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1 Introduction
In this paper, we consider the following initial-boundary value problem for the General-
ized Regularized Long Wave (GRLW) equation:

Up + Uy + a(up)x — By =0, x€(x1,xz),t€(0,T], (1.1)
M(x’ O) = MO(x)r X € [erxR]’ (12)
u(xr,t) = ulxg,t)=0, t€[0,T], (1.3)

where u(x) is the given known function, p > 2 is an integer and «, § are constants. The
RLW equation (p = 2) is originally introduced to describe the behavior of the undular bore
by Peregrine [1] and plays a major role in the study of nonlinear dispersive waves, such as
shallow water waves and ion acoustic plasma waves. Mathematical theory for this equation
was presented in [2, 3] and the references therein. Due to nonlinearity of the GRLW equa-
tion, only a few exact solutions exist [4]. Therefore, the higher accurate numerical methods
are essential for capturing physical phenomena accurately. Many efforts have been made
to develop numerical method for solving this equation, such as the variational iteration
method [5], the finite difference method [6-10], the Fourier pseudospectral method [11,
12], the Galerkin element method [13, 14], the Adomian decomposition method [15, 16],
the collocation method [17, 18], and others.
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In addition to the nonlinearity, another interesting feature of the GRLW equation is that
it has both stable and unstable solitary-wave solutions when p > 5 [19]. Bona et al. [20]
proposed a high-order accurate pseudospectral scheme to approximate the solutions of
the GRLW equation and to examine the dynamics of the suitably perturbed solitary waves.
In their experiments, they found that unstable solitary waves may evolve into several, sta-
ble solitary waves, and the positive initial data does not need the feature of the solitary
waves for the long-time asymptotic behavior. Also, similar discussions for the generalized
Benjamin-Bona-Mahony equation can be found in [21].

On the other hand, spectral and pseudospectral methods have been developed rapidly
in the past two decades. They have been applied to numerical simulations in many fields
because of its high accuracy. For instance, the stability analysis for linear time-dependent
problems can be found in [22, 23]. Some pioneering works for nonlinear equations were
initiated by Maday and Quarteroni [24] for steady-state spectral solutions. Also note the
analysis of one-dimensional conservation laws by Tadmor [25, 26], semi-discrete viscous
Burgers’ equation and Navier-Stokes equations by Weinan [27], Fourier spectral projec-
tion method for Navier-Stokes equations by Guo and Zou [28], fully discrete (discrete
both in space and time) pseudospectral method applied to viscous Burgers’ equation and
Boussinesq equation in [29, 30] by Gottlieb and Wang, and Fourier spectral approxima-
tion to the flow of liquid crystals [31] by Du et al., and so forth.

In this paper, we present a fully discrete semi-implicit Fourier pseudospectral method
for the GRLW equation, with periodic boundary condition on [x;,xg]. This periodicity
assumption is reasonable if the solution decays exponentially outside [x7,xz] for large
enough x; and xp. For the theoretical analysis, the convergence analysis follows the com-
bination of consistency analysis for the proposed scheme and the stability analysis for the
numerical error function. The consistency analysis shows that such an approximate solu-
tion satisfies the numerical scheme with an O(A¢2) accuracy in time and a spectral accu-
racy in space. Based on the a priori estimate, a detailed error estimate is performed by an
aliasing error control estimate for the nonlinear terms, and the a priori assumption can be
recovered. Additionally, various numerical experiments are given to verify the theoretical
analysis, wave interaction and evolution of the unstable solitary wave, respectively.

The remainder of the paper is organized as follows. In Section 2, we review the Fourier
pseudospectral method and present a second-order in time linearized semi-implicit
Fourier pseudospectral scheme for the GRLW equation. In Section 3, the consistency
analysis is discussed in detail, and the stability and convergence analysis are reported in
Section 4. Finally, we present we present many numerical simulations related to different

types of the GRLW equations in Section 5.

2 Numerical scheme
2.1 Reviews of pseudospectral approximation
For f(x) € L*(R), Q = (0, L), with Fourier series

o0

f(x) = ZﬁeZHilx/L’ Withﬁ _ /f(x)e—2nilx/L dx,
Q

I=—00
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its truncated series is defined as the projection onto the space BY of trigonometric poly-
nomials in x of degree up to N, given by

N
PMf(x) _ ZﬁeZJrilx/L.

I=-N

To obtain a pseudospectral approximation at a given set of points, an interpolation oper-
ator Zy is introduced. Given a uniform numerical grid with (2N + 1) points and a discrete
vector function f where f; = f(x;), for each spatial point x;. The Fourier interpolation of
the function is defined by

N
(Inf) ) = Y (FN) ek, 2.1)
I=-N

where the (2N + 1) pseudospectral coefficients (}?CN ); are computed based on the inter-
polation condition f(x;) = (Znf)(«x;) on the 2N + 1 equidistant points. These collocation
coefficients can be efficiently computed using the fast Fourier transform (FFT). Note that
the pseudospectral coefficients are not equal to the actual Fourier coefficients; the differ-
ence between them is known as the aliasing error. In general, Pyf(x) # Znf(x), and even
Pnf(x:) # Inf (x;), except of course in the case that f € BN.

The Fourier series and the formulas for its projection and interpolation allow one to
easily take derivative by simply multiplying the appropriate Fourier coefficients (ch ) by
2[ri/L. Furthermore, we can take subsequent derivatives in the same way, so that differen-
tiation in physical space is accomplished via multiplication in Fourier space. As long as f
and all is derivatives (up to mth order) are continuous and periodic on €2, the convergence
of the derivatives of the projection and interpolation is given by

[0%F (%) = *Pnf )| ;2 < C|f]| 1", for 0 <k <m,
d (2.2)

X) =0 AN 2 < mh" ™, for0<k<m,m>—,
|94 () = O Tnf ) ;2 < Cllf llmh™*,  for 0 <k < :

where d denotes the space dimension, |[f |2 = ([, f?(x) dx)"%, and

V1l = ( /Q > |(D°‘f)2(x)|dx>1/2.

|| <m

For more details, see the discussion of approximation theory by Canuto and Quarteroni
[32].
For any collocation approximation to the function f(x) at the points x;

N
f(xz) _ (INf)i - Z (}?cN)leznilxi/L, (2.3)

I=-N

one can define discrete differentiation operator Dy operating on the vector of grid val-
ues f = f(x;). In practice, one may compute the collocation coefficients (fN), via FFT, and
then multiply them by the correct values (given by 2/xi/L) and perform the inverse FFT.
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Alternatively, we can view the differentiation operator Dy as a matrix, and the above pro-
cess can be seen as a matrix-vector multiplication. The same process is performed for
the second 92, where the collocation coefficients are multiplied by (—472/?/L?). In turn,
the differentiation matrix can be applied for multiple times, i.e., the vector f is multiplied
by D%

Since the pseudospectral differentiation is taken at a point-wise level, a discrete L2 norm
and inner product need to be introduced to facilitate the analysis. Given any periodic grid
functions f and g (over the numerical grid), we note that these are simply vectors and

define the discrete L? inner product and norm

2N

1
Iflla = V(£ £), with{f,g)=—— ) fig. (2.4)
2N +1 pars

The following summation by parts (see [29]) will be of use:

(f, Dng) = —(Dnf, ), (f. D3 8) = —(Dnf, Dng). (2.5)

2.2 Numerical scheme

Since the standard second-order Adams-Bashforth extrapolation formula involves the nu-
merical solutions at time node points ", "%, with the well-known coefficients 3/2 and
—1/2, respectively, we propose a linearized semi-implicit Fourier pseudospectral scheme

with second-order accuracy in time as follows:

n+l n
(1- ﬁDﬁ,)% + ’DN(gu” - %u”_1> + ozDN(<;(u”)p - %(u”‘”‘”)) =0. (2.6)

Remark 2.1 Sloan [11] investigated the RLW equation (p = 2) by a three-level explicit
Fourier pseudospectral scheme. But numerical tests indicated that the high accuracy in
space can only be matched in time with the second-order leap-frog discretization under
a strict stability condition. Furthermore, the formal stability and the convergence analysis

were not pursued in his work.

Remark2.2 Although another implicit Fourier pseudospectral scheme discussed by Djid-
jeli et al. [12] for the GRLW equation can ensure the unconditionally stability, a set of non-
linear algebraic equations has to be solved by a linearizing pseudospectral scheme by the
Taylor expansion. Similar to the previous statement, a detailed theoretical analysis also

was not given.

3 Consistency analysis
Without loss of generality, C denotes a general positive constant, which may have different
values in different occurrences. Meanwhile, some function spaces and norms are defined

as follows:

T
N 20,7207y = (/ 17 dt) ) fllzooo,7:1ry = sup [If llmrs
0

0<t<T
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and corresponding semi-discrete versions are given by

N
W20, 7:mm) = At2|lfk|
k=0

MR
H" N

Similarly, other norms used in the next text can be defined and we omit the details.

i[r’ Hf”lw(O,T:Hr) = 02}(2)1&[](|Lfk|

3.1 Truncation error analysis for Uy
Denote by i, the exact solution and

Un(x,t) = Pnue(x, £). (3.1)
From (2.2), the following approximation estimates are clear:

| Un — uellzoo0, 717y < CH" |tte | oo 0, ;00m4r),  forr =0, (3.2)
and

8% (U — ue)| forr>0,0<k<2, (3.3)

H" S Chm || atkue ||Hm+r’

which comes from the fact that Btk Uy is the truncation of af u, for any k > 0, since projec-

tion and differentiation can commute,

ok ax *u,(x,t)

ﬁUN(X, t) = ﬁPN”e(x, t) = PNT (34')
Consequently, the following linear estimates are straightforward:

||8t(uN - ue) ||L2 = Chm“atue”H””: (35)

|02 (Un = uae)|| .2 < CH™ tte || e, (3.6)

00 02 (U — ue) | ;2 < CH™ (| 0sthe| pyms>- (3.7)
Again, a discrete || - ||, estimate should be given in the local truncation derivation. Note

that

|0:(Un = ue) ||, = | Zn (0:(Un = 10)) || 2 < || 0:(Un = 110) | 12 + |00 Tnvite = 1) | 120 (3.8)
where the fact Zyd;Uy = 3;Uy is applied, since 3,;Uy € BY. The first term on the right-
hand side of (3.8) has an estimate obtained from (3.5), and it follows from (2.2) that the
second term also is bounded by

|0:(@ntse — 1) | ;> = | Ty Osthe — Osaell 2 < CH™ || ptte | . (3.9)

Therefore, from (3.5), (3.8), and (3.9), we have

|0:(Un — ue) ||, < CH™ (| 0sthe|pm- (3.10)
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Similarly, we have

Hax(uN - ue)Hz =< Chm”ue”HW‘*lr ”at 8?(1,[1\[ - Me) ”2 E Chm||atue||Hm+2~

For the nonlinear term, from the expansion 9,5 = pu‘g_l(ue)x and

8, (1l — UL = pul ™ (), — pUL (Un)s

= pUS (e = Un)x + p(u2 ™ = URT ) (1)

p-2

_ —2—k

= PUN (e = Un ) + plute) (i — Un) Y ub UK,
k=0

we get

|0 (2 = LX) | 12
< C(IUNIZ= Ntte = Unllpn + Nltte = Uncllzoe (et 125 + 1 U I55) ot )

p »
< Cllste = Unllpn ltelln < CH™ Nutel g g5

in which the 1D Sobolev embedding is used.
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(3.11)

(3.12)

(3.13)

Furthermore, from (2.2), the following interpolation error also can be derived in a similar

analysis:

|0ta? = I (9:22) || 12 < CH" 002 | yon < CH" k1% NN gy,

|0sly = In (9U5) | o < CH™ 0L |y < CH™ s il s

[

Then the combination of (3.12), (3.13), and (3.14) yields

[0 (2 = LR, = [ Znos (it = UR) | 12
= [0, (2 — UR) — 0uta? + Inosud? + 9, Uy, — InocUR) |,

< |9 (2 = UR) | > + || 84 — T (B,2)

I I

< CH™ el Nutel| pymsn
Thus, the bounds on the projection error and its derivatives indicate that
Uy — By Uy + 0 U + UL, = 81t — Byxsthe + Oxlhe + adul +1 =1
with |71 ]|, < Ch™, since u, is the exact solution.

3.2 Truncation error analysis in time

(3.14)

2+ || 0l = Iy (3,UR) | -

(3.15)

(3.16)

For simplicity of presentation, we assume 7 = KAt with an integer K. Our approach is

based upon the following simple, but fundamental estimates [33].

Lemma 3.1 [33] Forf € H3(0, T), we have

“th“lz(O,T) < CAL"||[f | mr(0,15

(3.17)
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n+l_gn
with tif" = L f — f(t™12), for 0 < m < 2, where C only depends on T, Iz is a
discrete L* norm (in time) given by lgll20,1) =/ At ZK !

Lemma 3.2 [33] Forf € H*(0,T), we have

1
K-1 3
”D ?f”ﬂ 0,T) (AtZ(D?/?.fml/Z)Z) =< Clif 20,15 (3.18)
n=0
K-1 3
1D 20,1, (AtZ Df") ) < Clf 20,1 (3.19)
n=0

4(fn+1 _ 2f( . tn+1/2) +fn)

fn+1 _ 2fn +fn—1
At? '

, D2 no_
f At?

with D?/an+l/2 —

where C only depends on T.

For the approximate solution Uy, define its vector grid function U"” = ZUy as its inter-
polation: U}" = Uy (x;, t").

Theorem 3.1 For any fixed time T, assume that the problem (1.1)-(1.3) possesses a unique
solution u, such that u, € L*(0, T; H"*Y) N H3(0, T; H?). Let Uy be the approximation
solution and U be its discrete interpolation. Then we have

e 3 1
1-gD2)———= py(2ur -t
(=AY~ N(z 2 )

. aDN<(%(L[”)p - %(un—l)ﬁ)) _ o (3:20)

where T satisfies

1/2
Il : (Atzn ‘Ck||2> <C(A2 +H"™), (3.21)

in which C only depends on the regularity of the exact solution u,.
Proof According to Lemma 3.1, letting m = 2, we have

un+1 u"
N = (ot £8) + (), (3.22)

with |72l 20,1) < CAL N Un ()| 130,71y < CAL[ttel 1130, 7 In turn, an application of a dis-

crete summation in 2 yields
72l 20,72y < CAL|| UN(')”HS(OYT;LZ) < CAL |ltell 30, 7:12)- (3.23)

Using a similar argument, we also can arrive at

azun-v-l aZUn 1
% DuweUn (- 87°2) + TJ (), (3.24)
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which leads to

I3l 20,72 < CAL || 82U (- , < CAZ | Un(-

) H H3(0,T;L2 ) ” H3(0,T;H2)

<CAP ll2te | 130, 7:112)- (3.25)

Since (3U}, — LU) € BY, the following result is valid:

3 1 3 1
D Sqm_ n-1 —I 8x Sy o_ n-1
H N(zu 2! ) ( (2”” 2 ))

where 7 is the discrete operator of the continuous function at fixed points. Also, one can

-0, (3.26)
2

observe that

3 1 1 1
Uk - Uk = Un (23 + § APDyply = - APD Uy, (3.27)
and denote
3 1 .4 1
dy Eu;:[ - Eu;:[ = 0 Un(- 1" 2) + 77 (). (3.28)

An application of Lemma 3.2 also yields

|D}noxln | oo 7y < ClOUN 201, | PE3UN 20,7y < CllOxUn 20,1y (3:29)
As a result, the combination of (3.26)-(3.29) implies that

lzall 20,72 < CAE|| UN(')”Hz(OYT;Hl) < CAL|tellp2(0,7:01)- (3.30)

For the nonlinear term, let

() - 50" ) =ity 20 ean

First, we have the following estimate:

oGy - sy -z (oSt - ay™))

3 n 1 n-1
)" -5 (Uy)

2

< Ch"

Hm+l
= O ([ o + 1L )

S Chm ” UN ||ioo(0'T;Hm+l)' (3‘32)

Similar to (3.27), one can get

3 n 1 e 1, 1 1
ax<5(u;’,) - E(u]{’[) 1) = QU (10 + gAtsz/zaxLIf\’, - EAtszaxL[f\’,, (3.33)
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which leads to

(o Gty - @) - eh)

< AP Dyl

2

1
)+ EAtz |D} o U, (3.34)

HH ”1—12’

where the estimate (2.2) is applied in the last step. Meanwhile, using the Holder inequality,
the Sobolev imbedding, and the first- and the second-order time derivative of U}, we can

get

1,202 < CIUNI (3.35)

H H2(0,T H2(0,T)"

With the same analysis above of the term ||74]|2, the direct estimate of ||z5]|5 is given as
follows:

sl 20,7,2) < CAL|| UN(')HHz(o,T;Hl) < CAL||tellp2(0,7:01)- (3.36)
Therefore, the second order in time consistency of the approximation solution U is ob-

tained. With the truncation error analysis of Uy, we can get the result (3.21), in which

T =ZIn(T1 + T2 + BT3 + T4 + aT5). This completes the detailed consistency analysis. O

4 Stability and convergence
Lete! = U —u,and denote by u}, € BN, €}, € BN the continuous versions of the numerical
solution #” and e”, with the interpolation formula given by (2.1), respectively.

The following lemma is critical to our analysis and enables us to obtain an H” bound of

the interpolation of the nonlinear term (for detailed proof, see [29]).

Lemma 4.1 [29] For any f € BPN (with p an integer) in dimension d, we have

IZnf Nk < (VD)2 Nl g (4.1)

Moreover, the following preliminary estimate also will be used in the later analysis.

Lemma 4.2 At any time step t*, k > 0, we have
lex | = G(IPnet], + 1), (42)

Proof From the Poincaré inequality, we have

f ok dx ) (43)
Q

Since UL, uk, € BN, ek, = UX — uk, € BN holds, which also shows that

el = Gi (ol +

[oxenl 2 = [ D]l (44)
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On the other hand, we recall that the solution of the GRLW equation (1.1) is mass con-

servative:

/Que(~,t)dx:/;2ue(-,0)dx,

for V¢ > 0. Considering Uy is the projection of u, into BY, we have

/QL[N(-,L‘)dxzLue(-,t)dxzéue(-,O)dx=LUN(-,O)dx,
N-1 g _

for Vt > 0. Conversely, the numerical scheme (2.6) is mass conservative: uk=h Do U=
u®. For U¥, € BN, one can get

ﬁ:/ UN(~,tk)dx=/ Un(-,0)dx = UP.
Q Q

Owing to the spectral accuracy in space for the numerical error function at each time step,
we obtain

ek =UK—yk =Ur -k =10 — 0 = O(h"), Vk>0
which is equivalent to
/ ek dx = ek = O(h™). (4.5)
Q

Hence, substituting (4.4) and (4.5) into (4.3) yields the inequality (4.2). a

Suppose the constructed approximation solution has a W* bound,

lUN g0, 7;w100) = sup (||blN||L<>C + ||(MN)x||Loo) <G,
0<t<T

“ Ulr\ll”LOO =Gy, ||(UN)Z ||Loo <G, (4.6)
for any # > 0, which comes from the regularity of the constructed solution.

Now, we present the main result of this paper.

Theorem 4.1 For any fixed time T, assume that the exact solution u, for the GRLW equa-
tions (1.1)-(1.3) satisfies u, € L>(0, T; H™Y) N H3(0, T; H?). Denote by ua; ), the continuous
extension of the fully discrete numerical solution computed by the proposed scheme (2.6).
Then, as At,h — 0, we have the following convergence result:

leah — thell oo, 7y < C(AE + H™), (4.7)

provided that the time step At and the space grid size h are bounded by given constants.
Note that the convergence constant C also depends on the exact solution and the fixed
timeT.
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Proof We have an a priori H' assumption up to time step ¢".

Assume that the numerical error function has an H' bound at time steps ¢", £"~%,
k 1ok Tk _
||eN||H1 <1, withey=Zye", fork=nn-1, (4.8)
which yields directly the following results:

[kl = [UA = ekl = Co+ 1= Cs,

(4.9)
[ = Clouk [l e = Cllsk |10 = CC3= Ca,
where a 1-D Sobolev embedding was used in the last step.
Subtracting (2.6) from (3.20), we have
(1- 8D} )enﬂi =-D §e” - le”‘1 -aD §e” pX_I:(U”)k(u”)p_l_k
N AL M2" T2 27 &
1 » k —1-k
— ="t Z(U"‘l) (™) +1" (4.10)
2 k=0
For convenience, denote
3 2 k —1-k
NLT =-2e" oW (wy (4.11)
k=0
I, = ~1\k( p-1\P-1-k
NLT,==¢" (" (u") . (4.12)
2 k=0
Taking a discrete L? inner product of (4.10) with 2¢"+1, we get
((1 _ IBDJZ\/) (en+1 _ en)’ 2en+1>
= —At<DN<§e” - le”_1>,2€””>
2 2
+ Ata((DNNVLT1),2¢") + (Dy(NLT ), 2¢")) + At{r”,2¢"1). (4.13)

The first term on the left side of (4.13) and the truncation error term can be handled in a

straightforward way as follows:

2

R e N Pl i P P (@.14)
_IB(DJZ\[ (en+1 _ en)’ 2en+1> — 2/3(DN (en+1 _ en), DNe’“l),

- B|Dwe |- BIDne |+ 8Dy D[l (@15
(cn,2e") < 27| + "1, (4.16)
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in which a discrete Cauchy inequality is used in the last inequality. Similarly, for the first
term on the right side of (4.13), one can get

_<'DN<§en _ %en—l),23n+1> _ —3(DNe”,e"+1> + (DNe”_l,e"+1>
3 1
= 3 ||DNen ”5 + 5 ||DNe”‘1 ”2 + 2||en+1 ”2 (4.17)

Next, we discuss nonlinear terms on the right-hand side of (4.13) in turn.
For the nonlinear term N L7, noting that

(U @) = (e () (), 0<k<p-1, (4.18)
we have
7 m\k (. w\p-1-k n n\k (. n\p-1-k
D (@) @), = [ (R ) ()l 0k <pot (a19)
Since e}, (U2  (u,)P~"k € BPN, an application of Lemma 4.1 yields

0 (Zn (e () (e ™) 2 = 1T (L) (e ™)

< ol (W) ey (4.20)
Moreover, a detailed expansion for Bxeﬁ,(l,[;f[)k (u]’Q)P—l—k indicates that
s (e () ()™ ) o = oL |2 + Jaage |2t + 1) e (4.21)

which can be obtained by repeated application of the Sobolev embedding, the Holder in-
equality, and the Young inequality. Substituting the bound (4.6) for the constructed solu-
tion Uy and the a priori assumption (4.9) into (4.21), respectively, we get

(e (W) () ™) = o (S + G5 1) (4.22)
Consequently, it follows from (4.19), (4.20), and (4.22) that

[ D e () (Y™, = (57 + &5 4 1) Bl ke (4.23)
forany 0 <k <p -1, thatis,

IDNWVLT)|, < Collep | 5 (4.24)

with Cs = G5(C2 " + C7 + 1) /.
Obviously, a similar analysis can be applied to N'£7T, and we have

|IDNWVETS), < Collel |- (4.25)
From (4.24) and (4.25), one can get

DN LT, = [PV ETD ], + [PV LT, = ol + 1] 426)
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From the result above, the nonlinear inner product can be analyzed as

a(DNWLT),2¢"") < 2a | Dy LT) |, [ "],
= 2Cs([l e[z + N ) €
< aCo( [l + lei [ +2] € ]3)
< aCsCH|Dye"||s + «CsC? | Dne™ | + 22 Cs C2 e
+ 20 Ce C2 1™
= G| Dne|s + G| Dne |l + 2G| |5 + 2C 0 (427)

in which C; = «C4C} and Lemma 4.2 are applied.
Substituting (4.14), (4.15), (4.16), (4.17), (4.27) into (4.13) indicates that

le 15— lle"l; + e eI, + B[ Due™! | - B[ Due’ [, + B| Dwe™ ~ De"
3 1 _
<3 +2C) AL |+ (5 . C7)At||DNe” 2+ (5 . c7> At| Dy |2
+2C, At + At <" (4.28)

Summing in time gives

n n
e 115+ Dol =5 + BPwe [+ 8 3| Duet ! ~ D
k=0 k=0

<@ +20)At [+ @4 2C)ar Y[ Due | + (% . c7> At| Dye |
k=0 k=0

+ ||e° Hj + ,BH’DNeO Hj +2C, Ath? + At”r””;

n n

< C8At(2||ek+1 |5+ BALY [ Dye* Hi) +2C; At + At||<"||2 + CH*™. (4.29)
k=0 k=0

Here Cg = (3 + 2C;), and the choice of C; satisfies with (2 + 2C;)/(3 + 2C;) < B. Note

that we use the fact ||e°| H S h™, due to the collocation spectral approximation of the

initial data. As aresult, an application of discrete Gronwall inequality leads to the following

convergence result:
é? + B|Dne |, < C(AZ +H™), YO<I<K, (4.30)
2 2

where C = Ce2GsT

Recovery of the H' a priori bound:

With the help of [°°(0, T; H') error estimate (4.30), we can see the a priori estimate (4.8)
is also valid for the numerical error function ey at time step ¢"*!, provided that

A< (O, h=(O)MVm (4.31)

Finally, a combination of (4.31) and the classical projection (3.2) yields (4.8). The proof of
Theorem 4.1 is completed. g
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Remark 4.1 One well-known challenge in the nonlinear analysis of pseudospectral
scheme comes from the aliasing error. This work avoids an application of the inverse
inequality but adopts an novel aliasing error control estimate given by Lemma 4.1. So we

could obtain the estimate for its discrete H! norm.

5 Numerical experiments

The single solitary-wave solution of (1.1) is
ux,t)=A sech!’%1 [K(x —ct+ xo)], (5.1)

where

1
+1)(c-1) |71 -1 [c-1
A= w , K= p_ — (5'2)
2« 28 c
and ¢, xo are arbitrary constants and p > 2 is an integer. The corresponding initial function

can be rewritten
2
uo(x) = A sech?T [K(x + xo) . (5.3)

5.1 Propagation of single solitary wave

Here we take xg = 0, @ = %, B =1,x; =-30,xz =30, and ¢ = 1.5 in (5.1) and (5.2). Choose
N =128 and At = 0.01 to investigate the dynamics of a single solitary wave. The profile of
a single solitary waves for the GRLW equation with p =2 and p = 8 from time £ =0 to 6
are depicted in Figure 1. It can be seen that the solitary wave moves to the right unchanged
in which the solitary wave propagates in a stable fashion. Moreover, while p increases, the

speed velocity of the wave decreases and the amplitude increases, as time increases.

5.2 Accuracy tests
5.2.1 Spectral accuracy in space
To investigate the accuracy in space, we take At = 1073 so that the temporal numerical

error is negligible. x;, xz, @, B, and ¢ are defined as in Section 5.1. With grid sizes from

0 -40 0 -40

Figure 1 Profile of a single solitary wave u(x, t) fromt=0to 6 withp=2,c=1.5andp=8,¢c=1.5,
respectively.
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Figure 2 Discrete L2 numerical errors of u with O
. o p=:
At =103 for different p. + o p=3
0141 + -4 1
P
012 * 1
g 01 [e] 1
5
ER o ]
5
5 +
Z 0.06 1
o
0.04 + ]
* o *
0.02+ * ° o + N e
N
R - -SSP S
15 20 25 30 35 40 45 50 55 60 65
N

Table 1 || - ||2 errors and convergence orders of numerical solutionuatT=5forp=2,4, and 6
At p=2 order p=4 order p=6 order
0.1 2.2055199%-3 74971272e-3 - 24952949e-2 -
0.05 5.5175158e-4 .9990 1.6977751e-3 21426  4.2548344e-3 25520

0.0125 3.4646085e-5 9963  1.0027214e-4 20254  2.1345592e-4  2.1027

1
0.025 1.3823443e-4 19969  4.0822074e-4 20562  9.1684708e-4 22143
1
0.00625  88159403e-6  1.9745  24863890e-5 20117  5.1499083e-5 20513

N =16 to 64 in increment of 4, we solve (2.6) up to time T =5 for p = 2,3, 4, respectively.
The discrete norm | - ||, of numerical errors at T =5 is given in Figure 2, which shows
apparently the spatial spectral accuracy is verified.

5.2.2 Second-order accuracy in time

For exploring the temporal accuracy, we fix spatial resolution as N = 1,024 so that the
numerical error is dominated mainly by the temporal ones. With a sequence of time step
sizes At =0.1,0.05,0.025,0.0125,0.00625, we also compute the numerical errorsat 7 =5
for p = 2,4, 6, respectively, and the results are presented in Table 1 in which a second-order

in time accuracy is shown clearly.

5.2.3 Conservation properties
As stated in [34, 35], the GRLW equation has three conservative laws related to mass,
momentum and energy, respectively. In particular, for p = 2, it reduces to the regularized

long wave (RLW) equation. The invariants are given by

I = / udx, L= / (u* + Bu2) dx, I = / (4® + 3u%) dx, (5.4)
Q Q Q

and the corresponding discrete quantities are computed for the numerical scheme as fol-
lows:

2N 2N
T =h2un, I =h2[(u}")2 +ﬁ((ux)}")2]y
j=0 Jj=0
(5.5)

Ty=h 2:[(141”)3 + 3(1/!]”)2]
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Table 2 Invariants for single soliton of RLW equation with N =128 and c = 2

3
Time At=0.05 At=0.025
I I I3 I, I, I3

T=0 7.9999950  5.5997821 20.266666  7.9999950 55997821 20.266666
T=4 7.9999950 5.5998333 20.266871 7.9999950 5.5997884 20.266692
T=8 79999950 55998850  20.267078  7.9999950  5.5997947  20.266717
T=12 7.9999950 5.5999359 20.267284 7.9999950 5.5998002 20.266743
T=16 7.9999950 5.5998258 20.267490 7.9999950 5.5996448 20.266768

Table 3 Invariants for single soliton of MRLW equation with N=128 and c = %

Time At=0.05 At=0.025

T T2 T3 Jh T2 T3
T=0 7.9999950 55997821 2.0584499 7.9999950 55997821 2.0584499
T=4 79999950 55998333  2.0586695 79999950  5.5997884  2.0584982
T=8 79999950 55998850  2.0588246 7.9999950 55997947 20585311
T=12 79999950 55999359  2.05886249  7.9999950 55998002  2.0585384
T=16 79999950 55998258  2.0598310 7.9999950 55996448  2.0595023

Take At = 0.05 and At =0.025 with N =128 and ¢ = %, X1, Xg, @, B are also defined as in
Section 5.1. The invariants 7;, Z,, and Z3 up to time T = 16 are given in Table 2.

Another special case of the GRLW equation is the modified regularized long wave
(MRLW) equation with p = 3. Similar to the quantities for the RLW equation, the MRLW
equation also has the following conservative laws:

Ji= / udx, = / (u2 + ﬁui) dx, J3= / (u4 - 65145) dx (5.6)
Q Q Q

and

2N
Fi=hy_ uf, Jz-hZ ")+ B((w)))’],
j=0

(5.7)

T —hZ ()]

In Table 3, we presented that the discrete mass, momentum and energy of the numeri-
cal solutions for the MRLW equation. From both tables, it is obvious that the proposed
scheme is satisfactorily conservative.

5.3 Interaction of two GRLW solitary waves
Next, we study the interaction of two well-separated solitary waves having different am-
plitudes and traveling in the same direction. The initial condition is given by

2
up(x) = ZA,« sechI% [Ki(x + x,«)]. (5.8)

i=1

For p = 2, we choose ¢; =1.3, c; = 1.8, x; =15, x, =35, At = 0.1, N =128, and «, 8 are de-
fined as in Section 5.1. Figure 3 and Figure 4 show the interaction of two solitary solutions



Kang et al. Advances in Difference Equations (2015) 2015:339

Page 17 of 22

t=0.1 t=15
25 T T T T T T 2.5 T T T T T T
5l
oL
151
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Figure 3 Interaction of two solitary waves for the GRLW equation withp=2att=0.1and t =15,
respectively.

respectively.

t=35 t=70
25 25
2t ol
150 150
1t 1t
0.5F 051
0 — 0l— S
05 20 20 60 30 100 120 1w % 20 20 60 80 100 120 140

Figure 4 Interaction of two solitary waves for the GRLW equation withp=2att=35and t =70,

081

0.6

0.41

021

0

0 20 40 60 80 100 120 140

respectively.

Figure 5 Interaction of two solitary waves for the GRLW equation withp=6att=0.1and t=12,

02 L L L L L L
0 20 40 60 80 100 120 140

of the GRLW equation. Meanwhile, we briefly plot two figures to show the simulation for

p==6att=0.1and¢ =12 in Figure 5.

From these figures, it can be seen that an oscillation of small amplitude, trailing be-

hind the solitary waves, was observed. This is in accordance with the observations of Soli-
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man [5]. Moreover, the solitary-wave interaction in Figure 5 for p = 6 shows clearly some
evidence of an additional disturbance, which may be due to the fact that the GRLW equa-

tion are not completely integrable.

5.4 Unstable solitary-wave solution
Souganidis and Strauss [19] derived the following result for the GRLW equation:
(a) if p < 5, then u(x, t) is H'-stable;

(b) if p > 5, then u(x, ¢) is H'-stable for ¢ > c,, and H'-unstable for 1 < ¢ < ¢,, where

1+v2-0"'+207!

»= 20 +1) ’ (5.9)

and o = 1%' Note that ¢, =1 when p = 5 and ¢, > 1 for p > 5. Certainly, for p = 8, the
critical speed is ¢, = 1.300914.

Similar to the experiments in [20], the high accuracy scheme we proposed also can simu-
late this phenomenon, that is, the evolution of solutions emanating from initial data which
are perturbations of exact analytical solutions of (1.1) with p > 5and 1 < ¢ < ¢, are featured,

where the initial data is a perturbed solitary wave,

i = yup(x), (5.10)

and y is called the perturbation parameter; it is used to effect an amplitude perturbation.
According to [19], when y > 1, the solution emanating from the initial data will resolve
itself into one or more solitary waves, sometimes accompanied by additional structure.
Therefore, mainly attention will be given to evolutions starting with # for y > 1.

Since unstable solutions have a speed ¢ in the range 1 < ¢ < ¢, and ¢, is near 1, we simu-
late only one of long-time outcomes for perturbed unstable solitary-wave solutions, with
a =B =1,p=8,c¢=1.01. To achieve such an outcome, the initial unstable solitary data had
to be given enough energy to produce two stable solitary waves. Hence, we choose y = 1.5.
As seen in Figure 6 and Figure 7, the outcomes illustrate how such a process occurred in

the experiment.

t=0.001 t
T

o8t 1 o8l
06f 4 oy

04F
04F

02p
02F

0
0 ‘ ‘ 02 ‘ ‘ ‘

-100 50 0 50 100 =100 -50 0 50 100

Figure 6 Evolution of an unstable perturbed solitary wave with c=1.01and y = 1.5 for p =8 ().
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Figure 7 Evolution of an unstable perturbed solitary wave with ¢ =1.01 and y = 1.5 for p =8 (ll).

t=30 t=60

1.2 1 120

1 1 10
0.8 1 08f
06 1 06
0.4f 1 04f
02 1 02

of —— o

-0.2 -0.2 - y - .
-50 0 50 100 150 200 -50 0 50 100 150 200

Figure 8 Numerical solution at t = 30 and t = 60 with the Maxwellian initial condition for the RLW
equation.

5.5 Maxwellian initial condition

A more interesting test case for the GRLW equation is to investigate the long-time asymp-
totic properties by initiating the wave motion with a Gaussian pulse, namely, the so-called
Maxwellian initial condition [34]. We take a = %, B =1for RLW equation (p = 2)and « = é,
B =1 for MRLW equation (p = 3), respectively, with initial data

u(x,0) = exp (-0.02(x - 5)°). (5.11)

In a numerical test, let N = 256, At = 0.01, x; = —40, and xz = 200. The numerical so-
lution at different times for both cases are drawn in Figure 8 and Figure 9 for the RLW
equation, and Figure 10 and Figure 11 for the MRLW equation, respectively. Furthermore,
the quantities for three conservative laws are presented in Table 4. As seen from these
results, an initial date with Maxwellian disturbance will resolve into a sequence of solitary
waves in the stable range ordered by amplitude with the larger waves in the front, followed
by a dispersive tail. Clearly, the presented results are consistent with earlier work on this
topic in [34, 35].

6 Conclusion
In this paper, we propose a fully discrete Fourier pseudospectral scheme for the GRLW
equation with the second-order in time accuracy. The theoretical analysis, such as con-
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Figure 9 Numerical solution at t = 90 and t = 120 with the Maxwellian initial condition for the RLW
equation.
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Figure 10 Numerical solution at t = 30 and 60 with the Maxwellian initial condition for the MRLW

equation.
t=90 t=120
1.4 14 T
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Figure 11 Numerical solution at t = 90 and t = 120 with the Maxwellian initial condition for the MRLW
equation.

sistence analysis, stability and convergence analysis are presented in detail. Due to the
linearized semi-implicit property, the algorithm can be implemented more effectively. Nu-
merical experiments also verifies the second-order accuracy in time and the spectral ac-
curacy in space. Furthermore, thanks to the high accuracy scheme, the evolution of the
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Table 4 Invariants for single soliton of MRLW equation with N=128 and c = %
Time RLW equation (p = 2) MRLW equation (p = 3)
I o) I3 Jh J2 T3
T=0 12533141 9.0394281 33.822820 12533141 9.0394281 52036174
T=2 12.533141 9.0394599  33.823003 12.533141 9.0394430 52037832
T=4 12533141 9.0394331 33.823012 12533141 9.0393901 52041213
T=6 12.533141 9.0393867  33.823027 12.533141 9.0392994 52046997
T=38 12533141 9.0393237  33.823048 12533141 90391822  5.2054479
T=10 12.533141 9.0392517  33.823072 12.533141 9.0390559 52062565

unstable solitary wave of the GRLW equation with p > 5 also be simulated, as established
in [19].
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