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1 Introduction
In this paper, by using the perturbation method and the monotone iterative technique, we
discuss the periodic solutions for the impulsive evolution equation

u(t)+Au(t) =f(t,u®), t=0,t#t,

(1.1)
A=y = Ii(u(ty)), keN,

in an ordered Banach space X, where A : D(A) C X — X is a closed linear operator and —-A
generates a positive Cy-semigroup T'(¢) (¢ > 0) in X; f : [0, +00) X X — X is a continuous
function and f is w-periodic about ¢. J = [0,w], @ is a constant; 0 < £; <fp <+ < ¢, < @.
Ii: X = X (k=1,2,...,p) are impulsive functions. Au|,—;, = u(t{)—u(t;) denotes the jump
of u(t) at t = t, where u(t{), u(¢;) represent the right and left limits of u(¢) at t = £ (k € N),
respectively.

Obviously, the periodic problem of impulsive evolution equation (1.1) is equal to the
periodic boundary value problem of impulsive evolution equation (IPBVP) in J,

u'(t) + Au(t) =f(t,u(t)), tel,t#k,
Au't:tk =Ik(u(tk))r k=1, 2:-")p; (1.2)
u(0) = u(w).

The study of impulsive differential equations is a new and important branch of differ-
ential equation theory for studying evolution processes of real life phenomena not only in
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natural sciences but also in social sciences such as climate, food supplement, insecticide
population, sustainable development that are subjected to sudden changes at certain in-
stants. The theory of impulsive differential equations has been emerging as an important
area of investigation in the last few decades; see the monographs of Lakshmikantham et
al. [1], Benchohra et al. [2] and the papers of Chen [3], Li and Liu [4], Yang [5] and Lan
[6], where numerous properties of their solutions are studied and detailed bibliographies
are given. Consequently, some basic results on impulsive differential equations have been
obtained and the applications of the theory of impulsive differential equations to different
areas have been considered by many authors, see [4, 7-19] and the references therein.

The monotone iterative method based on lower and upper solutions is an effective and
flexible mechanism. This technique is that, for the considered problem, starting from a
pair of ordered lower and upper solutions, one constructs two monotone sequences such
that they uniformly converge to the extremal solutions between the lower and upper so-
lutions. By using the method of lower and upper solutions and the monotone iterative
technique, Du and Lakshmikantham [20], Sun and Zhao [21] studied the existence of so-
lutions to initial value problem of ordinary differential equation without impulse. Later on,
Guo and Liu [22], Li and Liu [4] developed the monotone iterative method for impulsive
integro-differential equations. Wang and Wang [23] investigated monotone iterative tech-
niques for abstract semilinear evolution equations. Under the condition that the impulsive
function is monotone increasing on the order interval, Chen and Mu [24] and Chen and
Li [25] discussed the impulsive evolution equations with classical initial conditions.

Luo et al. [15] established a monotone iterative method for the antiperiodic boundary
value problem of the first-order impulsive ordinary differential equations

u'(t)=f@u), tel,t#b
Al’t|1f=tk =Ik(l/l(tk)), k=1, 2,505 (13)
u(0) = —u(w),

where the impulsive functions I (k =1,2,...,p) are nondecreasing. By applying the lower
and upper solution method and the monotone iterative technique, the author obtained
the existence of solutions for problem (1.3).

Ahmad and Nieto [26] applied the method of quasilinearization to obtain monotone
sequences of approximate solutions converging uniformly and quadratically to the unique
solution of the following impulsive anti-periodic problem:

u'(t) =gt x(t),x(w(t))), te]=[0,Tlt#tt€(0,T),
Ax(ty) = (x(t)), k=1,2,...,p,

%(0) = —«(T),

x(t) = x(0), tel[-r,0].

Suppose that impulsive functions Iy (k=1,2,...,p) satisfied -1 < I;(-) < 0 with I}'(-) > 0.
Recently, Chen [3] discussed the existence of solutions to the impulsive periodic bound-
ary value problem in an ordered Banach space X,

u'@t) =f(tu(t)ult)), telt#t,
Auliey = L(ulte), u(t), k=1,2,...,p, (1.4)
u(0) = u(w).
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Assume that problem (1.4) has coupled lower and upper L-quasisolutions vy and wy with
vo < wy. Suppose that impulsive functions Iy (k =1,2,...,p) are satisfied

Ik(ul,Vl) SIk(MZJVZ)r k:1’27-“1p7

forany t € J and vo(£) < uy < uy < wy(£), vo(t) < va < vi < wy(t).
Shao and Zhang [27] investigated the periodic solutions for the impulsive evolution
equation

w(t)+Au(t) =f(t,u(t), t=0,t#,
Au|t=tk = Ik(u(tk))’ k € N’

where the impulsive functions satisfied the monotone condition V¢ € [0, w], vo(£) < x; <
% < wo(t),

Ik(x) < Ik(x2), k=1,2,...,p.

In this paper, we consider the existence of w-periodic mild solutions for the impulsive
evolution equation (1.2) by means of the perturbation method and the mixed monotone
iterative technique. In the previous results in the related literature, the impulsive func-
tions were considered as nondecreasing functions, which were not easy to satisfy. To our
knowledge, there are very few papers to study the periodic boundary value problem of im-
pulsive evolution equation under the impulsive functions satisfying quasimonotonicity. In
this paper, we assume that the impulsive functions satisfy quasimonotonicity, which will
compensate for the lack in this area. Applying A = 0, our results improve and extend the
evolution equations without impulse and some relevant results in ordinary differential
equations.

2 Preliminaries
Let X be a Banach space, A : D(A) C X — X be a closed linear operator and —A generate a
Co-semigroup T'(¢) (¢ > 0) in X. Then there exist constants M > 0 and v € R such that

|T@)] <Me™, t=0,
(2.1)
vo = inf{v € R[IM >0,

T(t)| < Me", vt >0}
and vy can also be expressed by vy = limsup,_, , ., m, then vy is called a growth index
of the Cy-semigroup T'(¢) (t > 0). If vy < 0, then T'(¢) (¢ > 0) is called an exponentially
stable Cy-semigroup.

Let T(¢) (t > 0) be an exponentially stable C-semigroup, for Vv € (0, |vg|), by the defi-
nition of vy, we have IM > 1,

IT@®)| <Me™, t>o0. (2.2)

We define an equivalent norm in X by

x| = sup|le” T(t)x|, (2.3)
>0
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then ||x|| < |x| < M||x||. Respectively, |T(¢)| is the norm of the operator T'(¢) in space
(X,]-1)- By (2.2), we have

|T(@)| <e (2.4)
and |T(w)| <e™” < 1.

Lemma 2.1 [28] Let T(¢) (t > 0) be an exponentially stable Cy-semigroup, then the oper-
ator I — T(w) has a bounded inverse operator (I — T(w))™" and satisfies the inequality

1 1
’(I—T(w)) ‘ < =t
Let X be an ordered Banach space with the norm || - || and partial order ‘<’, whose posi-

tive cone K = {x € X | x > 0} is normal with normal constant N. J = [0, w], w is a constant.
Let C(J, X) denote the Banach space of all continuous X-value functions on interval J with
the norm |u||¢c = maxe; |u(t)||. Then C(J,X) is an ordered Banach space induced by the
convex cone K¢ = {u e C(J,X) | u(t) > 0,t € J}, and K¢ is also a normal cone.

Let J' = J \ {t.ta,..., 8}, J" =T\ {0, 81, t2,...,8,}. Let i = [to,t1], Jx = (-1, 8], k =
2,3,...,p+1, where ty = 0, t,,1 = w. Evidently, PC(J,X) = {u:] — X | u(t) is continuous in
J' and left continuous at i, and u(t]) exists, k =1,2,...,p}. PC(J,X) is a Banach space with
the norm || - ||pc = sup,; |lu(¢)|. Evidently, PC(/, X) is also an ordered Banach space with
the partial order ‘<’ induced by the positive cone Kpc = {u € PC(J, X) | u(t) > 0,t € J}. Kpc
is normal with the same normal constant N. For v,w € PC(J, X) with v < w, we use [v, w] to
denote the order interval {z € PC(J,X) | v < u < w} in PC(J,X), and [v(¢), w(t)] to denote
the order interval {u € X | v(¢) < u(t) < w(t),t € J} in X. We use X; to denote the Banach
space D(A) with the graph norm || - [y = | - | + |4 - ||

Definition 2.2 If functions vy € PC(J,X) N C}(J”,X) N C(J', X,) satisfy

vo(2) + Avg(t) <f(t,vo(t)), tel,t#t,
AV0|L’=tk = Ik(VO(tk))! k= 1, 2;~-rp; (25)
v5(0) < vp(w),

we call vy a lower solution of IPBVP (1.2); if all the inequalities of (2.5) are inverse, we call
it an upper solution of IPBVP (1.2).

3 Linear impulsive evolution equation

Let Iy = [y, T]. Denote by C(/y, X) the Banach space of all continuous X -value functions on
interval I, with the norm ||| c = max;ey, [|4(2)]. It is well known [29] that for any x, € D(A)
and / € C'(Iy, X), the initial value problem (IVP) of linear evolution equation

u'(t) + Au(t) = h(t), tel,
u(to) = xo

has a unique classical solution u € C*(Iy, X) N C(Iy, X1) expressed by

u(t) = T(t - to)xo + /t T(t-s)h(s)ds, tely. (3.2)

to
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If xy € X and & € C(I, X), the function u given by (3.2) belongs to C(J, X). We call it a
mild solution of IVP(3.1). For any # € PC(J, X), we consider the periodic boundary value
problem of linear impulsive evolution equation (LIPBVP) in X,

u'(t) + Au(t) = h(t), te],t#t
Au|t=,§k + aku(tk) =e¢, k=12,... D (3.3)
u(0) = u(w),

where ay is constant, e € X, k=1,2,...,p.

Theorem 3.1 Let X be a Banach space, —A generate an exponentially stable Cy-semigroup
T(t) (t > 0) in X and vy be a growth index of the semigroup T (t). If% Zizl In(1 - ay) < —vo,
foranyh € PC(J,X), ax < 1is constantand ex € X,k =1,2,...,p, LIPBVP (3.3) has a unique
mild solution u € PC(J, X) given by

=[] a-a)T0B+ Y ] (-a / * T - 9hls)ds

k:0<tg<t k:O<tg<t ity <tj<t -1

+ /t T(t - s)h(s)ds + Z l_[ (I-a)T(t-t)ex + T(t—t))e

U ki<t <tj istg<ti<t

= Qu(h), (34)

where t; <t (j=0,1,2,...,p) is the nearest point of t, j = max{k | 0 < ty < t} and

p re p %
By(h) = [1 - ]‘[(1 - ak)T(a)):| {Z ]‘[(1 —a;) / T(w — s)h(s) ds
k=1

k=1 i=k b1

w p
+ / T(w — s)h(s)ds + 1_[

1-a)T(w-tr)ex + T(w )ep:|.
p k=1 i=k+1

Proof Let Ji = [to, t1], Jk = (te-1s ti) k= 2,3,...,p + 1, where £, = 0, t,,1 = w. For any /1 €
PC(J], X), we first show that the initial value problem of linear impulsive evolution equation

u'(t) + Au(t) = h(t), te],t#t,
Auli—y + multy) = e, k=1,2,...,p, (3.5)
u(0) = xo.

Let t € J1 = [to, 1], equation (3.5) is equivalent to the initial value problem of linear evo-

lution equation

i W(t) +Ault) = h(t), tej, 6)

u(0) = xo.

Then (3.6) has a unique mild solution u; € C(J;,X) given by

u1(t) = T(t)xo + /t T(t - s)h(s)ds.
0
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Especially, we have
5]
uy(ty) = T(t1)xo + / T(t; — s)h(s)ds € X. (3.7)
0

Lett € J; = (f1, t2], equation (3.5) is equivalent to the initial value problem of linear evo-
lution equation

{ W(t) +Ault) = h(t), tel, 68

u(ty) = ui(t) — ayuy (1) + ey
Combining with (3.7), then (3.8) has a unique mild solution u; € C(J,, X) expressed by
t

uy () = T(t - tl)[(l —ay)ui(t) + el] + / T(t—s)h(s)ds

5]

=T(t- tl)[(l —a1)<T(tl)xo + /tl T(t; — s)h(s) ds) + el} + /t T(t—s)h(s)ds
0

5]

=(1-a)T(t)xg+ (1 —ay) /tl T(t—s)h(s)ds + /t T(t—s)h(s)ds + T(t — t1)e;.
0

f

Particularly, we have

us(ty) = (1—a)T(t)xo + (1 —al)/ 1 T(ty —s)h(s)ds + / ’ T(ty —s)h(s)ds+ T (t, —t1)e;.
0

4

Similarly, let ¢ € Jx = (tx-1, &] (k= 3,4,...,p + 1), where ¢,,; = ®, equation (3.5) is equiv-
alent to the initial value problem of linear evolution equation

u'(t) + Au(t) = h(t), teJy,

. (3.9)
u(tf ;) = (1 —ar)ulter) + exs1, k=3,4,...,p+1
Then (3.9) has a unique mild solution u; € C(Ji, X) expressed by
t
t) = Tt = 5[ - st +ec] + [ Te-9his)ds
k-1
73
= [] a-adTme+ > J] 0-a) f T (¢ - s)h(s)ds
k:0<ty <t k:0<ty <t i:ty <tj<t b1
t
+ f T(t—s)h(s)ds + Z 1_[ (1-a)T(—t)ex + T(t—ty)ej,
i k:0<ty <ty itty<ti<t
where t; <t (j=0,1,2,...,p) is the nearest point of £, j = max{k | 0 < #; < £}.
Let
u1(2), teh,
t), t ,
upy - |0 tEh (3.10)

cey

up+1(t): te ]p+1~
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Inversely, the function u € PC(J, X) defined by (3.10) is a unique mild solution of the initial
value problem of linear evolution equation (3.5).

Next,we show that LIPBVP (3.3) has a unique mild solution u € PC(J, X) given by (3.4).
If a function u € PC(J, X) defined by (3.10) is a solution of LIPBVP (3.3), then xy = u(w),
namely

k=1

14
(1 -TTa- ak)T(w)) %o

73

r pr 3]
=> [la-a) / T(w - s)h(s) ds + f T(w - )h(s) ds

k=1 i=k t-1
p-1 p

+ 1_[ (I-a)T(w-t)ex + T(w - ty)ep. (3.11)
k=1 i=k+1

For Vv € (0,-vp), by Lemma 2.1, since r(]_[iﬂ(l —a)T(w) < iﬂ 1 — axle™®, and
i i:l In(1 — ax) < —vo, ax < 1, by the arbitrary of v, we have r( izl(l —ap)T(w)) <
]_[izl(l —ag)e’® <1,and I - ]—[izl(l —ax)T (w) has a bounded inverse operator. From (3.11),

we choose
14 Ire p 4
xo = [1- []a- akmw)] [Z 1-a) / T(w - s)h(s) ds
k=1 k=1 i=k lk-1
® p-1 p
+ / T(a) — S)h(S) ds + Z 1_[ (1 - a,-)T(a) — tk)ek + T(a) - tp)ep:|
p k=1 i=k+1
= Bi(h). (3.12)

Combining (3.12) with (3.10), we obtain that the function u(f) € PC(J, X) given by (3.4) is
a unique mild solution of LIBPVP (3.3) on J and the operator Q; : PC(J,X) — PC(J,X) is
a continuous operator. So, the conclusion of Theorem 3.1 holds. O

Remark 3.2 In Theorem 3.1, let X be an ordered Banach space, —A generate a posi-
tive Co-semigroup T'(¢) (¢ > 0) in X and vy be a growth index of the semigroup T'(¢). If
i 1/::1 In(1 — ay) < —vg, forany h > 0, ay <1is constant and ex > 0,k =1,2,...,p, then the

solution operator Q; of LIPBVP (3.3) is a positive operator.

4 Proof of the main results

Theorem 4.1 Let X be an ordered Banach space, whose positive cone K is normal, and Ny
be the normal constant. Let A : D(A) C X — X be a closed linear operator and —A generate
a compact and positive Cy-semigroup T(t) (t > 0) in X. f € C(J x X, X) is w-periodic about
t, I € C(X,X), k=1,2,...,p. Assume that IPBVP (1.2) has lower and upper solutions v,
and wy with vo(£) < wy(t) (t € J). Suppose that the following conditions are satisfied:

(Py) There exists a constant C > 0 such that

f(t:xZ) _f(t;xl) Z _C(xZ _x1)> t 6])

for Vt € ], vo(t) <x1 < x5 < wo(2).
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(Py) 30 < Ni <1, forVte], vo(t) < < xp < wy(t), impulsive functions Iy satisfy
Ik(xz)_Ik(xl) = _Nk(xZ_xl)r k:112’~”7p‘

Then IPBVP (1.2) has minimal and maximal w-periodic mild solutions u and u between v,
and wg, which can be obtained by monotone iterative sequences starting from vy and wy.

Proof Define D = [vy, wo]. For Vi € D, we consider the periodic boundary value problem
of linear impulsive evolution equation (LIPBVP) in X,

u'(t) + Au(t) + Cu(t) =f(¢,h(t) + Ch(t), te],t#k,
Au|,;:,;k + Nku(tk) = ]k(h(tk)) + Nkh(tk), k=1,2,... P> (4.1)
u(0) = u(w),

where Vz € [0,w], define t; < £ (j= 0,1,2,...,p) is the nearest point of £, j = max{k | 0 < <

t} filt,x) =f(¢,x) + Cx.

Let C > vy, —(A + CI) generate an exponentially stable, compact and positive Cy-semi-
group S(t) = e"“* T(¢) (t > 0) in X, whose growth index is —C + vy. Since C > vy, 0 < N <1,
)

12
— Y "In(1=Ni) < C = vp. (4.2)
@
From Theorem 3.1, LIPBVP (4.1) has a unique mild solution u € PC(J, X) given by
= [] a-Nos@B(wy+ > [] a-N) / S(t—)fi (s, h(s)) ds

k:O<tp<t k:O<tp<t iitp<t;<t

+ f S-s)fi(she)ds+ > [ @-N)SE-t)(l((te)) + Neh(te)

i kO<t<t; itye<ti<t
+8(t - ) (5 (h(®)) + Nju()) £ Qa(h), (4.3)
where
P re » %
By(h) 2 (1 -TJa- Nk)S(w)> [Z [Ja-N) [ Stw-s)fi(s his)ds
k=1 k=1 i=k b1
p-1 p
+ / S(w - s)fi(s, () ds + Y [T @~ N)S(w - &) (I (h(t)) + Nich(t))
b k=1 i=k+1

+ 80— t,) (I, ((t,)) + Nph(tp)):|.

Since f and Ij are continuous, so Q; : D — PC(J, X) is continuous.

Clearly, the w-periodic mild solutions of IPBVP (1.2) are equivalent to the fixed points
of operator Q.

(i) We show Q, : D — PC(J,X) is an increasing operator.
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In fact, for Vhy, hy € D and &y < by, from the assumptions (P1) and (P;), we have
At m(®) =f(6m (@) + Chi(e) <f (6 ha(0) + Cha()) =fi (6, ha(8)),  £€]

and
Le(m(8)) + Nk (t) < Ie(ha(t)) + Niha(t), - k=1,2,...,p.

Since S(¢) is an exponentially stable and positive Cp-semigroup, combining this with
(4.2), then [I - I—[p (1 = N¢)S(w)] has a bounded inverse operator and it can be expressed
that ( - [{_,(1 = No)S(@)™ = Yoo ([T, (1 = Nk))"S(nw). Obviously, the operator (I —

izl(l Nk)S(a))) is a positive operator. Hence, we have

b p ty w
Z 1-N) S(w - s)fi (s, i (s)) ds + / S(w = s)fi (s, ln(s)) ds
k=1 i=k S ty
p p w
<> JJa-w (@ = 8)fi (s, ha(s)) s + / S(w = s)fi (s, ha(s)) ds
k=1 i=k S| b
and
p-1 p
[T -N)S(@ =) (I (7 (1)) + Nick (1)) + S(@ = £,) (I, (1 (&) + N (8,))
k=1 i=k+1
p-1

P
1_[ (1 = N)S(w - t) (I (h2(t)) + Nicha (t))

k=1 i=k+1

+ 8(w = t,) (I, (13(8,)) + Ny (£,)).

Namely, By (%) < By(h;). Thus we obtain the inequality ]_[k:()(tkq(l — Nu)S(#)By () <
[Tko<t<(1 = Ni)S(#)Ba (). Combining this with (4.3), we have Qa2 (/1) < Q2(h).

(il) We show vy < Q2(vo), Qa(wp) < wy.

Let

V() + Avo(t) + Cvo(t) = h(t), te],t#t,
Avoli—gy + Nivo(te) =€, k=1,2,...,p, (4.4)
v9(0) = vo(w),

from the definition of vy, we have

iﬁ(t) <ft,vo(®)) + Cwolt), telt#te ws)

e < Ii(vo(t)) + Nevo(t),  k=1,2,...,p.

By Theorem 3.1, (4.4) and (4.5), we have

vo(t) = 1_[ (1-NK)S Z 1_[ / S(t - s)h(s)ds
k-1

k:0<ty<t k:O<tp<titp<tj<t -

+ / 'S(e - ) ds + > T a-N)st - te + St - e

U k:0<ty<tj ist<ti<t
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< [] a-Nos®B:(m+ Y [] a-N) / S(t = s)fi(s,vo(s)) ds

k:0<ty<t k:O<tp<t itp<tj<t
+ / St - 9)fi(s,vo(s)) ds
i

+ Y T a=-Nost - a) (I(vo@)) + Nivo())

k:0<ty<t; isty<tj<t

+ S(t - l’l)(I](V()(t])) + A[}'V()(tj)), (46)

where

» re » :
Bs(h) = (1 -TJa- Nk)S(a))) [Z [Ta-n) S - 9)(s) ds
k=1 k=1

i=k b1

p-1

w P
+ /t S(w - s)h(s) ds + 21: [T0-N)S(@ -t + S(ew - tp)ép].

P i=k+1

Particularly,

14 p p t
vo(@) < [ [ = NO)S@)Bs(h) + Y [ J1-Ny) / S(@ = s)i(s,v0(s)) ds
k=1 b1

k=1 i=k

+ /wS(w—s) 1(3, vo(s)) ds

r-1 p
+Z]‘[( = Ni)S(w — t&) (I (vo(tx)) + Nevo (t))

k=1 i=k+1

+S(w - tp)( p(vo(tp)) + vao(tp))‘ (4.7)

By (4.4) and (4.6), then v(0) = B3 (/). Combining v (0) < vo(w) with (4.7), we have

p -1 p
Bg(ms(l—]'[(l—Nk)S(w)) [Z [Ja-n) f (= $)fi(s,vo(s)) ds
k=1 k=1 i=k b1

p-1

»
+/ S(w - s)fi (s, vo(s)) ds + H(l N)S(@ — &) (Ix (vo(tx)) + Nievo (t))

74 k=1 i=k+1

+S(w—t )( (vo(tp) +N vo(tp)

I—I

= By (vo).

On the other hand, from (4.3), then

QW)®) = [[ A-NIS@Bvo)+ Y [] a-N) / St~ 9)fi (s, vo(s)) ds

k:0<tg<t k:O<tp<t ity <tj<t

+ / S - 9)fi(s,vo(s)) ds

J
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+ Y ] @-Noste— ) (Ie(vo(t)) + Nivo(£:))

ki<t <ty iztg<ti<t

+S(¢ = 5)(Ij(vo(8)) + Njvo(t))). (4.8)
By (4.6) and (4.8), we have

Qo)) —vo) = [] (1= NS (Bavo) - Bs()) > 6,

k:0<ty<t

namely vy () < Q2(vo)(£). Similarly, it can be shown that Qa(wo)(£) < wo(t). Therefore, Q, :
[vo, wo] — [vo, wo] is a continuously increasing operator.

(iii) Next, we will prove that the operator Q, has fixed points on [vg, wo].

Now, we define two sequences {v,} and {w,} by the iterative scheme

Vn = QZ(Vn—l); Wy = QZ(Wn—l), n=12,.... (4-9)
Then from the monotonicity of operator Q, it follows that
VoSV SV <o SV S S Wy S Swy Swp S . (4.10)

Next, we prove that {v,} and {w,} are convergentin /. Let G={v, |n € N}, Gy ={v,_1 |n €
N}, then Gy = {vo} U G and G = Q2(Gy). For any v,,_; € Gy, let

W(v,-1)( Z 1_[ 1- N/ (—s)fl(s,v,,_l(s))ds

k:O<tg<t ity <tj<t

/tS(t—s)fl(s,v,, 1 s)) ds

+ Y T Q=-Nost - ) (Te(vaa (80)) + Niviaa ()

k:0<ty<tj istg<ti<t

+8(t = ) (L (Va1 (5)) + Nyvua(5)), (4.11)

then Qy(v,-1)(%) = Hk:0<tk<t(1 — Ni)S()By(v,-1) + W (v,,.1)(2). First, we will prove that for

any 0 <t < w, Y(¢) def {W(v,—1)(®) | va1 € Go} is relatively compact in X. Let 0 < € < ¢,
j=max{k |0 <ty <t—e€}and

W0 = Y [T a-N) [ S-9i(svei)ds

k:O<ty<t—e ity <tj<t—e -1
t—e
+ / S(t = 5)fi(s,vn-1(s)) ds
t=
i

+ Y]] @-NoSE - 1) (I (vaa () + Nievia (1))

k:0<tk<t]f iitg<ti<t—e€

+ St = 1) (5(vi1(5)) + Ny (1)

:S(e[ Z 1_[ (1- N/ St —€ = s)fi(s,vu(s)) ds

k:0<tp<t—e i:ty <tj<t—e
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+ f S = e = )i (5,vpa () ds

+ Z ]_[ (1= N)S(t — € — tx) (I (Vo1 (&) + Niviuor (8))

k:0<tk<ti iitp<ti<t—€
+8(t—€ = ) (G(vaa(t) + A@vn_l(t,))}. (412)
By assumption (P;) we know that

f(t, V()(t)) + Cl/o(t) Sf(t, Vn_l(t)) + CVy’_l(t) Ef(t, W()(t)) + CW()(t).

Since f(¢,vo(¢)) and f (¢, wo(t)) are continuous in the compact set [0,w], so their image
sets are compact sets in X, namely image sets are bounded. Combining this fact with the
normality of cone K in X, we have M, > 0, Vv,_; € G,

[i(t,vua )| = [A(Evo@)] + No[lfi(£, wo(®) =i (&0 () | < M.
By assumption (P;) we know that

I (vo (&) + Nivo(tr) < Ix (Va1 (8)) + Nivia (8)

< Ie(wo(te)) + Newo (&), k=1,2,...,p.
By the normality of cone K in X, there exists M, > 0 such that

12 (Vi1 (8)) + Nieviuoa (8) |
< [[Ze(vo(t)) + Nivo (8)]| + No [T (wo(6)) — T (vo(8)) + Niewo i) ~ Nevo (e |

< M,.
Combining (4.12) with the compactness of S(¢), then Y, (¢) = {We(v,1)(?) | vie1 € Go} is
a relatively compact set in X. Let J; = [0, t1], Jk = (tk-1, &), Kk =2,3,...,p + 1, where £, = 0,
t,.1 = w. For sufficiently small € and ¢, £t —€ € Jy (k=1,2,...,p +1), thenj =/_‘ and
W (vi1)(8) = We(v) (D)

< / 15 = )| [ (5, var(s)) | ds < My,

/ S(t-s)fi (s, V,,_l(s)) ds — f - S(t—s) l(s, v,,_l(s)) ds

] ]

hence Y () is a totally bounded set in X, thus it is a relatively compact set. Especially,
by the compactness of Y(w) and the relative compactness of {By(v,-1) | V41 € Go} = (I -
1= NS())'Y () in X, we know that {(T ko<t et = NO)S®)Ba(Vy-1) | vaa € Go} s
a relatively compact set.
Noticing

{Qz(t)an1€Go}:{ [T @-NOSOBv,o0) + Wr,1)(®)

k:0<ty<t

Vp1 € Go },
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and Qz(v,-1)(0) = Ba(v,,_1), considering

P p -1
Q1)) = []‘[(1 ~ Ni)S() (1 -T]a- Nk)S(w)> + 1}
k=1 k=1

73

p p
X |:Z H(l—Ni)/ S(@ = 8)fi (s, va1(s)) ds

k=1 i=k b1
w

+ / Slw - s)fi (s, V,H(s)) ds

-1 p
+ H (1= N)S(@ = t) (I (Vu1(tx)) + Nivaor (1))

1 i=k+1

]

>
I

+S(w — tp)(II7 (v,,_l(tp)) + va,,_l(tp))j|

= By(Vu-1)s

then Qy(v,-1)(0) = Q2 (V1) (@) = Ba(v,,-1), namely {Q(v,-1)(0) | vi1 € Go} = Ba(Go) is rel-
atively compact.

Therefore, {v,(£)} = {Q2(V-1)(£) | Va1 € Go, t € J} is relatively compact in X. Combin-
ing this fact with the monotonicity of {v,}, we easily prove that {v,(¢)} is convergent. Let
{vu(@®)} —> u(t)inte].

The same idea can be used to prove that {w,(t)} — u(t) int € J.

Evidently {v, ()}, {w,(£)} € PC(J,X), so u(¢) and u(¢) are bounded integrable in J; (k =
1,2,...,p). Since for any t € Ji, v,(t) = Qa(vi1)(£), wu(t) = Qa(wy_1)(2), letting n — oo, by
the Lebesgue dominated convergence theorem, we have u(t) = Qx(u)(t), u(t) = Qa2 (u)(t)
and u(z), u(t) € PC(J, X). Combining this with monotonicity (4.10), we have vo(£) < u(t) <
u(t) < wo(t).

Next, we prove that u(¢) and u(t) are the minimal and maximal fixed points of Q, in
[vo, wol, respectively. In fact, for any u* € [vo, wo], Q2(4*) = u*, we have vy < u* < wy, and
v = Qa(vo) < Qa(u*) = u* < Qa(wp) = wy. Continuing such progress, we get v, < u* < w,,.
Letting n — oo, we get u(t) < u* < u(t). Therefore, u(t) and u(t) are the minimal and max-
imal w-periodic mild solutions of IPBVP (1.2) between vy and wy, which can be obtained
by monotone iterative sequences starting from vy and wy, respectively. This completes the
proof of Theorem 4.1. d

Remark 4.2 In [15], the impulsive functions are required to be ordered increasing; there-

fore, Theorem 4.1 in this paper extensively generalizes the main results in [15].

Theorem 4.3 Let X be an ordered Banach space whose positive cone K is regular, A :
D(A) C X — X be a closed linear operator and —A generate a positive Cy-semigroup T (t)
(t=>0)inX.f € C(J xX,X) andf is w-periodic about t, Iy € C(X,X),k=1,2,...,p. Assume
that IPBVP (1.2) has coupled lower and upper solutions vy and wy with vo(t) < wy(t) (¢ €]),
and conditions (P1) and (P,) are satisfied, then IPBVP (1.2) has minimal and maximal
w-periodic mild solutions u and u between vy and wy, which can be obtained by monotone
iterative sequences starting from vy and wy.
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Proof From Theorem 4.1 we know that Q, : [vg, wo] — [vo, wo] is a continuously increas-
ing operator. Similarly, the two sequences {v,(t)} and {w,(¢)} are defined in [vo, wy] by the
iterative scheme (4.9). By conditions (P3), then {v,(¢)} and {w,(¢)} are ordered-monotonic
and ordered-bounded sequences in X.

Using the regularity of the cone K, any ordered-monotonic and ordered-bounded se-
quence in X is convergent. So, {v,(t)} and {w,(t)} are convergent, namely 3v*(¢), w*(t),
vu(t) — v¥*(t), w,(t) — w*(t) in t € J', where v*(£), w*(¢) are bounded and strongly mea-
surable. Combining (4.3) with v,, = Q2(v,._1), let C > vy, noticing S(¢) = e"“! T(¢) (¢t > 0) is
an exponentially stable and positive Cy-semigroup in X, letting # — oo, by the Lebesgue
dominated convergence theorem, we have v*(£) = Q,(v*)(¢t) € PC(J, X).

Similarly, we prove that w*(¢) € PC(J, X) and w*(¢) = Q2(w*)(¢).

By (4.10), we know vy (£) < v*(£) < w*(£) < wo(8).

Similar to the proof of Theorem 4.1, we know that u(¢) and %(t) are the minimal and max-
imal w-periodic mild solutions of IPBVP (1.2) between vy and wy, which can be obtained
by monotone iterative sequences starting from vy and wy, respectively. This completes the
proof of Theorem 4.3. O

Corollary 4.4 Let X be an ordered and weakly sequentially complete Banach space, whose
positive cone K is normal, A : D(A) C X — X be a closed linear operator and —A generate
a positive Co-semigroup T(t) (t > 0) in X. f € C(J x X,X) and f is w-periodic about t,
Iy e C(X,X), k=1,2,...,p. Assume that IPBVP (1.2) has lower and upper solutions vy and
wo with vo(t) < wy(t) (t €]), and conditions (Py) and (Py) are satisfied, then IPBVP (1.2)
has minimal and maximal w-periodic mild solutions u and u between vy and wy, which

can be obtained by monotone iterative sequences starting from vy and wy.

Proof In an ordered and weakly sequentially complete Banach space, the normal cone K
is regular. Then the proof is complete. d

Next, we discuss the existence of the w-periodic mild solutions of IPBVP (1.2), when the
lower and upper solutions of IPBVP (1.2) do not exist.

Theorem 4.5 Let X be an ordered Banach space, whose positive cone K is normal, A :
D(A) C X — X be a closed linear operator and —A generate an exponentially stable, com-

pact and positive Cy-semigroup T(t) (¢t > 0) in X. f € C(J x X, X) and f is w-periodic about
L I e C(X,X), k=1,2,...,p satisfy (P1) and (P,) and the following conditions:

(P3) 30 <a < —vg (vg is the growth index of T(t)), h € PC(J,X), h > 0, such that
—ax — h(t) <f(t,—x), f(t,x) <ax+ h(t).

(Py) Letay <1, i Zizl In(1 — ax) < —a — vo, ex > 0, such that
aix — ex < Ii(—x), Ii(x) < —axx + ex.

Then IPBVP (1.2) has minimal and maximal w-periodic mild solutions, which can be ob-
tained by monotone iterative sequences.
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Proof For 0 < a < —vg, then —(A — al) generates an exponentially stable and positive
Co-semigroup e” T(t) (¢ > 0), whose growth index is a + vy. For % Y In(l-ay) < —a-vy,
h(t) = 6, ex > 0, by Theorem 3.1, then the periodic boundary value problem of linear im-
pulsive evolution equation (LIPBVP) in X,

u'(t) + Au(t) —au(t) = h(t), te],t#t,
Auliey +aru(ty) =er, k=1,2,...,p,
1(0) = u(w)

has a unique positive solution u* > 6. Let vy = —u™*, wy = u*, by conditions (P;), (P2), (P3)
and (P4), we get

Vo(t) + Avo(2) = avo(t) — h(t) < f(t,vo(t), te],t 7tk
Avoli=y = —axvo(ty) —ex < Ir(vo(t)), k=1,2,...,p,
u(0) < u(w)

and

wy () + Awo(t) = awo(2) + h(t) = f(t,wo(t)), tel,t#k,
AWoli—g, = —axwo(tr) + ex = Ik(wo(t)), k=1,2,...,p,
u(0) > u(w).

So, we showed that vy and wy are a lower solution and an upper solution of IPBVP (1.2).

By Theorem 4.1, our conclusion holds. Then the proof is complete. d

Corollary 4.6 Let X be an ordered Banach space, whose positive cone K is regular, A :
D(A) C X — X be a closed linear operator and —A generate a positive Cy-semigroup T(t)
(t>0)in X.feC(J x X,X) and f is w-periodic about t, I, € C(X,X), k =1,2,...,p. If
conditions (P1), (Py), (P3) and (P4) are satisfied, then IPBVP (1.2) has minimal and maximal

w-periodic mild solutions, which can be obtained by monotone iterative sequences.

Corollary 4.7 Let X be an ordered and weakly sequentially complete Banach space, whose
positive cone K is normal, A : D(A) C X — X be a closed linear operator and —A generate
a positive Co-semigroup T(t) (¢ > 0) in X. f € C(J x X, X) and f is w-periodic about t, Iy €
CX,X), k=1,2,...,p. If conditions (P1), (P2), (P3) and (P4) are satisfied, then IPBVP (1.2)
has minimal and maximal w-periodic mild solutions, which can be obtained by monotone

iterative sequences.

5 Example
Example 5.1 In order to apply our results, we consider the following impulsive parabolic

partial differential equation:

%u(x, t) + A(x, D)u(x, t) = f(x, t, u(x, 1), x€Q,te],t#t,
Al’t|1f=t]< = Ik(u(x» tk))) S ka =12,...,m,
Bu=0, (xt)edQx],

u(x, 0) = u(x, w),

(5.1)
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where J = [0,w], 0 <ty <ty < - <tpm<w, J =]\ {tuto,....,tm}, J" =T\ {0, t1,2,.... L},
integer N > 1, @ € RV is a bounded domain with a sufficiently smooth boundary 9<2,

N N 92 N 5
A(w,D) = - SO+ Y )~
(%, D) ;lea/(x)axiayj+;a(x)axi+ao(x)

is a strongly elliptic operator of second order, coefficient functions a;;(x), a;(x) and a(x)
are Holder continuous in 2, Bu = bg(x)u + (Sg—z is a regular boundary operator on 92,
f:Q xJ x R— Ris continuous, I; : R — Rare also continuous, k =1,2,...,m.

Let X = LP(Q) with p > N + 2, K = {u € L”(R2) | u(x) > 0 a.e. x € 2}, and define the oper-
ator A as follows:

D(A) = {u e W**(Q) | Bu =0}, Au = A(x,D)u.

We know that X is a Banach space, K is a regular cone of X, and —A generates a positive
and analytic Cy-semigroup T'(¢) (¢t > 0) in X (see [29]). Define u(¢) = u(-, £), f(t, u(t)) =
fGtul-, ), I(u(ty) = L(u(-, t)), then system (5.1) can be reformulated as IPBVP (1.2)
in X. We assume that the following conditions hold:

(i) Letf(x,£0,)>0,(0) >0, ulx,w) > u(x,0)>0,x € Q.

(ii) There exist w = w(x,t) € PC(J,X) N C>' and w(x,t) > 0, x € Q, t € J; such that

W+ A, D)w>f(x,t,w), xe€Qte],t#h,
AWl > LW, 1)), x€Q,k=1,2,...,m,
Bw=0, (%t eaQx],

w(x, 0) > w(x, w).

(iii) The partial derivative f)(x, ¢, u) is continuous on any bounded domain.
(iv) For any uy,u; € [0, w(x, t)] with u; < us, there exists 0 < Ni < 1; for any x € €2,
k=1,2,...,m, we have

I (v (%, 8)) = I ( (%, 1)) = —Nie(ua (%, 2) — (%, £)).

Theorem 5.2 Ifassumptions (i), (ii), (iil) and (iv) are satisfied, then the impulsive parabolic
partial differential equation (5.1) has minimal and maximal mild solutions between 0 and
w(x, t), which can be obtained by a monotone iterative procedure starting from 0 and w(x, t),
respectively.

Proof From assumptions (i) and (ii) we know that 0 and w(x, t) are lower and upper solu-
tions of IBPVP (5.1), respectively. (iii) implies that condition (P;) is satisfied. (iv) implies
that condition (P,) is satisfied. So, by Theorem 4.3, we have the result. Then the proof is
complete. d

6 Conclusions

In this paper, we have discussed the existence of w-periodic mild solutions for the impul-
sive evolution equation by means of the perturbation method and the mixed monotone
iterative technique under the impulsive functions satisfying quasimonotonicity. The main
result (Theorem 4.1) is new and the following results appear as its special cases:
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(i) If we take A = 0 in (1.2), we obtain the results for first-order periodic boundary
problem for impulsive ordinary differential equations.
(i) If i(u(te))=0,k=1,2,...,p, in (1.2), then Theorem 4.1 in this paper is Theorem 3.1
in [30].
(iii) If Nk =0 in condition (P;), then Theorem 4.1 in this paper is Theorem 1 in [27].
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