Jeong et al. Advances in Difference Equations (2015) 2015:321 ® Advances in Difference Equations
DOI 10.1186/513662-015-0663-8 a SpringerOpen Journal

RESEARCH Open Access

On finite-times degenerate Cauchy ® e

numbers and polynomials

Joohee Jeong', Seog-Hoon Rim'" and Byung Moon Kim?

“Correspondence: shrim@knu.ackr

'Department of Mathematics Abstract

Education, Kyungpook National . . . .

University, 80 Daehakro, Bukqu, Cauchy polynomials are also called Bernoulli polynomials of the second kind and
Daegu, 41566, S. Korea these polynomials are very important to study mathematical physics. Kim et al. have
Full list of author information is studied some properties of Bernoulli polynomials of the second kind associated with

available at the end of the article . . .. A
special polynomials arising from umbral calculus. Kim introduced the degenerate

Cauchy numbers and polynomials which are derived from the degenerate function €.
In this paper, we try to degenerate Cauchy numbers and polynomials k-times and
investigate some properties of these k-times degenerate Cauchy numbers and
polynomials.

MSC: 11B68; 11540; 11580

Keywords: Cauchy numbers; degenerate Cauchy polynomials; k-times degenerate
Cauchy polynomials; higher order Bernoulli polynomials

1 Introduction
In [1], Comtet introduced Cauchy numbers, denoted by C,,, by the integral of the following
formula:

1 1
cn:/O (x)ndx=/0 *x—1)- - (x—n+1)dx

= ;'1!/01 (:) dx. 1

From (1), we can derive the generating function as follows:

G [ (e [ 2(0)
_tnz dxtn: tndx
; n! ; o 1 0 ; n
1 t
= 1 * =— 1-6]). 2
/0( +t)* dx log(+ ) (see [1-6]) (2)
Also we have
1 n 1
C,= L dx = S1(n, . 3
/O(x) x ZO ) 3)
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In [7], Kim introduced a new class of numbers and polynomials which are called the
degenerate Cauchy numbers and polynomials, denoted by C,, and C,, (x), respectively, as
follows:

log(1 + kt)%
log(1 + log(1 + At)%)

1
/ (1+1log(1+ )Lt)%)“y dy = (1+1log(1+ At)%)x
0

o0 tn
= ZO Cop (). )

When x = 0, Cy5 = C,,,.(0) are called the degenerate Cauchy numbers.

The degenerate Cauchy numbers above are degenerated 1-time from Cauchy numbers
C,, and we denote these numbers by Cfll)x

For r € N, the Bernoulli polynomials of order r are defined by the generating function

< ! )rexf:n;s;”(x);—’: (see [1-6, 8-13]). 5)

el -1

When x =0, B(,,r) = BS,”(O) are called Bernoulli numbers of order r. Thus, by (5), we get

B =Y (”)Bg’)xn-l (see [1-6, 8-13)). ()

1=0 !

In particular, for r = 1, B, (x) = BS)(x) are called ordinary Bernoulli polynomials. As is well

known, we have

; ' x-1 _ - (n—r+1) ﬁ
(log(l + t)) L+ t) - ZB}’I (x)}’l' (See [11]), (7)

n=0

It is well known that

el = }iII(l)(l +A0)%  (see [1, 4, 10]).

The function (1 + A£)* is called the degenerate function of €. So, for ¢ = loge’, we have
log(1 + )»t)% as the degenerating function. The first quadrant of the following diagram
comes from [7].

We extend Kim’s idea (see [7]) to the k-times degenerate of ¢ = loge’, then we have
log(1 + log(1 + -« - + log(1 + AL) - - - ))% as the k-times degenerating function, see Figure 1.

k-logarithms
In [14], Carlitz introduced the degenerate Bernoulli polynomials and explained a degen-

erate Staudt-Clausen theorem. Later Ustinov studied the same concept using the name of
Korobov polynomials of the second kind.

Recently, Kim and Kim introduced Daehee polynomials with A-parameter for A € C.
When we approach A to zero, both the degenerate Bernoulli polynomials and the Daehee
polynomials with A-parameter approach the well-known Bernoulli polynomials. We find
that the differences are on the numerators of the degenerate Bernoulli and Daehee poly-

nomials with A-parameter.
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(k-times deg. Cauchy numbers)

Figure 1 k-times degenerate Cauchy numbers via consecutive degenerating variable t.

By the use of p-adic invariant integral on Z,, the numerator of the Daehee polynomials
with A-parameter becomes much more natural (see [15]).

On the other hand, if we take A = 1 on the Daehee polynomials with A-parameter, we
have the generating function of the Daehee polynomials. If we take x = 0, then we have
the generating function of the Daehee numbers, which is the multiplicative inverse of the
generating function of the Bernoulli numbers of the second kind (see [16]). The higher
order Daehee numbers and polynomials are investigated by Kim et al. in [17].

Cauchy polynomials are also called Bernoulli polynomials of the second kind and these
polynomials are very important to study mathematical physics. (See [18, 19].) In [18, 19],
Kim et al. have studied some properties of Bernoulli polynomials of the second kind as-
sociated with special polynomials arising from umbral calculus.

Kim introduced the degenerate Cauchy numbers and polynomials which are derived
from the degenerate function ¢’ (see [7]). In this paper, we try to degenerate Cauchy num-
bers and polynomials k-times and investigate some properties of these k-times degenerate
Cauchy numbers and polynomials.

For the application, we consider bosonic p-adic integration on Z,, for the same integrand
function f(x) = (1 + £)*, then we have Daehee numbers which are defined in [16]. Also,
by considering the degenerate of ¢ as above figure, we have degenerate Daehee numbers
and polynomials. Thus we can apply our idea in this paper to k-times degenerate Daehee
number and polynomials. Then we can get some new identities on these numbers and
polynomials.

In [20], Kim et al. introduced the g-analog of the Daehee numbers and polyno-
mials which are called the g-Daehee numbers and polynomials. By using the p-adic
g-integration, the g-Daehee polynomials D, ,(x) are defined and studied by Kim and Kim
(see [16]).

We also apply our idea to k-times degenerate g-Daehee numbers and polynomials. We

can get interesting identities on these numbers and polynomials.
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Meanwhile, the degenerate Bernoulli polynomials diverged several ways for further
study. One way is the g-analog of degenerate Bernoulli polynomials by using the p-adic
g-integral on Z, by Kim et al. Another way is considered and studied the partially degen-
erate Bernoulli numbers and polynomials of the first kind and second kind by Kim and
Seo in [21]. The partially degenerate one uses generating function concept on complex
plane. The hidden idea of this lies on the p-adic invariant integral on Z,. From this idea,
Lim studied partially degenerate Daehee numbers and polynomials (see [15]).

We can apply k-times partially degenerate idea to such partially degenerate numbers

and polynomials, and we can get interesting identities.

2 k-Times degenerate Cauchy numbers
In [7], Kim considered the degenerate Cauchy numbers which are defined by the generat-

ing function

i ) " log(1 + )\t)%
e " log(1 +log(1 + At)%)

1
= / (1+1log(1+ At)%)x dx (see[7]). (8)
0

The following is shown in [7], Corollary 2.2.

Lemma 1 For ng,ni,ny > 0, we have

ny
(i) Clyp= Y 22781 (m2,m)Cp,

n =0
ny  n 1
(i) Chy=D D W "810ma m)Si(m, o) ——.
0
n1=0np=0

We degenerate CSQ),)\ one more time, i.e., we get 2-times degenerate Cauchy numbers.
Then the left-hand side of (8) becomes as follows:

- 1, n
ZCHMH—ZI)» (log(1 + A1)

ny=0
o0 o0
A3 "3
) -
= Zcﬁz)x)‘ " Z S1(n3, n3) el
ny=0 n3=ny 3
o0 n3 n
t 3
= Z ( C}('tlz),)»)\'ns_nzsl(nl% nz)) —
n3=0 \ny=0 "3
oo n3 1y 413
= Z Z)»"Z_"151(712,1’11)Cn1 A28, (3, 1m3) —
13=0 13=0 \ry=0 13
o0 n3 ny t"3
= Z Z ABTS, (n3, 12)81(n2, 11)Cyy — 9
n3=0n3=0m=0 3
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On the other hand, the right-hand side of (8) becomes as follows:

log(1 + log(1 + A£)V*
log(1 + (log(1 + log(1 + At)))Y/*)

_Z ﬂslnl

n3=0

Thus, comparing the coefficients of (9) and (10), we have

n3
Coi = D g X272 81(13,12)
ny=0
n3  m
= Z Z A8 (n3, 12)S1 (12, 11) Cyy .
ny=0mn1=0
Now, replacing C,, in (11) by >

Sy(m1,19) -~ in (3), we get

no=0 no+1

n3  ny ny

,,3,\ = Z Z Z AT "151(713,nz)Sl(l’lz,m)Sl(Hhﬂo)

n2=0n1=0np=0

Inductively we get the k-times degenerate Cauchy numbers C . as follows.

Theorem 1 Forn; >0, foreachi=0,1,...,k + 1, we have

Myl
(k) _ Hier1—11
SR SRR B 51<n;+1,n1
ng=0 n1=0
Ayl

Z---Zk"’”l " (HSI M1, 1 ) 1+1.

ni=0 np=0

By replacing ¢ by 1 (e* - 1) in (10), we get

1
log(1 + A£)* 1
0g(1+41) - :/ (1+log(1+)\t)%)xdx
log(1 + log(1 + A£)*) Jo
> 1/1 "
— C(Z) o Z (M 1 .
n2=0: LAWY (e )
By (8), we have
o0 n o0 At n
" @, - 1)
IS pte- L
n=0 n=0
[o¢] o0
D e i Apm
= :E:: (:ji,i;k :E:: 5;2 (171, 11) ——;;;r—
n=0 m=n

3 C)Lm”S(mn)—m
(S|

m=0 \n=0

1
:/ (1+1og(1 +log(1+kt))m) dx
0
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(11)

12)

(14)

(15)
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where S;(m, n) is the Stirling number of the second kind. Thus comparing the coefficients
of (15), we have the inversion of (11) as follows:

m
Co = Y CON™ Sy (m, ). (16)
n=0
Now applying one more time the above process, we obtain the following:
n3
nz,\ = Z Z C A28y (M, 13)S2 (13, 14).
n3=0n4=0

Inductively, we have the following identity.

Theorem 2 For n; > 0, where i = Lk +1, we have

ny  n3

”2 )» Z Z Z an+1 A)‘nz Mt l—[ Sa(ni,nis1).

n3=0m4=0  1j,1=0

3 k-Times degenerate Cauchy polynomials
We recall that Cauchy polynomials C, (x) are defined by the generating function as follows:

- t ¢ X ! X+
;Cn(x)azm(l+t) =/0 A+6)*dy (see [1-6]).

n [7], Kim defined the degenerate Cauchy polynomials by the generating function as the
form in (4), and in this paper we shall denote these polynomials by Cﬁ,l)k ().
The following observation has been made in [7], Theorem 2.1 and Theorem 2.3.

Theorem 3 For n > 0, we have

n

=3 ’sl<nlf(x+yldy

=0
=Y WIS D)
1=0
n ! i
= Z Z )\.n_lsl(}’l, l) <m) (x)mC[_m. (17)
=0 m=0

We degenerate C,(ql; (x) one more time, i.e., we get 2-times degenerate Cauchy polyno-
mials C,(x). We have the following identity:

fl((l +log(1 +log(1 + )»t)))%) " dy
0

_ log(1+log(1+A0)*
log(1 + log(1 + log(1 + )Lt))%)

(1+log(1 +log(1 + At)) ; )"

[e¢] tn
=Y G- (18)
=0 n.
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Then the middle term of (18) becomes

log(1 + log(1 + Af))V*
log(1 + (log(1 + log(1 + At)))1/*)

00 / 00
= (Z ) %) (Z(x)m[log(l +log(1 + )\t))l/’\]’”%)

m=0

- Z f?;) Z(x)mz)\ mS, (i, m 1og(1+u)y>

(1 +1og(1 +log(1 + At))m)x

m=0 j=0 i=j

M\

(ZZ(m 183G, m)Si i /)Z lt’)

(x)mxf-mslv,mmi,j)%)

§ M \i

(x)mw S, (j, m)Sy (i, ;)cff’m> fq— (19)

Hence, from (19), we can rewrite 2-times degenerate Cauchy polynomials as follows.
For each n; € Z,, where i =0,1,2,...,

SHICED 3D 3D M () [EAE

n2=0n1=0nop=0

X 51(713,112)51(”2»H1)51(”1»?10)C§,23),n2,,\~ (20)

We combine (20) and Theorem 1, and we have

n3  ny n

Cop@=23 "3 (I’ls) o A28 (13, 12)S1 (112, m) Sy (11, o)

n2=0n1=0no=0

n3—nz mj

X Z Z (AHS_"TW&(?I?, — Ny, my)S (M, my)

mp=0 m;=0

X Z Sl(thlo)

) (21)
mo=0

Inductively, we have k-times degenerate Cauchy polynomials as follows.

Theorem 4 For each n; € Z,, wherei=0,1,...,k + 1, we have

Miyl ny k
k Pi+1 - k
C,(qkllyx(x) = Z o Z ( }’l+ >(x)noknk " Hsl(n/+l’nf)cilk)+1—nk,k
=0 ng=0 > "k j=0

i+l

ni k
Mie+1 P
= E e E ( Vl]t >(x)rl())" k= Hsl(anrl)nj) X o,

ng=0 np=0 j=0
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where

Myl —Mk Mg k-1

D I Sy (=) [ ] 10 -

mo+1°
mp=0 my_1=0 mp=0 0

Observing the left-hand side of (18), we have the following:

1
/ (1+log(1 +log(1 + At)) ; )" dy
0

= Z / (x+9) dy (log(l +log(1 + At)) %)
_ Z Ci(x) Z e 15 M
=300 DS D Y1)
=0 m=l j=m
[e¢] ] m .
- (Z Y SiG,m)Si(m, i Cz(x)> Jt—j (22)

m=0 [=0

By comparing the coefficients of the ends of (22), we have the following identity:

C2 )= 5100, m)Sim, DA Ci(x)

m=0 [=0

= Z ZSI 1n,m) Sy (m, A"~ lZ (1) ®);Crj. (23)

m=0 [=0

By inductively k-times degenerating Cauchy polynomials, we obtain the following.

Theorem 5 Foreach n; > 0 wherei=0,1,...,k +1, we have

sl n k
CW =YY amam (1‘[5 (i1, )) Cpy ()

ni=0 n1=0 i=1

Mjey1 ny M
- Z . Z Z 2/ Hk+1710 (1_[ S1(ni41,m; )) ()no Cony—no -

ni=0 n1=0np=0 i=1

By using (3), the middle term of (18) can be expressed by higher order Bernoulli poly-
nomials,

[e¢]

3 B+ 1)_ ((log(1 +log(1 + /\f)))%)

m=0

ind i (log(1 + Ap)Y
= E B( 1) E A IS _—
(x+ 10, m) i

m=0 Jj=m
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Mg

B (x +1) ZA TS1(j, m)Zsl(n,/)—

m=0 Jj=m n=j
o n j "
=3 By (& + DA7S1(n,))S1 (G, m) —
n=0 j=0 m=0 n
Thus
no
B (x + )17 S1(1,)S1(j, m).
j=0 m=0

Inductively, we have the representation of k-times degenerate Cauchy polynomials via
higher order Bernoulli polynomials.

Theorem 6 Foreach n; > 0 where i =0,1,...,k +1, we have

M+l

nk“ A(x Z ZB n1 x + I)A”kﬂ 1 x HSI niy1, 1

ng=0 n=0
In particular,

Myl

K
=2+ ZB O 5 [ 81000, m).

np=0 n1=0 i=1

As is well known, the Cauchy polynomials of the second kind are given by the generating
function

1 0
/ L+ dy = (1+2)" ZE —  (see [7]). (24)
0

t
1 +¢t)log(1+¢)
Kim defined the degenerate Cauchy polynomials of the second kind as follows:

! —y+x 1 1+ At % 1+1 1+ At % x
[ ton- ety gy - 0B R0 U log )
0 log(1 +log(1 + At)%)(1 + log(1 + A£)7)
o n

G (see 7). (25)
'm0 n.

The following is well known for describing degenerate Cauchy polynomials of the second
kind. We record some results as a theorem for convenience.

Theorem 7 (Kim [7]) Forl> 0, we have

l

Cia(x) = Y 27811 )Cil)

j=0

—ZA"’Sl(l J)B(’ (%) = / (x =) dy.

j=0
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Now we consider degenerating one more time the degenerate Cauchy polynomials of

the second kind as follows:

1
/ (1+1og(1 +log(1 + At))%)x_y dy
0

1

_ log(1 + log(1 + At)) 1+ log(1 + log(1 + At)) ) i 6 (26)
log(1 + log(1 + log(1 + kt))A YL +log(1l +log(1 + At))*) ‘o '.

Observing the left-hand side of (26), we have
1 1
/ (1+log(1+log(1+r8))*) " dy
0

_Z/ (- y,dy(log(1+log(1+)\t))%)

(log(1 + At))"

_ B
= ; A Cpax) Z Si(n, 1) o

n=1

Y 12, 95100 2 EL LA

n=0 [=0

=> Z > WS, m)Si (m, Z)CM(x) - (27)

j=0 n=0 [=0
Thus forj > 0,
j n
~(2 i . =
C';A) (x) = Z Z W81, m)Sy (1, 1) C ().
n=0 [=0

Now we apply the result of (27) and Theorem 7, and we can rewrite Eﬁ) (x) as follows.

For j,n,[ > 0, we have

j n [
CPw) =Y "33 W81, mSu(m, )81, ) Cilw)

n=0 [=0 i=0

j n I )
=YD Y WIS mSinDSI( ) B ).

n=0 [=0 i=0

Inductively, we get the following identity for k-times degenerate Cauchy polynomials of

the second kind.
Theorem 8 For n; > 0, wherei=0,1,...,k +1, we have

nkel Mk ny k
nk+1x(x Z Z "ank”_nl(1_[51(”;41,11['))@1,)\(96)

ng=0ny_1=0 n1=0 i=1

sl Mk n k
3RS S (nslmﬁl, >)B<m o

ng=0ny_1=0 n1=0 i=1
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Moreover, we have the following:

i+l n
C @)=y o 1‘[51<n,+1, 15)Cng (%)
ng=0 np=0 i=0
M+l n k
= Z e Z Atk 70 HSI(HH-I’H )B (x)
ng=0 np=0 i=0

From the left-hand side of (26), we have

G () = ZZN 16, m)Su(m, 1)1'/ (";y> dy

n=0 [=0

_1—
S G 1)"/ (“” x)dy
n

n=0 [=0

Y s msmocy (1)) enen: 8)

n=1 [=1 m=1

Therefore, from (28), we inductively obtain the following theorem.

Theorem 9 For n; > 0, wherei=0,1,...,k +1, we have

e
Cna® =D Z"I AR l_lSl(mn) - 1)"0( ‘1)cno(—x).

ni=1 no=1
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