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Abstract

In this paper, based on the properties of L-operator and M-matrix, we develop a
new inequality of L-operator to be effective for non-autonomous stochastic systems.
From the new inequality obtained above, we derive the sufficient conditions ensuring
the global exponential stability of the stochastic non-autonomous impulsive cellular
neural networks with delays. Our conclusions generalize some works published
before. One example is provided to illustrate the superiority of the proposed results.
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1 Introduction

Recently, the dynamical behaviors for cellular neural networks have been popular with
many researchers because of their extensive applications in signal processing, pattern
recognition, optimization problems and many other fields. The stability of networks is
one of the crucial properties in such applications. Delay and impulsive effects exist widely
in many practical models such as population models and neural networks. There are many
works on the dynamic behaviors of various kinds of neural networks with delays or im-
pulses [1-9]. Furthermore, some real systems are usually affected by external disturbance
with great uncertainty which may be treated as random. In real nervous systems and in
the implementation of artificial networks, Haykin [10] has pointed out that the synaptic
transmission is a noisy process which is caused by random fluctuations from the release of
neurotransmitters and other probabilistic factors. Hence, noise must be taken into consid-
eration in the model construction. Among them, stability analysis of different stochastic
systems has been a focused research subject in the literature. Stochastic perturbation is
the main factor that affect the stability of systems including neural networks in performing
the computation. In addition, the results in [11] suggested that certain stochastic inputs
can stabilize or destabilize one neural network. This implies that the stability analysis of
stochastic neural networks has primary significance in its design and applications. There-
fore, some results on the stability of neural networks with stochastic perturbations have
been reported [11-21]. In addition, when we consider long-time dynamic behaviors of a
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system, the parameters of the system frequently vary with time due to the environmental
disturbances. In this case, a non-autonomous neural network model is the best choice for
accurately depicting evolutionary processes of networks. Therefore, it is of great signifi-
cance to study the dynamic behaviors of non-autonomous neural networks [22—38].

By using a Lyapunov function, the authors of [34, 35] have investigated the stability of
non-autonomous systems without impulses and obtained the determinant conditions for
asymptotic stability or exponential stability of the corresponding system. However, the
conditions are true only for all £ > 0. Besides, many authors used the linear matrix in-
equality (LMI) and the Lyapunov-Krasovskii functional to study the dynamic behaviors
of various kinds of neural networks and obtained many interesting new results [6, 16, 21,
25]. However, the results given in LMI form are commonly dependent on the delays. Par-
ticularly, for time-varying delays system [6, 16], one must require constraint conditions
such as the differentiability of delay functions. The authors of [25] considered the stability
and existence of periodic solution to bidirectional associative memory non-autonomous
neural networks with delay and obtained some new results which are given in a function
matrix inequality, but it is not easy to compute by Matlab LMI Control Toolbox. Thus, LMI
technique is ineffective for dealing with the non-autonomous system. In addition to the
methods mentioned before, a differential inequality is also a very useful tool for studying
the dynamic behaviors of differential dynamical systems [24, 30, 32, 37—44], but many
of the inequalities obtained before cannot be used to investigate the non-autonomous
systems. The authors in [32] considered the periodic attractor and dissipativity of non-
autonomous cellular neural networks with delays. The authors of [30] investigated the
invariant and attracting sets of neural networks with reaction-diffusion terms. However,
the results in [30, 32] require the time-varying coefficients to have a common factor. In
practical applications, this condition is very strict and not easy to meet. The authors of [38]
developed an inequality to investigate the stability of non-autonomous cellular neural net-
works with impulse and time-varying delays, but this inequality cannot handle stochas-
tic non-autonomous neural networks. The authors of [37] investigated the exponential
p-stability of stochastic Takagi-Sugeno non-autonomous neural networks with impulses
and time-varying delays, but the conditions imposed on the diffusion coefficient matrix
are very strict. As far as we know, there are no results on the stability of non-autonomous
stochastic neural networks with time delays and impulses except for [37].

Motivated by the previous analysis, in this paper, applying the properties of L-operator
and M-matrix, we develop a new inequality of L-operator that is effective for stochas-
tic non-autonomous system. Based on the new inequality of L-operator, we study the
stochastic non-autonomous impulsive cellular neural networks with time-varying delays
and obtain the sufficient conditions for the pth moment exponential stability of the corre-
sponding systems. Our main results do not require common factors of the coefficients of
the system, relax the conditions imposed on the diffusion coefficient matrix, and gener-
alize some early results. One example is provided to demonstrate the effectiveness of the
proposed results.

2 Preliminaries

Let R™*" be the set of m x n real matrices. Usually E denotes an # X n unit matrix.
R" denotes the space of n-dimensional real column vectors, | - | denotes Euclidean norm,
N 2 {1,2,...,n}, N = {1,2,...}, R, 2 [0, +00). For M,N € R™*" or M,N € R", the notation
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M > N (M > N) indicates that each pair of corresponding elements of M and N satisfies
the inequality ‘> (>)’ Particularly, M € R"*" is called a non-negative matrix if M > 0, and
x € R” is called a positive vector if x > 0. Let p(M) denote the spectral radius of square
matrix M.

LY(R,,R,) denotes the family of all continuous functions # : R, — R, satisfying
fomo h(t) dt < oo. C[X, Y] denotes the space of continuous mappings from X to Y. In partic-
ular, let C tc [[-7,0], R"] denote the family of all R”-valued functions ¢ which is bounded
continuous and defined on [-7,0]. The norm of C is defined by |l¢|| = sup_, _,-, [¢(6)|.

PC[J,R"] = {¢ :] — R"|¢(v) is continuous for all but at most countable points v € J and
at these points v € J,¢(v*) and ¢(v") exist and ¢(v) = ¢(v*)}, where ¢(v~) and ¢ (v*) de-
note the left-hand and right-hand limits of the function ¢(v) at time v, respectively, and
J C Ris an interval. Especially, let PC 2 PC[[-7,0],R"].

Foranyx € R", ¢ € C or ¢ € PC, p > 0, we define

[x]ﬂj = (|x1 |p»~~r |xn|p)T, [¢(t)]r = ([¢1(t)]rr~~" [¢n(t)]r)T¢
[¢:(0)], = sup |gi(t+9)|, i€N,

—-1<5<0

and D*¢(t) denotes the upper-right-hand derivative of ¢(¢) at time ¢.

(2, Z,{Z:}i>0,P) denotes a complete probability space with a filtration {.%,};>¢ sat-
isfying the usual conditions (i.e., it is right continuous and .%; contains all P-null
sets). Let Cfi;o[[to - 1,1, R"] (Cf’%[[to — 7,t],R"]) denote the family of all bounded
Z0(Z:)-measurable, C[[ty — 1, o], R"]-value random variables ¢, let PCf'f;}0 [[to — T, t0], R"]
(Pngt[[to - 1,t],R"]) denote the family of all bounded .%(.%;)-measurable, PC[[t, —
T, 0], R"]-value random variables ¢, satisfying ||¢>||‘L7p = SUP;,_r<g<z, EIP(O)IP < 00 forp >0,
where E denotes the expectation of stochastic process.

We study the following stochastic non-autonomous impulsive cellular neural networks

with delays:

dxi(t) = [ai(O)xi(t) + XL, by()f(x;(0) + 3oL, cy()gy (it — 7(8))) + Li(B)] it
+ 20 04t x(0), x2(t — T(0)) dwj(t), ¢ >to,t b,

xi(te) = L (x(£)), &=ty

%i(s) = di(s), to—T <s=<to,

(2.1)

where i € N/, and # is the number of units in a neural network; x;(¢) is the state variable of
the ith unit at time ¢; f;(-) and g;(-) are the activation functions of the jth unit at time ¢ and
t — 7;i(t), respectively; 7;(¢) is the time-varying delay satisfying 0 < 7;;(tf) < 7 and 7 > 0 at
time ¢; a;(¢) > 0 is the rate with which the ith unit will reset its potential to the resting state
in isolation when disconnected from the network and external inputs; b;(t), c;i(t) denote
the strengths of the jth neuron on the ith unit at time ¢ and ¢ — 7;(¢), respectively; I;(¢) de-
notes the bias of the ith unit at time #; o (t,x(¢), x(t — ©(2))) = (03, (), x(t — T(£))))nxn
is the diffusion coefficient matrix, and w(t) = (1(2),...,w,(t))T is an n-dimensional
Brownian motion defined on a complete probability space (2,.%,{%;}i>0,P); ¢(s) =
(1(5), P2(5), ..., P ()T € PCff%[[to - 1T,%],R"] is the initial function vector. The impul-
sive function I = (I, ...,Ix)T € C[R",R"], and the fixed impulsive moments #; (k € N)
satisfy £p < £ < £y <+ -+ and limg_, o0 £ = 0O.
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Throughout this paper, we assume that f;(-), g(-), oj(t,-,-) satisfy the linear growth
condition and are Lipschitz continuous as well. Therefore, we can know that system
(2.1) has a unique global solution denoted by x(¢) = (x1(£),...,%,(t))T on ¢t > ¢, and

E(supy, <<, [%(£)|") < 0o for all £ > £y and r > 0.
Definition 2.1 System (2.1) is called globally and exponentially p-stable, if there ex-

ist constants M > 1 and A > 0 such that for any two solutions x(¢,¢) and x(¢, ) with
¢, € PCfQ;0 [[2o — T, %], R"], respectively, one has

Elx(t,¢) -x(t, )" < Mlp -] e, =1

Furthermore, if x* is an equilibrium point of system (2.1), then we call the equilibrium

point x* exponentially p-stable.

Definition 2.2 ([45]) Let matrix D = (d;j).xx satisfy djj < 0, i #j, then the statement ‘D is
a nonsingular M-matrix’ is equivalent to one of the following conditions.
(i) D=B-M and p(B'M) <1, where M > 0, B = diag{by,..., b,}.
(ii) All the leading principal minors of D are positive.
(iii) The diagonal elements of D are all positive and there exists a positive vector d such
that Dd > 0 or D7d > 0.

For a M-matrix D, from (iii) of Definition 2.1, we know Q (D) S {zeR"|Dz>0,z>0}#
¢ and satisfies kiz; + kazp € Q4(D) for any vectors z1,z; € Qaq(D) and scalars ki, ks > 0.

For A € R™" and |A| # 0, we denote 2,(A) S {z € R"|Az = p(A)z}, where p(A) is an
eigenvalue of A. Then €2,(A) includes all positive eigenvectors of A provided that the ma-

trix A has at least one positive eigenvector (see Ref. [46]).

Lemma 2.1 ([47]) Fora;>0and Y . o; =1, x; > 0, we have

n n
o
[]# <D s
i=1 i=1

where the sign of equality holds if and only if x; = x; for all i,j € N.

Lemma 2.2 ([12]) Fora; >0, x; > 0, i € N and any integral number p > 0, we have

n b n -1 5
<Z a,-x,-) < (Z Lll‘) Zaixf.
i=1 i=1 i=1

Lemma 2.3 ([12]) For an integral number p > 2, there exists e,(n) > 0 such that

14
n 2 n
ep<n>(z|x,-|2) Sl Ve (o) R
i=1 i=1
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3 A new L-operator inequality

Let C*'[R" x R,;R,] denote the family of non-negative functions V(x, £) on R” x R, which
are once continuously differentiable in ¢ and twice continuously differentiable in x. Asso-
ciated with the system (2.1), for each V(x, ) € C>'[R" x R,;R,], we define an operator LV
from R" x R" x R, to R by

LV(x,8) = Vi, £) + Vil ) [-A@)x(2) + BE) ((2)) + C@)g(y) +1(2)]

1
+ 5 trace[ch(t, %,9) Vo (t, x,y)],

aV(x,t)
y=x(t—7(), Vilx, t) = o
aVix,t AV (x,t AV2(x, t
Vi(x,t) = S ),..., (1) . V= WDy
9x1 0%, 8965836/ nxn

The differential inequality is the main tool for investigating differential equations.
Therefore, by using the properties of the L£-operator and the M-matrix, we introduce a
new inequality of the L-operator that is effective for a stochastic non-autonomous system.

Theorem 3.1 Let 0 < b < +00, P = (Dij)uxns pij = 0 for i #j, Q = (gi)uxn = 0, () =
(@) nxn = 0, BE) = (Bj())uxcn = 0, () = (n(2),...,r,(t))" > 0 and for any t > o, there
exists a constant 8 > 0 such that &¥“=)r;(¢), a;(t), Bj(t), i,j € N are integrable functions on
lo,t]. The functions V;(x) € C*[R",R,] satisfy

n

LVi(x) < Z[(Pi/’ +a;i(®)) Vi(%(2)) + (g5 + By(0)) Vi (x(t — T (1)) ] + (),
j=1
telo,b)VieN. 31)

Suppose that T1 = —(P + Q) is an M-matrix, we obtain

EVi(x(t)) < zie? el P9%, e [o,b),Vie N, (3.2)
provided that EV;(x(t)) < oo for all t € [0,b) and

EVi(x(t)) <ze™), telo-1,0),VieN, (3.3)
where X € (0,8], z € Q) with z; > 1, Vi € N, satisfy

(AE +P+ Qe“)z <0, (3.4)
and 6(s) = maxi<i<u{ Y-, (;i(s) + B()e") L + & rs)).

Proof By using the It formula, for the solution process x(¢) of (2.1) and V;(x) € C*[R",R,],
we can obtain

Vi(a(0) = Vitwto)) + [ ' LVi(x(s)) ds

+ /t WG(s,x(s),x(s -1(5))) dols), t>o,VieN. (3.5)
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Then we get

EV;(x(t)) = EV;(x(0)) + /tIEﬁ\/i(x(s)) ds, t>o,VieN. (3.6)

o
For small enough At > 0, we have

t+At

EVi(x(t + At)) = EV;(x(0)) + / ELV(x(s))ds, t>o,VieN. (3.7)

(e

Therefore, from (3.1), (3.6), and (3.7), we have
EV;(x(t + At)) — EV;(x(2))

t+At
= / IEEV,-(x(s)) ds

t+At| "M n
< /t |:Z(pff + () EV;(x(s) + > (g5 + Bi(s))EVj(x(s — T(s))) + ri(s)i| ds

j-1 j-1

n

t+At
= /t‘ |:Z(pij + Otlj(S))E\/}(x(S))

j=1

n

+ Z(q‘7 + Bij(s)) [E\/j(x(s))]r + ri(s):| ds, t>o,VieN. (3.8)

j=1
Because EV;(x(¢)) < oo for all ¢ € [o,b), we know EV;(x(¢)) is continuous. Thus, from

(3.8), we can obtain

n

D'EV;(x(t)) < Z[(Pt]’ + () EV;(x(2)) + (g5 + By() [EV; (x(2)) ] ] + ri(2),

Jj=1

telo,b),YieN. (3.9)

Let v;(t) = EV;i(x(¢)). For proving Theorem 3.1, we only need to prove

Vi(t) < zie M EDels 04 4 e [0 b),Yie N, (3.10)
provided that

vi(t) <ze9, telo-1,0),VieN, (3.11)
holds.

Because IT isan M-matrix, we can geta vector z € Q¢ (IT) withz; > 1,i € A and 1z > 0,
that is, (P + Q)z < 0. From the continuity of the function, we know there exists a constant
A € (0, 8] satisfying (3.4).

For proving (3.10), we first of all prove, for any given € > 0,

Vit) < (1 + €)ze MV els 00 2 £yt [0,b),Vie N. (3.12)
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If (3.12) is not true, given that v;(¢) is continuous on [, b) and the fact (3.11) holds, then
there must be a constant ¢* € (o, ) and m € N such that

v (t*) =En(t"),  D'viu(t*) = &,,(t%), (3.13)

vi(t) <&(t), tefo—t,t*],VieN. (3.14)

By using (3.9), (3.11)-(3.14), z,, > 1, p;; > 0 (i #j), and Q > 0, we can get

n

Dv(£*) = D [ (o + e () (¢) + (@ + By () [ (6) | ]+ 7n(£)

j=1

n 5
< Z[(ij +Oém/(t*))(1+E)Zje_}‘(t*‘”)ej;f 6(s)ds
j=1

+ (G + By (£7)) €7 (1 + e)z,e—w*—a)e,f;* 098] 4y (1%)
- *
<D (o + 4w L+ )z ele 001
j=1

n *
£ (m(e) + ﬁmf(t*)eu)zz—j(l + )z M els 0
j=1

m
+ =, ()1 + e)zme"\(t*“’)eﬁ* 094 4, ()1 - @+ e)zmefrf* ol ds]

< ML+ e)zme"\(t*‘”)ef;* 06 1 g (e*) (1 + e)zme‘m*‘“)efvt* 0(s)ds

= ,(6), (315)

which contradicts the second inequality in (3.13). Thus, (3.12) holds. Letting ¢ — 0* in
(3.12), we obtain (3.10). O

Remark 3.1 If () =0 and B(t) =0 in (3.1), we can get Theorem 1 in [44].

4 Application to neural networks
For system (2.1), some assumptions are given in the following:

(A1) Fori,j € N, ai(t) > 0, b;(t), c;(t) and I;(¢) are bounded continuous functions defined
onR,.

(A,) There are positive constants /; and k;, j € N such that
[fi(r) —£i(s)| < Lilr—sl, |gi(r) —gi(s)| <kjlr—s|, VrseR.

(A3) There exist non-negative bounded functions m1;(¢), n;(t), and h;(t), i,j € N such
that

[0t v, u) - 03(2, ¥, b_l)]2 < my(&)(v; = v))* + ny(€)(w; — ))* + hy(2),

Yu,u,v,v € R",t > t.
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(A4) There exist non-negative integrable functions d;;(z), ,3,7(1?) on [to, t] such that

P(t)<P+a(t), Q@)<Q+p(t) and

N=-P+ a) is a nonsingular M-matrix,

where P(t) = (pii(8))nxn Pir(t) = —pai(t) + (p = 1) 31, (1B (O] + |e(B)]K;) + s -Dp-

2) Zle(mi;‘(t) +mi(0)) + |bi(O) i + (p— D)my(2) + %(P— D(p—2), pi(t) = |biy(®)|}; + (p—D)my(t),

i 7)o Q) = (@5 O)nsemr 45O = 5Ok + B = Dyg(8), &) = @8 nscns BE) = Bi())sens

P=(Byucn Py 2 0,i7j, Q= @)uxn 2 0,i1j €N, p 2 2. Let 7(8) = (p — D(nhi(0)?, i € N,

and there exists a constant § > 0 such that es(t"O)?i(t) is an integrable function on [Zo, t].
(As) For any u, v € R”, there exist matrices Ry = (rgo)y,xn > 0 such that

[Ic@) - L()]" <Relu-v]*, keN.

A ~(k ~(k k k)\p—
Let Ry = (3§ ) 740 = 1 (01, r0p 1,

(Ag) Theset 2 = ﬂ,ﬁl(ﬂp(f?k)) N QM(ﬁ) is nonempty (i.e., Q2 # (), for a given z € ©, the
scalar A € (0,3] satisfies

(AE + P+ /Q\e“)z <0. (4.1)

(A7) There are constants 0 < u < X and b > 0 which satisfy

/té(s) ds < u(t—to) + b, (4.2)

to

where 8(s) = maxlﬁifn{zjil(&,y(s) + ﬁ,;(s)e“)g + e*600)7,(s)).

(Ag) There exists a constant y such that

In Yk
bk — k1

Sy<)"_,u/) kENr (4.3)

where y; > max{1, p(Ry)}.

Theorem 4.1 Assume that (A;)-(Ag) are all true. Then we know system (2.1) is exponen-

tially p-stable and the exponential convergent rate is no less than » — . — y .

Proof For any two solutions x(¢) and y(¢) of system (2.1) corresponding to initial values
o(s), 0(s) € PCf%[[to - 1T,t], R"], respectively. Let z;(£) = x;(£) — y:(¢), i € N. Then from
(2.1), we get

dzi(t) = [~ai(t)zi(£) + 307, by()(fi(x;(8)) = £((2))
+ 2 c()(g (it — T(2))) — giyi(t — T(e))] dt
+ 2070 (038 x(8), %(t = (1)) — 0y(8, (1), y(t = T(2)))) da(t),
L>to,t # b,
zi(tk) = xi(te) = yi(te) = L ((8r)) = L (&), &= trs
zi(s) = ¢i(s) = ¢i(s), to—T <s=to.

(4.4)
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Let Vi(z(2)) = |zi(¢)|?, p > 2, i € N'. Then we get

vV, 8°Vi
— @) = plziP ' sgn(z) = plzilP~z;, 3 2(2) =plp-Dlzl’?,
Zi Zi

where sgn(-) denotes sign function. Therefore, from (A;)-(A4), Lemma 2.1, and (4.4), we
get

LVi(z) = plzi(t)l”‘zzl-(t)[—ai(t)zi(t) + Y bO[f(x(0) —£050)]

j-1

+ Y e Olg (- 00) - g byle - 0)]

j=1

n

+ %p(p ~ DIzl [0y (a0, x( - 1(0) - 0(630, 5 (t - T(®))) ]’

Jj=1

< —pait)|z®)]" + plz®) D" |by()||z(0)]

Jj=1

+plz®) Y |es0)]k| (e - 7y(0) |

j-1

+ 32l =Dl Y Ol0] +m@lg (- 7 @) [+ h (0]

j-1

< —pa:®|z @ + Y _ 1bsll[(p - 1|z()]" + |50 ]

Jj=1

+ Z leslk[ (0 = Dz + |z(¢ - 7)) ]

j=1

502 Ym0

j-1

o) Y mOl50F + 50 -Dp-2) Y m@la0)

Jj=1 Jj=1

o) m Ol @) + -] + (-1 (o)

j=1

<Y [Pi®OVi(z(®) + g5 Vi(z(t - (1)) ] + u(e)

j=1

< Z[(i)z; +a;i(1)) Vj(2(0)) + (g5 + Bij(t)) Vi(z(t = 7(9))] + 7:(®). (4.5)
j=1

For the initial conditions ¢(s), ¢(s) € PC?JO [[to — T, 0], R"], we know z(s) = ¢(s) — ¢(s) €
PCf’%[[to - 7,t),R"]. From the assumption that, for any initial value in PCf’%[[to -
T,40], R"], model (2.1) has a global solution satisfying E(sup, ., |¥(¢)|") < oo for all £ > £
and r > 0, we know E(sup, _,[2(£)|") < oo for all £ > #o and r > 0. Thus, we know
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EV;(z(¢)) < co. Since o= —(75 + a) is an M-matrix and Q is nonempty, there must be
a positive vector z € Q2 and a constant A € (0, §] such that (4.1) holds and

EVi(2(t) £ ————«llp - pl,e ™0, telty—1,8), (4.6)
min <j<,{z;}

where « > 0 is a constant such that «||¢p — ¢ ||IZP >1.
From (A4), (4.5), (4.6), and Theorem 3.1, we get

lEVl-(z(t))<Z4x||¢ Pl e el 1By g g p). (4.7)
min <j<,{z;}

Assume that the inequalities

Z;i (- L G(s)d
EVi(z(t)) < voyi -+ Ymr—————«llp — p|lF, e 10) glig 095
ming <j<,{z;}

b1 S E<ty, (4.8)
hold for all m =1,2,..., k, where y = 1. Then, from (4.8), (As), and Lemma 2.2, we obtain

EVi(z(t)) = Elxi(t) - yi(te)|”

= Bl (x(5)) - Ie (0(80)) Y
(Zrm‘z, il )19

n p-1 5
(Zr;jk)) g )

j-1 j-1

IA

n

= AE Elz(t)| Zru EVi(z

=1

~.

n

Ak Zj Mtg—to) Juk 6)d

<yon- v Y By —————«llg — pll,e % el 11
o ming<u{z}

Zj s)d
= o1 PR —— T el — [}y e o) g T
mi 1<]<n{ }

zZ; % G(s) d
Y Ry R — — | Y AU PR (4.9)
min; <j<, {2}

This, together with (4.8) and yx > 1, leads to

Zi _ L 4(s)d
EVi(2()) < o011 -+ Ve vk —————rc|p — |2, e 70l 7
min; <j<,{z}

= Yoy -yl 00dsghtt) __F g o),
min; <j<,{z}

telty—1,tkl. (4.10)
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Let

- 5 Zi - - -
Zi=yon el OB gl Z=(G...20)7,
min<j<p {z,-}

Ui(2(2)) = 4 V((0)),
then we know the vector z € QM(ﬁ) with z; > 1, i € . From (4.10), we get
EU;(2(8)) < Zie ™%, te [t -1, 4. (4.11)

From (4.5), we obtain

n

LU ((8)) < [(By+a5(0) Uy (2(0)) + (35 + By (6) Ui (2 (- T (1)) ] + €40 7:(0). (4.12)

j=1
Furthermore, we can easily get
n 2
0(s) = max {Z(&ly(s) + ﬂij(s)eh)é—} ; e/\(stk)ex(tkto);,i(s)}

1<izn| < i
J=1

n
A A AT s—to) A
= lrgiyil[;(alj(s) + Bij(s)e T)Z—l +e tO)ri(s)} =0(s).
j=

Therefore, from (A4), (4.11), (4.12), and Theorem 3.1, we get
s
EU (2(0)) < Zie ™ Welu ", t e (4, 1), (4.13)

that is,

Zi (- L G(s)d
EVi(2()) < vov1 -+ Ve Ve ————k | — p||pe >0l %
min; <j<,{z}

le [tk7 tk+l)- (414)

By using the mathematical induction method, we know

Z; a(t— 't f(s) d
EVi(2(t)) < voni - - Yor —————kcll¢p — g|[b, e >0l PO%,
min; <j<,{z;}

t e[tk te), ke N, (4.15)
From (4.3), we know y; < e”®%~%-1), Then we can use (4.2) and (4.15) to get

|x:(0) - y:(0)[”
= E\/l(z(t)) < era-0) .. orltia-tx-2) Zi il — (p”P e—l(t—to)eftto 9(s)ds

- miny <<, {2} v
Zi

< ——R|p - @|f,et )yt e (1, 1),k €N, (4.16)
min; <j<,{z}

where £ > « is a proper constant.
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From (4.16) and Lemma 2.3, we get

E|x(t>—y<t)|"_e()ZExl(t) yl(t>|”- Z (2(0))
14

=1

Kl - ‘PH ~(A-p~-y)(t-to)

zZ;
< > —
e,(n) py min; <j<,{z)}

2 Mllp - plf,e ) g > gy, (4.17)

Therefore, the conclusion of Theorem 4.1 holds.
If I;(¢) = 0, 03(¢,0,0) = 0 for ¢t > to, 1x(0) = 0, £;(0) = g(0) = 0, i,j € N, k € N then the
system (2.1) becomes the following system:

dxi( )— [ ﬂ Z} 1bz] f(x/(t)) Z Cz/( )gj(xj(t_ Tij(t)))] dt
+ ]: a,,(t x(t), x(t — (1)) dewj(t), t=>to,t 7ty

xi(te) = Lie(x(8)), =1,

xi(s) = ¢i(s), to—T <s=ty

(4.18)

with an equilibrium point x* = 0. From Theorem 4.1, we can get the following conclu-

sion. O

Corollary 4.1 Assume that the conditions (A;)-(Ag) are all true. Then the zero solution
x* =0 0f (4.18) is exponentially p-stable and the exponential convergent rate is no less than

A—p—y.

Remark 4.1 The authors in [24] obtained some new results on p-moment exponential
stability of non-autonomous stochastic differential equation with delay. The model (4.18)
without impulses is a special case of equation (2) in [24]. However, the results in [24] re-
quire the coefficients to have a common factor and /4;(t) = 0 (i € N, t > t,) in assumption
(A3) to be true.

If Ii(x) = x;, i e N, k e Nand ¢ (s) = (¢1(s),...,du(s)T € Cf’% [[Zo— 7, %], R"], from system
(2.1), we can get the following model without impulses:

dx;(t) = [ —a;(Oxi(t) + 207 by()fi((8)) + 207 ci()gi (e — 7i(0))) + Li(6)] dt
]:1 o(t,x(8),x(t — T (1)) dwi(t), t=>to, (4.19)
xi(s) = ¢z’(5)’ th—T <s=<t.

Then we can get the following conclusion.

Theorem 4.2 Assume that (A;)-(A4) hold, (A7) holds for X € (0, 8] which satisfies
(AE + P+ /Q\e“)z <0, zeQu(M). (4.20)

Then the system (4.19) is exponentially p-stable and the exponential convergent rate is no
less than A — L.
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If I;(¢) = 0, 0;(¢,0,0) = 0 for ¢ > to, £;(0) = g(0) = 0, i,j € N, then the system (4.19)
becomes the following model:

daxi() = [~ai()xi(t) + 311, by(e)fi((0)) + 3001 cii(6)gi(osi(E — ()] dit
+ Y0 oyt 2(0), x(8 - T(£)) day(8),  t > to, (4.21)

xi(s) = ¢i(s), to-T <s=t,
with an equilibrium point * = 0. From Theorem 4.2, we get the following corollary.

Corollary 4.2 Assume that (A;)-(A4) hold, (A7) holds for 1 € (0, 8] which satisfies the in-
equality (4.20). Then the zero solution x* = 0 of (4.21) is exponentially p-stable and the

exponential convergent rate is no less than A — L.

Remark 4.2 The models investigated in [14, 21] can be considered as special cases of
model (4.21), but they require the differentiability of delay functions and sup,.,, 7;(¢) < 1.

In addition, combining o7 (¢,0,0) = 0 for £ > £, with (A3z), we can get

trace[oT(t, v,u)o(t,v, u)] = Z Z Jilz»(t, v, 1)

i=1 j=1

=< Z |: (Z Wlij(t)) V]2 + (Z ni,-(t)) I/l]2 + Z hl(t)i| .
1L\ =1 i1 =

j=

However, the authors of [14, 21] require that /;(f) =0 (i € NV, t > ;) in assumption (A3)
is true.

Remark 4.3 The authors in [23] used the methods in [34, 35] to study the p-moment
exponential stability of non-autonomous stochastic Cohen-Grossberg neural networks
and obtained some new results. It is well known that the model (4.21) is a special case
of equation (3) in [23], however, the condition (12) in [23] is equivalent to requiring that
—(P(¢) + Q(2)) is a nonsingular M -matrix for all ¢ > #,. In addition, the results in [23] re-
quire that /;(¢) =0 (i e N, t > £y) in assumption (A3) is true.

5 Examples

Example 5.1 Consider the following system:

dxy () = [-(3 = 2| cos £])x1(£) + (1 + sinte™*2)f; (x1(2)) + (2 + e 01)fo ()
+ (5 + 26701, (x, (£ — 0.1] sin 20¢1))
+ (5 +e01g,(xy(¢ — 0.1] sin 30¢)))] dt
* (\I/_OExl(t) + e sin® 1 (£)) doon (£) + (%xz(t) +e7tsin? (1)) dws (2),

dzs() = [~(32 - 2| cos t)xa(t) + (2% + € O2)fy (11 () + (1 + cos £eO2))fy(xa(2)  (5.1)
+ (5 +e0%)g (xi (£ - 0.1] sin30¢1))
+ (5 +e792) g, (x, (¢ — 0.1] sin 40¢))) ] dit
+ (ﬁxl(t) +e7tsin x1(2)) don (8) + (ﬁxz(t) + et sin® x,(2)) dan (£),

10 10
xi(s) = ¢i(s), -01<s<0,
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where fi(s) =fa(s) = %(|s +1] = |s—1]), @1(s) = g@(s) =s. We can easily know t = 0.1, /; =/, =
ki =k, =1, fi(0) = /2(0) = 21(0) = g2(0) = 0, 5;5(¢,0,0) = 0, i,/ = 1,2. Evidently, model (5.1)
has an equilibrium point zero.

For oy(t,x(2), x(t — T(£))) = *I/—Ex,-(t) + e tsin? x(t), i,j = 1,2, we can derive |oy;(t, x(t), x(¢ —
()P < %sz(t) +2e7 %, that is, my(t) = 15, nj(£) = 0, hi(t) = 2e7, 7,(t) = 4™, i,j = 1,2.

Case 1. Let p = 2, by simple computation, we can get the parameters of (A4) as follows:

() (—% + 2| cost| + 2| sint|e™"* + 4e™01 &+ et >
= 1 -0.2¢ _45 3 -0.2¢ -0.2t |’
30 te€ 3¢ + lcost| +2|costle + 3e
1 —01t 1, ,-0lt 23 7
Q) = 3 +2e 2 te P10 10
7 402 10,02 ’ 1 _45
12 2 30 20

BN
I =

_ - 18 -12
QZ( > l_I:_(PJ'Q):(—O.% 1.75)’

3
&(t) = (&ilj(t))Zx2 + (&iz/(t))ZXZ = <4|COSt| 0 )

0 2| cost|
2| sin tle—O.Zt + 46_0‘” e—O‘lt
+ )
o 02t 2| cos £|e 02 + 3e02
. N 9e~01t 01t
B(t) = (ﬁi/(t))zxz = (e—O.Zt 9702t |

We can easily know that Misa nonsingular M-matrix, and we obtain

-~ 19 3
Qm((IT) = {(21,Z2)T > 0‘£21 <zZy< Ezl}.

Apparently, z = (1,1)T € QM(ﬁ), and XA = 0.54 satisfies
(LE + P+ Qe*")z = (~0.0045,-0.1999)T < (0,0).

We compute

t
J(t) é/ | coss|ds.
0

For any ¢ > 0, there must be an integer n > 0 satisfying nw — 7 <t<nmw + 7. Let t =

nn—%+u,0§u<n,thenweget

kr+% t

t
](t)ﬁf | coss|ds
0
cossds + (—1)"/ cossds

b n-1
2
:/ cossds + E (—l)kf
0 P k nr—%

n-1
=1+ ;(—l)k <sin(k7r - %) - sin(kn + g)) +(=1)" (sint— sin(mr — g))

g
)
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n-1

= Z 1)% — (-1)%- )+ (-1)" (sm(nn -5t u) - (—1)"_1>

k=1

2 T
=(2n-cosu)=—|nwr— =) +1-cosu
b4 2

IA

2
—t+(1—-cosu), O0<u<m. (5.2)
T

Since A(s) = 2| coss| + maX1<i<2{Z]21 AZ(S) + Bii(s)eT) + e%0%7y(s)) 2 2|coss| + 0% (s)
and 6‘1‘2;" 3,7 € L'[R,,R,], €*5%F,(s) = 47146 ¢ ['[R,,R,], i,j = 1,2, we easily know §*(s) €
L'[R,,R.]. Combined with (5.2), we obtain

efoté(s)ds _ eféé*(s)dse%fé\coss\ds
< efo s)dsezﬂ 64(1 —cosu)

S Me%t’ (5.3)

where M > 1 is a constant.
Thus, from Corollary 4.2, we know the zero solution x* = 0 of (5.1) is exponentially 2-

stable (see Figure 1), the exponential convergent rate is no less than 0.54 — % =0.0625.

Remark 5.1 Apparently, —(P(¢) + Q(¢)) is not a nonsingular M-matrix for all £ > 0, and
hi(t) = 2% = 0 is not true for all £ > 0, thus the results in [23, 24] are invalid for (5.1).
In addition, the delay functions 7;;() do not satisfy sup,., 7;(¢) < 1, therefore, when model

(5.1) is autonomous, the results in [14, 21] are invalid for it.

State trajectory of x ’ (t)
30 T
= 20F
<
10
O -
0 5 10 15 20 25 30 35 40
time t
State trajectory of x2(t)
30 T
. 20
=
) " M
0 -
0 5 10 15 20 25 30 35 40
time t
Figure 1 The state trajectories of model (5.1) without impulses.
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State trajectory of x | (t)
30 T
. 20 T
< 10 |
0 -
0 5 10 15 20 25 30 35 40
time t
State trajectory of x2(t)
30 T
= 20| i
™
x
10 T
O -
0 5 10 15 20 25 30 35 40
time t
Figure 2 The state trajectories of model (5.1) with impulses (5.2).

Case 2. If

x1(te) = T (x(£)) = 026 (£ ) + 0.8% %%, (£¢), (5.)
5.4
%3 (tx) = L (x(8)) = 0.6€* w1 (1) + 0.4€*Pwy (),  tu—ti1 =1L,k €N,

then we can get the following parameters of (As), (Ag), (Ag):

R oon (02 08
06 0.4

) , P(jek) =", Qp(jek) = {(21,22) > 0|z = Zz}~
Therefore, Q = ﬂ,fil(Qp(f?k)) N QM) = {(z1,22) > Olz1 = 25} is not empty. Let z =
(1,17 € Qand y; = %%, we can obtain for k € N

Iny,  Ine®*

=0.04= A—u=0.0625.
Lt — tr 1 V< H

From Corollary 4.1, we know the zero solution to (5.1) with impulses (5.4) is exponen-
tially 2-stable (see Figure 2).

6 Conclusion

In this paper, we have analyzed the stochastic non-autonomous impulsive cellular neural
networks with delays. Based on the properties of L£-operator and M -matrix, we have de-
veloped a new inequality of L£-operator. We have applied the new inequality to stochastic
non-autonomous neural networks and derived the sufficient conditions for the pth mo-
ment exponential stability of the considered system without impulses or with impulses.
Our results do not require differentiability of the delay functions and have relaxed the
conditions imposed on the diffusion coefficient matrix. The results obtained have gener-
alized some early works.
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