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Abstract

We investigate sufficient conditions for existence and uniqueness of solutions for a
coupled system of fractional order hybrid differential equations (HDEs) with
multi-point hybrid boundary conditions given by

Dw(%) K (tx(0,20), we23]
DE(gt,XZ((g,Z ) =Katx0.20), €e@3)
mm:o’ DM(H(I,)X(((;)),Z(O))T:&:O 0 =0,
ool M Gt | IR OR

where t € [0,1], 81,85, 4, v € (0,1), and D®, D¢, D* and DV are Caputo’s fractional
derivatives of order w, €, w and v, respectively, IC1, K, € C([0,1] x R x R, R) and
G, HeC([0,1] x R xR, R-1{0}). We use classical results due to Dhage and Banach'’s
contraction principle (BCP) for the existence and uniqueness of solutions. For
applications of our results, we include examples.

Keywords: coupled system of hybrid fractional differential equations; existence of
solutions; uniqueness of solutions

1 Introduction

Scientists working in various disciplines of science are interested in getting better interpre-
tations of their results by incorporating more and more information in their models. For
this purpose they are utilizing different mathematical tools in their models, one of them is
the use of fractional order derivatives. Fractional order differential equations (FDEs) cap-
ture more information as compared to ordinary differential equations and are believed
to be a better approach in mathematical modeling of many scientific problems. Recently,
FDEs have been frequently used in biology, economics, polymer rheology, chemistry, me-
chanics, aerodynamics, control theory, regular variation in thermodynamics, biophysics,
signal and image processing etc. [1-3].
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Recently, the theory on existence, uniqueness and multiplicity of nonlinear boundary
value problems (BVPs) for FDEs has attracted much attention and is a fast growing area
of research. We refer to [4, 5] and the references therein for some of valuable and recent
achievements in the study of existence theory for BVPs corresponding to FDEs.

Existence and uniqueness of solutions (EUS) for coupled systems of fractional order
differential equations (CSFDEs) have also attracted the attention of many scientists, for
example, Rehman and Khan [6], Li and Liu [7], Ntouyas and Obaid [8]. Hybrid differential
equations were explored by Hedrih [9] and Dhage [10, 11]. Ahmad et al. [12] investigated a
coupled system of hybrid fractional order differential equations (CSHFDEs) by the help of
Banach’s fixed point theorem and Leray-Schauder’s alternative, they considered the frac-
tional derivative in Caputo’s sense. Herzallah and Baleanu [13], Ahmad and Ntouyas [14]
discussed the existence of solutions for hybrid FDEs with initial value problems by a fixed
point theorem due to Dhage [15].

In this paper, we study EUS for the following coupled system of HFDEs:

o x(t) ~
D (m) = —Kl(t,x(t),z(t)), [OXS] (2, 3],

P (g(t,x(t),z(t))) = K (t,x(2), 2(1)), € €(2,3],

XM | e (L) o x¥(0)=0 6))
Hbx(020) | Hiex(0,20) ) |1s, ’
L _ v & _ @) B

Gt,x(t),2(8) |,.; 0, D (g(t,x(t),z(t))> . 0, z7(0)=0,

where 61,8, € (0,1), w,e € (2,3], ¢t € [0,1] and D®, D¢, D*, D" are Caputo’s fractional
derivatives of orders w, €, {, v, respectively, K1, K, € C([0,1] x R%LR), H,G € C([0,1] x
R%,R -{0}) and &,z € C([0,1], R). Here we remark that H(¢,%,z) can not be of O(x) and
G(t,x(t),z(t)) can not be of O(z). Because if H(t,x, z) is of O(x) and G(¢,x(¢), z(t)) is of O(z2),
then system (1) will reduce to an algebraic coupled system of equations and will lose its
hybrid nature.

It is investigated that dynamics of multi deformable bodies such as beams, plates, mem-
branes efc. coupled by standard light fractional order discrete continuous layers is de-
scribed by coupled fractional order hybrid system dynamics [9]. These are generally per-
turbed fractional order differential equations, and they are mainly classified as perturbed
differential equations of the first and second type. The perturbation itself is of two types,
namely linear and quadratics, whose details can be studied in [9-11]. Here, our system (1)
is not an artificial one but in fact a quadratic perturbation of the second type. These types
of systems are generally tackled with the use of hybrid fixed point theory. The significance
of the hybrid system of differential equations lies in the fact that they include several dy-
namical systems as special cases. For example, if we choose H(t,x,z) =1, G(£,x,2) =1 as

constant functions, then our system (1) will reduce to a class of coupled system of bound-
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ary value problems for fractional order differential equations of the type:

DOx(t) = -Ki (£, (1), 2(1)), € (2,3],

Dez(t) = —Ka (£, x(2),2(2)), € €(2,3], o)
2

xO)l1=0,  D'a(®)s =0,  xP(0)=0,

2Bl =0, D'z)ls, =0, 2P(0)=0.

Organization of the paper: In this section, we give the basic and related work to the
existence of solutions of FDEs by the use of some classical results; also the auxiliary lemma
of this paper is presented, and some important work which has stimulated us for this study
is cited. In Section 2, we give the main two lemmas of the paper in two subsections for the
existence of solutions (ES) and uniqueness of solutions (US) for the coupled system of
HFDE:s (1). In the final section, we give two illustrative examples for demonstration of our
results, which affirm the EUS for CSHFDEs (1).

We recall the following definitions of fractional order integral, fractional order derivative
in Caputo’s sense and some basic results of fractional calculus [2, 3].

Definition 1 [13] If f(t) € L}(a, b), the set of all integrable functions, and @ > 0, then the
left Riemann-Liouville fractional integral of order w is defined by

1°f(6) = ﬁ / (¢ 2" () . 3)

Definition 2 [13] For w > 0, the left Caputo fractional derivative of order w is defined by

@ — ; ‘ PRV SR n
DO = i |, -9 D W @

where nissuchthatn—-1<w<nand D = dix.
Lemma 3 [2] For w, B > 0, the following relation holds:

Do - I'd+e)

=——— " e>n, D=0, k=0,1,...,n-1. ®)
I'l+e-w)

Lemma 4 [3] Let a,b > 0 and f € L1[p,q]. Then IgJéﬂf(t) = Igib ) = I(I)’Jgj(t) and
DEIL.f(t) =f(t) for all t € [p, q].

Lemma 5 [2] Fore > w >0 and f(t) € L1[a, D), the following holds:
DI f (&) = I..°f (2)
on the interval [a, b) if f € Cla, b].

Lemma 6 [2] For k — 1 < w < k and f(t) € AC¥(0,1), the solution of homogenous FDE
Dy f(t)=0is

fO=a+at+at?+ -+, keRi=1,23,... k (6)
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We present the following lemma as the auxiliary lemma of this paper for the EUS for
CSHEFDEs (1).

Lemma 7 Forx € AC?[0,1] and any Z € C[0,1], a solution of the HBVP

N
D (H(t, X, Z)) - _Z(t)) w e (2, 3]¢ (7)
A0 = il - @(0) =
Hoxal, " ¥ (H(t,m)) T 0, x0)=0, ue(0,1),
is given by

t (t _ S)a)—l 1 (1 _ S)w—l
x(t) = H(t, X, Z) [—L WZ(S) ds + /0‘ WZ(S) ds

(t-1 o -1
+—_— (81 —8)* " Z(s)ds|. (8)
Al(@-0) Jo
Proof Applying the operator I on the differential equation in (7), we obtain

x(t)
H(t,x,z)

=—I°Z(t) + ¢1 + Cot + 382 9)

By the use of initial condition x?(0) = 0, we get c3 = 0, and hence (9) takes the form

x(t)
H(t,x,z)

=-I"Z(t) + c1 + cat. (10)

Applying Caputo’s fractional derivative of order u to (10), we get

x(2) o tr
DM(H(t,x,z)) =T “Z(t)+c2F(2_M). (11)

1'% 2(1), where A "
1), where A; = o)’

=0 yields ¢; = I°Z(1) - © “Z(Sl) Thus, (11) be-

The boundary condition D“(H 730 Me=s, = 0 yields ¢ =

and the boundary condition T m,z) l4=1 =

comes

x(t) w w e
Hiexo) =-I°Z@®)+I1°ZQ) + (¢t - 1)—2(81) 12)

which implies that
~ t (If _ S)w—l 1 (1 _ S)w—l
x(t) = H(t, X, Z) |:—/O WZ(S) ds + /0 WZ(S) ds

(t - 1) h _ oyo—i-1 :|
+ 7A1F(a)—u)/0 (61 -9) Z(s)ds |. 13)

Thus, the proof is completed. O
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2 Main results

In this section, we are concerned with the EUS for CSHFDESs (1) by using some classical
results. For this, consider the Banach space X = {x(¢) : x(¢) € C[0,1]} with norm |x| =
max;efo,) |#(t)] and (X x X, [|(-,)[[) with norm ||(x,2)[| = lx]| + ||z||. We define an operator
F:XxX—>XxXby

F(x,2)(8) = (Fi(x, 2) (1), Falx,2)(0)), (14)

where

w-1
Filx, 2)(8) = H(t, x,z)|: / (tr(s;) K4 s x(s),z(s)) ds

( _S)w 1

+f0 W’C 1(s,%(5), 2(s)) ds
_ 81

+ % A (81—s)w—ufllCl(s,x(s),z(s)) dsi|, (15)

and

t (t _ S)s—l

Faolx,2)(2) = g(t,x,z)[—/(; W’Q (s, %(s),2(s)) ds

(1 _ S)E 1
’C ’
o 2 s x(s), z(s))
; D (™ 5y = K 5209, 6)) (16)
-5 s,%(s),2(s)) ds |,
Azl"(e -v) Jo > > z
17 v

where A; = ]lez—j;), Ay F(lz .Inview of Lemma 7, the solutions of CSHFDEs (1) are fixed

points of the operator F. Deﬁne the following terms:

2 2877

Nl:r(wn) Al(w-p+1) 17)
N2 257 (18)

I'e+1) AT(e-v+1)

2.1 Existence of solutions
In this subsection, we are interested in the existence of solutions of CSHFDEs (1). For this
purpose, we take help from the following fixed point theorem.

Theorem 8 [13, 15] Let X,(0) and X,(0) be open and closed balls in a Banach algebra X
centered at the origin 0 of radius a for some real number a, and let A, B : X,(0) — X be
two operators satisfying the following:

(1) A is Lipschitz with Lipschitz constant A;

(2) B is continuous and compact;

(3) AM <1, where M = [|B(X,(0))]| = sup{[| B()| : x € X,(0)}.
Then, either

(a) the equation A(x)B(x) = x has a solution in X,(0), or

(b) there is an element x € X such that ||x|| = a satisfying wAxBx = x for some 0 < . < 1.
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Definition 9 [13] Let X be a Banach space. A mapping F : X — X is called D-Lipschitzian
if there exists a continuous and nondecreasing function v : R — R such that || Fx - Fy|| <
Y|lx—y| for all x,y € X, where ¥ (0) = 0. If ¢ is not necessarily nondecreasing and satisfies
Y (a) < a for a > 0, the mapping F is called a nonlinear contraction with a contraction

function .

Theorem 10 Assume the following:

(C1) There exist real constants ; > 0 (fori=1,2,3,4) such that |H(t,x1,z1) — H(t, %2, 22)| <
pilxr—xa |+ palzi— 22, |G (%1, 21) =G (%2, 20) | < a1 —xa |+ alzi—20], for (¢, %), 7)) €
([0,1] xR xR),j=1,2.

(Cy) There exist functions M(t) € C[0,1] (for i = 1,2) such that |Ki(t,x,2)| < M;(¢),
|Ca(t, %, 2)| < Ma(t) for (¢,x,2) € ([0,1] X R X R).

(C3) yNLIML + Nl Mall) <1, for y =y + pa + a3 + fa.

(Ca) 5 (PRl GRG0 L) < for Ho = max,cion 1H(2,0,0)| and Go = max,cion |G(t,

1-p M1I-AN ML) T 1-AN2 M|

0,0)| and p = max{lkfj[\l[!m!”, 1Af\\//\2f!m2u} where X € (0,1).

Then CSHFDES (1) has a solution.

Proof We give the proof in the following four steps.
The operators F3, F; given in (15), (16) are equivalent to

Fr(x(8),2(8)) = A1 (%(0), 2(8)) By (x(2), 2(2)) = (x(2),2(2)), te€[0,1], (19)
Fo (x(2), 2(2)) = Az (x(2), 2(2)) B2 (x(2), 2(2)) = (x(2),2(8)), ¢ €[0,1]. (20)

Thus, the operator F defined in (14) can be expressed in the form

F(x,2)(t) = (Filx, 2) (@), Falx, 2)(2)) = A(x(2), 2(2)) B(x(2), 2(2)), (21)
where A = (A1, Ay), B = (By1,8,) and A;, B; : X,(0) — X for i =1,2 are defined by

Ay (x(0),200) = H(t,x,2), A (x(0),2(0)) = G(t,x,2), 22)
£ (f - g)o-]
o o)
w-1
f (lr (S)) Ky (5, x(5), 2(s)) dis
,_ -1 b
Al (@ - 1) Jo

By (x(8),2(0)) = - Iy (s, %(s), 2(s)) s

(81— )M, (s, %(s), 2(s)) ds, (23)

e-1
By (x(t), 2(1)) = / (t;(s)) Ka (s, x(), 2(s)) ds

(1 _ S)e—l
+/; B ICa (s, %(s), z(s)) ds

_ 82
+ % /0 (82 — s)eva]CZ(s,x(s),Z(S)) ds. (24)
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Step 1. The operators A;, A, are Lipschitz on X. For this, let (x1,21), (x2,22) € X x X and
t € [0,1]; then by (C;) we get

|-/41(x1¢21)(t) —A1(x2,22)(t)| = |H(x1,21) —H(x2,22)|
< |1 () - 21 ()| + pa|x2(2) — 22(8)|
< (1 + p2) | (¥, 21) — (2, 22) - (25)

Similarly, we obtain

’Az(thl)(t) —Az(xz;zz)(t” = ’g(xbzl) —Q(xg,zz)‘
< |1 (6) — z1(0)] + pafwa() - 22(2)|

< (3 + wa) | (x1,21) — (%2, 22) |- (26)
From (25) and (26) we obtain
|A(x1,21)(0) — A2, 22)(8)| = (A1, A2) (w1, 21) — (A1, Az) (%2, 20) |
< (ua+ pa + s + )| (o1, 20) — (2, 20)||- (27)

Thus, (27) implies that A is Lipschitz on X x X with Lipschitz constant 1 + py + (U3 + [g.

Step 11. In this step, we show that the operator B is continuous. For this, let us assume
that {x,}, {z,} are convergent sequences such that x, — x, z, — z as n — +00. From
the continuity of K, it follows that ICy (¢, x,,(¢), 2, (£)) — K18, x(2), 2(2)), Ka(t, x4 (2), 2,(2)) —
Ko (2, x(2), z(£)). By the Lebesgue dominated theorem, we have

w-1
Tim B (x,,2,) = hm( / -9 S’ K (5 00(5), 24(5)) s

(1 S)w 1
/ () K1 (5,%4(5), 24(5)) dis
(t-1) 31 o
m/o (8 —s)“™™ IK:I(S’xn(S),Zy,(S)) ds)
Lt -s)e

o 0 W nll>n;o ’Cl (S,x,,(s), Zn(S)) ds

La—-s)t
o[ SR e ai)as

(t_l) o w—p-1 13
+ m/ (8 — )7 nlingo Kl(s,xn(s),zn(s)) ds

(t
- [T Kot ) s
( )w 1
+/O WIC (s,x(s),z(s))ds

(t-1) 8 o
+m‘/o (31—S) H ’C1(S,x(s),z(s)) ds

= Bi(x,2). (28)
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Similarly, we obtain

11m By (x,,2,) = 11m < / (tr(s); 1IC (s,x,,(s),z,,(s)) ds

e-1
f - S) Ko (5200(5),20(5)) ds

1) ” €—v—
m \/(; ( _S) 1IC2 (s’xn(s)x Zn(s)) dS)

¢ _ o)1
0 (tr(sé)) nliy;olcz(s’x”(s)rzn(s))ds

ST i K (5w 20(9) s

(E) n—00

)
-1 / (85 — )7 lim /G, (s,x,,(s),z,,(s)) ds
) Jo

" Aale-) A0,
- ot %I@ (5,%(5), 2(5)) ds
/ (IF(SE); - ICa (s, %(s), 2(s)) ds
' % /082 (82 =) (5,4(5),2(9)) ds
= By (x,2).

Page 8 of 14

(29)

By the help of (28), (29) we proved that the operator B = (B;,3;) is continuous for all

te[0,1].

Step 111 In this step, we show that the operator B = (31, ;) is compact on X;(0).

t _ o1
’Bl(x,z)(f)‘ = ‘—fo %Kl(s,x(s),z(s)) ds

1 (1 _ S)w—l
+ /0 @) K1 (s,x(s),z(s)) ds

(t_l) o w—pu—1
) / (81 =)7K (5 %(s), 2(9)) s
t(t_s)cul (1
S/O ) | M ( )|ds+/ 1_( ) | 1(s)| ds
(t-1)

81 L
v _ Q)OH
+ AT 1) /(; (81 —5) |M1(s)‘ ds

- ( 1 1 2877 )IIM
“\Tos) " T+ " AT _prn )Ml
= MMl

Taking supremum over ¢ € [0,1], we have

|Bi(x,2) | < MMyl ¥(x,2) € X(0) x X;(0).

(30)

(31
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Similarly, we obtain

1 1 (1 _ S)e—l

I'(¢)

-} 55

t-1) >
T AT (e—) J;

t (t_s)e—l 1 (1 _S)e—l
5/0 NG |/\/12(s)|ds+/(; W|Mz($)id$

t-1) &2
" AT (e —v) Jo

! 1 265
= <F(6 +1) T(e+D) ' Al(e-v +1))”/\/12”

= N2 Mol (32)

s (s,x(s), z(s)) ds + / Ky (s,x(s),z(s)) ds
0

(82— 8) L, (s, x(s), 2(s)) ds

(82— 5) "7 Ma(s)| ds

Taking the supremum of (32) over ¢ € [0,1], we get
|B(x,2)]| < MallMsll - ¥(x,2) € Z5(0) x ,{0).

From (31) and (32) it follows that

|Bx,2)| < MIIMll+ No Mol V(x,2) € X(0) x X,(0), (33)

which implies that 5(X,(0) x X,(0)) is a uniformly bounded set in X x X.
Now we prove that the operator B is equicontinuous. For this, let us assume 0 < f; <
t, <1, then we have

ty _ o1
B 20 - Bl 2w - | [ B=9" e (5,5(5),25)) ds

I'(w)

t _g)e-1
_/Siﬁ_m@mmwﬁ
0

I'(w)
(ta—t1) b ]
AT@-p J, O Kale(o)2(0) ds
b (tz — S)w_1 5] (tl _ S)w—l
= /0 WMI(S) ds—/o WMl(S)dS
(ta

_tl) o w—p—1
+7A1F(a)—,u)_/(; (61 =) Mi(s)ds

ty -ty ty — )87
< 2 1 (2 1)1

- (F(w+1) " AT (0 —p +1))IIJ\/hII. (34)

Similarly, we have

|Ba(x,2)(t1) = Ba(x,2)(82)| =

2 (ty — )
/0 ﬁ/Cg (s, %(s),2(s)) ds

m(t )t
—/0 WKz(s,x(s),z(s)) ds
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A (a—t1)
AT (e -v) Jo

2 (-9 " (-8
5/0 NG Mz(s)ds—/o WMg(s)ds

(ta—t1) %
+ e —
Azr(f — U) 0

€ _ 4€ — )86V
s(tz i, (h-t)d )anu. (35)
+1)

)
(82 — )7V, (s,x(s), z(s)) ds

(82 = 8) "I My (s) ds

Fe+1) AT (e—v
From (34) and (35) it follows that

£ —t (tp - tl)aiuiv
|B(x,2)(11) - B, 2)(12)| < [p(w 1) AT(@-p+1)

55—t (-0)8"
+
Fe+1) AT (e—-v+1)

]||M1||

}IIlel, (36)

which implies that B(x, z)(¢;) — B(x, z)(¢2) — 0 as #; — f,. This shows that the operator B
is equicontinuous and, by the Arzela-Ascoli theorem, the operator B is compact.
Step IV. We have y B < 1, where Byax = [|B(A,(0))|| = sup{||B(x)|| : x € A,(0)}, and
Bimax = |1Bi(X,(0))|| = sup{|| Bi(x) : x € X,(0)||} for i = 1,2. Using (33) and hypothesis (Cs),
we have

Bmax = V(M||M1|| +N2||M2”) <1 V(x’z) € r(O) X Xr(O)- (37)

In this step, we prove that the operator 7 maps bounded subset of ) x ) into a bounded
set. Choose r > 0 and define a bounded subset S of Y x Y by S ={(x,2) € YV x V:
[I(x,2)]| < r}. Now, for (x,z) € S and ¢ € [0,1], A € (0,1) such that ||(x,2)|| = r and (x,2) =
AA(x, 2) B(x, z). Using (C,) and (C4), we proceed

t _ )1
’x(t)| = )\|”H(t,x,z) (—/(; (tF(SZ)) ICl(s,x(s),z(s))ds

w— 1
/ (1 _S) s,x(s) z(s))

(t—l) & ot
+ m (81 -5) Kl(s,x(s),z(s)) dS)
< A|[H(tx,2) - H@O®+H@oow< = s
o T
1(1_3)w—1 81 51—S"’”1M()
[, e s oo [TESEEEE)

2 287"
A |x(6)] + pa |2(2))| +H0)(F(w+1) + Alr(w_u_'_l))”MIH

= M (1 [6(8)] + pa|2(2)| + Ho) Ml My]l. (38)
Taking supremum over ¢ € [0,1] and using (C4), we obtain

il < 2 (pallcll + peallzll + Ho) Nyl Mill, (39)
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which implies that

(2 llzll + Ho)

x| < A——F7—"—
1- AN M)

MMl (40)

Similarly, we have

(rerllxll + Go)

lzll = A———Frt—
1= A Na [ M|

Na|| Mo (41)

By the help of (40) and (41), we get

(2 llzll + Ho)

5.2 = o + 2t =5 2O A
%NZHMZM
_ A%MHMIH + A#MMIIMHI
%A@HA@” + xmmmu. (42)

From (42) we obtain

1 ()»7'[0/\/1||M1|| LGN [ M, ]| )<

2l < N 43
12 = T\ TN T el Mol )

which contradicts our supposition || (x, z)|| = r. Thus, the operator (x,z) = A(x, z) B(x, z) has

a solution in &;(0) x &}(0) which is a solution of system (1). This completes the proof of
the theorem. O

Example 11 Consider the following system of fractional order hybrid differential equa-

tions:

D25 ( x(¢) ) _ L+x(¢)sin(t)
(5@ +z®Dsin®) | — ’
100 + % 1+ |x(2)] + |2(2)]

D25 ( z(t) ) 1+ x(¢) cos(?)

(=@1+lz@ODcos® | = ’
100 + HOLzRheos® Jo 1+ [x(2)] + |2(2)]

(44)

with initial and boundary conditions as defined in (1) for §; =8, = =v=0.5and ¢ €

[0,1]. Then system (44) satisfies all the conditions of Theorem 10. From (44) we have

H(t, x,2) = 100 + {EOLEDDsin(®)
) ’ 50

L G(t,x,2) = 100 + EOLODOD 1y (p 5y 70) — H(t, 21, 20)] <

2l =1l + 122 = 2111), 1G (&, %2, 21) = G (&, %1, 21)] < & (2 — 21| + |22 — z1 1), which implies

Wi = % for i = 1,2, 3,4. By using these values, we deduce g > 67.7022, we choose § = 70.
Thus system (44) has a solution in &7,(0) x A%0(0).

2.2 Uniqueness of solutions

In this subsection, we provide uniqueness of solutions for CSHFDEs (1). For this, we use
BCP.
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Theorem 12 Assume that (C1) and (Cy) hold. If u(Ny + No)(IM]|| + [|Ma]]) < 1, then
CSHFDEs (1) has a unique solution.

Proof Define Ho = sup,cjo; 1H(£,0,0)], Go = sup,o,1) 19(2,0,0)| and p = py + o + i3 + fha.

Choose g > £ }fozg{’}l(%;%ﬁﬂlﬂluwxz" , where NV, N, are defined in (17), (18), respec-

tively. Define a set S,g ={(x,2)(t) e X x X : ||(%,2)|| < B}. Then, for (x,z) € S,g, we have

|7 (x(6),2(0)|
¢ _ o1
) <_f s (sa))) K1 (s, %(s), z(s)) ds

a-
/ F( ) IC1 (s, x(s),2(s)) ds

L e=n
AlN(@-p) Jo

= |7—[(t,x,z

(81 — 8)* ™G (s,x(s),z(s)) ds)

t _ o1
< [H(t,x,2) - H(£,0,0) + H(£,0,0)| </ (tr#) | Mus)|| ds

1(1 w—p—-1 )
+/0 F() M) ds + M( M)/ — 9 M) ds

2 2877
< (m|x@)| + pa=(2)] +Ho)(r(w+1) + Alr(wl_wl))n/wln

= (11 [x(0)] + 12| 2(8)] + Ho) M M. (45)
Taking supremum over ¢ € [0,1], we obtain

[F1(6,2)|| < (er + p2) (1%l + Nzl + Ho) NI Myl
< (1 + p2)(B + Ho)Ni M. (46)

Similarly, we have

|F2(x,2) || < (3 + pa) (Il + N1zl + Go) Nal M|
< (13 + pa)(B + Go)N2 | Mo . (47)

By the help of (46) and (47), we get

|F@x2)| < (1 + p2)(B + Ho) MMy
+ (13 + p1a)(B + Go)Nal M|
< (1 + o + ps + ua)(B+ Ho + Go) N + No) (Ml + [Ma]l) < B (48)

Now, for (x1,21)(£), (x2,22)(£) € X x X and any ¢ € [0,1], we have

|f1(x2,22)(t) - Fl(xl:zl)(t)\

t(¢_ -1
= |H(t;x21z2)_H(tixl’Zl)i{/0 (tFS) |M1(S)|d$
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La- “"1 (81 = s)* 1M d
+/ (1-5) |ds+|t—1|/ 1-9) ‘ I(S)| S}
o T AT (0 = )
2 28771
- - ¢
< (a2 = 21| + p2lzs Zl|)<F(a)+1) AT (w—pt]) )’M()|
< (1 + )N My (0)| (12 = 21| + |22 — 1) (49)
Taking the supremum over ¢ € [0,1], we obtain
| F1 (%2, 22) = Filer, 21) |
< (1 + ) MM (1% = 21l + 122 — z1 ). (50)
Similarly, we obtain
||]-'2(x2,22) - -7'—2(?61;21)”
< (3 + ) Na | Mol (llez = 211l + llz2 — z1 1) (51)
From (50) and (51) it follows that
||]:(x2,22) - ]'—(xl,21)||
< WL+ ND) (M + M) (Tl — 21l + 1122 — 20 1), (52)

which implies that F is a contraction. By the help of Banach’s contraction principle the
operator F has a unique fixed point which is the unique solution of CSHFDEs (1). This
completes the proof. d

Example 13 Consider the following system of fractional order hybrid differential equa-
tions:

D25 x(t) 1+ x(¢) sin(¢)
10 + EQHEODsnG | 2 4 x(8)] + |2(2)|
50

(53)
D25 z(¢) _ L+x(t)cos(t)
10 + (Ix(t>l+lz(t)\>COS(t) T2+ x| + |2(0)]
0
with initial and boundary conditions as defined in (1) for &; = §; = # = v = 0.5. From system

(44) we have H(t,x,z) = 10 + M , G(t,%,2) =10 + M |H(t, %2,21) —

H(t,x1,21)| < 50(||x2 x| + [z —Z1||) |G(t, x2,21) = G(t, 21, 21)| < 50(||x2 —x1ll + llz2 = z1)),
which implies u; = % for i =1,2,3,4. By using these values, we deduce g > 6.77022, we
choose B = 7. (N + MR)(JIM || + [|M3]]) < 0.252917 < 1. Therefore, system (53) satisfies
the assumptions of Theorem 12. Thus, system (53) has a unique solution in X-(0) x X5(0).
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