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Abstract

In this paper, we consider the following p-Laplacian Liénard type differential equation
with singularity and deviating argument:

(@p (X)) + (X)X (@) + g(t,x(t — o)) = e(t).
By applications of coincidence degree theory and some analysis techniques,
sufficient conditions for the existence of positive periodic solutions are established.
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1 Introduction
In this paper, we consider the following p-Laplacian Liénard type differential equation
with singularity and deviating argument:

(0p (x’(t)))/ +f (%)% (0) + g(t, %( — 0)) = e(2), (1.1)

where ¢, : R — R is given by ¢,(s) = |s|’s, here p > 1 is a constant, f is continuous func-
tion; g is a continuous function defined on R? and periodic in ¢ with g(¢,-) = g(t + T, ), g
has a singularity at x = 0; 0 isa constantand 0 <o < T; e: R — R are continuous periodic
functions with e(t + T) = e(¢) and foT e(t)dt =0.

As is well known, the existence of periodic solutions for Liénard type differential equa-
tions was extensively studied (see [1-10] and the references therein). In recent years, there
also appeared some results on a Liénard type differential equation with singularity; see
[11, 12]. In 1996, using coincidence degree theory, Zhang considered the existence of T-
periodic solutions for the scalar Liénard equation

& (t) +f (x(2))x (¢) + g(¢,%(2)) = 0,

when g becomes unbounded as x — 0*. The main emphasis was on the repulsive case, i.e.

when g(t,x) — +00, as x — 0*. Afterwards, Wang [12] studied the existence of periodic
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solutions of the Liénard equation with a singularity and a deviating argument,

&'(0) +f (2(0)x () + g(L,x(t - 0)) =0,

where o is a constant. When g has a strong singularity at x = 0 and satisfies a new small
force condition at x = 0o, the author proved that the given equation has at least one positive
T -periodic solution.

However, the Liénard type differential equation (1.1), in which there is a p-Laplacian
Liénard type differential equation, has not attracted much attention in the literature. There
are not so many existence results for (1.1) even as regards the p-Laplacian Liénard type
differential equation with singularity and deviating argument. In this paper, we try to fill
this gap and establish the existence of a positive periodic solution of (1.1) using coincidence
degree theory. Our new results generalize in several aspects some recent results contained
in [11, 12].

2 Preparation
Let X and Y be real Banach spaces and L : D(L) C X — Y be a Fredholm operator with
index zero, here D(L) denotes the domain of L. This means that Im L is closed in ¥ and
dimKerL = dim(Y/ImL) < +o0. Consider supplementary subspaces X3, Y3 of X, Y, respec-
tively, suchthat X =Ker L@ X;, Y =ImL@ Y;.Let P: X — KerL and Q: Y — Y; denote the
natural projections. Clearly, Ker L N (D(L) N X;) = {0} and so the restriction Lp := L|p()nx,
is invertible. Let K denote the inverse of Lp.

Let  be an open bounded subset of X with D(L) N Q2 # @. A map N : Q — Y is said to
be L-compact in € if QN(L) is bounded and the operator K(I — Q)N : Q — X is compact.

Lemma 2.1 (Gaines and Mawhin [13]) Suppose that X and Y are two Banach spaces, and
L:D(L) C X — Y is a Fredholm operator with index zero. Let Q C X be an open bounded
set and N : Q@ — Y be L-compact on Q. Assume that the following conditions hold:

(1) Lx # ANx, Vx € QN D(L), A € (0,1);

(2) Nx¢ImL,Vx € 0Q2NKerL;

(3) deg{JQN,Q2NKerL,0} #0, where ] : Im Q — KerL is an isomorphism.
Then the equation Lx = Nx has a solution in @ N D(L).

For the sake of convenience, throughout this paper we will adopt the following notation:

’

, |u|o = min |u(t)

|tt|oo = max ’u(t)
te[0,T]

te[0,T]

T }7 B 1 T
|M|p=(/ Iulpdt> ) hz—/ h(t) dt.
0 T Jo

Lemma 2.2 ([14]) If w € CY(R,R) and w(0) = w(T) = 0, then

T p T
/wa(tﬂpdtf(n—i) /0 ' ()] dt,

Ip ds _ 2a(p-D)P
(1,1%)1/;; psin(w/p)

where1 < p < 00, 7 = 2f0(p_1)
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Lemma 2.3 Ifx € C}(R,R) with x(t + T) = x(t), and ty € [0, T| such that |x(ty)| < d, then

r ) r b
(/ |x(t)|pdt) < (1></ |x/(t)|pdt) +dT?.
0 Tp 0

Proof Letw(t) = x(t +to) —x(t), and then w(0) = w(T) = 0. By Lemma 2.2 and Minkowski’s

inequality, we have

T 5 T 5
(/ ‘x(t)‘pdt> :< ]w(t)+x(to)!pdt)
0 0
T 1 T 5
"d)p < ”d)p
5(/0 lw@®) | dt) + /le(to)| t
T 5 .
(%)(/0 |a/(t)|"dt> +dT?
V([ o a) sard
_<n_p)<f0 ()| dt) +dT».

This completes the proof of Lemma 2.3. O

IA

In order to apply the topological degree theorem to study the existence of a positive

periodic solution for (1.1), we rewrite (1.1) in the form

x1(2) = q(xa2(1)),
X (t) = —f (e ()] (£) — g(t, 212 — 0)) + e(t),

(2.1)

where }17 + é = 1. Clearly, if x() = (x1(£),x2(¢))T is an T-periodic solution to (2.1), then
x1(¢) must be an T-periodic solution to (1.1). Thus, the problem of finding an T-periodic
solution for (1.1) reduces to finding one for (2.1).

Now, set X = Y = {x = (x1(8),%2(¢)) € C}(R,R?) : x(¢t + T) = x(¢)} with the norm |x|| =

max{|x1]c0, [#¥2]00}. Clearly, X and Y are both Banach spaces. Meanwhile, define

L:D(L)={xe C'(R,R?*):x(t+T)=x(t),t eR} CX > Y

NEAY
(Lx)(t) = <x’2 (t)>

and N: X — Y by

(2.2)

e ( AO) )

()% (€) - g(t, x1(E - 0)) +e(t)



Xin and Cheng Advances in Difference Equations (2016) 2016:41 Page 4 of 11

Then (2.1) can be converted to the abstract equation Lx = Nx. From the definition of L,

one can easily see that

T
~ 2 _ . y1(s) _ 0
KerL = R7, ImL—{ye Y./O <y2(s)>ds_<0>}'

So L is a Fredholm operator with index zero. Let P: X — KerLand Q: Y — ImQ C R? be
defined by

Ax)(0 1 (7
T Ry (P
x2(0) T Jo \»a(s)
then ImP = KerL, KerQ = ImL. Let K denote the inverse of L|kerpnp). It is easy to see
that Ker L = Im Q = R? and

T
[Ky](t):/o G(t,5)y(s) ds,

where

G-l 0=s<t=T (2.3)
<1.

From (2.2) and (2.3), it is clear that QN and K(I — Q)N are continuous, QN() is bounded
and then K(I - Q)IN(R) is compact for any open bounded Q C X, which means N is
L-compact on Q.

3 Main results
Assume that

o gt %)
V() = lim sup = (3.1)
exists uniformly a.e. £ € [0, T, i.e., for any & > O there is g. € L*(0, T) such that
g(t,x) < (V(t) +&)x + g (1), (3.2)

forallx >0 and a.e. ¢ € [0, T]. Moreover, ¥ € C(R,R) and (¢ + T) = ¥ (¢).

For the sake of convenience, we list the following assumptions which will be used re-
peatedly in the sequel:

(H;) (Balance condition) There exist constants 0 < D; < D, such that if x is a positive
continuous 7'-periodic function satisfying

T
/ g(t,x(0))de =0,
0

then
Dy <x(t) <D,

for some 7 € [0, T].
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(Hs) (Degree condition) g(x) < 0 for all x € (0,D;), and g(x) > 0 for all x > D,.

(Hs) (Decomposition condition) g(t,x) = go(x) + g1(¢,%), where go € C((0,00); R) and
& :[0,T] x [0,00) — R is an L?-Carathéodory function, i.e. it is measurable in the first
variable and continuous in the second variable, and for any > 0 there is /1, € L2(0, T; R,)
such that

|g1(t,x)| <hy(t), aetel0,T,YVO<x<bh.
(H4) (Strong force condition at x = 0) fol go(x) dx = —00.
Theorem 3.1 Assume that conditions (H;)-(Hy) hold. Suppose the following condition is
satisfied:
(Hs) (Y 1Yl < 1.
Then (1.1) has at least one positive T-periodic solution.
Proof Consider the equation

Lx= Ny, Ae(0,1).

Set Q1 = {x:Lx = ANx, A € (0,1)}. If x(¢) = (x1(£),%2(£)) T € Q1, then

x1(8) = hpg(x2(2)), (3.3)
x5 (8) = =Af (1 (8))x1(£) — Ag(t, %1 (t — o)) + Ae(t).
Substituting x,(£) = #(pp(xi(t)) into the second equation of (3.3)
(¢p (x;(t)))/ + 2Mf (x1(2))x1(8) + Mg(t, %1 (t — 0)) = MPe(2). (3.4)
Integrating both sides of (3.4) over [0, T], we have
T
/ g(t,x(t-0))de=0. (3.5)
0
From (Hj;), there exist positive constants Dy, D,, and & € [0, T] such that
Dy <x1(§) < Ds. (3.6)

Then we have

|x1(t)| =

x1(§)+/; x1(s)ds

<D, +/ |x1(s)| ds, tel&,&+T),
&
and
e (8)] = |m(t = T)| =

& &
xl(é)—/ x1(s) ds §D2+/ \xi(s)|ds, tel&,E+T).
=T =T
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Combining the above two inequalities, we obtain

[%1]00 = max |x1(t)| = max |x1(t){
te[0,T] tel£6+T]

1/ [t §
< max {Dz + —(f |x/1(s)|ds+/ |x/1(s)| ds)}
tel£,£+T) 2\ Je T

1 T
<Dy + = / |xi(s)| ds. (3.7)
2 Jo

Multiplying both sides of (3.4) by x;(£) and integrating over the interval [0, T], we get

T T
F(%1(0)x; )1 (£) dt + 27 / g(txi(t - 0))xy(0) dt
0

! /
/ (0p (21(®))) 21(2) dt+)J"/
0

0

T
=\ dt. 3.8
| eoman (33)
Substituting [ (¢,(*;(£))x1(6)dt = — [ [ (©)1P dt, [, fx(£)x)(@)xi(8)dt = 0 into (3.8),
we have

T T T

f @) d =27 / g(tx1(t - 0))xi(6) dt — A7 / e(t)x:(t) dt. (3.9)
0 0 0

For any ¢ > 0, there exists a function g, € L%(0, T) such that (3.2) holds. Since x;(¢) > 0,
t € [0, T, it follows from (3.4) that

g(tx(t— o)) (@) < (V&) + &) (t — o) () + ge (O (B). (3.10)

We infer from (3.9) and (3.10)
T
/ |, ®)|” dt
0
T T
< )J’/ (w(t) + s)x{'_l(t —o)x(t) dt + )J’/ ( o (8) + e(t))xl(t) dt
0 0

T 1 T
5/ ([0 ()] + &)~ (t_a>|\x1(t)|dt+/ (16| + [e(®)]) Jra ()] it
0 0

! p >p”1< T p )é
<o) [ ate-arar) " ([ meop a
T T
+|x1|oo</0 }gg(t)|dt+/0 \e(t)|dt)

T T T
< (|1p|OQ +8)</0 ‘xl(t)’pdt> + |x1|oo(/0 }gg(t)’dt+/0 ‘e(t)|dt). (3.11)

From Lemma 2.3 and (3.7), we have

’ 12 ’ T LN ’ H
( /0 |x1<t>\) §(n—p)( fo 1#0) dt) DT+, (3.12)
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Substituting (3.7), (3.12) into (3.11), we get
T
/ |, ®)|” dt
0

=i a)((2)( [ ora) soir)

- (D2 +%/OT|xi(t)|dt> (/OT|g8(t)|dt+/0T|e(t)|dt)
< (IWleo +e)(<n—7;)p/;|x1(t)|”dt

o L) ([ el ar) "t i)

+(Dy+ L1 /T{x/(t)|pdt}7 (T2 (1g:la + lel2))
2 ) ; 1 e |2 2
T\ (7,
=(|1p|oo+s)<n—> /0 |x1(t)|pdt

P

T pr-1 T 1’7’1 .
+(|1/f|oo+s)p<n—> (/0 \xi(t)|pdt> DyT? 4 -
»

T 1
, %T%% (f }x;(t)r’dt)p (gl + lel2)
0

+ (1l + €)DET + T2Dy (gl + lela), (313)

where |g.| = (foT rAGIE dt)%. Since ¢ is sufficiently small, from (Hs) we know that

(ﬂl)p |V < 1. So, it is easy to see that there exists a positive constant M} such that
P

T
/ |x @) dt < M.
0

From (3.7), we have

1 T
|x1|oosDz+—/ 1, ()| dt
2 J,

Ti ([T z

p

§D2+—</ yx;(t)|”dt>
2 \Jo

Ta 1
<D+ 7(Mi)p = M. (3.14)
Write

L={te[0,T]:g(t,m(t-0)) =0}  L={t€[0,T):g(t,xm(t-0)) <0}
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Then we get from (3.2) and (3.6)

T

/ |g(t,x1(t—a))|dt=/g(t,xl(t—a))dt—/g(t,xl(t—a))dt

0 Iy I
=2/1g(t,x1(t—a))dt
52/1 (W (@) + &) (t - o) + g (1)) dt
<2(|y| +€)/T|x (t)|p_1dt+2/T|g (t)| at
— o0 o 1 A &
<2(|¥loo + &) TMY™ + 23/ Tlge . (3.15)

By the second equations of (3.3) and (3.15), we obtain

T
/ |%5(2)| dt
0

T T T
5)\/0 V(xl(t))\|x1(t)|dt+xf0 fg(t,xl(t—o))|dt+kfo le(t)| dt

T 1
< )\[f|M1T$ (f %, ()] dt)p + 2 (2(1¥loo + ) TMY ™ + 23/ T|gel5) + Av/Tlel
0

< Alflag T4 (M;)I% + A2(1W |oo + &) TMY ™ + 24/ Tgels) + AVTel
=AM, (3.16)

where |f|y = MaXoey, <a, [f (%1(2))]. By the first equation of (3.3), we have

T
f ’xz(s)|q72x2(s) ds=0,
0

which implies that there is a constant ¢, € [0, T] such that x,(¢;) = 0, so

1 (= 17 A
%200 < —/ !x'z(s)| ds < —/ |x’2(s)| ds < =M, := AM,. (3.17)
2 Jo 2 Jo 2
On the other hand, it follows from (3.4) that
(0p (¥t +0))) + 22 (f (1t + 0))x, (£ + 0) + g(¢+0,%1(8))) = Me(t +0). (3.18)
Namely,

(0p (¥t +0))) + A2f (x1(t + o))} (¢ + 0)

+2Pg (xl(t)) +g (t + a,xl(t)) =Me(t + o). (3.19)
Multiplying both sides of (3.19) by x/(£), we get

(0p (¥t + 0))) % () + A2F (31 (£ + 0) )} (¢ + ), (2)

+ APgo (x1(8)) ) () + Mg (¢ + 0,21 (2)) %) () = APe(t + o), (2). (3.20)
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Let 7 € [0, T], for any T <t < T, we integrate (3.20) on [, t] and get

x1(t) .

g /xl(r) golu)du =37 /T &o (xl (S))xi (s)ds
- _/ (0 (¥, (s + 0))) %] (s) s )J”/ S (x1(s +0))x (s + o)} (s) ds

N /tgl bromOpds f s o)1 (s) ds. (3.21)

By (3.14), (3.15), (3.16), (3.17), and (3.18), we have

/ (op (¥ (2 + U)))/xi(s) ds

< [ l(enloite +00) %) as
r /
= |x1|oo/0 | (0p (¥, (& + 0))) | dt

T T T
5”’|xi|oo(/ [f(xl(t))||x/1(t)|dt+/ |g(t,x1(t—a))|dt+/ |e(t)|dt>
0 0 0
,1
<ML (f I M T7 +2(1 | + ) TME ™ 4 2T g |, + T ely).

We have

T 2
<flns ( /0 1#,6) ds)

2/ T 7
stlT?(fo \xg(t)l”dt)

= lf|M1T% (Mi)%’

/tf(xl(s +0))x; (s + 0)x)(s) ds

T
<|#| / lg(t.x(t — )| dt < My VTlgu, |,
0

t
/ g(s+0,x1(s))x1(s) ds
T
where gur, = maxo<x<p, |g1(£,%)| € L*(0, T) is as in (H3). We have

_ 1
<M Talel,.

ft e(t + o)xy(t) dt

From these inequalities we can derive from (3.21) that

x1(t)
/ ) go(u)du

1(t

<M, (3.22)

for some constant M} which is independent on A, x, and ¢. In view of the strong force
condition (Hy), we know that there exists a constant M3 > 0 such that

x(t)>Ms, Vtelr,T]. (3.23)

The case ¢ € [0, ] can be treated similarly.
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From (3.14), (3.17), and (3.23), we let
Q= {x = (xl)xZ)T :El =< |x1|oo =< E21 |x2|oo =< E?th € [0’ T]},

where 0 < E; < min(Ms3, D), E; > max(Mq,D,), Ez > My. Q5 = {x:x € 0Q2 N KerL} then
Vxe 0N KerL

one- L /T #q0:(0) "
T Jo \~f(0)(0) - glt(t - 0) +e(t)

If QNx = 0, then x,(¢) = 0, x1; = E5 or —E,. But if x;(¢) = E,, we know

T
0=/0 {g(t,Es) —e(t)} d.

From assumption (Hj), we have x;(t) < D, < E,, which yields a contradiction. Similarly if
x, = —E;. We also have QNx # 0, i.e., Vx € 3Q NKer L, x ¢ Im L, so conditions (1) and (2) of

Lemma 2.1 are both satisfied. Define the isomorphism J : Im Q — Ker L as follows:
J(x1,%2) " = (3, —21) "
Let H(i,x) = —ux + (1 — w)JQNx, (14,x) € [0,1] x €2, then V(u,x) € (0,1) x (32 NKerL),

H(j,x) = (-,uxl - I_TH fOTLg(t,xl) —e(t)] dt) .

—pxy = (1= 1) |2 P22,

We have fOT e(t)dt = 0. So, we can get

1-pu T

- e t, dt

H(uw) =71 Jo & x_lg
—pxy — (1= )z [P~y

Y(u,x) € (0,1) x (02N KerL).
From (H,), it is obvious that x" H(u,x) < 0, V(i,%) € (0,1) x (32N KerL). Hence

deg{/QN, 2 NKerL, 0} = deg{H(0,x), 2 N KerL,0}
=deg{H(1,x), 2 NKerL,0}
=deg{l, 2N KerL,0} #O0.
So condition (3) of Lemma 2.1 is satisfied. By applying Lemma 2.1, we conclude that the
equation Lx = Nx has a solution x = (x;,%5)" on Q N D(L), i.e., (2.1) has an T-periodic

solution x; (¢). (]

Finally, we present an example to illustrate our result.
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Example 3.1 Consider the p-Laplacian Liénard type differential equation with singularity
and deviating argument:

(¢p (x’(t)))/ +f(x(t))x’(t) + %(cos 2+ 2)x3(t-0) - aﬁ =sin2¢, (3.24)

where k > 1 and p =4, f is a continuous function, o is a constant,and 0 <o < 7.
It is clear that T = 7, g(t,x) = é(cos2t +2x3(t-0) - m, ¥(t) = %(cos 2t +2). It is
obvious that (H;)-(H4) hold. Now we consider the assumption (Hs). Since || < %, we

TN o (T Yo (™ N ,3_4_,
ﬂ_p [Vl = TP [Vloo < @t Xg—g<-

psin(r/p) 4sinm/4

have

So by Theorem 3.1, we know (3.24) has at least one positive  -periodic solution.
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