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Abstract

This paper is concerned with nth-order nonlinear differential equations of the form
@@ XD P2X "D @) + 1) X0 P2X (@) + () [x(g (D) [P2x(g(t) = 0 with n > 2.
By discussing the signs of ith-order derivatives of eventually positive solutions, for
i=1,...,n=1,and using the generalized Riccati technique and integral averaging
technique, we derive new criteria for oscillation and asymptotic behavior of the
equation. Our results generalize and improve many existing results in the literature.

Keywords: nth-order nonlinear differential equations; asymptotic behavior;
oscillation; p-Laplacian

1 Introduction
In this paper, we study the nth-order nonlinear differential equation with Laplacian and

deviating argument
(@@ |x" D@2 1@) + r@) [ O V) + q0)|x(g(0) [ x(g®) =0, (11)

where t € [ty, 00). Throughout this paper, we assume the following:

(H1) a(t) € C*([ty, o0), (0,00)), r(t), q(t) € C([ty, ), R), () > 0, and a’(¢) + r(t) > 0;

(H2) p>1isareal number, g(£) € C([ty, 00),R) such that lim;_, , g(£) = co.

Asymptotics and oscillation of (1.1) and related equations have been discussed by many
authors; see [1-16] and the references therein. In particular in 2014, Zhang et al. [14] estab-
lished oscillation criteria for (1.1) when n > 4 is even via the integral averaging technique
and two kinds of functions H (¢, s) and H,(t, s), employed the comparison technique to dis-
cuss the oscillation of (1.1) when n > 2 is even and the oscillation and asymptotic behavior
of (1.1) when n > 3 is odd.

By imposing some additional assumptions, in the present paper we shall discuss the
signs of ith-order derivatives of eventually positive solutions for i = 1,...,7 — 1, and we
establish concrete criteria for the asymptotics and oscillation of (1.1) for both the even-
order and the odd-order cases, where the deviating arguments may be retarded, advanced,
or mixed. Our results will generalize and improve those in [14] and many other papers for
the even-order case and develop new results for the odd-order case.
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By a solution of (1.1) we mean a nontrivial real-valued function x(¢) € C""!([t,, o0), R)
such that a(¢)|x" D (£)[P-2x""1(¢) € CY([ty, o0), R), which satisfies (1.1). Our attention is re-
stricted to those solutions of (1.1) that satisfy sup{|x(¢)| : £ > t,} > 0 for any ¢, > ;. A so-
lution x(z) of (1.1) is said to be oscillatory if it is neither eventually positive nor eventually
negative. Otherwise, it is called nonoscillatory. The equation itself is called oscillatory if
all its solutions are oscillatory.

This paper is organized as follows: After this introduction, we present the main results
in Section 2, followed by illustrative examples in Section 3. We then introduce some pre-
liminary lemmas in Section 4, which are used to prove the main results in Section 5. The

conclusion is drawn in Section 6.

2 Main results
In this section, we present our main results which provide conditions for every solution
of (1.1) to be oscillatory on [ty, 00) or convergent to 0 as t — 00. In order to state the main
theorems, we need the following notation.

For ¢, T € R such that t > T, we define

Bolt, T) = (a(t)exp(/ ’(( ;d ))_

t
ﬁi(t, T) = ‘/T ﬁi,l(s, T) dS,

B*(t,T) = B3 (t, T)Bualt, T),
ﬂ*(t: T) = min{ﬂn—l(L T), ,Bn—l (g(t): T) }¢

n-1
(E22y1, g0 <t,

1, gt) >t

Q@) =q)G(t),  G()= {

For D = {(t,s) e R? : t > s > 0}, we define

7-[={H(t,s)eCl(D,[O,oo)):H(t,t)=O,H(t,s)>0anst/(t,s)§0fort>sZO},
' Z,(s) r®\] _ Z,(s) (s
|:Hs(t,s)+H(t,s)<z(S) —E)l— { (t,s) + H(t, )(z(s) a(s))’o}’

where z € C}(R, (0,00)) is to be given in Theorem 2.1, 7, () = max{z/(¢),0}, and [ZZ/*(S) -
281, = max{[%5 - 251,0).

a(s)1t
The results in the ﬁrst theorem are valid for all p > 1.

Theorem 2.1 Let p > 1. Assume that (H1)-(H2) and

") dr) (e
/[%] ds = 00 @2.1)

hold, and either

/to exp(/to % dr)q(s) ds = 00, (2.2)
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or

1

/tooc I:/Voo<a-1(5) exp( / % dt) / exp </t: a((i)) )q(u) du) ~ ds:| dv

- 00. (2.3)

Furthermore, for sufficiently large T € R, one of the following conditions is satisfied:
() there exists a z € C\(R, (0,00)) such that

. t r() 2.
+ ds = o0,
1125013pr [z(s)cmp(/m (1) )Q( ) - BEL (s, T)] T

(b) there exists a z € CX(R, (0, 00)) such that

| 26 97T 2ls) ]
1 | 2 v
maw [ 2000 - 5[ 55 - 58] Fits exp(y 25 17

(c) there exist a z € CX(R, (0,00)) and an H € H such that

1 [H{(2,5) + H(t, $)(25 — 2))2(s)
lim sup / [H (t,5)z(s)Q(s) — 2(s ]
oo H(t,T) PP (s TIHP(t,5) exp(f,y 23 dr)
= o0.
Then:
(i) every solution x(t) of (1.1) is either oscillatory or tends to zero as t — oo when n is
odd, and

(i) every solution x(t) of (1.1) is oscillatory when n is even.
The results in the second theorem hold only for g(¢) > ¢ or g(t) < ¢ with g'(£) > 0

Theorem 2.2 Let p > 1. Assume that (H1)-(H2) and (2.1) hold. If either (2.2) is satisfied,
or (2.3) is satisfied and for sufficiently large T € R,

PN, T)/ exp(/ %dr) (s)ds>1, (2.4)
a(t
then:
(i) every solution x(t) of (1.1) is either oscillatory or tends to zero as t — oo when n is
odd, and

(ii) every solution x(t) of (1.1) is oscillatory when n is even.
The results in the third theorem hold only for p > 2.

Theorem 2.3 Let p > 2. Assume that (H1)-(H2) and (2.1) hold and either (2.2) or (2.3)
is satisfied. Furthermore, for sufficiently large T € R, there exists a z € C'(R, (0,00)) such
that one of the following conditions is satisfied:
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(a)
t 155 - s9)2)
. B ds = oo,
h?lilipff [Z(S)Q(s) 4(p-Vexp(f; 23 do)(s T)] >
(b) there exists an H € H such that
(H{(t,s) + H(t, 9)(% Z(S ] z(s) :|
4(p-1)B*(s, T) exp(ft0 P ol dr)H(t s)

h?lilsp H(tl 7 / [H(t 5)z(s)Q(s) —

= Q.

Then:
(i) every solution x(t) of (1.1) is either oscillatory or tends to zero as t — oo when n is

odd, and
(i) every solution x(t) of (1.1) is oscillatory when n is even

3 Examples
In this section, we give two examples to illustrate our main results
(3.1)

Example 1 Consider the equation
2 ! 2
< £ D ()] 73 1(t)) + 2 @)D () + 73 |x(e - 1) Sa(e 1) =

where n > 2, t € [2,00). Here we have
5al)=5r)=1,q)=t73,8@t)=t-1

(i) p=3

(i) a' @) +r) = —tiz +£2>0
2 dr) 1

exp(f r):| g

/2 [ ﬂ(S)
325 [
>e 5 2 ds = o0;
2

/oo(se(g_g))3 ds=e 5
2

(&2 5
(iii) ftzo exp(f dt)q(s) ds=["el5™5 sids>e s fy s 3ds=
Hence (H1)- (H2) (2 1), and (2.2) hold. For sufficiently large T € [2,00), we set z(¢) = 1

10 1,

and have
4 Sr(t)
limsu /|:z(s)ex (/ —dT)Q(S)—
t—>oop T P o 4 T) ﬂﬁ:ll(s, T)
t 5 5 — 1)1 3
:limsup/ e(5_25)<s‘é<7(s )1 ) >ds
t—o0 JT "
mane® [[(4(85) )
> limsupe™ 5 3
t—00 T
t 1
=limsupe” 5/ — — ds = 00.
s3

t—>00
Hence Condition (a) of Theorem 2.1 is satisfied
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By Theorem 2.1, every solution x(¢) of (3.1) is oscillatory or tends to 0 as t — oo when

n is odd, and (3.1) is oscillatory when # is even.

Remark 3.1 In Example 1 above, we see that a(t) = % is strictly decreasing on [2, 00); but in
[9], we see that its condition (H1) requires a’(¢) > 0, so the results in [9] are not applicable

to this example.

Example 2 Consider the equation
(t’x(r!—l)(t)’2x(n—l)(t))/ _ }x(n_l)(t)‘zx(n_l)(t) + £ ]x(t +1) ’2x(t +1)=0, (3.2)

where n > 2, t € [1,00). Here we have:
(i) p=4,a)=t,rt)=-1,q() =t>, and g(t) =t + 1;
(i) a'(®)+r(t)=1>0,

S 7 1 1 1
foo eXp(fl % dt) T Je e foo le(flnsﬂnl) 3 oo /oo i 3 s — oo
1 ﬂ(S) 1 S 1 s2 ’

(iii) [ exp(f; %2 dv)g(s)ds = [ exp(f; 2 dr)sPds = [ sds = co.

0 a(r)

Hence (H1)-(H2), (2.1), and (2.2) hold. With z(¢) = 1 we see that for sufficiently large

t

T € [1,00),
¢ Z(6) _ rs)72
limsup/ [Z(S)Q(s)_ [z(s) sa(S()]) z(s) ]ds
t—00 T 4(10—1)exp(ft0 %df)ﬂ*(s, T)

t t 1 t
= limsup/ 2(s)Q(s)ds = limsup/ s*-Sds= limsup/ sds = 0.
t—00 T t—00 T N t—00 T
Hence Condition (a) of Theorem 2.3 is satisfied.
By Theorem 2.3, every solution x(¢) of (3.2) is oscillatory or tends to zero as ¢t — oo

when 7 is odd, and (3.2) is oscillatory when # is even.

Remark 3.2 In Example 2 above, we see that r(t) = -1 <0 and g(¢) =t +1 > ¢ on [1,00).
But in [9], we see that its condition (H2) requires r(£) > 0, and in [14], its condition (H1)

requires g(t) <, so the results in [9, 14] are not applicable to this example.

4 Preliminary lemmas
In this section, we present several technical lemmas which will be used in the proofs of

the main results. The first one is on the signs of derivatives of certain classes of functions.

Lemma 4.1 ([10]) Let f(t) € C"([to,00), (0,00)). Assume f"(t) is of one sign and not iden-
tically zero on [t1,00) for any t; > to. Then there exist a t, > t, and an integer 0 <[ <m,
with m + [ even for f"(t) > 0 or m + [ odd for f™(t) < 0 such that

>0 implies f(i)(t)>0 fort>t,,i=0,1,...,[-1 and (4.1)

l<m-1 implies (—1)l+7(i)(t) >0 fort>ty,i=LIl+1,....m-1. (4.2)
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The next lemma concerns the signs of derivatives of eventually positive solutions of (1.1).
In particular, we derive conditions for the following inequalities to hold eventually:

()0, j=1,2,...,n—1. (4.3)

Lemma 4.2 Assume that conditions (H1)-(H2), (2.1) and either (2.2) or (2.3) hold. Let x(t)
be an eventually positive solution of (1.1). Then there exists a T € R sufficiently large such

that
(a(t) exp(/t % dr) |x(n_1)(t)|p_2x”_l(t)> <0

and x"(t) < 0 for t > T. Moreover:
(i) (4.3) holds when n is even, and
(ii) either (4.3) holds or limy_, o x(£) = 0 when n is odd.

Proof If x(t) is an eventually positive solution of (1.1), then by (H2), there exists a t; €
[0, 00) such that

x(t)>0 and x(g(t))>0, t>t.
From (1.1) and (H1), we have

(@)D @) "2 D @)+ r@) |2V ) [P 220D e)

= —q(8)|x(g®) " *x(g)) <0, t=n, (4.4)

which implies that

(a(t)exp( / s dr)|x(”‘1)(t)|p_2x”‘l(t)> <0, t>t. (4.5)

o al)

Then a(t) exp( fzf, % dr)|x"V(£)|P-2x""1(t) is strictly decreasing on [t;, 00) and eventually
of one sign. So, x""~V(¢) is either eventually positive or eventually negative.

By (2.1), from the proof of Lemma 4 in [9], we have x"~V(£) > 0. Then we can write (4.5)
in the form

(a(t) exp(/t % dr) (x(”_l)(t))p_l> <0, t>n,

which implies that for ¢ > £,

exp(/tt % dr) (a/(t) + r(t)) (x("_l)(l,‘))pf1

0

+exp (/tt % dr) (p—1a(z) (x(”‘l)(t))p’zx(”)(t) <0.

0

Thus, " (¢) < 0 eventually.
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From Lemma 4.1 with m = n — 1, there exist a t; € [£;,00)1 and an integer [, 0 <[/ <m
such that (4.1) and (4.2) are satisfied. That is,

A()>0 fort>ty,j=1,...,1-1, (4.6)
D)D) >0 fort>ty,j=0L1+1,...,m—1, (4.7)
and x(¢) is eventually monotone.

When 7 is even, by Lemma 4.1, / must be an odd number. By (4.6) and (4.7), we can get
x'(t) > 0. Hence

lim x(¢) exists and is positive or lim x(¢) = co. (4.8)
t—00 t—00

In this case, we claim that / = m = n — 1. Otherwise, we obtain the odd integer [ <m —2 =
n—3. By (4.7), we get

(1) xm D) 50 and (=) 21D (1) > 0. (4.9)
This means
2 D) = x" D) <0, 22() = 2" () > 0,  t € [y, 00). (4.10)

It follows from (4.8) that there exist a 7' > t; and b > 0 such that x(g(¢)) > b for t > T.
From (4.4) and (4.5), and "1 (¢) > 0 we have

O e p_1>/ o ( ‘o )
(a(t)exp(/ () )(x (t)) <-b""exp /to 2@) q(t). (4.11)

If (2.2) holds, by integrating (4.11) from T to ¢ with £ > T we obtain

a(t)exp </t % d‘r) (x(n—l)(t))P—l
(r) *r(z)
§u(T)exp</t0 ;(Z) )( - b~ / exp(/to a(z) )q(s)ds

— —00 ast— 0o,

which contradicts the fact that x~Y(¢) > 0 for ¢ € [, 00). Hence, [ = m = n — 1 and (4.3)
holds. If (2.3) holds, by integrating (4.11) from ¢ to u with T' < t < u we obtain

aree [ o
Za(u)exp(/ r((T)) )( "1)() L / (/‘Sﬁdt)q(S)ds
> b’ /ex (/ —dr) (s)ds.
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Taking the limit as ¥ — 0o, we have

() = b(a‘l(t) exp (— / t % dr) / ) exp( / s % dr)q(s) ds)’ﬁ.

Since x"~2(t) < 0, integrating the above inequality from ¢ to v with T <t < v we get

~#02(0) = 2" D) -2

> b/v<a‘1(s)exp(—/s %dr) /Ooexp</u %dt)q(u)du)m ds.

Taking the limit as v — oo, we obtain

—x"D(5) = b/oo<a‘1(s) exp(— /S %dt) /oo exp(/u %m)q(u) du)lﬁ ds.

Since "3 (¢) > 0, integrating the above inequality from T to ¢ with ¢ > T, we get

x"3N(T) > I () + x3N(T)

o L[ (e[ 55 )
X /soo exp(/tou % dr)q(u) du) a ds:| dv.

Taking ¢ — 0o, we obtain
o0 o0 1 S ﬂ o0 u @ ﬁ
/T [/V <a (s)exp(—/t0 a(t)dt)/s exp(/to a(r)dt)q(u)du) ds:| dv
< b %" 3(T) < 0,

which contradicts (2.3). Hence, [ = m = n — 1 and (4.3) holds.

When nis odd, by Lemma 4.1, / must be an even integer. By (4.6) and (4.7), we have either
x'(t) > 0 or x'(£) < 0. That means lim;_, o, x(£) = ¢ > 0. We claim that if lim,_, o, x(¢) # 0, then
[ = m = n - 1. Otherwise, there is the even number [ < m — 2 = n — 3 such that (4.9) and
(4.10) hold. By a similar argument to above, we can reach a contradiction to (2.2) or (2.3).
This completes the proof. d

Lemma 4.3 Let conditions (H1)-(H2), (2.1), and either (2.2) or (2.3) hold. Assume x(t)
is an eventually positive solution of (1.1) satisfying (4.3) eventually. Then there exists a
T € [y, 00) such that for t € [T, 00),

X()= (u(t) exp ( / 1) dT))mx(”‘”(t)ﬂn_z(t, 7)

a(t)

and

x(t) > (a(t) exp< / (@) df>)”'l V@) B, T).

o al®)
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Proof Since x(t) is an eventually positive solution of (1.1), by (H2), there existsa T € [£y, 00)
such that x(£) > 0, x(g(¢)) > 0, and (4.3) holds for ¢ > T.
Noting that (a(t) exp( ft; % dr) (@ V()P <0 for t > T, it follows from (4.3) that

1

¢ (als) exp( [, 22 dr) (D ()71
ds

22(8) = x"I(T) + /
T (als)exp(f, =D dr))P I

tr(r) = ~ ¢ 1
> (a(t)e p( ZE )) x" V() a
( ) / a(t) /T (a(s)exp(ft0 e df))” -

= (a(t) exp ( / t % dt)) Iﬁx(”’l)(t)ﬁl(t, T).

Integrating the inequality above from T to ¢ for t > T, we get

t

x(n_g)(t) :x(n—B)(T) +f x(n—2)(s) ds

T

)+ <S)exp (—) ))_ "D ()By(s, T) ds

> (a(t)ex < t%dr)) -( / Bi(s, T
= (ﬂ(t)c:xp( r(r) ))1 (6B, T).

It is easy to see by induction that

#(0)=2 (“‘”exp(/ a((T;d )) 0B (t, T),

x(t)z(a(t)exp( f a((?) )) A6 T).

This completes the proof.

1
-1

Similar to [16], Lemma 2.3, we have the following lemma.

Lemma4.4 Let g(u)=Bu—-Au 7 5 , Wwhere A and y are positive numbers, and B> 0. Then

g attains its maximum value on [0,00) at u* = (A( ! ), and

. yy By+1
ui?gfag —g(u ) S (y+Drel A

5 Proofs of main results
In this section, we give proofs for our main results by employing generalized Riccati tech-

niques and integral averaging techniques.
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Proof of Theorem 2.1 Suppose to the contrary that (1.1) has a nonoscillatory solution x(z).
Without loss of generality, we may assume that x(t) is eventually positive. Then, by (H1)-
(H2), there exists a T € [ty, 00) such that for £ > T, x(¢) > 0, and Lemmas 4.2 and 4.3 hold.

When 7 is odd, from Lemma 4.2 we see that (4.3) holds or lim;_, o, x(¢) = 0. If (4.3) holds,
(1.1) reduces to

(@@ @ D@) ) + ) (@O + g0 (x(g0))) T = 0. (5.1)

Multiplying by exp( ftf, % dt) on (5.1), we have

" r(z) e a1\ " r(r) -
(a(t)exp(/t %dt)(x( 0O 1) +exp(ft %dr)q(t)(x(g(t)))p '20. (5.2)

0 0

The rest of the proof is separated into three parts corresponding to conditions (a)-(c),
respectively.

Part I: Assume condition (a) holds. Define

L exp( [, 29 dr)a(t)(x" (1))
t):=

fort>T.
#(1) o=

Then v(¢) > 0. From z(¢) > 0, a(¢) > 0, x(¢) > 0, "D (¢) > 0, and (5.2), we have

V(t) = (a(t) eXp(/tt % df) (x(n—l)(t))p—l) <xpz_(1t()t))
t I"(‘L’) n— - Z(t) !
' (eXpUto a(7) dt)“(t) ) 1) (»cv—l(t))

—exp(f,, 25 dr)q(t)(x(g(8)r !

=0 »1(0)
! (1) - N\ [Z®)xP1(t) — z()(m)xP2(£)x' (£)
+ <a(t) exp(/to e dr) (x( 1)(t))p 1>|: o 1(0)? ]
—2() exp(f,; 53 d)q(t) (x(g(1))~!
- 2(2)
Z,(B)(a(®) exp(f,, 55 do)" V()
+ 1
X (t)
(a(t) exp( [y, 25 dr) (=" D) )z()(p - Va2 () ()
B (1(0))?
—z(t) exp(f,; 2D dr)q(t) (@)™ Z,(£)(a(®) exp(f, 5D dr)@" V()
. 1(0) ' #1(0) '

By the Kiguradze lemma [8], which shows that if a function y(t) satisfies y?(¢) > 0, i =
0,1,2,...,k and y**V(¢) < 0, then y(t)/y'(t) > t/k, we have
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Thus, we see that x(¢)/£"! is nonincreasing, and when g(t) < ¢, we get

x(g(2)) - g ()
x() — ol

When g(t) > ¢, by x/(£) > 0, we get

x(g(0) 1
x() —

It follows that

1
(x(g(t)))p > G(o). (5.3)

x(t)

Then, by Lemma 4.3, we obtain

V(t) < —z(t) exp ( f % dt)q(t)G(t) + ﬁ’”ﬁ((;)T)'
‘0 n-1\%

Integrating the above inequality from T to ¢ for t > T, we get

! *r(r) Z,(s)
/T [z(s) exp(/t;) M dt)Q(s) - e T):| ds <v(T) —v(t) <v(T).

Taking lim sup on both sides as ¢ — 00, we obtain a contradiction to condition (b). There-
fore, every solution x(¢) of (1.1) is either oscillatory or tends to zero as ¢t — oo.
Part II: Assume condition (b) holds. Define

_ Zt)a@®@" V)"

w(t) : pr=ye

fort>T. (5.4)

Then w(¢) > 0. From z(¢) > 0, x(¢) > 0, x"V(¢) > 0, we have

, - Sy (D) 1) ® \
w(t) = (at) (")) (xfl(t)) + (@ (") 1)<xpzl(t)>
—r(t)@" () - q(t) (x(g(2))P ™

xrL(t)
e 1\ [ 2@ 7H(E) — 2(8) (n1) P2 (£)x (2)
+ (alt) (<" (8)) 1)[ =T }

- HOr OGO - 20qOEEE) 2, O@@E"©)
= () 1(t)

_ @@ PP e - a2 0x (1) (5.5)

((2))?

= z(t)

From (5.3), we have

Z.(t)  r(t)
20 %]W(”

(@@ "D @)™M)z(t) (p - Va2 (2)x (£)
- (xr1(2))? '

w(t) < —z(t)Q(t) + [

(5.6)
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From Lemma 4.3, we get

@@ "D z(E) (p - a2 (2)x (£)
- (xP1(2))?

aOz(t)(p - 1) @i (2P (O DY (1)
(,11% (t)z% () x(t) x0-D(t)

_ - DB D exp(h S 5B.d) g7 ()28 (1) (D (1)
- 21 (2) PA0)

Setting y = p — 1, we have

W(E) < -2(0)Q() + [ AU ’(”} w(t)

20 al®)
R T)exp( L [y f8dr) .
Zp (¥)
20 o)
< 2O + [ - @} wit)

-1)B,2& T L [t 1) gr y+l
B ([9 )ﬁ Z(t )]_exp(n to a(t) ) wr (L‘) (5.7)
zr 71 (t)

Let

_ [z’ (t) r(t)] y (B - DBua(t, TYexp(Y; [y 25 d .

() a(t)], pl(t)

Then by Lemma 4.4, we obtain, forall £ > T,

w(t) < —z(t)Q(¢t) + |:Z/ L@) () :|p - ( z(t)

t) a(t)], L T)exp(ft0 LGN

a(t)

Integrating the above inequality from T to ¢ for > T, we get

L) )7 2(s) }
- == - d
/ [Z(S)Q() [Z(S) (S)i| B 2(3, T)exp([: @) gr) ’

to a(t)

<w(T)—-w(t) <w(T).

By taking limsup on both sides as ¢ — 0o, we obtain a contradiction to condition (c).
Therefore, every solution x(¢) of (1.1) is either oscillatory or tends to zero as £ — oo.
Part III: Assume condition (c) holds. From (5.7) we have, for H € H, and t > T,

fH(ts)zs)Qs)ds< /Hts S)d3+/Hts ()|:Z (s r(s)]d

() als)
/t (0 DBuals, Dexp(ly [ XD dr)
— | H(t,s)

w7 (s)ds.

Zp (s)
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By integration by parts we obtain
t t
—/ H(t,s)W(s)ds=H(t, T)w(T) + / H.(¢,s)w(s) ds.
T T

It follows that

H(t §)2(s)Q(s) ds < H(t, T)w(T) + f t[H (t,5) + H(t, )(Z -9 ’(S)>] w(s) ds

T () als)
1 - ’ L s Md y+1
/ Hi(t, s)(p frals )exp( -1t o) T)WT(S)ds.

2p1 (s)

Lety =p—1, u=w(s) and

oy Z,(s) r(s)
= [Hs(t,s) +H(t,s)< ) a(s)>] )
(p—1D)Buls, T)CXP(I, 1 to ) dT)

zP- (s)

A=H(t,s)

by Lemma 4.4 we obtain, for all £ > T,

: e IHU(ts) + Hits) (28 - 19 )]+2(s)
H(t, ds < H(t, T)w(T
/T (t,5)z(s)Q(s) ds < H(¢t, T)w( )+/; B (s, T)HP-1 (2, )p? exp([° B ﬂ(r) ) dr)

That is,

s <w(T).

), t[Hu Q) - D O] - LZ(S) ]
H(T) Jr ’ 2B (s, T HP-(¢, S)CXP(/;O @

By taking limsup on both sides as ¢ — 0o, we obtain a contradiction to condition (d).
Therefore, every solution x(¢) of (1.1) is either oscillatory or tends to zero as £ — oo.
When 7 is even, from Lemma 4.2 we see that only (4.3) holds. Similarly, we can show
that (1.1) is oscillatory. We omit the details.
The proof is complete. d

Proof of Theorem 2.2 Suppose to the contrary that (1.1) has a nonoscillatory solution x(z).
Without loss of generality, we may assume that x(¢) is eventually positive. Then, by (H1)-
(H2), there exists a T € [£g, 00) such that for £ > T, x(£) > 0, and Lemmas 4.2 and 4.3 hold.

When 7 is odd, from Lemma 4.2 we see that (4.3) holds or lim;_, x(¢) = 0. If (4.3)
holds, we set ¢(¢) := a(t) exp(ftg % dt)(x" V()P Then ¢(t) >0 and ¢'(t) <O for t > T,
and lim;_, o, ¢(£) = ¢ > 0. By (5.2), it follows that

¢'(£) + exp ( / % dt)q(t) (x(g))" " =0. (5.8)

Integrating both sides of (5.8) from ¢ to oo, we obtain

r—¢) + / exp< f %dr)q(s)( (¢())" " ds=o. (5.9)

Page 13 of 16
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When g(¢) > t, we have

¢ -0 + (x@)" / exp < fto % dt)q(s) ds <0,

t

by which we have reached a contradiction if ft exp([*
I exp(ft0 ;? dt)q(s) ds < oo, we get

o ool [ 2 ae)a
o(t) > (x(t)) /t exp(/ 20) dt |q(s) ds.
By Lemma 4.3, we obtain
p-1 Q )
BE(t, T)/ exp</ ()d‘L' (s)ds
(t T)/ exp(/ —dt)q(s) ds<1,

which is a contradiction to (2.4).
When g(¢) < t and g'(¢) > 0, by (5.9), we get

dr)q(s)ds = oo. If

to a(r

£ = 9(0) + (x(e0)) / exp( / %dr)q(s)ds<0

by which we have reached a contradiction if ft exp(/[* dt)q(s)ds = o0. If

fz exp(fto ;i) dt)q(s) ds < 0o, we get

to a(r

P(g(®)) = ¢(t) > (x(g(t)))p_lf exp(/ % dr)q(s) ds.

By Lemma 4.3, we obtain

BN, T)/ exP</ %dr) (s)ds
< B (g(0), T) / eXp< / %df)q(s)ds<1

which is a contradiction to (2.4). Therefore, every solution x(t) of (1.1) is either oscillatory
or tends to zero as t — 00.

When 7 is even, from Lemma 4.2 we see that only (4.3) holds. Similarly, we can show
that (1.1) is oscillatory. We omit the details.

The proof is complete. 0

Proof of Theorem 2.3 Suppose to the contrary that (1.1) has a nonoscillatory solution x(z).
Without loss of generality, we may assume that x(¢) is eventually positive. Then, by (H1)-
(H2), there exists a T € [ty, 00) such that for t > T, x(t) > 0, x(g(¢)) > 0, and Lemmas 4.2
and 4.3 hold.
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When 7 is odd, from Lemma 4.2 we see that either (4.3) holds or lim;_, o, x(¢) = 0. If (4.3)
holds, the rest of the proof is separated into two parts corresponding to conditions (a) and
(b), respectively.

Part I: Assume condition (a) holds.

Define w(t) as in (5.4). By x(¢) > 0, and (5.6) we obtain

Z(0) @] ® @@z @) (=D (0)x' (1)
0 a0 (xP1(2))? 2(t)a(t) (x D (p))p-1

Z() r() -2 X 2
Z(t)  a(t) ]W 0- z2()a(t)(x" 1 ())p2 x0-D(2) (wia))”

w'(t) < -z(6)Q(t) + [

< _20Q() + [

From this and Lemma 4.3, we get

B (6, T)(w(1))". (5.10)

20 ’(f)} (p-Dexp(fy Z5dr)

w(t) < -z(H)Q(®) + W(t)[ 20 al) 2(?)

By completing the square for w(t) on the right-hand side, we have

W) < —2(0Qe) + 170~ 01O
. 4(p - Dexp(f, 55 d0)B (0 T)

Integrating the above inequality from T to ¢ for ¢ > T, we get

: (53 - e
/T[z(s)Q(S)— ap-1)e p(fs @) ;dT)B*(s, T)

to a(t

] ds < w(T) —w(t) < w(T).

Taking lim sup on both sides as ¢ — oo, we obtain a contradiction to condition (a). There-
fore, every solution x(t) of (1.1) is either oscillatory or tends to zero as t — oo.

Part II: Assume condition (b) holds.

Based on (5.10), the proof is similar to those of Part III of Theorem 2.1 and Part I of
Theorem 2.3, and hence it is omitted.

When 7 is even, from Lemma 4.2 we see that only (4.3) holds. Similarly, we can show
that (1.1) is oscillatory and hence omit its proof.

The proof is complete. g

6 Conclusions
In this paper, we have discussed the asymptotics and oscillation for nth-order nonlinear
differential equation (1.1), where the deviation argument g(t) may be retarded, advanced,
or mixed. Under certain assumptions, we have derived a complete characterization of
an eventually positive solution x(¢) of (1.1): there exists T € R such that for all ¢ > T,
(a(®) |2 V(@) |P22"1(2)) < 0, 4" (¢) < 0, and
1) 22 >0 (/=12,...,n—1) when n is even;
(i) either x(£) >0 (j=1,2,...,n —1) holds or lim;_, », x(t) = 0 when # is odd.
By using generalized Riccati techniques and integral averaging techniques, we have
proved that under a number of conditions:
(i) every solution x(¢) of (1.1) is oscillatory or tends to zero as t — oo when # is odd;
(i) equation (1.1) is oscillatory when # is even.
Also, we have given two examples to illustrate the obtained results.
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