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1 Introduction
In recent years there has been much research activity concerning the oscillation, nonoscil-
lation and existence of solutions for various second order difference equations, for exam-
ple, see [1-14] and the references therein.

By using the Z, geometrical index theory, Guo and Yu [4] obtained some sufficient con-
ditions on the multiplicity results of periodic solutions to the second order difference
equation

A%, 1 +f(x,)=0, nel. (1.1)

Thandapani et al. [12] gave sufficient conditions for the oscillation of bounded solutions

for the second order neutral difference equation

A%y = pryi) = @uf (X)) =0, n>1. 1.2)
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By applying the contraction principle, Jinfa [5] discussed the existence of a nonoscillatory
solution for the second order neutral delay difference equation with positive and negative
coefficients

A2(xl’l +pxi’l—m) + PnXn—k — Gn¥n-1 = 0, n = Ny, (13)

where p € R\ {-1}. Thandapani et al. [13] studied the asymptotic behavior of solutions of
the second order neutral difference equations of the form

Ay + pryi) +f(M,2,0) =0, n>1, (1.4)
and

A?(x, +pxgi) +f(m 2y, Axy ) =0, n>1, 1.5)
in terms of some difference inequalities. Gonzdlez and Jiménez-Melado [3] used a fixed-

point theorem derived from the theory of measures of noncompactness to investigate the
existence of solutions for the second order difference equation

A(gnAxy) + fu(x,) =0, n=0. (L6)

Ma and Guo [9] proved the existence of a nontrivial homoclinic solution for the second

order difference equations
ApnAu,_) + qnln =f(}'1, u,), nei (L7)

in terms of the Mountain Pass theorem relying on Ekeland’s variational principle and the
diagonal method. Yu et al. [14] established the existence of a periodic solution for equation
(1.7) by means of the critical point theory. Utilizing the contraction principle, Liu et al. [8]
investigated the global existence of solutions for the second order nonlinear neutral delay
difference equation

Alan Ay + b)) + (1 Xn_dys Bndoys - - %ndyy) = € 1= Mo, (1.8)
relative to all b € R.

Inspired and motivated by the work in [1-14], we introduce and study the following

more general second order nonlinear neutral difference equation:

Alan Ay + b — dn) | + A (1,500 Ky ()5 - - % ()

+ &1, % (n)s Kgy ) -+ Xge(w)) = Cnr 1= M, (1.9)

where b e R, 1,k € N, ny € Ny, {a,,},,eN,10 and {c,,},,eNn0 are real sequences with a,, # 0 for
neN,, {ci,,},qun0 is a bounded sequence, f,g: N,,, x Rf > R and f, g : N, — Z with

lim fi(n) = lim g(n) = +oo0, [€{1,2,...,k}.
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Using the Banach fixed point theorem, we obtain sufficient conditions of the existence
of uncountably many bounded nonoscillatory solutions for equation (1.9) relative to b €
R\ {1}, suggest a few Mann type iterative approximation methods with errors for these
bounded nonoscillatory solutions and study error estimates between the approximation
sequences and the bounded nonoscillatory solutions. The results obtained in this paper
extend and improve the corresponding results in [5, 8]. Four nontrivial examples are given
to demonstrate the effectiveness of our results.

2 Preliminaries
Throughout this paper, we assume that A is the forward difference operator defined by
A%y = X1 — %, A2x, = A(Ax,,), A and B are positive constants with B > A, R = (—00, +00),
Z, N and N stand for the sets of all integers, positive integers and nonnegative integers,
respectively,

Ny, ={n:neNywithn>ny}, noeNy,

o= inf{fl(n),g;(n) :1<il<kmne N,,O},

B =min{ny - 7,a}, Zp ={n:necZwithn> B},

A,=d,+A>0, B,=d,+B, nelZg,

dy=dy, B=<n<mny-1,
and d and d are two constants with

d < inf d,, d> sup d,;.
nEZﬁ nEZ/g

Let [;° denote the Banach space of all bounded sequences in Zg with norm

el = sup fxa|  forx = {nluez, € 13
HEZﬁ

and

Q({An}nezﬂx {Bn}neZﬁ) = {x = {xn}nezﬁ € l;o ‘A <x,<B, ne Zﬁ}

It is easy to see that Q({An}nezﬂ, {By,}y,ezﬁ) is a bounded closed and convex subset of g

By a solution of equation (1.9), we mean a sequence {*n}nez, with a positive integer
T > np + 7 +|B]| such that equation (1.9) is satisfied for all # > T As is customary, a solution
of equation (1.9) is said to be oscillatory if it is neither eventually positive nor eventually
negative. Otherwise, it is said to be nonoscillatory.

Lemma 2.1 ([15]) Let {a,}uengs {Butnengs {Vntnen, and {t,},en, be four nonnegative se-
quences satisfying the inequality

Uy < (L= ty)oty + LB + Yn» 1 €Ny,

where {ty}nen, C [0,1], D ooty = +00, limy oo By = 0 and > o yu < +00. Then

lim,, o, = 0.
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3 Existence of uncountably many bounded nonoscillatory solutions

Now we study the existence of uncountably bounded nonoscillatory solutions for equation
(1.9) with respect to b € R\ {£1}, suggest a few Mann iterative approximation schemes
with errors for these bounded nonoscillatory solutions and discuss the errors estimates
between the iterative approximations and the bounded nonoscillatory solutions.

Theorem 3.1 Let b € [0,1), A and B be two positive constants with B > A + 1_%(5 - d).
Assume that there exist four real sequences {Pn}neN”0 , {Qn}neNno , {Rn}neN,,o and {Wn},,eNHO
satisfying

[f(n, Uy, Uy, ..., ug) —f(n, ﬁl,ﬁz,...,ﬁk)| < P,,max{|u1 —ul:1<l< k},

‘g(n, Uy, Uy, ..., ug) —g(n, iy, iy, ..., 121()‘ <R, max{|u; —ul:1<l< k}, (3.1)

ne Ny, u,u € d+Ad+Bl,1<l<k;

lf(n; ui, u21~~':uk)| E Q}’l’ |g(71, I/ll,u2,...,uk)| S WVI:
_ (3.2)
neN,,ue€ld+Ad+B,1<l<k
max{ Y ﬁ max(P;, Qi}, Y Y P max|R;, W}, |¢i|} ¢ < +oc. (3.3)
‘ a; ‘ — |4
i=ng i=ng j=i

Then

(a) for each L € (A + b(d + B),B + b(d + A)), there exist 6 € (0,1) and T > ny + 7 + | B|
such that for any zo = {zo,n}nezy € QU{Antnezy {Bulnez,), the Mann iterative sequence with
errors {Zmbmeng, where zy = {Zmn}nezy € Q({Ay,}nezﬂ, {Bn}y,ezﬁ)for all m € Ny, generated
by the scheme:

A —am = Bn)zmn + tm{l + dyy — bz yy_+

+ X5 w o zmpir Zmpror- - Zmgi)

= 25180 Zmen ) Zmga s+ - - Zmae ) — €)1}
I + BuVmn» n>=T,meNy, (3.4)
Q—am—Bun)zmr + am{L +dr — bz 7+

+ 257 w6 zmpi 2mpor - Zmpi)

= 25180 Zmen ) Zmga s+ - Zmar ) — €)1}

+ Bu¥Ymr, B<n<T,meNj

converges to a bounded nonoscillatory solution x = (Xntnez, € Q({An}nezﬁ,{Bn}ngzﬁ) of
equation (1.9) and has the following errors estimate:

21 =%l < (1= (1= 0)a) 2 — x| +2(d + B)B,, m €N, 3.5)

where {Yim}men, is an arbitrary sequence in Q{An}nezy: {Butnezy) With Vi = {Vimnlnez, for
each m € No, {aty}men, and {Bu}men, are any sequences in [0,1] such that

oo
Zam =400 (3.6)
m=0
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and

[o¢]
Z Bm < +00 or there exists a sequence {&,,}yen, C [0, +00)
m=0 (3.7)

satisfying B = Emtm, m > 0 and lim &, = 0;
m—>00

(b) equation (1.9) possesses uncountably many bounded nonoscillatory solutions in
Q({An}nezlg; {Bn}nez,«; )

Proof SetL € (A+b(d+B),B+b(d +A)). It follows from (3.3) and b € [0, 1) that there exist
0 €(0,1)and T > ng + 7 + | B satisfying

9:b+§:|;_l-|<Pi+§:Rj> (38)
i=T j=i

and
Z |a_11 [Qi + Z(VV, + |c/|):| < min{L —~A—b(d+B),B+bd+A) —L}. (3.9)
=7 j=i

In order to prove (i), we now define a mapping S; : Q({A,,},,Ezﬁ, {Bn}nezﬁ) — l§° by

Lot dy = byee + 3275, 2 (%00 350008 0)
(Sex)n = = 2580 % Xy - X)) =€) =T, (3.10)
(Stx)r, B=<n<T,

for any x = (Xntnez, € Q({An}nezﬂ, {Bn}neZﬂ)r and show that S; has a fixed point, which is
also a bounded nonoscillatory solution of equation (1.9).

Let x = {xn}nezf; Y = {yn}neZﬁ € Q({An}neZﬁx {Bn}nEZﬁ)~ In view of (31): (38)’ and (310)!
we getforanyn>T

| (SLx)n - (SLy)n |

o0
1], ,
bxy—z —bypr + Z P |:f(l»xf1(i):xf2(i); %) =L@ YRG Yh - Vo))

i=n

j=i

o0
= Y (80 %0 Feris - %)) — 80 Ver (9 Yoo -+ ’ygk(/))):| '
21
S by — Yuo| + Z P |:Pi max{ a0 — vl 11 <1 <k}
o0
+ Y Rmax{lag () -yl 11 <1< k}}
j=i

[o¢]
<blx-yll+)_

=0lx-l,

o0
(Pi + ZR,-) llx = 1
j=i

1
|ai
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which leads that

ISex = Syl < Ollx—yll, %,y € QUAunezy, {Bulnezy)- (3.11)

By (3.2), (3.9), and (3.10), we infer that for eachn > T

o0
1],
St =L+d,—bx, - + E = |:f(lrxf1(i):xf2(i); X ()
. l
=n

- Z(g(j’xgl(i)’xgz(/)’ B ’xgk(/)) - Ci):|
j=i
<L+d,-bd+A)+) l;—||:Qi +> (W+ chl)i|
=7 1% j=i

§L+d,,—b(o_i+A)+min{L—A—b(3+B),B+b(4+A)—L}

=B,

and

o0
L. .
(StxX)n=L+dy—bxy_r + Z P [f(l,xﬁ(i),xﬁ(i), O 0))
L

i=n

o0
= Y (80 %) X+ 2 %) = C;‘)}

j=i
2L+dn—b(3+B)—Zi:|;7|:Qi+i(V@+ |cj|)]
joi
>L+d,—b(d+B)-min{L-A-b(d+B),B+bd+A)-L}
> A,
which yield
St (Q({(Andnezyr (Butnezs)) S Q({Antnezgr Budnezy)- (312)

Hence (3.11) and (3.12) mean that Sy is a contraction mapping in Q({A}ezy, {Bntnez,)
and it has a unique fixed point x = {x,},ez, € Q2{Anlnezy, {Bulnez,)- It follows from (3.10)
that

o0
1f,,.
X, =L+d,—bx,_ + E a— |:f(l,xﬁ(i),xf2(,-), .. .,xfk(,’))
p i
=n

o0
= (8l % Kes(s - %) — Ci):|’ n=T,

j=i
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which gives
1
A, + bxy, —d,) = - S X005 Xy () + -+ Xy ()
n

o0
= (8l % Kea(s - %) — CJ)} nzT,

j=n

and

A(an Ay + bz — dy)) + AF (1,50 (0 Xy ()5 - - - Xf ()
+ 8(1, Xg, (n)s Xgo () - - - s Xy () = €y M= T
That is, the fixed point x = {x,,},ez, of Si in Q({Ay}yezy, {Bulnez,) is a bounded nonoscil-

latory solution of equation (1.9).
In light of (3.4), (3.8), (3.10), and (3.11), we deduce that for all # > T and m € Ny

|Zm+1,n - xnl

(1= am = Bn)zZmn + oty {L +dy— bz, .
=1

v 7 [f (s Zim fy (s Zm fo(i)s - - -» Zmfi i)
. 1
=n

o0
_ Z(g(j, Zimg () Zmga(j)s - - » Zmgr (i) — c,):| } + BV — %n

=i

5 (1 — Oy — ﬁm)|zm,n _xn| + am|(SLZm)n - (SLx)rl| + ﬂmh’m,n - xn|
< (U —am=Bullzm — x| + bz — x|l + 2(3 +B)Bm

< (1-@=0)am)llzm — x|l +2(d + B)Bu,

which implies that (3.5) holds. It follows from (3.6), (3.7), and Lemma 2.1 that
lim,,,— o0 2 = X.

Next we prove (ii). It follows from (i) that for any distinct Ly, Ly € (A + b(d+B),B+b(d+
A)), there exist 6,0, € (0,1) and T1, T, > ng + T + | B] satisfying (3.8)-(3.10), where 6, T, L
and Sy are replaced by 6;, T}, L; and St;,j €{1,2}, respectively. In view of (3.1) there exists
T5 > max{T}, T»} satisfying

— 1 - L1 - Ly|
> P (P,- B ZR,) 4GB (313)

i=T3 j=i

Obviously, the contraction mappings S;; and Sz, have the unique fixed points x =
Fndnezgry = Wnlnezy € QUA nezsr (Bulnezy), respectively. That is, x and y are bounded
nonoscillatory solutions of equation (1.9) in Q({A,}nezy, {Bu}nez,)- In the following, we



Jiang et al. Advances in Difference Equations (2015) 2015:368 Page 8 of 16

show only that x # y. In view of (3.10), we arrive at

00
1 )
xX,=Li+d,—bx,_ + E (,z_ |:f(z,xﬁ(i),xf2(i), .. .,xfk(i))
. 1
=n

o0
= (8l %Ky - - %) — C/‘)i|’ n=T;
j=i

and

oo 1 (
Yn=Lo+d,— by, + Z 7 |:f(l:yfl(i):yf2(i), o VD)

i=n

J=i

- Z(g(i’ygl(i)’ygz(i)’""ygk(i)) - Cf)} n=Ts,

which together with (3.13) yield

’(xn _yn) + b(xn—r _yn—r)}

o0
1| .
Li-Ly+) :;:f(l’xfl(i)’xfz(i)’""xfk(i))_f(lryfl(i)’yfz(i)'""yfk(i))
; i
=n

o0
= > 80, % Eeris -+ %) — €0 Ver (9 Yo -+ Ve )] ] ‘

J=t

[e¢]

>|L— Lo -y .

— lail

|:Pl' max{|xfl(i) =yl 1< < k}

o0
+ ZR, max{|xgl(,-) —Ygpl:1=<1< k}i|
j=i

* 1

o0
> |- Lo -y m(a + ZR;) llx = 1
L j=i

i=n

_ o0 1 +00
> |L - Ly| —2(d+B)Zm(P,~+ZRj>

i-T =i
- |L1 — L]
- 2

> 0, n= T31
that is, x # y. This completes the proof. d

Theorem 3.2 Let b € (-1,0], A and B be two positive constants with B > A + HLb(o_i —d).
Assume that there exist four real sequences {Putnen,y» {Qulnen,y » {Rubnen,, and {Wilnen,,
satisfying (3.1)-(3.3). Then

(a) forany L € (A +b(d + A),B + b(d + B)), there exist 0 € (0,1) and T > ny + T + | B|
such that for each zg = {zontnez, € Q({A,,},,EZﬁ , {Bn}y,gzﬁ), the Mann iterative sequence with
errors {2y, }men, generated by (3.4) with z,, = {Zmntnezy € QUAn}nezyr {Butner,) for all m €
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Ny converges to a bounded nonoscillatory solution x = (Xntnez, € Q({An}nezﬂ, {Bn}y,ezﬁ) of
equation (1.9) and satisfies (3.5), where {y,;}men, is an arbitrary sequence in Q({An}nezﬂ,
{B,,},,ezﬁ) With Yy, = {;/m,,,},qez‘8 Soreach m € Ny, {0} men, and { B} men, are any sequences
in [0,1] satisfying (3.6) and (3.7);

(b) equation (1.9) possesses uncountably many bounded nonoscillatory solutions in
QA nezyr (Butnery)-

Proof Let L € (A + b(d + A),B + b(d + B)). On account of (3.3) and b € (-1,0], there exist
0 €(0,1) and T > ngp + 7 + | B satisfying

o0 1 oo
0=-b+ XT: a (Pi + ;R,) (3.14)

and

> ai [Qi w3 (W |Cj|)} <min{L - A-b(d+A),B+b(d+B)-L}. (3.15)

o7 lail j=i

Let the mapping S; : Q({Ay,}nezﬂ, {Bn}y,ezﬁ) — [3° be defined by (3.10). The rest of the proof
is similar to that of Theorem 3.1 and is omitted. This completes the proof. O

Theorem 3.3 Let b € (1,+00), A and B be two positive constants with B> A + %(3 -d).
Assume that there exist four real sequences {P,} neNpg» {Qulnenyy» {Rnnen,, and {W,} neNy
satisfying (3.1)-(3.3). Then

(a) forany L € (B + bd+A)+d-d,A+bd+B)+d-d), there exist 0 € (0,1) and T >
no + T + || such that for each zo = {zon}nez, € Q({A,,},,ezﬂ, {B,,},,ezﬂ), the Mann iterative
sequence with errors {zy,}men,, where z,, = {zm,y,}nezﬂ € Q({An}nezﬁ, {B,,},,Ezﬁ)for allm e

Ny, generated by the schemes:
L

(A = e = Bm)zmn +am{z + dn% - Zm%

1 1 .
+ 5 Lionre a6 Zmfir Zmpoys -+ Zmfii)
= 25180 Zmar s Zmes i - Zmg) — €)1}

+ ﬁm)’m,n; n Z T)m € NO; (3 16)

Zm+ln = ) L drs S
( _am_IBm)Zm,T"'am{b + b

1 1 .
+3 Z;o;ﬂ a [f(k Zmfi(i)r Zmfo(i)r -+ rszk(i))

= 25180 Zmen ) Zmga s -+ - Zmar ) = €)1}
+ﬁme,T; ﬂ§n< T,meNo,

converges to a bounded nonoscillatory solution x = {xn}uez, € QUAntnezy,{Butnez,) of
equation (1.9) and satisfies (3.5), where {Y}men, is an arbitrary sequence in Q({A}nez,
{Bn}nezﬁ) With Yy, = {ym,n}y,ezﬁ foreach m € Ny, {0t} meny and { By} men, are any sequences
in [0,1] satisfying (3.6) and (3.7);

(b) equation (1.9) possesses uncountably many bounded nonoscillatory solutions in
Q{Anbuczy, (Bulnezy).
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Proof Set L € (B+ bd+A)+d—d,A+bld+B)+d-d). Inview of (3.3) and b € (1, +00),
there exist 0 € (0,1) and T > ng + T + | 8] such that

1 11 nd
S N ) 2 , 1
A |ai|( ' ‘R’> 17

and

§min{b(gl+B)+4+A—3—L,L—b(3+A)—E—B+4}. (3.18)

Define a mapping S; : Q({An}nezﬁ, {Bn}neZﬁ) — lgo by

dn+f n+f
% T T . +3 Zz it a; [f(l X£(1)r X, (i) "xfk(i))
(Sex)a=9 - foi(g(/’xglmrxgzw» oxgg) —c)l, n=T, (3.19)
(Sex)r, B=<n<T,

for any x = {xn}neZﬁ € Q({An}nezﬁ, {Bn}neZﬂ)~
Letx = {xn}nEZﬁ:y = {yn}nEZﬁ € Q({An}neZﬁr{Bn}ner;)' USing (31)’ (317)! and (319)7 we
deduce that forany n > T

1
’(SLx)n - (SLy)n| < E |x}’l+1' _yn+r|

—Z [lf(l X0 K0+ %) =S (s Vs Valiys - 0 V)|

i=n+t

o0
+ Y180 % X -+ %) = 80 Va0 Ve - ’ygk(/))|i|
j=i

[ee]

1 1
<7 lx- y||+—Z| |(Z+ZR)||x gl

1=n+t

which means (3.11).
By (3.2), (3.18), and (3.19), we infer that for eachn > T

L d X
(Sux)u= + = = = Z [(l R0 X -+ ()

l n+t
o0
= Y (80 %) Fear -+ 1K) - C/)}
J=i
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d+A
b

SR

<L
—+
~b

1 — — _
+ Emin{b(gl+B)+o_i+A—d—L,L—b(d+A)—d—B+gl}

and

[ee]

L du. x 1 1|,
(Sea)u =7 + ’Z’ - er ty > a_i|:f(l’xﬁ(i)’xfz(i)’“"xfk(i))

i=n+t

oo
- Z(g(f’xgl(/)’xgz(i)r~'"xgk(i)) - Cj):|

L d d+B 11 >
ZZW‘T‘ZZW{Q"*;(W"”C")}

i=T
L d d+B
>4 =-
b b b
1 — — —_
—Zmin{b(d+B)+c_l+A—d—L,L—b(d+A)—d—B+g}
> Ay

which imply (3.12). Consequently S;, is a contraction mapping in Q({An}neZﬂ; {BVI}HEZIQ)

and it has a unique fixed point x = {x,},ez, € Q({An}nezy, {Bulnez,)- It follows from (3.19)
that

L dpe X 15~ 11
x,,:z+ b - b +Eza—if(l,xﬁ(i),xfz(i),...,xfk(i))

i=n+t

J=i

o0
= > (80 %0115 Ker o -+ %) — C/’):|’ n=T,

which gives

1

Ay + bxy—r —dy) = - [f (1, %02 Xy (1) - -2 K ()
n
o0

= Y (80 e Feris -+ » %) — Cj)} nzT+rt

Jj=n

and

A(a,,A(x,, +bxy_y — d,,)) + A (1,58 () Xy (n)s - - - Xfy (1))

+8(1, %g (m)s Ky (n)s -+ 1 Kgy(m) =€y =T + T,

Thatis, x = {x4}nez, € QU{An}tnezy, {Bulnez,) is a bounded nonoscillatory solution of equa-
tion (1.9).
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It follows from (3.11), (3.16), (3.17), and (3.19) that for any n > T and m € N,

L d zZ
(l_am_lgm)zm,n"'am{_"' L

|Zma1 — % | = -

b b b

o0

1 1.
3 > P |:f(l’Zm¢ﬁ(i)’Zmzf2(i)’""Zmsz(i))

i=n+T

o]

B Z(g(i’ Zmg () Zmga i)y -« + ’vagk(l')) - Ci):| } + BmYmn = %n

j=i

< (L= = Bin)|zZmn — xul + Ofmi(SLZm)rz - (SLx)n| + Bl Vimn — %nl
< (1= — B llzm — &I + 20|z — %1 + 2(d + B) By

< (1-@=0)am)lzm — x|l +2(d + B)Bu,

which yields (3.5). Thus Lemma 2.1, (3.6), and (3.7) ensure that lim,,—, 5 z,;, = x. The rest
of the proof is similar to that of Theorem 3.1 and is omitted. This completes the proof.
O

Theorem 3.4 Let b € (—00,-1), A and B be two positive constants with B > A + %(E—d).
Assume that there exist four real sequences {Putnen,y» {Qulnen,y » {Rubnen,, and {Woatnen,,
satisfying (3.1)-(3.3). Then

(a) for each L € (B+ b(d + B) +d — d, A + b(d + A) + d — d), there exist 0 € (0,1) and
T > no + 7 + | B| such that for each zo = {zon}nez, € Q({A,,},,ezﬂ, {Bu}nezy), the Mann iter-
ative sequence with errors {z,,} men, generated by the schemes (3.16) with z,, = {z,,,,,,},,ezf3 €
Q({An}nezﬂ, {Bn}nezﬁ)for all m € Ny converges to a bounded nonoscillatory solution x =
(%utnezy € QUARY ez {Butnez,) of equation (1.9) and satisfies (3.5), where {Yu}men, is
an arbitrary sequence in Q{Au}nezy, (Butnezy) With Vim = {Ymnlnez, for each m € N,
{mtmeny and {Bmtmen, are any sequences in [0,1] satisfying (3.6) and (3.7);

(b) equation (1.9) possesses uncountably many bounded nonoscillatory solutions in
Q({An}neZﬁr {Bn}nezﬁ)o

Proof LetL e (B+b(d+B)+d—d,A+b(d+A)+d-d). It follows from (3.3) and b € (00, -1)
that there exist 0 € (0,1) and T > ng + 7 + | ] satisfying

1 11
f=-"—=
b bl.=2T|ﬂi|

j=i

and
o0 1 [o¢]
D] Qi 2 (Wit le)
i |l j=i
§min{A+b(3+A)+o_l—E—L,L—B—b(o_i+B)—E+c_i}. (3.21)

Let the mapping S; be defined by (3.19). The rest of the proof is similar to that of Theo-
rem 3.3 and is omitted. This completes the proof. g

Page 12 of 16
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Remark 3.1 Theorems 3.1-3.4 extend Theorem 1 in [5] under p # 1. Theorems 3.1-3.4
improve Theorems 2.4-2.7 in [8], respectively. The examples in the fourth section reveal

that Theorems 3.1-3.4 extend authentically the corresponding results in [5, 8].

4 Applications
In this section, we assume that {},,}men, is an arbitrary sequence in Q({An}neZﬁ; {B,,}nezﬂ)
with y,, = Ymnltnezg for each m € Ny, {}men, and {B,}men, are any sequences in [0,1]
satisfying (3.6) and (3.7).

Now we display four examples as applications of the results presented in Section 3.

Example 4.1 Consider the second order nonlinear neutral delay difference equation

n(n+l) 1
A [(—1) 2 nBA(x,, + St 6(—1)”)] + A(naly o %0, 1)

2 /
X304 1212 18n-2 — n (2n-1) + v/3n> - 2n + 1, n>1, (4.1)

2 2 6 2
(L +%73 50 10, 6) n® + nin(l + n?)

wherenozland‘reNisﬁxed.Letk:2,b:%,A:43,B:56,o¢:0,,3:1—1:,6_1:—6,
d =6and
2 2
n(n+1) n*(2n-1)++3n>-2n+1
=(=1)"z = , d, = 6(-1)",
an= (212 o 1 + nin(l + n2) n=6(-1)
2.3 u’
n,u,v) = nuv’, nU,V) = ——7s,
Fn,u,) g = e

fi(n) = n® + 3n, fo(n)=n+(-1)",
a(n) =3n* +2n* + 81 -2, o(n) = 1 +3n% +10n -6,
P, =10"p, Q, =10%n,

107 3844
W —

Rn = —2, n= 2 (nluﬁv) GNVIO X [4+A73+B]2'
n n

It is easy to show that the conditions (3.1)-(3.3) are satisfied. It follows from Theo-
rem 3.1 that equation (4.1) possesses uncountably bounded nonoscillatory solutions in
QUAn}nezy {Butnez,), and forany L € (A + b(d + B), B+ b(d + A)), there exist 8 € (0,1) and
T > np + T + | B]| such that the Mann iterative sequence with error {z,,},,>0 generated by
(3.4) converges to a bounded nonoscillatory solution x = {x,,},,ezﬁ € Q({An}y,ezﬁ, {Bn}nezﬂ)
of equation (4.1) and (3.5) holds. Obviously, Theorem 1 in [5] and Theorem 2.5 in [8] are

invalid for equation (4.1).

Example 4.2 Consider the second order nonlinear neutral delay difference equation

1 n—2x3
A (n2+6)A x,,——x,,,f+9sin(n3+1) +A #
5 n2 x5
3.4 9
Wy = (V% Vwomel (4.2)
n +2m° +3n* +2n+1 m3+3n?+4n+1 -

9
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whereng =2 and t € Nisfixed. Letk=2,b = —é,A =11,B=23,a = -5, 8 = min{2 -1, -5},
d=-9,d=9,and

V2 -n+1
2 .3
= 6, ==, d,=9 1),
In =10 T B3t An+l n=9sin (1 +1)
n—2u® mut — (-1)"°
nu,v)= ——, nu,v) = ,
S ) n2 +v2 & ) n +2n° +3n* +2n+1
filn) =2n -3, fon) =2n* -9, an)=7n-12, &(n) =n* -6,
(5242880 + 3072712)\/ n—2 32768/ n -2
Py = 7 b Qe
n n
13107273 + 65536 x 10° 1048576#% + 262144 x 10°
"= n’ ’ Wi = m o+l ’

(n,u,v) €N,y x [d+A,d + B>

It is clear that the conditions (3.1)-(3.3) are fulfilled. It follows from Theorem 3.2 that
equation (4.2) possesses uncountably bounded nonoscillatory solutions in Q({A,,},,ezﬂ,
{Bn}neZﬂ)’ and for any L € (A + b(d + A),B + b(d + B)), there exist 6 € (0,1) and T >
no + 7 + | B] such that the Mann iterative sequence with error {z,,},,>0 generated by (3.4)
converges to a bounded nonoscillatory solution x = {x,},ez, € QU{An}nezy, {Bulnez,) of
equation (4.2) and (3.5) holds. However, Theorem 1 in [5] and Theorem 2.6 in [8] are not
applicable for equation (4.2).

Example 4.3 Consider the second order nonlinear neutral delay difference equation

n2n-1
A |:n2 (1 - nB)A <xn + 2%y + (272))} + A(annzH sin (xnzﬂxz,,_g))
n*+
5 -1
Xy, (-1y"121n -5
T n>2 4.3
n2 + x* 3t +2m2 +m+1 - (4.3)

n2+2n-1

whereng =2 and 7 € Nisfixed. Letk=2,b=2,A=90,B=100,«¢ = -1, 8 =min{2 -7, -1},

d= %,E:Zand
2 3 (-1)"12m -5 n2n-1)
a,=n"(1-n°), =, dy=———,
" ( ) " 3nt2m+m+1 )
5
. u
f(n,u,v) = nPusin (uv), gln,u,v) = P filn) = n* +1, fo(n) =2n-5,

am=r®-2n+1, @m)=n*+2n-1, P,=10°4>, Q, =10213,

Rn:l()gnjli:lol?’, W,,:%zu, (m,u,v) € Ny, x[4+A,E+B]2.
Clearly, the conditions (3.1)-(3.3) hold. It follows from Theorem 3.3 that equation (4.3)
possesses uncountably bounded nonoscillatory solutions in Q({A,,},cz 5 {B,}nez 5 ), and for
anyL e (B+b(d+A)+d—-d,A+b(d+B)+d—d),thereexist0 € (0,1) and T > ng + 7 + | B|
such that the Mann iterative sequence with error {z,,},,>0 generated by (3.14) converges to
a bounded nonoscillatory solution x = {x,,}nez; € 2({An}nezy, {Bulnez,) of equation (4.3)
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and (3.5) holds. But Theorem 1 in [5] and Theorem 2.7 in [8] are not valid for equation
(4.3).

Example 4.4 Consider the second order nonlinear neutral delay difference equation

A[nzA(xn — 3,7 + 2(—I)M)] + A((—l)”z*?’”_lx/n — ansm,gxgn_u)

X2, (=172 =5)+ (=1)"'(3n + 4) In(1 + )
n+xd o n* +3n% +2n% + 5n + 7

, n=>3, (4.4)

where ng =3 and 7 € Nis fixed. Let k=2,b=-3,A=1,B=5,0a=-3, B={3-1,-3},

d=-2,d=2and

) (-1)"12n* = 5) + (-1)"1(3n + 4) In(1 + n®)

ap=n-, Cn = ’
n* +3m3 +2n% +5n+7
n(n+1)(n+2)
d, =2(-1) 32 , f(n,u,v) = (—1)"2+3"_1«/n - 3uv,
u

g u,v) = L fin)=n®+n-9, fa(n) =3n-12, @(n)=2n-5,
om) =n*+n-6, P,=14vn-3, Q,=49vVn-3,

14+ n? -

n = 4n ) W, =—, (n,u,v)eNnox[c_i+A,d+B]2.
n n

It is not difficult to verify that the conditions (3.1)-(3.3) are fulfilled. It follows from The-
orem 3.4 that equation (4.4) possesses uncountably bounded nonoscillatory solutions in
QU{Antnezy {Bulnezy), and for any L € (B + b(d + B) + d-d,A+b(d+A)+d-d), there
exist 0 € (0,1) and T > ngy + t + |B| such that the Mann iterative sequence with error
{Zm}m>0 generated by (3.14) converges to a bounded nonoscillatory solution x = {x,},cz s €
QU{Antnezy {Bulnez,) of equation (4.4) and (3.5) holds. However, Theorem 1 in [5] and
Theorem 2.4 in [8] are unapplicable for equation (4.4).
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