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Abstract

In this letter, we consider a stochastic generalized logistic equation with Markovian
switching. We obtain a critical value which has the property that if the critical value is
negative, then the trivial solution of the model is stochastically globally asymptotically
stable; if the critical value is positive, then the solution of the model is positive
recurrent and has a unique ergodic stationary distribution. We find out that the
critical value has a close relationship with the stationary probability distribution of the
Markov chain.
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1 Introduction

Logistic equation is one of the most important models in mathematical ecology. A classical
generalized logistic equation (or Gilpin-Ayala model [1]) can be described by the ordinary
differential equation

dN(8)/dt = N(t)[r - aN’(1)], 1)

where N(¢) stands for the population size; r, 2 and 0 are positive constants, r represents the
growth rate and r/a is the carrying capacity. It is well known that the positive equilibrium
state N* = (r/a)'/? is globally asymptotically stable (see, e.g., [1]).

However, the natural growth of species is often subject to various types of environmental
noise [2—4]. It is therefore useful to study how these noises affect the population dynamics.
To begin with, let us consider the white noise. Suppose that r and « are affected by white
noises, with

r—r+oBit), a— a-oyBy(t),

it then follows from (1) that
dN(t) = N(t)[r — aN®(¢)] dt + 01N (¢) dBi(£) + 0N (£) dBs(2), 2)

where {Bj(£)};>0 and {B,(t)};>0 are two independent standard Brownian motions defined
on the complete probability space (2, F, P) with a filtration {F};»0, 0 stands for the in-
tensity of the white noise, i = 1,2.
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Let us now take another type of environmental noise into account. It has been noted that
[5] population models may experience random changes in their structure and parameters
by factors such as nutrition or as rain falls. These random changes cannot be described by
the white noise [6, 7]. Several authors have suggested that [6—9] one can use B(t) to model
these random changes, where S(¢) is a right-continuous Markov chain taking values in a
finite-state space S = {1,...,m}. Then model (2) becomes

dN(t) = N@®)[r(B(®)) - a(B®))N"PD(e)] dt
+01(BO)N(8) dBi(8) + o2 (B(&)) NP () dB,(2). (3)

In regime i € S, the system obeys

dN(t) = N@®)[r(i) — a)N?O(2)] dt + o1()N(8) dBy(2) + o2 ()N (2) B (2). (4)
System (3) is operated as follows. Suppose that 8(0) = iy € S, then (3) satisfies

dN(t) = N(8)[r(io) — alio))N"© (8)] dt + 01(io)N(£) dBy(£) + 02 (io)N*)(£) dB, (2)

for a random amount of time until 8(£) jumps to another state, say, i; € S. Then system (3)
obeys

dN(t) = N@t)[r(ir) — a(i)N"™ ()] dt + o1(i)N(8) dBi(¢) + 0 (i) N (£) dB, (£)

until B(£) jumps to a new state again. Therefore, system (3) can be regarded as a hybrid
system switching between the m subsystems (4) from one to another according to the law
of B(2).

In recent years, population systems under Markovian switching have received much
attention. Some nice and interesting properties, for example, stochastic boundedness, ex-
tinction, stochastic permanence, positive recurrent, invariant distribution, have been ob-
tained (see, e.g., [6—20]). Especially, Takeuchi et al. [10] considered a two-dimensional
autonomous Lotka-Volterra predator-prey model with Markovian switching and revealed
a significant effect of Markovian switching on the population dynamics: the subsystems
of the system develop periodically, but switching makes the system become neither per-
manent nor dissipative.

In the study of deterministic population models, people always seek for the equilibria
and then investigate their stability. For example, model (1) has two equilibria: the triv-
ial equilibrium state 0 and the positive equilibrium state N* = (r/a)"?. If r < 0, then 0 is
globally asymptotically stable; if 7 > 0, then N* is globally asymptotically stable. Note that
system (3) does not have positive equilibrium state, then its solution will not tend to a
positive constant. Thus an interesting question arises naturally: whether model (3) still
has some structured stability? In this letter, we shall investigate this issue. In Section 2, we
show that there is a critical value which has a close relationship with the stationary proba-
bility distribution of the Markov chain §(¢). If the critical value is negative, then the trivial
equilibrium state of system (3) is stochastically globally asymptotically stable; if the critical
value is positive, then the solution of system (3) is positive recurrent and has a unique er-
godic stationary distribution. We shall give some numerical simulations and conclusions
in the last section.
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2 Main results
Let the Markov chain B(¢) be generated by Q = (g;)mxm, that is,

P+ AN =jlp) = i) = | DAL OB il

1+qgiAt+o(At) ifj=i,
where g; > 0 stands for the transition rate from i to j if j # i, and g; = - Z]W’:l i for
i=1,2,...,m. As standing hypotheses we assume in this paper that:

(A1) B(¢t) is independent of the Brownian motion.

(A2) B(t) is irreducible, which means that system (3) can switch from any regime to any
other regime. Hence B(¢) has a unique stationary distribution 7w = (71, ..., 7,)
which can be obtained by solving the equation 7 Q = 0 subject to Y ", 7; =1 and
7;>0,i=1,...,m.

Moreover, we assume that min;cg a(i) > 0 and 0 < min;cs (i) < max;cs0(i) <1.

To begin with, let us recall some important definitions and lemmas. Consider the fol-

lowing stochastic differential equation

dX () = f(X(2), B(t)) dt + g(X(2), B(2)) dB(2), (5)
with initial data (Xo, 8(0)), where f(0,7) = g(0,i) =0,
f:R"xS—R", g:R"xS§S— R™"

and {B(t)};>o is an m-dimensional Brownian motion. For every i € S, and for any twice
continuously differentiable function V'(x, i), define LV (x, i) as follows:

LV (%,i) = Vi, i)f (x,0) + 0.5 trace[g” (x, i) Viug (o, D)) + D (V) = Vi, ).
jijes
Definition 1 ([21], p.204)
(I) The trivial solution of Eq. (5) is said to be stable in probability if for ¢ € (0,1) and

¢ > 0, there exists § > 0 such that if (Xp, 8(0)) € S5 x S, where S5 = {x € R" : |x| < 8},
then

P{‘X(t;Xo,ﬁ(O))‘ <c forall ¢t > 0} >1-—e¢.

(I) The trivial solution of Eq. (5) is said to be stochastically asymptotically stable if it is
stable in probability and, moreover, for every ¢ € (0,1), there exists §p > 0 such that
if (X0, 8(0)) € S5, x S, then

P{tETmX(t;Xo,ﬁ(O)) - 0} >1-¢.
(IIT) The trivial solution of Eq. (5) is said to be stochastically asymptotically stable in the
large or stochastically globally asymptotically stable (SGAS) if it is stochastically

asymptotically stable and, moreover,

P{ tlim X(6:X0,8(0)) =0} =1, (X0, B(0)) € R" x 5.
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Lemma 1 ([21], Theorem 5.37) Ifthere are functions V € C*(R" x S;(0, +00)), p1, p1 € Koo,
03 € K such that

pi(lxl) < Vx i) < p2(lxl),  LV(x,i) < —p3(x) forany (x,i) €R xS,

where K represents the family of all continuous increasing functions « : (0, +00) — (0, +00)
such that «(0) = 0 while k(x) > 0 for x > 0, K stands for the family of all functions k € K
with property limy,_, .o k (x) = +00, then the trivial solution of Eq. (5) is SGAS.

Definition 2 ([22]) An R" x S-valued process Y (t; u) = (X(¢), B(¢)), satisfying (Xo, 8(0)) =
u, is said to be recurrent with respect to some bounded set i/ C R” x S if

P(r,<o00)=1 foranyu¢lU,
where 7, = inf{t > 0, Y(¢; u) € U}. If
E(t,)<oo foranyu¢U,
then Y (¢; u) is said to be positive recurrent with respect to 4.

Lemma 2 ([22], Theorem 3.13) A necessary and sufficient condition for positive recurrence
of Y(t; u) with respect to a domain U = D x {i} C R" x S is that for each i € S, there exists a
nonnegative function V(x,i): D° — R such that V(x,i) is twice continuously differentiable
and that for some o > 0,

LV(x,i) < -0, (xi)eD xS,
where D¢ is the complement of D.

Lemma 3 ([22], Theorems 4.3 and 4.4) The positive recurrent process Y (t; u) = (X(t), B(t))
has a unique stationary distribution v which is ergodic, that is, if h is a function integrable
with respect to the measure r, then

T m
P(ﬁ% 71 /0 R(X(2), B(2)) dt = 21: /R i)y i)) -1

Lemma 4 ([23], Lemma 2.3) Counusider the following linear system of equations:

Qc=n, (6)

where c,n) € R"™. Suppose that Q = (q;) is irreducible, then Eq. (6) has a solution if and only
iftn=0.

Lemma 5 Forany initial value (N(0), 8(0)) € (0, +00) x S, there is a unique global positive
solution N(t) to model (3) almost surely.

Proof The proof is a slight modification of that in [12] by applying It&’s formula to /x —
1-0.5Inx, x > 0 and hence is omitted. d
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Now we are in the position to give the main result of this letter.

Theorem 1 Counusider system (3) with initial data (N(0), 8(0)) € (0, +00) x S.
(i) Ifl_9 <0, where b = S by, by = r(i) — 0.507 (i), then the trivial solution is SGAS.
(ii) Ifb> 0, then the solution N(t) is positive recurrent with respect to the domain
U =(0,1) x S and has a unique ergodic asymptotically invariant distribution
(UEAID), where l is a positive number to be specified later.

Proof Let b = (by,...,b,)". Note that Q = (g;) is irreducible, and 7 (-b + (1,...,1)T x
> " mb;) = 0, then by Lemma 4 the linear equation

Qc=-b+(1,...,1)" §:nll (7)

has a solution. Let (¢, ¢3,...,¢,,) be a solution of Eq. (7), it then follows from (7) that for
i=1,...,m,

Z qU(C/ ¢) = Z%;C} -b; + iﬂ',‘bi =-b; + b. (8)

Jj=1,j#i i=1
Now let us prove (i). Define Vi(N, i) = (a + ¢;)NV%, N > 0, where « > 1 is sufficiently large

satisfying o« + min;es ¢; > 0. Clearly, (o + min;es)NY* < Vi(N, i) < (o + max;es)N'*. Com-
pute that

LVi(N, i)
L s e (r()) — a()N?D) + o) (— - 1) (o +¢;)NV™
o 200\
Gz(i) 1 o+ o -
+ ;—a(a —1)( ¢ )NVer200) o N/ /g{iq;j(c, -¢)

= é((x + )NV [(r(i) —a()N"D) + ‘717(’) (& ~ 1)

02 l)( _1 N29 z):| ((1+C)Nl/a(

)qu»

) j=1j#i
m 2/
(X+C)N1/a|:( th/ i>_ (‘)Ne(i)+O‘;—o(ll)

J=Lji
02 l)( .

. 2/ )
= é((x + ¢ )NV [l;—a(i)NQ(i) + 01—0) + 02—(1)(5 —1>N29(i) - L(E— bi)]

20 2 o+

Z qzj(C/ —Ci :|

o

i%wﬂ

20 o+ C;

= NY*F(a, i), )
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where

o)

20 o+c

F(a,i) = %(a +¢i) [13 + (b- b,»)].

In the proof of (9), the fourth identity follows from (8) and the inequality follows from

min;e; a(i) > 0 and « > 1. Since b < 0, we can choose a sufficiently large « > 1 such that
o +ming; > 0, F:=max F(a,i) < 0.
ieS icS

Hence LV(N, i) < FNY®. Then the desired assertion (i) follows from Lemma 1.
We are now in the position to prove (ii). Define V5(N,i) = (1-y¢;) N7 + N, N > 0, where

y > 0 is sufficiently small satisfying 1 — y max;cs ¢; > 0. Therefore

LV»(N, i)
2/
=~y (1= yc)N7 (r(i) - a(N’?) + OIT(l)V(V +1)1-yc)N”

, 920

y(y + DA - ye)N70 -y N~ qu,(c, ci) + N(r(i) - a))N?)
j=Lj#i

=—y(l-yc)N~ V(f(l) - —612(!) f(l))

) Z ql](cj c;)

j=lj#i

—-y{d-yc)N7Y (1 +
vy (o 03(0) : , -
+y(1 = yc)N?Dr (a(l) + 2T(y + 1)N9(‘)> +N(r(i) - a(i)N??)

V i) Ci
V(l Vct )N~ J/<b Z qzj(C/ ¢)— = 2 J/ ' Z qzj(C/ Y )

j=lj#i / 1j#i

2/
+y(1-ye)N"O7 (a(i) + 022“) (v + 1)N9<">> +N(r(i) - a))N?®)
=-y(Q-yc)N~ V(b— ~of (i) + G ———(b- b))

+y(1-yc)NDr (a(i) + @(y + 1)N9<i>> +N(r(i) - a(i))N?).

Note that b > 0, we can let y > 0 be sufficiently small satisfying

14
1-y rrl)ea}gx ¢ >0, b- ) r?ea}qxcrlz(l) + T— rgl;l{c,(b b,')} > 0. (10)

Since min;c56(i) > 0, then

- LV,(N, i)
N=0 —y (1 -yc)N7 (b - Lol(i) + {2 e (b b))

(11)
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On the other hand, it follows from max;cs (i) <1 that 20(i) < 6(i) + 1. Hence

LV5(N, i)

———— =1 12
N— +o0 —(,l(i)]\[g(i)+1 ( )

By (11), we can see that there is N7 < 1 such that if N < Nj, then LV;(N, i) < -1. Similarly,
by (12), there is N, > 1 such that if N > Ny, then LV,(N, i) < -1. Let [ = max{1/Nj, N>}, then
[>1.Let D=(1/l,1), then we have

LV(N,i) <-1 forall (N,i)eD"xS.
Then the required assertion (ii) follows from Lemmas 2 and 3. O
To finish this section, let us consider the subsystem (4) of system (3).

Corollary 1 For subsystem (4),
(i) if b;i <O, then its trivial solution is SGAS;
(ii) ifb; > 0, then the solution of subsystem (4) is positive recurrent with respect to the
domain (0,1) and has a UEAID.

3 Conclusions and numerical simulations
By Corollary 1, if b; < 0 for some i € S, then the trivial solution of subsystem (4) is SGAS.
Hence Theorem 1 means that if the trivial solution of every individual subsystem of system
(3) is SGAS, then, as the result of Markovian switching, the trivial solution of system (3)
is still SGAS. On the other hand, if ; > 0 for some i € S, then the solution of subsystem
(4) is positive recurrent and has a UEAID. Thus Theorem 1 shows that if the solution of
every subsystem of system (3) is positive recurrent and has a UEAID, then, as the result
of Markovian switching, the solution of system (3) is still positive recurrent and has a
UEAID. However, Theorem 1 indicates a much more interesting result: If the solution of
some subsystems in system (3) is positive recurrent and has a UEAID while the trivial
solution of some subsystems is SGAS, then, as the results of Markovian switching, the
solution of system (3) may be positive recurrent and has a UEAID or tends to its trivial
solution, depending on the sign of b = Yo b If b > 0, then the solution of system (3)
is positive recurrent and has a UEAID; if b < 0, then the trivial solution of system (3) is
SGAS.

Now let us illustrate these results through some numerical figures. Consider the follow-

ing stochastic logistic system under Markovian switching:

dN(t) = N@t)[r(B(0)) — a(B(®))N(t)] dt
+01(B(£))N(2) dBi(2) + 02 (B(£))N*(£) dBs(2), (13)
where B(¢) is a Markov chain on the state space S = {1,2}, min;cs a(i) > 0. As pointed out

in Section 1, system (13) can be regarded as the result of the following two subsystems

switching from one to the other according to the movement of 5(¢):

AN(®) = NO[r(1) - a(DN(0)] dt + o1 ()N (2) dBy (£) + o2 ()N (1) dBy (8), (14)
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Figure 1 Characteristics of (13) for r(1) = 0.4, a(1) = 0.2, 61(1) = 0.96, 2(1) = 1, r(2) = 0.4, a(2) = 0.32,
01(2) = 0.8, 0,(2) = 0.9, initial value N(0) = 0.2. Figure 1(a) is the solution of Eq. (14) using the Milstein
method mentioned in [24]. This figure shows that the trivial solution of subsystem (14) is SGAS. Figure 1(b) is
the density of solution of Eq. (15) using the Monte Carlo simulation method mentioned in [25]. Figure 1(c) is
the solution of Eq. (13) with g1, = 0.3 and g7 = 0.7. These figures demonstrate that the trivial solution of
system (13) is SGAS. Figure 1(d) is the density of solution of Eq. (13) with 12 = g1 =0.5.

where (1) = 0.4, a(1) = 0.2, 61(1) = 0.96, 05(1) = 1, and

dN(t) = N(t)[r(2) - a(2)N(t)] dt + 01(2)N(t) dBi(t) + 02(2)N>(t) dBs(t), (15)
where 7(2) = 0.4, a(2) = 0.32, 01(2) = 0.8, 02(2) = 0.9. Clearly, b; = r(1) - 0.50£(1) = —0.06 <
0 and b, = 0.08 > 0. Then, by Corollary 1, the trivial solution of subsystem (14) is SGAS
and the solution of subsystem (15) is positive recurrent and has a UEAID. Figure 1(a) shows
that the trivial solution of subsystem (14) is SGAS and Figure 1(b) is the density of solution
of (15). Now let us consider two cases to see the effect of Markovian switching on the
behavior of system (13).

Case 1: To begin with, we let the generator of 8(¢) be Q = (_09‘73 _%?7
B(t) has a unique stationary distribution 7 = (0.7,0.3). Compute that 7151 + w205 < 0. By

). It is easy to see that

virtue of Theorem 1, as the result of Markovian switching, the trivial solution of system
(13) is SGAS, see Figure 1(c).
Case 2: Next we choose Q = (_0(?'55 _%'?5). Hence 7 = (11, m2) = (0.5,0.5) and 71161 + w255 > 0.

It then follows from Theorem 1 that, as the result of Markovian switching, the solution of

Page 8 of 9
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system (13) is positive recurrent and has a UEAID, see Figure 1(d) which is the density of
solution of (13).

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
ML proposed the model, carried out the theoretical analysis and drafted the manuscript. LY worked out the figures and
helped to draft the manuscript. All authors read and approved the final manuscript.

Author details

'School of Mathematical Science, Huaiyin Normal University, Huaian, 223300, PR. China. ?School of Mathematics and
Statistics, Northeast Normal University, Changchun, 130024, PR. China. *Department of Basic, Harbin Far East Institute of
Technology, Harbin, 150025, PR. China.

Acknowledgements

We are very grateful to two anonymous referees for their careful reading and very valuable comments, which led to an
improvement of our paper. Project funded by The National Natural Science Foundation of China (Nos. 11301207,
11171081 and 11571136), China Postdoctoral Science Foundation (2015M571349), Natural Science Foundation of Jiangsu
Province (No. BK20130411), Natural Science Research Project of Ordinary Universities in Jiangsu Province

(No. 13KJB110002), Qing Lan Project of Jiangsu Province (2014).

Received: 3 July 2015 Accepted: 8 October 2015 Published online: 21 October 2015

References
1. Gilpin, ME, Ayala, FG: Global models of growth and competition. Proc. Natl. Acad. Sci. USA 70, 3590-3593 (1973)
2. Liu, M, Wang, K: Dynamics of a two-prey one-predator system in random environments. J. Nonlinear Sci. 23, 751-775
(2013)
3. Liu, M, Bai, C: Optimal harvesting of a stochastic logistic model with time delay. J. Nonlinear Sci. 25, 277-289 (2015)
. Cai, Y,Kang, Y, Banerjee, M, Wang, W: A stochastic SIRS epidemic model with infectious force under intervention
strategies. J. Differ. Equ. (2015). doi:10.1016/},jde.2015.08.024
. Slatkin, M: The dynamics of a population in a Markovian environment. Ecology 59, 249-256 (1978)
. Luo, Q Mao, X: Stochastic population dynamics under regime switching. J. Math. Anal. Appl. 334, 69-84 (2007)
Zhu, C, Yin, G: On hybrid competitive Lotka-Volterra ecosystems. Nonlinear Anal. 71, 1370-1379 (2009)
. Li, XY, Jiang, DQ Mao, XR: Population dynamical behavior of Lotka-Volterra system under regime switching.
J. Comput. Appl. Math. 232, 427-448 (2009)
9. Du, NH, Dang, NH: Dynamics of Kolmogorov systems of competitive type under the telegraph noise. J. Differ. Equ.
250, 386-409 (2011)
10. Takeuchi, Y, Du, NH, Hieu, NT, Sato, K: Evolution of predator-prey systems described by a Lotka-Volterra equation
under random environment. J. Math. Anal. Appl. 323, 938-957 (2006)
11. Li, XY, Gray, A, Jiang, DQ, Mao, XR: Sufficient and necessary conditions of stochastic permanence and extinction for
stochastic logistic populations under regime switching. J. Math. Anal. Appl. 376, 11-28 (2011)
12. Liu, M, Wang, K: Asymptotic properties and simulations of a stochastic logistic model under regime switching. Math.
Comput. Model. 54, 2139-2154 (2011)
13. Liu, M, Wang, K: Asymptotic properties and simulations of a stochastic logistic model under regime switching 1.
Math. Comput. Model. 55, 405-418 (2012)
14. Liu, M, Li, W, Wang, K: Persistence and extinction of a stochastic delay logistic equation under regime switching. Appl.
Math. Lett. 26, 140-144 (2013)
15. Liu, H, Li, X, Yang, Q: The ergodic property and positive recurrence of a multi-group Lotka-Volterra mutualistic system
with regime switching. Syst. Control Lett. 62, 805-810 (2013)
16. Lu, C, Ding, X: Persistence and extinction of a stochastic logistic model with delays and impulsive perturbation. Acta
Math. Sci. 34, 1551-1570 (2014)
17. Hu, G: Invariant distribution of stochastic Gompertz equation under regime switching. Math. Comput. Simul. 97,
192-206 (2014)
18. Wu, R, Zou, X, Wang, K: Asymptotic properties of stochastic hybrid Gilpin-Ayala system with jumps. Appl. Math.
Comput. 249, 53-66 (2014)
19. Settati, A, Lahrouz, A: Stationary distribution of stochastic population systems under regime switching. Appl. Math.
Comput. 244, 235-243 (2014)
20. Settati, A, Lahrouz, A: On stochastic Gilpin-Ayala population model with Markovian switching. Biosystems 130, 17-27
(2015)
21. Mao, X, Yuan, C: Stochastic Differential Equations with Markovian Switching. Imperial College Press, London (2006)
22. Zhu, C, Yin, G: Asymptotic properties of hybrid diffusion systems. SIAM J. Control Optim. 46, 1155-1179 (2007)
23. Khasminskii, RZ, Zhu, C, Yin, G: Stability of regime-switching diffusions. Stoch. Process. Appl. 117, 1037-1051 (2007)
24. Higham, D: An algorithmic introduction to numerical simulation of stochastic differential equations. SIAM Rev. 43,
525-546 (2001)
25. Hu, G, Wang, K: The estimation of probability distribution of SDE by only one sample trajectory. Comput. Math. Appl.
62, 1798-1806 (2011)

~

o ~N O


http://dx.doi.org/10.1016/j.jde.2015.08.024

	Stability of a stochastic logistic model under regime switching
	Abstract
	MSC
	Keywords

	Introduction
	Main results
	Conclusions and numerical simulations
	Competing interests
	Authors' contributions
	Author details
	Acknowledgements
	References


