Allahyari et al. Advances in Difference Equations (2015) 2015:376 ® Advances in Difference Equations

DOI 10.1186/513662-015-0718-x

a SpringerOpen Journal

RESEARCH Open Access

@ CrossMark

Construction of measures of
noncompactness of DC”[], E] and C{[], E]
with application to the solvability of
nth-order integro-differential equations in
Banach spaces

Reza Allahyari', Reza Arab?” and Ali Shole Haghighi?

“Correspondence:
mathreza.arab@iausari.ac.ir
?Department of Mathematics, Sari
Branch, Islamic Azad University, Sari,
Iran

Full list of author information is
available at the end of the article

@ Springer

Abstract

In the present paper, we first investigate the construction of compact sets of DC"[J, ]
and C7lJ, £], and then we introduce new measures of noncompactness on these
spaces. In addition, as an application, we discuss the existence of solutions of initial
value problems for nth-order nonlinear integro-differential equations of mixed type
on an infinite interval in Banach spaces. We will also state an interesting example
which shows that our results can apply for solving infinite systems of
integro-differential equations.
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1 Introduction

The integro-differential equation (IDE) can be considered in different branches of sci-
ences and engineering. It is connected naturally with a variety of models obtained from
biological science, applied mathematics, physics, and other disciplines, such as theory of
elasticity, biomechanics, electromagnetic, electrodynamics, fluid dynamics, heat and mass
transfer, oscillating magnetic fields, etc. [1-4]. In recent years, several authors have studied
different techniques such as the mixed monotone iterative method [5-7], the numerical
methods [8—10] and the variational iteration method [11, 12] for solving initial value prob-
lems (IVP) of nonlinear integro-differential equations.

On the other hand, measures of noncompactness are very useful tools in functional anal-
ysis, for instance in metric fixed point theory and in the theory of operator equations in
Banach spaces. They are also used in the studies of functional equations, ordinary and
partial differential equations, integral and integro-differential equations, fractional partial
differential equations, and optimal control theory (see [3, 13-23]).

Now, in this paper, we shall investigate the existence of solutions of an IVP for nth-order
nonlinear integro-differential equations of mixed type on an infinite interval in E by a new
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measure of noncompactness. Please notice that our new measure of noncompactness is
not necessarily equal to zero on the family of all relatively compact sets and is also very
fruitful in applications. In this situation, new spaces DC"[J, E] and Cj[J, E] are introduced
and it is verified that the corresponding operators are completely continuous (i.e., con-
tinuous and compact). Consider the IVP for the nth-order nonlinear integro-differential
equation of mixed type,

W) =f<t, w(E©) i (ED)...o l D (D),

/ N kit ) (s, u(s), u'(s), ..., u"(s)) ds,
0 (L1)

B(t)
/ ka(t,8)g (s, u(s), u'(s), ..., u" 1 (s)) ds),
0
u(0) = uy, u' (0) = uy, s u"D(0) = 1.

We are going to show that the above functional integro-differential equation has at least
one solution in the space DC"[], E] where J = [0, 00) and E is a Banach space. Also notice
that the results of this paper extend those obtained in [5, 7, 24, 25].

Throughout this paper, we assume some basic facts concerning measures of noncom-
pactness in [17]. Denote by R the set of real numbers and put R, = [0, +00). Let (E, | - ||)
be a real Banach space with zero element 0. Let B(x,r) denote the closed ball centered
at x with radius 7. The symbol B, stands for the ball B(0, ). For X, a nonempty subset of
E, we denote by X and Conv X the closure and the closed convex hull of X, respectively.
Moreover, let us denote by 9ir the family of nonempty bounded subsets of E and by 91
its subfamily consisting of all relatively compact sets.

Definition 1.1 [17] A mapping p : Mg — R, is said to be a measure of noncompactness
in E if it satisfies the following conditions:

1°  The family ker u = {X € M : u(X) = 0} is nonempty and ker u C Ng.

2° XCY= uX)<u).

30 u(X) = u(X).

4°  p(ConvX) = u(X).

5 n(AX+0Q-2)Y)<AiuX)+@Q-1)u(Y) for A €[0,1].

6° If {X,} is a sequence of closed sets from Mg such that X,,,; C X, forn=1,2,... and if
limy,, o0 £(X;) = 0 then Xog = (g Xu # 0.

We recall that a measure of noncompactness is regular [17] if it additionally satisfies the
following conditions:

7° pXUY)=max{u(X), u(Y)}.
8° uX+Y) =< u(X)+ u(Y).

9°  u(AX)=|A|lu(X) for A e R.
10° ker u = Ng.

It is worth mentioning that the Kuratowski and Hausdorftf measures of noncompactness,
two important ones, have all the properties above.
The following theorem, Darbo’s fixed point theorem, will be needed in Section 3.
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Theorem 1.1 [17] Let Q2 be a nonempty, bounded, closed, and convex subset of a Banach
space E and also let F : Q — Q be a continuous mapping such that there exists a constant
k € [0,1) with the property

w(FX) < kp(X) 1.2)
for any nonempty subset X of 2. Then F has a fixed point in the set 2.

2 Main results
In this section, we first introduce the Banach spaces DC"[], E] and Cj[J, E]. Then we char-
acterize the compact subsets of DC”[J, E] and C{[J, E]. Also, we introduce a new measure
of noncompactness on DC"[J, E] and C{[/,E].

Let BC[J,E] = {u € C[],E] : 7! ||u(¢)| £ bounded for all £ > 0} and

DC"[J,E] = {ue C"[J,E]: e |u'(¢)| bounded forallt > 0,i =1,2,...,n},

where ) (¢) = u(t). It is easy to see that BC[J, E] is a Banach space with norm

llull = sup | u()] .,
te]

and DC"[/, E] is a Banach space with norm

w5}

If we define Cy[J,E] = {u € C[J,E] : e ||u(¢)|| g — 0 as t — oo} and

M//

M/

llullp = max{||ulls, ||| || -

ColULEl ={ue C"[J,E] :e_t”u(")(t)”JE —0ast— 00,i=1,2,...,n},

then Cy[/, E] with norm || - ||z is a Banach subspace of BC[/, E] and Cj[J,E] with || - |Ip
is a Banach subspace of DC"[], E]. Now, we need to characterize the compact subsets of
DC"[],E].

Theorem 2.1 Let E be a Banach space, n € N, and B be a bounded set in DC"[],E|. Then
B is relatively compact if the following conditions are satisfied:
(i) BY, o1y are equicontinuous on [0, T] for any T > 0 where BX),(o 1 denotes the
restrictions to [0, T of the functions B = {u® : u € B}.
(i) B®(t) = {u™(t) : u € B} is a relatively compact subset of E for all t € J and
ke{0,1,...,n}.
(iii) For each & > 0, there exists T > 0 such that

@ =e
forallt>T,ke{0,1,...,n},and u € B.
The proof relies on the following useful observation.

Lemma 2.2 [26] Let X be a metric space. Assume that, for every e > 0, there exist some
8 > 0, a metric space W, and a mapping ® : X — W so that ®[X] is totally bounded,
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and whenever x,y € X are such that d(®(x), ®(y)) < 8, then d(x,y) < &. Then X is totally
bounded.

Proof of Theorem 2.1 Let ¢ > 0. From condition (iii) of Theorem 2.1, for ¢ > 0 there exists
T > 0 such that

i), <o

forallt> T, k €{0,1,...,n} and u € B. Using the equicontinuity of B%,(, 7}, we can find a
finite set of points sy, ...,s,, € [0, T] with neighborhoods I,..., 1, covering all of [0, T] so
that

|| u® () — u® () ||E <e,
whenever u € B, t € [; and 0 < k < n. Define & : B — E""*D by
D) = (1(51), s UlSi)s W (5150 W (Sp)s oo, th ™ (51), . ™ (5,)).

By the boundedness of B® for all 0 < k < n, the image ®[B] is bounded and ®[B] <
[Tieo T2, B®(sy). Since BX)(s;) is relatively compact forall0 < k <nand 1 <i < m, ®[B]
is totally bounded in E”"*V, Furthermore, if u,f € B with || ®(u) — ®(f) || pmns1) < €, then
since any ¢ € [0, T] belongs to some I;, we get

|0 - 90, = 190 -6+ [a5) -5

) -,
< 3e. (2.1)

On the other hand, for any ¢ € [T, 00), we have
e u®@) - e PO, < e u®|, + e PO, <26 (2.2)

So from (2.1) and (2.2), we get |lu — f||p < 3e. Now by Lemma 2.2, B is totally bounded.
O

The next result is also a consequence of Theorem 2.1.

Corollary 2.3 Let n € N and B be a bounded set in Cj[],E]. Then B is totally bounded in
Ci U, E] if and only if the following conditions are satisfied:
(i) B(k)”o,n are equicontinuous on [0, T] for any T > 0, where B(k)uo,T] denotes the
restrictions to [0, T] of the functions B® = {u® :u e B).
(i) B®(t) = {(u™(¢) : u € B} is a relatively compact subset of E for all t € J and
ke{0,1,...,n}.
(iii) For each & > 0, there exists T > 0 such that

i), <o

forallt>T,ke{0,1,...,n}andu e B.
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Proof Assume that B satisfies conditions (i)-(iii). Since C{[/, E] is a subspace of DC"[], E],
B is totally bounded.

Conversely, assume that B is totally bounded. Let us fix arbitrarily k € {0,1,...,n} and
T > 0. To prove the equicontinuity of B% o 1), let £ € [0, T] and & > 0 be given. Pick an
g-cover {U,...,U,} of B, and choose g; € U for j =1,...,m. Pick a neighborhood J; of ¢,
so that

g @® - g6 <,

whenever s € [, for j=1,...,m. Let I =, N --- N I,,. If u € U; then ||u — gj||p < &, and so
whens e,

|9~ a0, < [u96)-g¥ O], + [0 -g O], + g0 -0, <3e.

Now, since [0, T] is compact, we have the equicontinuity of BY ( 7.

Next, we show that (ii) holds. Let t € J and k € {0,1,..., n} be given. We define the func-
tion Py : DC"V[],E] — E by Py(u) = u®(t). Since Py are continuous for all 0 <k <n—1
and B is compact subset of DC"[], E], so B¥(t) is compact.

Finally, take an arbitrary ¢ > 0. Thus, there exist iy, ..., u,, € B such that B C Uz” Blu,
¢). Since u; € C’g U/, E], there exists T > 0 such that

|u®], <&

foralll1<i<m,0<k<mnandt>T.Hence for each u € BB, there exists an 1 < i < m such
that u belongs to B(u;, ), and therefore we get

[0, < [0 - s 0]+ [P0

<2e
forall £ > T and 0 < k < u, and consequently conditions (i)-(iii) are satisfied. O

Now, we are ready to define a new measure of noncompactness on DC"[], E].
Let E be a Banach space, & be a measure of noncompactness on E, n € N and B be a
bounded set in DC"[],E]. For u € B and ¢ > 0. Let us denote

ol (€)= sup{ ||u(k)(t) - u(k)(s)”E :t,s€[0,T],|t-s|<e,0<k< n},
ol (B,¢) = sup{a)T(u,s) ‘U € B},
w!(B) = lin(l) w!(B,¢),
w(B) = Tlim ol (B),
and

W(B) = sup{u(BX(t)) :t€J,0 <k <n},

d(B) = tl_i)lglosup{e_tuu(k)(t) ”E ueB,0<k< n}
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Moreover, let us put
wo(B) = w(B) +d(B) + W(B).

Theorem 2.4 The function wy, where wy : Mpcrpye) = R, is a measure of noncompactness
on DC"[],E].

Proof First we show 1° holds. To do this, take B € Mtpcnyy,g) such that wo(B) = 0. Let n > 0
be arbitrary, since wo(B3) = 0,

lim lim w?(B,¢) = 0.

T—o00e—>0

Thus, there exist § > 0 and T’ > 0 such that w” (B,8) < i for all T > T". This implies that

J96) - 90 <
forallue B,0 <k <mandt,s € [0, T] such that | —s| < §. Then B(k)‘[o,n is bounded and
equicontinuous for all 0 < k < mand T > T". On the other hand, since B%) o 7/} is bounded
and equicontinuous for all 0 < k < #, then B®,|o 7} is bounded and equicontinuous for all
0 <k <mand T < T'. Using again the fact that wy(3) = 0 we have d(53) = 0 and W(B) = 0.
Hence the condition (ii) and (iii) of Theorem 2.1 is valid and we conclude that 1° holds.

2° follows directly from the definition wy.
Next, we show that 3° holds. Suppose that B € Mpcnyy g and {u,,} C B such that u,, —

u € B in DC"[], E]. By the definition of (53, &) we have

|y @) = u)6)| p < 0" (Bye)
forallme N, 0 <k <mandt,s e [0, T] with |t —s| < . Letting m — oo, we get

|u®(&) - u®(s)|, < 0" (B,e)
forany 0 <k <mandt,s € [0, T] with |t —s| < &, and hence

lim lim w?(B,¢) < lim lim o’ (B,¢).

T—o0e—0 T—o0e—0
This implies that w(B) < w(B) and by means of 2°, we obtain

o(B) = w(B). (2.3)
Also, since

sup{e’t”uk(t)”JE rueB,0<k< n} = sup{e"“uk(t)HE cueB,0<k< n}

and

sup{1u(B¥(8)) : £ € [0,T1,0 < k < n} = sup{ (B () : £ € [0, T],0 < k < n},
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we have d(B) = d(B), W(B) = W(B), and from (2.3) we get wo (B) = wo(B). Hence wy sat-
isfies condition 3° of Definition 1.1.
Condition 4° follows directly from [Conv(13)]®) = Conv(B®) and is left to the reader.

The proof of condition 5° can be carried out by using the equality
k
(f + (1 =2)g)Y = 2f® 4+ (1= 2)g®

for all A € [0,1].

It remains to prove 6°, suppose that {B,,} is a sequence of closed and nonempty sets
of Mpcry g such that B, C By, for m=1,2,..., and lim,,_, o wo(B,,) = 0. Now for any
m € N, take u,, € B,,. Suppose that A is a countable dense subset of /.

Claim 1 {u,,} has a subsequence {u,,, } such that ug,(,)((t) converges for every t € A and 0 <

k<n.

Let {¢;} be the points of A, arranged in the sequence. Since wy(3,,) — 0, ,u(Bg,()(t)) -0
and there exists a subsequence, which we denote by {u;,} such that {uﬂ?} 0<k<n
converges, as i — 00. Let us now consider the sequence S;,S,, ..., which we represent by
the array

S Uiy, 41,2, 41,35 « -

Syt Uy, U2, Un3, -

S31 Uz, Uzp, Uz, ...

such that §; is a subsequence of S;_; for j = 1,2,... and u}?(t,«) (0 < k < n) converges, as

i — 0o0. We now go down the diagonal of the array, i.e., we consider the sequence
S: U1, U22,U335....
Hence ux,(,)m(t) converges for everyt € Aand 0 <k <n.
Without loss of generality, we can suppose that A be a countable dense subset of J and

{u,(t)} converges for every t € A.

Claim 2 {u,,} has a subsequence {u,,, } and there exists a uy € DC"[J, E] such that u,,, —
ug in DC"[J, E].

Let € > 0 be fixed, since lim,,_, oo o (B,,) = 0, there exists Nj € N such that wy(By,) < ¢.
Hence, we can find T > 0 and § > 0 such that

wT(BNl,S) <e (2.4)
and

e uP(t) HE <e (2.5)
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for all u € By,, 0 < k <mn, and t € J with ¢ > T. Also, we can find a finite set of points
Y1,...,91 € AN [0, T] with neighborhoods Bs(y1),...,Bs(y:) that cover [0, T], so that for all
t€[0,T] we have i € {1,2,...,[} where

|6 i) = uP®)||; < 0 (Un,8) < 0" (By,8) <& (2.6)

for all 0 < k < n. Since {uqu)(y)} converges for every y € A and 0 < k < n, there exists
N, > Nj such that for all p,q > N and 1 <i <[, we have

[ 0) = 0 <

There are now two cases.
Case 1: If £ < T, then there exists iy, such that for all p,q > N;, using (2.6) we get

@ - uP O, < |uf’ © - PO,
< [[u@) - X i) || + [ 3ig) = P o) |
+ 4P i) - uP (@),

< 3e.
Case 2: If ||x|| > T, by (2.5), we have
00 - 0], < (100, + [0 0],) <
for all p,g > Ny and 0 < k < n. Thus, {u,} is a Cauchy sequence in DC"[],E] and there

exists uyg € DC"[], E] such that u,, — u, and this completes the proof of the claim.
Now, since u,, € B,;, B,.1 C B, and B, is closed for all # € N we obtain

o € () By = Buo,
n=1
which completes the proof of 6°. d

Corollary 2.5 The function wo : Mcnyye) — R is a regular measure of noncompactness on
CyULE].

Proof Since C{[J,E] is a subspace of DC"[J,E], wy defines a measure of noncompact-
ness on Cj[J,E]. Also, it is easy to see that w, satisfies conditions 7°-9°. Suppose that
Be mc{; UE" Thus, the closure of B in Cg [J,E] is compact. Let us fix arbitrarily ¢ > 0. Since
B(k)‘[()yT] are bounded and equicontinuous on [0, 7] forall 0 <k <mand T > 0, there exists
8 > 0 such that

||u(k)(t) - u(k)(s)H <e
forall0 <k <mn,u € B, and t,s € [0, T] such that |£ — s| < §. Then for all # € B we have

ol (u,8) = sup{||u(k)(t) —u®(s) || :t,s€[0,T),|t-s|<8,0<k< n} <e
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and
ol (B,¢) = sup{a)T(u,s) ‘U € B} <e.
This implies that
_ . . T _
w(B) = Tll)rrolo ;l_l)l(l)a) (B,8) =0. (2.7)

Also, using conditions (ii) and (iii) of Corollary 2.3 implies that d(B) = 0, W(B) = 0, and
the condition ker(wg) = ‘T(C(k) U.E] holds. O

3 Application
In this section, we will investigate the solvability of the functional integral equation (1.1)
in the space DC"[], E]. We will assume that the following conditions are satisfied:

(i) ki:Ry xR, >R (i=1,2)and &, B : R, — R, are continuous functions such there

exist two positive constants Q; and Q, such that

Q= sup{e‘t / ki(t,s)ds|: t e R+} < 00,
0
B(®)
Q,:= sup{et / ko (t,s)ds :te]R+} < 00,
0
tlim et / ki(t,s)ds| =0,
— 00 0
and
B(t)
lim e”* / ky(t,s)ds| = 0.
t—00 0
(ii) uo,u1,..., U1 € E.

(iii) f:R, x E"™?2 — E is continuous and there exist two continuous functions
ay,ay : R, — R, and a nondecreasing and continuous function ¥ : R, — R, such
that

If @1, %2, s X1, %) | < @ (8) + az(t)llf(e’t  max IIinIE). (3.1)

Moreover, there exist two positive constants M; and M, such that

—L t
M; = sup eif(t—s)”_l_kai(s)ds :teR,,0<k<n-1;<o0
(Vl—l—k)‘ 0
fori=1,2 and
t
tlim sup{et / (t—s)”’l’ka,»(s)ds :i=1,2,0 §k§n—1} =0.
— 00 0

(iv) Foranyr> 0, & and g are uniformly continuous on [0, ] x Ef, and f([0, 7] x ]__3:1+2) is
uniformly continuous and relatively compact in E.
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(v) h,g:R, x E" — E are continuous such that for any » > 0, & and g are uniformly

. =
continuous on [0,r] x B,,

Hh(t,xo,xl, . ..,xn,l)”E <e™t

max ||l%;llg
0<i<n-1
and
Hg(t’ X0, X150+ )xnfl) ”E = e_t max ”xl ”E'
0<i<n-1
(vi) There exists a positive solution rq of the inequalit
p quality

le//(max{r, Qur, er}) +My+ Mz <r,

where Mz = max{|luollg; lmlle, - .., |l £}
Now, we will need the following lemmas later.

Lemma 3.1 Assume that h satisfies the hypothesis (v), then H : DC"V[J,E] — BC[J,E],
defined by

Hx(t) = /000 kl(t,s)h(s,x(s),x/(s), . ..,x(”’l)(s)) ds, (3.2)

is a continuous operator and ||Hx| g < Q:|x||p.

Proof Obviously, Hx(t) for any x € DC" D[], E] is continuous on /, and we have

|0 -

' / N ku(t,)h(s, %(5),% (), ..., x" 7 (s)) ds
0

E
o0
<e™t ki(t,s)e max x¥ds
o 0<i<n-1 -
< Qill%llp.
Thus, we obtain
l1Hx|lp < Q1ll%llp- (3.3)

Hence H(x) € BC[J, E] and H is well defined. Now we show that H is continuous. To verify
this, take x € DC"'[],E] and ¢ > 0 arbitrarily. Moreover, take y € DC"![J, E] with |jx —
y|lp < €. Then, considering condition (i), there exists 7 > 0 such that for ¢ > T, we obtain

et HHx(t) — Hy(t) ||E

<et

/00 ky(, 8)[ (s, x(5), %/ (5), ... LD (8)) = (s, 5(), ¥ (s), ... ,y(”’l)(s))] ds
0

E

<& fo k(9] | 1(s (51,2 9), .., 5"V,

+[1(5,56),5' ), 7" 06)) [ ] ds
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2(llxllp + e)e"t/:ok(t,s) ds
< 2(||x||D + e)e. (3.4)
Also if ¢ € [0, T'], then from the first inequality in (3.4) follows that
! |Hx(@) - Hy®)] , < Qo (), (3.5)
where

= xlp +¢,
(UbT(hﬂ?) = Sup{ }h(s)xO:xI) oo vxn—l) - h(S:y01y1; .o ~yyn—l){ :
€ [0’ T]:xiryi S Eb’ ”xl —J’i”E < 8}'

Since / is uniformly continuous on [0, T] x By, x - - - x By, we have wa(h, g)—0ase— 0.
Thus, H is a continuous function. O

Lemma 3.2 Assume that g satisfies the hypothesis (v), then G : DC"V[J,E] - BCJ[J,E]
defined by

B()
Gx(t) = f ka(t,5)g (s, %(5), 8/ (5), ..., x""(s)) s, (3.6)
0

is a continuous operator and ||Gx||g < Q2 ||x||p-
Proof The proof is similar to Lemma 3.1. g

Theorem 3.3 Under assumptions (i)-(vi), equation (1.1) has at least one solution in the
space DC"[], E].

Proof By Taylor’s formula, we have

: u"0) 4 nt
u(t) = u(0) + /' (O)t + -+ + (n_l)!t e 1)‘/(15 $)" 1" (s) ds

for all C"[J, E]. Then the nth-order nonlinear integro-differential equation (1.1) has at least
one solution in the space DC"[J, E] if and only if nonlinear integral equation

u(t) = p(t) + #1)‘ ft(t —8)" Y (s, (), 4/ (5), ..., " (s), Hu(s), Gu(s)) ds (3.7)
Mo

(n—
has at least one solution in the space DC" D[], E] where

Un-1  pa
t)=up+ut+---+ —-1
pt) = uo +uy -1

Now, we define the operator F: DC"V[J,E] — DC"V[J,E] b

Fu(t) = p(¢) + / (£ —s)" (s, u(s), 4/ (s),...,u"V(s), Hu(s), Gu(s)) ds. (3.8)

-1
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First, notice that the continuity of =~ d (t) for any u € DC" D[] Eland 0 <k <n-1is
obvious. Also, foranyt e R,,1 <k 5 n -1, and by (3.8) we have

d*(Fu)
dtk

_® 1 ik
©=1"0+ -, [ -9
x f (s, u(s), t/(s),...,u" (), Hu(s), Gu(s)) ds.

Using conditions (i)-(iv), for arbitrarily fixed ¢ € J, we have

: d*(Fu)
dtk
<e[pP0],
m / (t —$)" (s, u(s), 6/ (5), ..., u" D (s), Hu(s), Gu(s)) ds ;
<lIpllo+ ﬂ/ (t -5 a(s)
+ ag(s)lp(e_s max{Hu(s) E )||E..., =1 (g) F )|z (s)HE})] ds
< lplip + My + Moy (max{|lullp, Qllullp, Qzllxl|p}).
Since M3 = ||p||p, we have
| Fullp < Ms + My + My (max{||ullp, Qullullp, Qallulln}) (3.9)

and F(x) € DC" V], E] for any u € DC"V[J,E]. Due to inequality (3.9) and using (vi),
the function F maps Eo into EO. Now we show that F is a continuous function on E,O.
To do this, let us fix ¢ > 0 and take arbitrary u,v € EO such that ||# — v||p < &. Then for
ke{0,1,...,n—1}, we get

Ll d*Ew)  dMEv)

D= (@)

E

/t(t - s)”’l_kD’(s, u(s), u'(s), ..., u"V(s), Hu(s), Gu(s))
0

<
T (n-1-k)!

—f(5,v(8),V/(),...,v"V(s), Hv(s), Gv(s)) ] ds (3.10)

E

Furthermore, considering condition (iii), there exists 7" > 0 such that for ¢ > T, we have

. d*(Fu) d*(Fv)
ax O —gx -
< m fot(t—s)”1k[f(s,u(s),u/(s),...,u(”D(s),Hu(s), Gu(s))

—f(s, w(s), V' (s),..., " V(s), Hv(s), Gv(s))] ds

E

fm/ (=" (5,1, )., u" D (s), Huls), Gu(s)) |
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+ ”f(s’ VsV (5) .., V0 (5), H(s), Gu(o)) ] ds
Sm / (£ =) ar(s) + ax()y (r0)] ds

<2(e + ¥ (ro)e). (3.11)
Now we assume that ¢ € [0, T']. By applying the assumptions, we have

» d*(Fu) d*(Fv)

ak D= g
—t n k
< tk - - / [F (s, (s), 2 (5), ..., "V (5), Hu(s), Guu(s))
—f (5, v(5),V/(s),.... V"""V (s), HV(s), GV(s)) ] ds
E
Tn—l—k
= k-1 (3.12)

where

?(e) = sup{ | f (£ uo, 1, ... n1) = f (&, V0, Vi, .. Vi) || :

€ [0: T]’uiﬁvi GEY(): ”uL _Vi”E = 8}'

Since f is uniformly continuous on [0, T] x E}:O, we have #(¢) — 0 as ¢ = 0. Thus F is
a continuous operator on DC" D[], E] into DC"V[J, E]. Now, let X be a nonempty and
bounded subset of 1_3,0 ,and assume that 7' > 0 and ¢ > 0 are arbitrary constants. Let £, £, €
[0, T], with |t — 1] <e,u € X,and k € {0,1,...,n —1}. We obtain

d*(Fu) d*(Fu)
) — t
‘ dtk ( 1) dtk ( 2) -
1 f L _
< ’p(k)(tl) + 7)/ (- )"t kf(s, u(s), ' (s), ..., u"V(s), Hu(s), Gu(s))

(I’l—l—k! 0

V) - o [ e

xf(s, u(s), /' (s), ..., u"D(s), Hu(s), Gu(s)) ds

E

< “P(k)(tl) -pN(t2) HE

m / 1 (t - s)”’l’kf(s, u(s), u/(s), ..., u"D(s), Hu(s), Gu(s))

/ (t—9)" K (s, uls), (), ..., u"(s), Hu(s), Guls)) ds

S (m—1-k)

1 b
m /0 [(tl —S)"_l_k —(tp — S)n—l—k]

xf(s, u(s), /' (s), ..., u"D(s), Hu(s), Gu(s)) ds

E

E
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<o (pe)+ m[ A " - 9 H a9 + )y o)) ds
/ (1= 57 — (1 — ¥ [an(5) + an(s) ()] ds]
1
<o'(pe)+ m[s U, + ¢ (e)TU, ], (3.13)

where

¢7(e) =sup{|(t1 )"~ (ta - 9" | t1,82,5€ [0, T],0 <k <m-1,| - 1| < ¢},

L[Z(; = sup{|a1(s) + ag(s)l//(r0)| :s €0, T]}.
Since u was arbitrary element of X in (3.13), we obtain

o' (F(X),e) <o’ (p [eT Ul + 9" (e)TU ). (3.14)

) + !
O 1= k!
Thus, by the uniform continuity of p* and (¢ —s)"~1~* on the compact set [0, 7] and [0, T]?
forall 0 < k <n -1, we have w” (p,£) — 0 and ¢7(¢) — 0 as ¢ — 0. Therefore we obtain
wo T (F(X)) = 0 and, finally,

wo (F(X)) = 0. (3.15)

In addition, for arbitrary u,v € X, k € {0,1,...,n -1}, and £ € R,, we have

< m /0 t(t — )" K [f (s, (), 4/ (5), ..., "V (s), Hu(s), Gu(s))
=55V (5) oo 7 s), ), Gr(o) s |

< (n_eﬂ [0 t(t—s)"-l‘k[ltf(s,u(s), W(s), .., u"V(s), Hus), Gus))| .
+ £ (5, v(8), V(5), ..., v D (s), HV(s), G(s)) | | ds

< m/ (t - 8)" K [ar(s) + ax(s) ¥ (r0)] dis.

Thus, we have

diam F(X) < / (£ -s)" 1™ k[al(s) +a2(s)1p(r0)] (3.16)

(nlk

Taking t — oo in the inequality (3.16), then using (iii) we arrive at

d(F(X)) = limsup diam F(X) = 0. (3.17)

t—>00
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On the other hand, by using (iv) we obtain
W (F(X)) = 0. (3.18)
Further, combining (3.15)-(3.18) we get
wo(F(X)) =0
or, equivalently,
wo (F(X)) < Awo(X)
with A = 0. From Theorem 1.1 we see that the operator F has a fixed point u in B,, and

thus the functional integral-differential equation (1.1) has at least one solution in DC"[J, E].
O

Example 3.1 Consider the infinite system of scalar fourth-order integro-differential equa-

tions

4 =t
D (1 () # () 15(02) + 5 (1))

e7 ([ 7 e¥ud(s) 1o *© 2
+— / — W ds) v —— f e ¥ sin(t — su,(s)ds) . (3.19)
m \Jo 1+ts? 2/n\Jo

Let J = [0,00), J, = [0,7], E = Cy = {u = (w1,...,uyp,...) : u, — 0} with norm |u|g =
sup, |4,|. Then the infinite system equation (3.19) can be regarded as an IVP of the
form of equation (1.1) in E. In this situation, ki(t,s) = e~*sin(t — s), ka(¢,5) = (1 + £s2)7L,
ED =B =2 u=W1,.. . Uy ), V=Vlyeo s Uiy ) W= Wiy, Wey o ), X = (K1 ey Xy e ),
V=0V 2=z ) f =Sy B=(hy, ol ), 8= (g1, 8-+ )

ulP(t) =

in which
4 -~
cos*(t) ez
Julty 1,0, W,2,9,2) = — =+ — - In(L+ /iy + Virr1 + Wires + Xines5)
e7! e?
3 NVt m\/zn
and
hn(sxxo»x11x2yx3) = e—3sx32n’ gn(s)x():xlxe:xB) = e_sx1n~

It is clear that f € C(R, x E®,E),and up = (1,...,%,...) € E, u; = (0,...,0,...) € E, uy =

PERER

a,..., niz, ..)EE u3=(Q1,..., nig, ...) € E. So, condition (ii) is valid. On the other hand,

[o¢]
/ e*sin(t —s)ds
0

Q1:sup{et :t€R+}§sup{et:teR+}:l<oo,

A0 B
/ (1+ts*) ds
0

4
szsup{e_t :te]&} fsup{tze_t:teR+}:—2<oo,
e
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lim e™*
t—0o0

o0
/ e*sin(t —s)ds
0
B(t) .
/ (1 + ts2) ds
0

Hence, condition (i) is satisfied. Also, we see that

< lime?=0,
t—00

< lim t2e* = 0.
t—0o0

lim e*
t—00

4 =t
cos*(t) ez
fults u, v, w,%,9,2)| < . I+ /llulle + IvIe + Iwle + Ixlle)

~t ~t
ez ez

S 3.20

+—VIble + 2ﬁ\/nan (3.20)

and

| (s, %0, 21,2, %3)| < e ||xs s

|gn(s, %0, %1, %2, 3)| < €”*[|%1]|£»
and therefore, by taking /() = 4/t we obtain
lf @& uv, w292, <1+, /166“[max IIinIE]
1<i<6
< ai(®) + ax(eyr (¢ max e,
where a;(t) = a,(t) =1, and

”h(s,xOrxl,erxS) ”E =< e_s max ||xi||E,
0<i<3

—S
| g(s, %0, 21,52, %3) |, < e max |l |,

which imply conditions (iii) and (v) are true. Now, we get

/t(t —s)>kds
0

et 1
M; =sup{ —— teR,,0<k<3}=-<00
: p{(S—k)! oo = —} e
fori=1,2,

M; = max{lluollg, lmllg, luallgs lluslle} =1

and

/ t(t—s)?"k ds
0

It can readily be seen that each number r > 5 satisfies the inequality in condition (vi), i.e.,

lim sup{e‘t :05/(53}:0.
t—00

4 1
Moy (max{r,Qir,Qar}) + My + M3 = —/r+ - +1<r.
e e
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Thus, as the number ry we can take ry = 5. Finally, we check condition (iv). Let r > 0 be
arbitrarily given. It is clear that f is uniformly continuous on /, x B, x B, x B, X B, x B, X B,
Let {t'} C J,, {u"™} C B,, (W} C B,, (W™} C B,, (x""} C B,, {y} C B,, {"} C B,. By
virtue of (3.20), we have

[ (607, 10, 0y 3o om) m)y

<n—+—1n(1+d_)+—¢;+2f r (mm=1,2,3,...), (3.21)

therefore, |f,,(£7), ut, v, Wl xm 5m Zm)| is bounded, and so, by a diagonal method,
we can choose a subsequence {m;} C {m} such that

lfn(t(mi), u(mi)’ V(Wli), W(Wli),x(mt‘)’y(i’ni),z(Mi))‘ —d, asi—>oo(m=12,..). (3.22)

Now, (3.21) and (3.22) imply

1 1 1 1
|d"|§E+Zln(1+m)+ﬁﬁ+ﬁ r (n=12,..). (3.23)

sod=(d,...,dy,,...) € Cy = E, and it is easy to see from (3.21)-(3.23) that

Hf(t(mi)’ u(mi), V(mt'), w(mi),x( m;) y(mt) ) d”E

— sup{ [fn(t(mi), u(mi), V(mi)’W(mi)’x(mi),y(mi)’z(mi)) _ dn|} >0 asi— oo.
n

Thus, we have proved that f(J, x B, x B, X B, X B, x B, x B,) is relatively compact in
E. Also, it is clear that h and g are uniformly continuous on J, x Ef, and condition (iv) is
satisfied. Consequently, all the conditions of Theorem 3.3 are satisfied. Hence equation
(3.19) has at least one solution belonging to the ball Bs in the space DC"[J, E].
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