-
ral step and each spatial node via the Cardano formulas. The method is an exact technique
which preserves positivity, boundedness and monotonicity, resembling thus the features
of many classical solutions of the model under investigation. Finally, we also established
that the method is convergent of first order in time and second order in space.

Competing interests
The authors declare that they have no competing interests.



Macias-Diaz and Gonzalez Advances in Difference Equations (2015) 2015:386 Page 10 of 10

Authors’ contributions
The authors declare that both contributed equally in the elaboration of this manuscript.

Acknowledgements

One of the authors (AEG) was partially supported by the National Council for Science and Technology of Mexico
(CONACYT). The authors wish to thank the anonymous reviewers and the associate editor in charge of handling this
manuscript for their time, efforts, and comments. All their suggestions helped to improve the overall quality of this work.

Received: 6 October 2015 Accepted: 16 December 2015 Published online: 30 December 2015

References

1.

2.

10.
. Macias-Diaz, JE: On an exact numerical simulation of solitary-wave solutions of the Burgers-Huxley equation through

12.
13.

Polyanin, AD, Zaitsev, VF: Handbook of Nonlinear Partial Differential Equations, 1st edn. Chapman & Hall/CRC Press,
Boca Raton (2004)

Hodgkin, AL, Huxley, AF: A quantitative description of membrane current and its application to conduction and
excitation in nerve. J. Physiol. 117, 500-544 (1952)

. Duan, Y, Kong, L, Zhang, R: A lattice Boltzmann model for the generalized Burgers-Huxley equation. Physica A 391,

625-632 (2012)

. Wang, X-Y: Nerve propagation and wall in liquid crystals. Phys. Lett. A 112, 402-406 (1985)
. Aronson, DG, Weinberger, HF: Multidimensional nonlinear diffusion arising in population genetics. Adv. Math. 30,

33-76 (1978)

. Mohammadi, R: B-spline collocation algorithm for numerical solution of the generalized Burgers-Huxley equation.

Numer. Methods Partial Differ. Equ. 29(4), 1173-1191 (2013)

. Celik, I: Chebyshev Wavelet collocation method for solving generalized Burgers-Huxley equation. Math. Methods

Appl. Sci. (2015, in press). doi:10.1002/mma.3487

. Tomasiello, S: Numerical solutions of the Burgers-Huxley equation by the IDQ method. Int. J. Comput. Math. 87(1),

129-140 (2010)

. Tomasiello, S: Stability and accuracy of the iterative differential quadrature method. Int. J. Numer. Methods Eng. 58(9),

1277-1296 (2003)
Tomasiello, S: Numerical stability of DQ solutions of wave problems. Numer. Algorithms 57(3), 289-312 (2011)

Cardano's method. BIT Numer. Math. 54(3), 763-776 (2014)

Friedman, A: Partial Differential Equations of Parabolic Type, 1st edn. Prentice-Hall, Englewood Cliffs (1964)

Ervin, VJ, Macias-Diaz, JE, Ruiz-Ramirez, J: A positive and bounded finite element approximation of the generalized
Burgers-Huxley equation. J. Math. Anal. Appl. 424(2), 1143-1160 (2015)

. Szafraniska, A, Macias-Diaz, JE: On the convergence of a finite-difference discretization a la Mickens of the generalized

Burgers-Huxley equation. J. Differ. Equ. Appl. 20(10), 1444-1451 (2014)

. Wang, T, Guo, B: Analysis of some finite difference schemes for two-dimensional Ginzburg-Landau equation. Numer.

Methods Partial Differ. Equ. 27(5), 1340-1363 (2011)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Immediate publication on acceptance

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com



http://dx.doi.org/10.1002/mma.3487

	Some remarks on an exact and dynamically consistent scheme for the Burgers-Huxley equation in higher dimensions
	Abstract
	MSC
	Keywords

	Background
	Preliminaries
	Dynamical consistency
	Convergence
	Conclusions and perspectives
	Competing interests
	Authors' contributions
	Acknowledgements
	References


