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1 Introduction

The study of fuzzy differential equations (FDEs) forms a suitable setting for the mathemat-
ical modeling of real-world problems in which uncertainties or vagueness pervade. Most
practical problems can be modeled as FDEs [1, 2]. Therefore, FDEs are a very important
topic both in theory and application, for example, in population models, in engineering,
in chaotic systems and in modeling hydraulics. Differentiability of fuzzy-valued functions
was first introduced by Chang and Zadeh [3], and followed by Dubois and Prade [4], who
defined and used the extension principle [5]. Other approaches have been discussed by
Puri and Ralescu [6], which generalized and extended the concept of Hukuhara differen-
tiability for set-valued mappings to the class of fuzzy mappings. In this setting the fuzzy
differential equations can be viewed as an abstract differential equation via embedding the
fuzzy number space into Banach space. In this framework, many papers concerned with
the existence and uniqueness problems. The problem of the existence and uniqueness be-
gins with the investigations of Kaleva (see [7]) for the fuzzy Volterra integral equation
that is equivalent to the initial value problem for fuzzy differential equations, where the
Lipschitz condition and the Banach fixed point theorem and the method of successive
approximations are applied in the problem of the existence and uniqueness of the solu-
tion. Wu et al. [8, 9] and Song and Wu [10] changed the initial value problem of fuzzy
differential equations into abstract differential equations on a closed convex cone in a Ba-
nach space by the operator j, that is, the isometric embedding from (E4, Dy) onto its range
in the Banach space X. They established the relationship between a solution and its ap-
proximate type and dissipative-type conditions. Lupulescu [11] established a new concept
of inner product on the fuzzy space. By help of these concepts author formulated some
dissipative conditions for fuzzy initial value problem and, under these conditions, author
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established the global existence and uniqueness of a solution of fuzzy differential equa-
tions. In the last few years, many researchers have worked on the theoretical of fuzzy dif-
ferential equations [12—14] and other recent works such as the study of some topological
properties and structure of the solutions to the Cauchy problem for fuzzy differential sys-
tems (see [15, 16]). Subsequently, some very important extensions of the fuzzy differential
equations based on H-derivative are the fuzzy functional differential equations [17], the
random fuzzy differential equations [18], the fuzzy neutral differential equations [19], and
the fuzzy fractional differential equations [20, 21]. However, the approach using Hukuhara
differentiation suffers a grave disadvantage, i.e., the solution has the property that the di-
ameter diam[x(¢)]* is nondecreasing in ¢, and so it is very hard to get any deep results on
qualitative theory for fuzzy differential equations, such as asymptotic property, periodic-
ity, bifurcation. Furthermore, Bede [22] proved that a large class of two-point boundary
value problems have no solutions at all under H-differentiability.

Recently, Bede et al. [23-25] and Stefanini and Bede [26] solved the above mentioned
approach under strongly generalized differentiability of fuzzy-number-valued functions
and studied fuzzy initial valued for the fuzzy differential equations involving strongly gen-
eralized differentiability. In this case the derivative exists and the solutions of fuzzy differ-
ential equations may have decreasing diameters, but the uniqueness is lost. Thus, almost
all important discussions on the qualitative problems for FDEs are deduced in the frame-
work of this approach (see [22, 27, 28]). Therefore, our point is that the generalization of
the concept of H-differentiability can be of great help in the dynamic study of fuzzy differ-
ential equations and random fuzzy problems. In [24], first-order linear fuzzy differential
equation under generalized differentiability concept are considered and solutions of this
problem in some especial cases were presented. See also [29, 30] Malinowski studied two
kinds of solutions to random fuzzy initial value problem under strongly generalized differ-
entiability. In [31] a linear fuzzy nuclear decay equation under generalized differentiability
is studied and numerical solutions are found. Meanwhile, Allahviranloo et al. [32—35] and
Khastan et al. [36] have solved these FDEs in the sense of generalized derivatives. Subse-
quently, some extensions of the fuzzy differential equations based on generalized differen-
tiability are the fuzzy functional integro-differential equations [37] and the random fuzzy
integro-differential equations [38—40].

Random fuzzy differential equations (RFDEs) deal with the real phenomena, not only
with randomness but also with fuzziness. Puri and Ralescu introduced a fuzzy-set-valued
random variable in [41], and gave the concept of differentiability by Hukuhara difference
in [6]. In the literature, one can find various definitions of fuzzy random variables. For
the first time the concept of a fuzzy random variable was proposed by Kwakernaak [42].
Further, it was used by Kruse and Meyer [43]. In [41, 44], there appear two notions of
measurability of fuzzy mappings. The relations between different concepts of measurabil-
ity for fuzzy random variables are contained in the papers of Colubi et al. [45], Teran Agraz
[46], Lépez-Diaz and Ralescu [47]. In this paper, we will use a definition of fuzzy random
variable which was introduced by Puri and Ralescu [48]. This definition is currently the
one most often used in probabilistic and statistical aspects of the theory of fuzzy random
variables.

In [18, 49], the authors considered the random fuzzy differential equation with initial

value

K (t,o) O (L xtw),  alto,0) 2 xolw) € EY, (11)
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where f : Q x [to, o + p] x E? — E® and the symbol’ denotes the fuzzy derivative is under-
stood in the sense of Puri and Ralescu [6]. Malinowski also showed that if f is continuous
and f,, (¢, x) satisfies the Lipschitz condition with respect to x, then there exists a unique
local solution for the random fuzzy initial value problem (1.1). In [49] the existence and
uniqueness of the solution for RFDEs with non-Lipschitz coefficients is proven. Further-
more, using generalized Hukuhara differentiability, Malinowski [29, 30] studied two kinds
of solutions to (1.1) under condition that the right-hand side of equation is Lipschitzian
and generalized Lipschitz. Author established the local and global existence and unique-
ness results for (1.1) by using the method of successive approximations. Besides, in fact,
a large class of physically important problem is described by fuzzy random differential
systems. We believed that mathematical models of physical phenomena should have the
properties that existence and uniqueness of solution and the solution’s behavior changes
continuously with the initial conditions. The importance of existence and uniqueness the-
orems in the study of initial value problems is well known due to their relevance in estab-
lishing the well-posedness of the real-world problems arising in physical and engineering
systems. Uniqueness results play a significant role in the continuation of solutions and in
the theory of autonomous systems. While the uniqueness results almost always come at
the cost of stringent conditions, they are valuable, for without such uniqueness results it
is impossible to make predictions about the behavior of physical systems. Therefore, in
this paper, we consider the second-order random fuzzy differential equation initial value
problem of the form
DXx(t, ) " £ (1 x(t, ), DE(t, ), 12)

alto,®) 2 h(w), Dty w) = hLw) € E, '
where f: Q x [fo,t0 + p] X E4 x E? — E% and the symbol Dﬁg denotes the second-order
generalized Hukuhara derivative. The purpose of this article is to discuss the behaviors
of solutions to the second-order random fuzzy differential equations under generalized
Hukuhara differentiability, such as the existence and uniqueness of solutions, and that the
solution’s behavior changes continuously with the initial conditions, which are important
in the theory of fuzzy stochastic dynamical system analysis.

In this paper, we study four kinds of solutions to SREDEs. The different types of solutions
to SRFDEs are generated by the usage of two different concepts of the fuzzy derivative.
We were inspired and motivated by the results of Bede and Gal [23], Malinowski [29, 30,
50], and Allahviranloo et al. [51] concerning deterministic FDEs with generalized fuzzy
derivative and recently by the paper of Stefanini and Bede [26] where two types of solutions
to interval differential equations were investigated.

The paper is organized as follows: In Section 2, we collect the fundamental notions and
facts about fuzzy set space, fuzzy differentiation and integration. We recall the notions of
fuzzy random variable and fuzzy stochastic process. In Section 3, we discuss the SRFDEs
with two kinds of fuzzy derivatives. For both cases, under suitable conditions we prove
the existence and uniqueness of solutions to SRFDEs by using a contraction principle and
the method of successive approximations. We carry out an analysis of the behavior of the
solutions when data of the equation are subject to errors. In Section 4, we provide some

examples to illustrate these results.
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2 Preliminaries

In this section, we give some notations and properties related to fuzzy set space, and sum-
marize the major results for integration and differentiation of fuzzy-set-valued mappings.
We recall also the notations of fuzzy random variable and fuzzy stochastic process. Let
K (R?) denote the family of all nonempty, compact and convex subsets of R?. The addi-
tion and scalar multiplication in K, (R%) are defined as usual, i.e., for A, B € K ,(R?) and
LeR,

A+B={a+blacA,beB} M ={Aa|ae A}
The HausdorfF distance or Pompeiu-HausdorfF distance dy; in K, (R?) is defined as follows:

du(A,B) = max{sup inf ||a — b||,sup inf ||a — b|| {,
beB beB a€A

acA b€

where 4, B € K,(R?), and || - || denotes usual Euclidean norm in R?. It is well known (see
[52]) that K,(R?) is a complete, separable, and locally compact metric space with respect
to dy. Define E? = {u: R% — [0,1] such that u(z) satisfies (i)-(iv) stated below}:
(i)  is normal, that is, there exists zy € R? such that u(zo) = 1;
(ii) u is fuzzy convex, ie., u(Azy + (1 - A)zy) > min{u(z;), u(z,)} for any z;,z, € R? and
A €[0,1];

(iii) u is upper semicontinuous;

(iv) [u]° =cl{z € R?: u(z) > 0} is compact, where cl denotes the closure in (R%, || - ||).
Elements of E? are often called fuzzy sets of R, For a € (0,1], define [u]* = {z € R? |
u(z) > o). We will call this set an a-cut (a-level set) of the fuzzy set u. For u € E%
one has [u]* € K. (R?) for every a € [0,1]. For two fuzzy sets u;,u; € E%, we denote
uy < uy if and only if [17]* C [u]%. If g: RY x R? — R? is a function then, according
to Zadeh'’s extension principle, one can extend (cf. [7]) g to E* x E* — E? by the formula
g(uy, us)(z) = SUP,_g(z, 2y Min{z1(21), Uy (z7)}. It is well known (see [53]) that if g is continu-
ous then [g(u1, u2)]* = g([u1]%, [u2]%) for all uy,uy € E4, a € [0,1]. Especially, for addition
and scalar multiplication in fuzzy set space E%, we have (cf [12]): [u1 + u2]* = [11]* + [u2]%,
[Au1]* = A[u;1]*. In the case d = 1, the «-cut set of a fuzzy number u is a closed bounded
interval [u(w), u(«)], where u(«) denotes the left-hand endpoint of [¢]* and u(«) denotes
the right-hand endpoint of [#]®. It should be noted that, fora <b <c, a,b,c € R, a trian-
gular fuzzy number u = (a, b, c) is given such that u(«) = a + (b —a)a and u(a) = c— (c— b)«
are the endpoints of the a-cut for all « € [0,1]. Let us denote by

Do[u1, u5) = sup{du (], [u2]*) : 0 < <1}

the distance between u; and u, in E%, where dy([11]%, [u3]%) is the Pompeiu-Hausdorff
distance between two sets [1]%, [u;]% of K,(R¥). In fact (E4, Dy) is a complete metric space.
Some properties of metric Dy are as follows (see e.g. [41]):

Doluy + us, uy + us] = Do[uy, us],
Do[Aui, Aus] = |M|Do[us, us],

Doluy + us, uy + ug] < Doluy, uz] + Dolus, ua)
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for all uy, uy, us, us € E* and A € R. It is also known that (E%, D) is not separable and is
not locally compact (cf. [44, 54]). Let u,v € E%. If there exists w € E such that u = v + w,
then w is called the H-difference of u, v and it is denoted by u © v. Let us remark that
u6v#u+(-1)v. Let us denote 0 € E? the zero element of E¥ as follows: 0(z) =1if z=0
and 0(z) = 0 if z #0, where 0 is the zero element of R?.

One can verify the following remark (cf. [29, 30]).

Remark 2.1 Let uy, us, us, ug € E4.

(P1) If un © us, u1 © us exist, then Dy[u; © uz,é] = Do [u1, uo] and
Do[uy © uz, uy © us] = Doluy, us].

(P2) If uq © us, uz © uy exist, then Dg[u; © us, 3z © us] = Doluy + Ug, Us + uz).

(P3) If uq © us, u1 © (uy + u3) exist, then there exist (7 © u2) © uz and
(1 O u) © uz =u1 © (U2 + u3).

(P4) If u1 © uy, 1 © us, uz © u, exist, then there exist (11 © u,) © (41 © u3) and
(1 © uz) © (U1 © uz) = uz S uy.

Further we want to introduce the notions of integrability and differentiability which will
be used in the paper. Let [4,b] C R be a compact interval, —0o < a < b < +00. We recall
some measurability and integrability properties for the fuzzy mappings in [41, 52].

A fuzzy mapping x : I = [a,b] — E is called strongly measurable if for all € [0,1] the
set-valued mapping x, : I — K.(R?) defined by x,(¢) = [x(£)]* is Lebesgue measurable.
A fuzzy mapping x : I — E? is called integrably bounded, if there exists an integrable func-
tion /1 : I — R* such that ||@(¢)|| < h(¢), for all ¢ € [x(£)]°.

Definition 2.1 (see Puri and Ralescu [41]) Letx:I — E%. The integral of x over I, denoted
by [, x(t) dt, is defined levelwise by the expression

|:/x(t) dt:| = /xa(t) dt = {/(p(t) dt ‘ ¢ : 1 — R? is a measurable selection for xa}
I I

1

for all € (0,1].

By virtue of Remark 4.1 in [7] we have [ [, x(¢) dt]° = [[x(¢)]° dt. A strongly measurable
and integrably bounded mapping x : I — E is said to be integrable over I if [, x(t) dt € E°.
We recall (see [7, 10, 52]) some properties of integrability for fuzzy mappings.

(P5) Ifx:1— E?is strongly measurable and integrably bounded, then x is integrable.

(P6) Ifx:I— E“is continuous, then it is integrable.

(P7) Ifx:I — E% is continuous, then u(z) = f; x(s) ds is Lipschitz continuous on [a, b].

(P8) Letx:I— E? be integrable over I. Then, for any ¢ € (, b), x is integrable over

[a,c] and [c, b], and

/:x(s) ds = /acx(s)ds+ /cbx(s)ds.

Proposition 2.1 can also be found in [9].

Proposition 2.1 Letx,y:1 — E? be integrable and ). € R. Then

W) [2 @) +y@)dt = [P x@)dt + [*y(0) dt;
(i) [ rx(e)de =2 [ x() d;
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(ili) Dolx,y] is integrable;
(iv) Dol [’ x(®)dt, [ y(t)dt] < [ Dolx(®), y(8)] .

It is well known that the strongly generalized differentiability was introduced in [23] and
studied in [24, 29-31, 34, 50].

Definition 2.2 Let x : [a,b] — E¢ and ¢ € [a,b]. We say that x is strongly generalized
differentiable of the first-order differential at ¢, if there exists Di'{gx(t) € E%, such that
(i) for all > 0 sufficiently small, Ix(¢ + k) © x(¢), 3x(t) © x(t — h) and

x(t) © x(t — h)

AN

[x(t +h) © x(t)
h

1, . 1,
,Dng(t):| =0, 1111{% DO[ ,Dng(t)] =0
or
(ii) for all 2> 0 sufficiently small, 3x(¢) © x(t + h), Ix(t — h) © x(¢), and

x(t—h) ©x(t)

lim D() y

x(t) ©x(t + h)
fimpo| <D

B i) <0 gim | Djfato] -0
or

(iii) for all &> 0 sufficiently small, 3x(¢ + &) © x(¢), Ix(¢t — k) © x(¢), and

x(t — h) © «x(¢)

x(t + 1) © x(t)
e g

) ,D}fxu)} _o, ly\r%Do[ ,D}fxm] ~0
or

(iv) for all &2 > 0 sufficiently small, 3x(¢) © x(¢ + h), Ix(t) © x(¢ — h), and

. x@)ox(t+h) 1, ~ . x@)ox(t-h) 1, ~
}lll\r‘rg)Do[_—h,DH *()[ =0, Jim Dol === =——, Difx(t) | = 0.

We say that a function is (i)-differentiable if it is strongly generalized differentiable as in
case (i) of the definition above, etc.

Lemma 2.1 (Bede and Gal [23]) If x(¢) = (x1(2),x2(£),%3(2)) is a triangular fuzzy-valued
function, then
(i) ifx is (i)-differentiable (i.e., Hukuhara differentiable), then
Dyfx(t) = (1 (£), %5(), %5(8));
(il) ifx is (ii)-differentiable, then Di'[gx(t) = (x5 (£), x5(2), %1 (2)).

Lemma 2.2 (Chalco-Cano and Romén-Flores [55]) Let x:I — E' be a fuzzy-valued func-
tion and denote [x(t)]* = [x(¢, o), x(¢, )] for each « € [0,1]. Then:
(i) Ifx is (i)-differentiable, then x(t, o) and x(t, ) are differentiable functions and
[Drfx()]* =[x (@), % (¢, ).
(ii) Ifx is (ii)-differentiable, then x(t, o) and x(t, ) are differentiable functions and
[Dif (O] = [& (£, ), 2/ (t,)].

Theorem 2.1 Let x : (a,b) — E* be (i)-differentiable or (ii)-differentiable on (a,b), and
assume that the derivative DIP’[gx is integrable over (a, b). We have

(a) ifx is (i)-differentiable on (a,b), then f: Di'[gx(t) dt = x(b) © x(a);

(b) if x is (ii)-differentiable on (a, b), then f: Di’{gx(t) dt = (-1)(x(a) © x(D)).
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One can obtain a formulation of equivalence between solutions of first-order random fuzzy
differential equations and random fuzzy integral equations (see [29, 30]).

Lemma 2.3 The first-order random fuzzy differential equation

, Pl
D;gx( t o) [t0.t0 +p]

P1

Lo (t’x(t, C())), x(t()’w) = x()(a)) € Ed: (2'1)
where g,(-,-) : [to, to + p] x E* — E* is supposed to be continuous with P.1, is equivalent to
one of the integral equations

t
x(t, w) lto.to L1 xo(w) + / 2o (s, %(s, ) ds (2.2)

to

for case (i)-differentiability, or

, JP.1
x(t, ) [to to;P]

t
x0(w) © (—1)/ g,,,(s,x(s, w)) ds (2.3)
to
for case (ii)-differentiability (where 0 < r < p such that equation (2.3) is well defined, i.e.,
the foregoing Hukuhara difference does exist). Moreover, if x : I x Q — E% is a solution
to random fuzzy integral equation (2.2) (random fuzzy integral equation (2.3)), then the
function t — diam[x(¢, w)]* is nondecreasing (nonincreasing) for P-a.a. w € Q and for every
a € [0,1], where diam[x(t, w)]* denotes the diameter of the set [x(t,w)]* € K (R?).

In the sequel, we express the definition of second-order strongly generalized differen-
tiability which is proposed in [51].

Definition 2.3 Let x : (a,b) — E¢ and ¢t € (a,b). We say that x is strongly generalized
differentiable of the second-order differential at ¢, if there exists Dﬂgx(t) € E4, such that
(i) forall 4> 0 sufficiently small, EIDIP’[gx(t +h) 6 Di’[gx(t), EIDIP'[gx(t) o DIP'[gx(t —h) and
the following limits hold (in the metric Dy):

- Dyéx(t + h) © Difx(t) i Dyfx(t) © Dyfx(t —h)

DFx(t
AN) h AN h H*(0)

or
(ii) for all & > 0 sufficiently small, 3D} ¥x(¢) © DyEx(t + h), ID} x(t — h) © Dy¥x(¢), and
the following limits hold (in the metric Dy):

DyEx(t) © Dyfx(t + h) DyEx(t - h) © D«(t)

li = i =D
N -h NG —h i *()

or
(iii) for all & > 0 sufficiently small, HDhgx(t +h) 6 D}_'[gx(t), EIDhgx(t -h)o Di’[gx(t), and
the following limits hold (in the metric Dy):

i Difx(t +h) © Dif(t) _ i Difx(t—h) © Dif(t) _

DXx(t
AN h AN -h H *()

or
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(iv) for all & > 0 sufficiently small, EID;’[gx(t) o Di’[gx(t + h), EID;’ng(t) o Dlﬁgx(t —h), and
the following limits hold (in the metric Dy):
Difx(t) o Difx(t+h) . D}x(t) © Dyx(t — h)

li =1 = DZx(t).
o —h o h o *(0)

In this paper we consider only the two first of Definition 2.3. Further, we say that x is
(i-i)-differentiable ((ii-ii)-differentiable) on I, if x and its derivative are differentiable in the
sense (i) (in the sense (ii)) of Definition 2.2 and (i) ((ii)) of Definition 2.3, respectively. Sim-
ilarly, we say that x is (i-ii)-differentiable ((ii-i)-differentiable) on 7, if x and its derivative
are differentiable in the sense (i) (in the sense (ii)) of Definition 2.2 and (ii) ((i)) of Defini-
tion 2.3, respectively.

Similar to Lemma 2.2, we have the following result for second-order derivative under
generalized Hukuhara differentiability.

Theorem 2.2 [35] Let x : [a,b] — E' and Di’[gx : [a,b] — E' are two differentiable fuzzy-
valued functions. Moreover, we denote the a-cut representation of the fuzzy-valued function
x(2) by [x(£)]* = [x(¢, ), %(¢, )], then:
(a) Let x(t) and Di’{gx(t) be (i)-differentiable, or let x(t) and Dhgx(t) be (ii)-differentiable;
then: x(t, o), X(t, ) have first-order and second-order derivatives and

D] = [(x(6.0)’, (56) ]

(b) Let x(t) be (i)-differentiable and D}_'[gx(t) be (ii)-differentiable, or, let x(t) be
(ii)-differentiable and Dhgx(t) be (i)-differentiable; then x(t, o), %(t, o) have
first-order and second-order derivatives and

[Drfx®)] = [(#(t,0)) ", (2, 0)) "],

For I = [a,b] C R let C(I,E?) denote the space of continuous mappings form I to E%.
Define a metric H in C(I,E?) by H[z,w] = SUPe(4,5 Dolz(2), w(t)], where z,w € C(I,E%).
It is well known that (C(I, E4),H) is a complete metric space. Moreover, in vector form,
for Z, W € C(I,E* x E%), we define H[Z, W] = SUP,c (40 DolZ(2), W ()], where Dy[Z, W] =
max{Dy[z1, w11, Dolz2, w2l}, Z = (z1,22), W = (w1, w) € E? x E%. Obviously, the metric
space (C(I, E* x E%),H) is a complete space. In addition, throughout this paper, we shall
use the notation

C'(1,E%) = {x:1— E%D{¥x is strongly generalized differentiable, differentiable
and continuous for i = 0,1, 2, where D&gx = x},
where strongly generalized differentiability at the endpoints a and b, is interpreted right
and left differentiability at these points, respectively.
Let (22, F,P) be a complete probability space. A function x :  — E“ is called a fuzzy

random variable, if the set-valued mapping [x(-)]* : Q@ — K.(R%) is a measurable multi-
function for all @ € [0,1], i.e.,

lweQ|[x@)] NB#0}eF

for every closed set B C R,
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Definition 2.4 (see [18, 29, 30, 56]) A mapping x : [a,b] x Q — E“ is said to be a fuzzy
stochastic process if x(-, w) is a fuzzy-set-valued function with any fixed w € Q2 (this func-
tion will be called a trajectory), and x(¢, -) is a fuzzy random variable for any fixed ¢ € [a, b],
i.e., x can be thought of as a family {x(¢), t € [a, b]} of fuzzy random variables.

Definition 2.5 (see [18, 29, 30, 56]) A fuzzy stochastic process x(t, w) € E“ is called con-
tinuous if there exists Q¢ C €2 with P(2¢) = 1 and such that for every w € Q2 the trajectory
x(-, ) is a continuous function on [a, b] with respect to the metric D.

For convenience, from now on, we shall write x(w) = y(w) to replace P({w | x(w) =
y(w)}) = 1 for short, where x, y are random elements, and similarly for inequalities. Also we
(bl ¥(t, w) to replace P({w | x(¢, w) = y(t, w)}, Vt € [a, b]) =1 for short,
where x, y are some stochastic processes, and similarly for inequalities.

shall write x(¢, w)

3 Main results
Let ¢y € R, p > 0. In this section, we shall consider again the following initial value problem
for the second-order random fuzzy differential equation:

Di{gx(t, ) [tO,fO;p],P.lfw(t’x(t’ w),DIP’[gx(t, o)), 31)
x(to,0) 2 L(w),  Dyfxlte,w) = Liw) € E4, '
where the symbol Diig denotes the second-order strongly generalized differentiable from
Definition 2.3, t € I = [to,ty + p], f : 2 x I x E* x E* — E“. A solution for problem (3.1)
is a fuzzy stochastic process x € C?([ty, £y + p] x 2, E?) satisfying (3.1). We say that fuzzy
stochastic process x € C%([to, £y +p) x R, E%) is a (i-i)-solution (respectively, (ii-ii)-solution,
(i-ii)-solution and (ii-i)-solution) of (3.1), if x and D}fx are (i)-differentiable (respectively,
x and D}_'[gx are (ii)-differentiable, x is (i)-differentiable and Di’[gx is (ii)-differentiable, x is
(ii)-differentiable and Di’lgx is (i)-differentiable) on the entire [£y, ¢, + p] and also x and
DI}’[gx satisfy (3.1). A solution x to (3.1) is unique, if Dy [x(¢, ®), %(¢, w)] 20 for any fuzzy
stochastic process & : [to, £y + p] x Q — E? that is a solution to (3.1).
In the sequel, a similar result can be found in [51]. One can obtain a formulation of
equivalence between solutions of second-order random fuzzy differential equations and

random fuzzy integral equations.

Theorem 3.1 Assume that f,(-,-,-) : [to, to + p] x E* x E* — E% is continuous with P.1.
A fuzzy stochastic process x : [to, ty + p) x Q — E? is a solution to the problem (3.1) if and
only ifx € C*([to, to + p] x Q, E?) and x satisfies one of the following random fuzzy integral
equations:

t N
5 o) P 1)+ b)) + ( [ u(eiste,0,Difatz,0) dr) ds
to to
ifx and Di’[gx are (i)-differentiable;

(52) alt,w) O () o (-1) (Iz(w)(t o)

' fto </to folw,a(r,0), Difa(r, ) df) ds>
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if x is (i)-differentiable and Di’[gx is (ii)-differentiable;
(53) a(t,w) “F Lw) + hiw)(t - to)
t s
o (-1) / ( / (T, 2(7, 0), Difx(z, ) dr) ds
to to
if x is (ii)-differentiable and Di’[gx is (i)-differentiable;

(84) x(t,0) P Lw) o (-1) (Iz(w)(t ~ty)

o (-1) /t (/wa(t,x(r,w),Di’[gx(r,w)) dr) ds)

ifx and Di’[gx are (ii)-differentiable.

Remark 3.1 We can reduce (3.1) to the following systems of two first-order random fuzzy
differential equations:

£0,L P
DYz (t,w) O ot w),

(3.2)
Dzt ) " ot (t,0), 2t ),
together with the initial conditions
P. P.
alt,0) 2 L),  z,o) = L). (3.3)
z1(t,w) 1g Dl’gz1 (t,w)
For convenience, we apply the vector notation Z(¢, w) = [z; ( t’w)], DrZ(t,w) = [Dng ( )],
b b 22t
and we rewrite the problem (3.2) and (3.3) as
D7t ) lt0.t0 +p} P.1 z3(t, @) ’
fw(t: Zl(t; w)yZZ(t: w)) (
3.4)

to, I
Z(te, ) = z1(to, ) P.1 1(@) )
z3(to, ) h(w)
We note that problems (3.1) and (3.2) are equivalent. Similarly to Lemma 2.3, one can

obtain a formulation of equivalence between solutions of system of two first-order random
fuzzy differential equations and system of random fuzzy integral equations.

Lemma 3.1 Let f,(-,-,-) : [to, to + p] X E% x E* — E* be continuous with P.1. The problem
(3.2) is equivalent to one of the following random fuzzy integral equations systems:

K1) Z(t o) [t0.t0+p1.P-1 z1(to, ;0) + ft:) zy(s,w)ds (3.5)
2(to, ) + [, fols,21(5, ), 22(s, ) ds
if z1 and z, are (i)-differentiable on [ty, to + pl;
t
K2) Z(t, ) 002 zl(to,w)t+ S, 22(s,0)ds (3.6)
23(t0, ) © (-1) [ fuols 21(s, @), 22(5, ) ds
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if 7y is (i)-differentiable and z, (ii)-differentiable on [to, ty + pl;

(K3) Z(t,w) 0! 21(to, ®) © (1) [, z2(s, ) ds )
, z3(to, @) + ftf)fw(s, 21(s, ), 22 (s, w)) ds .
if zy is (ii)-differentiable and z, (i)-differentiable on [ty, to + p);
(K4) Z(t,w) lto.to+p).P1 z1(2p, w) © (-1) ftg 25(s, w) ds .
) Z2(t0; Cl)) S) (—1) ftgfw(s, Zl(S, CU),Zz(S, w)) ds .

if z1 and z, are (ii)-differentiable on [ty,ty + p]. Provided these requirements, the above
Hukuhara differences exist.

Proof 1t is obtained immediately by Theorem 2.1 and Lemma 2.3. Indeed, in the sequel
we only prove this for the case z; and z; are (ii)-differentiable, the proof of the other case
being similar. Assume that Z : [£o, £y + ] x 2 — E% x E is a solution to the problem (3.2).
Hence zi, z; are (ii)-differentiable on [ty,fy + 7] and Di’[gZ is integrable as a continuous
function. Applying Theorem 2.1 we obtain

t
Z(to, @) OO 74 ) + (<1) f Dy Z(s,w) ds
to

or

|:21(to,a)):| lt0.to+r1.P.1 |:zl(t, a)):| . (D) |:ftg Dhgzl(s, w) ds}

z(to, ) z(t, ) [ Difza(s, ) ds
for every (t,w) € [ty, to + r] X Q. Since
[to,t_],]?.l [t(),ﬂ,IP.l

D}_’,gzl(s,a)) = " z(t,w) and D}fzz(s,a)) = fols 2105 0), 22(5, )

for t € [¢g, to + r] we obtain (from Lemma 2.3)

21(t,) | o tozpl 1 21(to, @) © (1) [ z2(s, ) dis
%(t ) 2(t0, @) © (1) [ fuls, z1(s,0), 22(s, ) s |

To show that the opposite implication is true let us assume that z1, z; : [to, to +7] X 2 — E“4

are continuous fuzzy stochastic processes and they satisfy equation (3.8). Equation (3.8)
allows us to claim that there exist Hukuhara differences

zl(to,a))e(—l)/ zy(s,w)ds and zz(to,a))e(—l)/fw(s,zl(s,w),zz(s,a)))ds

for every (t,w) € [to,ty + r] x Q. Now, let £ € [ty, %y + r) and small positive & such that
(t+h) €[to, 2o +r] and (t — h) € (to, to + r]. By Remark 2.1(P4), we observe that

t—h
21t - hw) 6 z1(t, w) 0! (zl(to,w) e (-1) / 23(5,0) ds)
to

o <zl(t0,a))e(—1)/ zz(s,a))ds>

Lo
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t
(to,to;r],]P’.l (_1)/ 25(s, ) ds, (3.9)
t-h
t-h
z(t - h,w) © z2(t, w) ozt (ZZ(tO, @) S (1) / folsaals, ) 2(65.) ds)
to

S) <zz(t0,w) S) (—1)/ fw(s, z1(s, w), za (s, a))) ds)

t
(tosto+11P1 (_1)/ fw(s’zl(s’ o), 22(s, w)) ds, (3.10)
t—h
and
(to,t0+rLP1 e
2t,w) 0zt +hw) 2 (—1)/ z(s, w) ds, (3.11)
t
(to,t0+rLP.1 th
2(t0) © 25t + hw) T (1) / Jos21(5,0), 2205, ) ds. (312)
t

Therefore, from (3.9)-(3.12) we infer that
20— h) © Z(t, ) = zi(t—h,0) © z1(t, )
V4) (t — h, CU) 9 Z2(t1 CU)

[to,to;P]yPl |: (-1) j;ih 2z(s, w) ds :| (3.13)

(-1 [ fols, 21(s, 0), 22(s, @)) ds
and

21 (tr w) @
S

25(t, w)

Z(t,w)eZ(t—h,a))z[ j((i:i;lz))}
2 ’

t+h
[to.to +p).P-1 |: (-1) J; " za(s, @) ds i| (3.14)

(=1 [ (s 21 (s, 0), 20(5,0)) dls |

Multiplying (3.13) by }h and passing to the limit with / \( 0 we have

Dy [zl(t, ) e_z;(t +h,w)

1 [t 1 [t+h
[to'toép]’P'lDo[z f 2(s,w)ds, / 2(t, ) ds}
t t

rZZ(tf w)}

[to.to+pl,P1 1
<

t+h
= Z /; Dy [ZZ(S, ),z (t, a))] ds

(to,to+rl,P.1
< max Do[z(s, ), 22(t, )] = 0
se(t,t+h]

and

Dy I:zg(t, ) e_zz(t + h,w)

»fw(t’ Zl(tr w)7 ZZ(t’ w))]

[to.t0+p),P.1 1 [t 1 [t+h
B, Dy 7 Jo (S, z1(s, w), 22 (s, a))) ds, 7 fo (t, 2t w), z(t, w)) ds
t ¢
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[to.to+p,P1 1
<

t+h
= 3 / Dy [for (5,215, @), 22(5, @) ), foo (£, 21(8, w), 22 (8, ) | s

(to,to+rl,P.1

< max Dy[f,(s,z1(s,0), 2205 ). fo (6 21(t w), 22(t, ) | = 0.
s€(t,t+h)

Similar to (3.14) we obtain

D() I:Zl(t - hx a))he Zl(tr (,()) , ZQ(t, LL))] (to,t(:)r],ﬂ”l 0

and

Do I:Z2(t - hrw) e Z2(t¢w)

’ ,]P).
—h Jo (t, z1(t, w), 25 (¢, w))] (to “E{] 10'

By Definition 2.2, it follows that z; and z; are (ii)-differentiable, and consequently

1g
D}l_'[gZ(t, a)) _ D{_[ng (t, a)) [to,t();p],]}"l Zz(t, a)) .
Dy za(t, @) Jolt, z1(t, 0), 22(t, w))

The proof is complete. d

The following theorems present the existence and uniqueness results for problem (3.2).
For the existence and uniqueness, we use the method of successive approximations.

Let us consider the mappings f :  x [to, to + p] x E? x E* — E? that satisfy the following
assumptions:

(H1) the mapping f (¢, u,v) : Q@ — E? is a fuzzy random variable for every

(t,u,v) € [to, to + p] x E* x E%;
(H2) the mapping f,,(-, -, ) : [to, to + p] x E* x E? — E% is continuous with P.1;
(H3) there exist two stochastic processes Ly, Ly : [£g, o + p] X 2 — R* such that L; (-, w),

Ly (-, w) are continuous with .1 and
DO [fw(t) uy, Vl)rfw(t, us, VZ)] =< Ll (t’ w)DO [ul’ Mz] + LZ(tr CL))D() [Vl’ VZ]

with P.1 for every t € ¢y, to + p].

Theorem 3.2 Letl,l,: 2 — E¢ be fuzzy random variables. Let f : Q x [to, to +p] X E4xE4
satisfies (H1), (H2), and (H3). Moreover, there exists a nonnegative constant My such that

Ao laatplP1
DO Uw(tr u, V)’ 0] aaz Mf (315)

for u,v € E%. Then the successive approximations given by

2t 0) = [zi(to’w)]

29 (tOr w)
(3.16)
0 t _n
Zn+1 (t a)) [to,togp]yﬂ"i 2 (tO’ w) + fto 2y (Sr a)) ds
b 2(to, ) + [y fuls, 2} (s,0), 25 (s, )) ds
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for case (i-i)-differentiability, and

0 _ Z?(t(),a))
ZZ (t, a)) = |:Z(2)(t(),a))j| )

, (3.17)
Zn+1 (t w) [to,t0 ;rl],IP’.l Z? (tO’ w) + fto Zg (S’ w) dS
2 2(to, ) © (1) [, fuls, 21 (s, @), Z3(s, ) ds
for case (i-ii)-differentiability, and
(to, )
Ztw)= |20,
(00) |:Zg(t0, o)
(3.18)
ZVH’I (t ) [to, t0+r2] P.1 Zl tO) C()) e j;: (S, Cl)) dS
2(to, ) + [, fuls 21 (s, 0), 25(s, ) ds
for case (ii-i)-differentiability, and
2(to, w)
ZA(L) (tr Cl)) = %) 0 ’
29 (tO, C())
(3.19)

215, o) 00 13P 2 (to, ) © (-1) [, Z3(s, ) ds
4 23(tg, ) © (-1) ftgfw(s, (s, w), 25 (s, w)) ds

for case (ii-ii)-differentiability, converge uniformly to four unique solutions Zy, Z,, Z3, and
Z4 of (3.2), respectively, provided that the above Hukuhara differences exist, on [to, to + d]
where d = min{p, r,rs,r3}.

Proof We prove this for the case (ii-ii)-differentiability, the proof of the other cases being
similar. To prove the theorem, we shall use the method of successive approximations. So,
we define again the sequence Z} : [to, % + 3] X Q — E4 x E% as follows:

Z0(t, ) = 2 (t, ») | a0, @) | pa | hiw)
e Z(Z)(t,a)) - 25 (o, w) - L(w) ’

and, forn e N,

Zn+l(t, a))
ZZH(t’ w) = 11+1
2y (¢, )
[t(),toJr_rg],]P’,l |: Zl(tO’ l) ‘/Z) (Sl dS }

. (3.20)
z3(to, w) © (- l)ftofw(s Z(s,w),25(s, w)) ds

Then from (3.15) we have

Do[zi(t,w),zﬁ(t,w)]:Do[ll(a»e(—l) / b(w)ds,zl(w)}s | Dol 8] as

to

[to,to+r3],P.1
= M(t - t0)1
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Dy [zé(t, w),25(t, a))] =Dy |:12(a)) o (-1) / Sols, 2 (s, ), 25(s, w))ds, Iz(a)):|

[to,to+r3],P.

< f Dol (5,25, 00,226, ), 0] ds "Mt - o),

to
where M = max{M;, Dy[I>(w), 0]}. Then we conclude

[to,to+r3],P.1

Do[Zi(t ), ZY(tw)] < M(t-to).

Also, from (H3) and (3.20), we deduce that

Do[zf(t,w),z}(t,w)]:DO[zl(w)e(-n / 2 (w)ds, [,(w) © (-1) / zg(s,w)ds]

Lo
[to.to+r3],P.1 t—ty)?
oto1ss M( 2o) ’

Dy [z%(t, ), zﬁ(t, w)] <Dy [/ fo (s, z{(a)), zé(w)) ds, / fo (s, z?(a)), zg (a))) ds:|

[to,to+r3],P.1
T LMt - 1),

where L(w) = max{sup,c (s, 10 +rs) L1(E ©), SUP,c () 10 4rs) L2(£, @)} Then we conclude

[to.to+r3],P.1

) L (t - to)?
Do|Z3(tw), Zy(tbw)] < M1+ Lw)——.

2!

Continuing this way we get

[t0,t0 +73],P.1 (=)™
DO[ZZH(t,w),ZZ(t,w)] 0 0;3 M(1+L(w)) %. (3.21)

We observe that, for every n € {0,1,2,...}, the function Z}*!(-, ) : [to, tp + r3] — E% x E¢
is continuous with P.1. Indeed, for £y <t <, <ty +r3, n€{1,2,3,...}, we see that

Dy [ZZ(tl, ), Zy(ts, w)] = max{Do [z{’(tl, ), 2} (t2, a))],Do [zg (b, w), 25 (L, a))] }

[to,to+r3],P.1
< M|t —t] <s,

provided |£; — ;| < §, where § = e\M, proving that Z} is continuous with IP.1 on [, £y + 73].
Now, let us fix £ € [¢o, to + 3] and consider successively, for n € {0,1,2,3,...} the functions
Zi(t,): Q— E? x E% defined by (3.20) are fuzzy random variables for every ¢ € [to, £y +73].
Indeed, since z(t,), z3(t,-) are random variables. It remains to show the same for the
mappings > [ ftg fools, 2771 (s, w), 2571 (s, w)) ds]* is a measurable multifunction with ¢ €
[to,to + 3], n€{1,2,3,...} and @ € [0,1]. Let « € [0, 1] be fixed. By virtue of the definition
of a fuzzy integral, the continuity assumption (H2) of f and the theorem of Nguyen [53],
we derive that

|:/tfw (2175, 0), 257 (s, w)) ds:|a = /t [fo (5,277 (s, ), 257 (5, 0)) |“ dis

to
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for every t € [to, tp + r3]. As the integrand is a multifunction which is continuous in s and
measurable in w, the mapping o ftg (s, 2171 (s, w), 257 (s, w))]* ds is a measurable mul-
tifunction for each « € [0,1]. Hence ZJ(t,-) : Q@ — E? x E? is a fuzzy random variables
for every t € [to, £ + r3]. Consequently, {Z}}32, is a sequence of fuzzy stochastic process.
Now for any n € {1,2,3,...} and ¢ € [t, ty + r3] we shall show that the sequence {Z} (¢, w)}
is a Cauchy sequence uniformly on the variable ¢ with P.1 and then {Z} (-, )} is uniformly
convergent with P.1. For n > m > 0, from (3.21) we obtain
r3i+1
@+1)r

n-1
sup  Do[Zi(t), Z0(tw)] 2 MY (14 L()’

telto,to+r3] i—m

-113"

The almost sure convergence of the series Y .-, (1 + L(w))" P

implies that for any ¢ > 0
we find ny € N large enough such that, for n, m > ny,

Do[Zi(t, ), Z (6, w)] < &. (322)

Then there exists 2y C € such that () = 1 and for every o € Q2 the sequence {Z}(-, w)}
is uniformly convergent with P.1. For w € € let Z4(-, ) denote its limit. Let us define a
mapping Z : [to, o + 3] X @ — E% x E as

Z;(t,a)) fort e [t(),t() + 73] X Qo,
Z4(t,a)) = A~
0 for t € [ty, ty + r3] x (2\R0).

Then sup;c(y, 1 +rs] PolZ4 (8, @), Z4(t, )] %1 0 as n — oo. It is clear that Zy : [to, to + 13] X
Q — E4 x E% is in the form
7z (t C()) 21 (t, C()) [to,to+r3],P.1 Zl(t07 Cl)) S (_1) /Z) Z2 (S7 Cl)) dS
4\L, = = .
z(t ) 2(t0, ) © (-1) [, fuls, 215, @), 22(s, @) s

According to Lemma 3.1, Z, is a solution of the problem (3.2) for the case (ii-ii)-
differentiability. To prove the uniqueness, let W : [£o, to + r3] x Q — E? x E? be a second
solution of the problem (3.2) for the case (ii-ii)-differentiability on [ty, £y + r3]. Then for
every t € [ty, % + 3] we have

Do [Z4 (t, Ll)), W4 (t, Cl))]

=max{Dy [zl(t, ), w(t, a))],Do [zz(t, ), wa(t, w)] }

t

2(1 + L(a))) / max{Do [zl(s, ), w1 (s, a))],Do [zz(s, ), wa(s, a))]} ds.

to

[to,t() +73]vIP.1
=

Applying Gronwall’s inequality we can infer that Dy [Z4(t, w), Wa(¢, )] lio-to tr3],P1 0, which

leads us to the conclusion Z4 (¢, w) leaspL P Wa(¢, w). This proves the uniqueness of the
solution of the problem (3.2) for the case (ii-ii)-differentiability on [to, o + 73]. The proof

is complete. d

In the sequel, we shall present some examples being simple illustrations of the theory of
second-order random fuzzy differential equations. Let us start the illustrations by consid-
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ering the following SRFDE:

DXx(t, ) + aDx(t, w) + bat, ) O k(e w),
x(to, ) = I(w) € EL, (3.23)
Dix(to, ») = L(w) € EY,

where a, b are positive constants. Let us denote the «-cut (o € [0,1]) of [}, I, and x
as [L(w)]* = [[j(w,),1(0,)], [L@)]* = (0 a),h(oa)], and [x(,0)]* = [zt o,),
x(t, w, )], respectively. Obviously, x(-, -, &), x(-, -, @) : [£o, £ + p] X 2 — Rare crisp stochastic
processes. In the sequel, we shall establish the explicit solution to (3.23). Our strategy of
solving (3.23) is based on the choice of the derivative in the fuzzy differential equation. In
order to solve (3.23) we have three steps: first we choose the type of derivative and change
problem (3.23) to a system of ODE by using Theorem 2.2 and considering initial values.
Second we solve the obtained ODE system. The final step is to find such a domain in which
the solution and its derivatives have valid sets, i.e., we ensure that [x(¢, w, @), x(¢, ®, @)],
' (t, w, ), % (t,w,a)], and [x" (¢, w,a), X" (¢, w,a)] are valid sets.

By using Lemma 2.2 and Theorem 2.2, we see that four ODE systems are possible for
problem (3.23), as follows.

Case 1: x and Di’[gx are (i)-differentiable

to,to+p),P.1

K(tx , a)’
to,t();p],IP’.l E(

&t 0,0) + ax' (t, o, &) + bx(t, 0,@) |

X' (t,w,a) + ax (t,w, o) + bx(t,w, o) [ t,w,a),

. Pl (3.24)
x(tp, w, @) = I (w, ), x(ty, w, @) = I (w, @),

ﬁ/(to;a);a) P:J!z(a)ra)) &,(tO)a)’O() IF):.lj2(a)705)'

Case 2: x is (i)-differentiable and Di’lgx is (ii)-differentiable

to,L Pl
VOt w, @),

E(t) a)’ (X)’

xX'(t, w,a) + ax'(t,w,a) + bx(t,w,a) [

X' (t, w,a) + ax (¢, w,a) + bx(t, w, o) lro.to tp) -1 (3.25)
J_C(t()!w’a) Pz.l ll(a)!a)! X(t(),a),a) ]P;I jl(w:a)r

Ko, w,0) = Lw,a),  x(towe) = Lw,a).

Case 3: x is (ii)-differentiable and Di’[gx is (i)-differentiable

to,to+p),P.1
0 0;19] k(t,a),ot),

k(t, w,a),

x'(t,w,a) + ax (t,w,a) + bx(t, w, ) [

_ o+, P.
&/(t,0,0) + ax (8, 0,a) + bx(t, w,) 0L e
x(to, w, ) = L(w,a), x(ty, w, @) = L(w,a),

a_c’(to,w,a)]P}z'llz(a),a), X' (to, w, &) P:'IYQ(Q),C().

Case 4: x and Di’[gx are (ii)-differentiable

» P
OOt w, @),

E(tl a)" a)’

X' (t, w,a) + ax (t,w,a) + bx(t, w, o) [
F(t,0,) + ax'(tw,a) + bE(t,0,0) 0P (327)

J_C(to,a), Ol) ]}];1 ll(w!a)r 9_6(150,60:(1) P:J 7l(a)’a)i

(o, 0,@) = Ty(w, @), X (to, w,) = L(w, ).
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Remark 3.2 If we ensure that the solutions (x(f, ®, @), x(¢, w,«)) of the systems (3.24),
(3.25), (3.26), and (3.27), respectively, are valid level sets of fuzzy-number-valued func-
tions and if the first-order and second-order derivatives (x'(¢, w, @), X (¢, w, @), (x" (¢, w, ),
X' (¢, w,)) are valid level sets of fuzzy-number-valued functions with two kinds differen-

tiability, respectively, then we can construct the solution of equation (3.23).

Example 3.1 Let Q = (0,1), F-Borel o-field of subsets of €2, P-Lebesgue measure on
(€2, F). Let us consider the second-order random fuzzy differential equation as follows:

2, [0,7/4],P.1
Difx(t,0) "= (

—CO, 01 CU),
x(0,0) % (~»,0,), (3.28)

DiEx(0,0) 2 (-, 0, ).

Case 1: From (3.24), we get

&t w,a) T (@ 1),
7t w,0) T b1 - ),
. g . (3.29)
x(0,0,a) = w(a —1), x%0,0) £ ol -a),
x'(0,w, ) 2 (o —1), x%(0,w,a) = ol -a).

By solving (3.29), we obtain

w(a = 1)t?

[x(t, a))]a = |:a)(oz -1) + w(a = 1)t + ,o(l-—a)+ow(l —a)t + a)(l—Ta)tZ]

Clearly, x and Di'[gx are (i)-differentiable. Hence, there is an (i-i)-solution in this case. This
solution is shown in Figure 1.
Case 2: From (3.25), we have

x'(t, w,a) OmFL wla -1),

&t o) TE (1 - ), (3.30)
P.1 _ Pl :

V_C(Or , O{) = a)((x - 1)1 x(o’ w, Ol) = Cl)(l - O[);

x'(0,w, ) g oo —1), %0, w,0) = ol -a).

Figure 1 (i-i)-solution of Example 3.1 in Case 1.

X0
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Figure 2 (i-ii)-solution of Example 3.1 in Case 2.

[x(t,0.5)]"

By solving (3.30), we get

,o(l—a)+o(l—a)t+

o(l - a)t? w(a —1)£2
2 2 ]

[x(t, w)]a = |:w(a -D+ola-1t+

Clearly, x is (i)-differentiable and Di’[gx is (ii)-differentiable. Hence, there is an (i-ii)-
solution in this case. This solution is shown in Figure 2.

Case 3: From (3.26), we obtain

) P,
&t w,a) T e - 1),

X' (t, w, ) (OxA1B1 ol -a),
P1 _ P1 (3.31)
x(0,0,a) = w(a —1), %0, 0,a) = 0l -a),
x'(0,w, ) = o(l - a), X0, w,0) = oo -1).
By solving (3.31), we get
« ol -a)t? oo — 1)t
[x(t,a))] =lwl@-1)+o(l-a)t+ ———, 01 -a) + w(a - 1)t + — |

Since «x is not (ii)-differentiable, there is no (ii-i)-solution in this case.

Case 4: From (3.27), we have

(1 w,0) T @ - 1),

(6, w,0) "2 (1 - a),

P1 P1 (3.32)
x(0,w,a) = w(la -1), %(0,w,) = w(1-a),
x'(0,w, ) = o(l - a), X0, w,0) = oo -1).

By solving (3.32), we have

M,w(l—a) +w(a - 1)t +

[t )] = |:a)(o¢ -1+ ol —a)t+ w(l_Ta)tz]

Notice that, in this case, since x is (ii)-differentiable and Di’[gx is (ii)-differentiable, such a

solution is acceptable. This (ii-ii)-solution is shown in Figure 3.
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Figure 3 (ii-ii)-solution of Example 3.1 in Case 4.

[x(t,0.5)]"

Example 3.2 Let Q = (0,1), F-Borel o-field of subsets of 2, P-Lebesgue measure on

(€2, F). Let us consider the following second-order random fuzzy differential equa-

tion:

Dﬁgx(t, ) + x(t, w) (OmALFL (0, w, 2w),

%(0,0) 2 (-,0,0), (3.33)

Difx(0,) = (~,0, ).

Case 1: From (3.24), we get

x"(t, w, ) + x(t, w, ) (Ox 11 aw,
% (t,w,0) + 5t 0,0) 2 0@ - ), (3.34)
20,0,0) 2 wl@-1),  FH0,wa) F ol -a), '
x'(0,w, ) 2 oo —1), %0, w,0) = ol -a).

By solving (3.34), we obtain
[x(t, ®)]" = [wa(l + sint) — w(sint + cost),w(2 — @)(1 + sint) — w(sint + cost)].

Since Dﬁgx is not (i)-differentiable, there is no solution in this case.
Case 2: From (3.25), we have

X't w,0) + 1t w,0) T qo,

& (t, 0, a) + 7t 0, 0) TP 00— ), .
20,00) Zo-1,  #0,wa) ol -a), .
(0,00 2 0@-1), F00a) = ol-a).

By solving (3.35), we get
[x(t, a))]a = [a)a(l +sinh¢) — w(sinh + cost), w(2 — a)(1 + sinh ) — w(sinh £ + cos t)].

Since Dll_’[gx is not (ii)-differentiable, there is no solution in this case.
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Figure 4 (ii-i)-solution of Example 3.2 in Case 3.

IS
=
ESS0SSs

Figure 5 (ii-ii)-solution of Example 3.2 in Case 4.

(x(£,0.5)]

Case 3: From (3.26), we obtain

x"(t, w, ) + x(t, w, o) (0. /AL oqw,

X' (t, w,a) + x(t, w, ) (Ox 11 o2 -a), (3.36)
(0, w, ) = w(a -1), x(0, w, &) = o(l-a), '
£0,0,0) 2 wl-a), %0 w0a) = o@-1).

By solving (3.36), we get
[x(t, a))]a = [a)a(l —sinh#) + w(sinh £ — cos t), (2 — «)(1 — sinh £) + w(sinh ¢ — cos t)].

Notice that, in this case, since x is (ii)-differentiable and Di’[gx is (i)-differentiable, such a
solution is acceptable. This solution is shown in Figure 4.
Case 4: From (3.27), we have

X' () + x(t, 0, 0) 0Ty,

X' (t, w,0) + %(t, w,0) (0 /41 P.L w(2 —a), (3.37)
x(0, w, &) = oo -1), %(0,w, o) = oo -1), '
x'(0,w, ) = (o -1), x(0,w,) = w(a -1).

By solving (3.37), we have
[x(t, a))]a = [a)a(l —sint) + w(sint — cost),w(2 — a)(1 —sint) + w(sint — cos t)].

x and D}{’gx are (ii)-differentiable. Therefore, the obtained (ii-ii)-solution is valid. This so-
lution is shown in Figure 5.
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4 Conclusions

In this paper, we discussed the local existence and uniqueness results for the second-order
random fuzzy differential equations. Under Lipschitz conditions we obtain the existence
and uniqueness theorems of solution for SRFDE. In future work on SRFDEs, we would
like to study the local and global existence and uniqueness results of solutions for second-

order random fuzzy differential equation under weaker conditions.
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