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1 Introduction

This paper is concerned with the following time-periodic Allen-Cahn equation:

ad

a—l: - Au= m(t)(u3 - u), xe€Q,teR", (1.1)
ulx,t)=0, x€dQ,teR 1.2)
ulx,t+w)=ulxt)>0, xeQ,telR, (1.3)

where Q C R is a domain, o is a positive constant, m(¢) is a positive w-periodic function.
This problem has its origin in the gradient theory of phase transitions, which describes
the motion of antiphase boundaries in crystalline solids; the process of phase separation
in iron alloys, including order-disorder transitions; see for example [1-3] and references
therein. It is also well accepted that the Allen-Cahn equations can be used to describe
population dynamics; see for example [4]. Since the pioneering work of Allen and Cahn
[1], a large and still-growing body of work is concerned with the study of the Allen-Cahn
equations in different aspects; see [2, 3, 5, 6] etc. Among them, the study of Allen-Cahn
type equations with spatial periodicity has attracted much attention; see for example [7—
11] and references therein. However, as far as we know, there are few investigations con-
cerned with the time-periodic solutions of Allen-Cahn type equations. Here, inspired by
the ideas described in [4, 12], we give a sketch of the formulation of (1.1) from modeling
the growth and dispersal in the population which is sensitive to time-periodic factors. Let
u(x, t) be the population density. If the population is sensitive to the environment, just as
described in [4], it is reasonable to suppose that the energy maintains a spatial heterogene-
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ity depending on the neighboring gradient in the population density, and the total energy
F[u] in the region €2 occupied by the population is given by

Flu] :/ (%Wulz + H(u, t)) dx.
Q

The formal variation § F[u] with respect to u that vanishes on 9%2 is given by

8F[u] :/Q<Vu-6Vu+ aHa(u’t)Su) dx

u

=/<—Au+ aH(u’t)>8udx.
Q ou

Then we have the following expression:

6F 0H(u,t)
— =-Au+
Su ou

for the variational derivative. Equilibrium is characterized by the vanishing of ; the hy-
pothesis underlying the standard derivation is that relaxation toward equilibrium is gov-
erned by the following relation:

ou 8F oH(u,t)
———=A

t  Su ou

. (1.4)

In particular, if the population is sensitive to seasons, then it is reasonable to investigate the
existence of time-periodic solutions of (1.4). From this motivation, in the present paper,

we are interested in considering the following internal energy density:

1
H(u,t) = —Zm(t)(uz -1)%,
which combined with (1.4) yields (1.1).
Since the last century, periodic parabolic equations have been the subject of extensive
study; see for example [13—22] and the references therein. Among the earliest works of this

aspect, we refer to Esteban [13], in which the author considered the following equation:

ou
— — Au=m(t)ul,
ot
and proved the existence of positive periodic classical solutions for the case of 1 < g <

(N +1)/(N —1) under the assumption

m(t+w) =mt), me Wr[0,0], inf m(t) = mgy > 0.
te[0,w]
She also proved that, for the case of 1 < g < (3N +8)/(3N —4), under an additional technical
assumption on m(t), the existence of positive periodic classical solutions is also true. Later,
Esteban improved her results in [14] and proved the existence of positive periodic classical
solutions for any ¢ > 1 with N <2, and for 1 < g < N/(N - 2) with N > 2 for any smooth
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positive m(t). Then Quittner [18] obtained the existence results with the optimal growth
assumption on ¢, i.e. 1 < g < gs, where

_N+2
T N-2

qgs: ifN>2, gs:=+o00 ifN <2.

Moreover, Huska [15, 16] considered a more general equation

ou
— — Au=m(t)f (x,u),
ot
and obtained the existence of positive periodic solutions under some structural assump-

tions on m(t) and f(x, u). Recently, Yin and Jin [21] considered the p-Laplacian
ou . 9
i d1v(|Vu|” Vu) =mx, ul, p>1,4>0, (1.5)

which may have degeneracy or singularity. They give a rather complete characterization
in terms of the parameter p and the exponent ¢, of whether or not the positive periodic
solutions exist. Later, Deng [23] considered a radial problem for the p-Laplacian (1.5) in
annulus domain Q = Bg, \ B,,, and give the existence of radial periodic solutions provided
that g > 1\1[\1_50 —1with N > p.

To the best of our knowledge, there is little literature about nodal periodic solutions
(that is, periodic solutions may change sign) except for some special cases. For example,
when Q = Bg := {x € RN : |x| < R}, Bartsch et al. ([24], Theorem 1.8) obtained the existence
of radial time-periodic solutions with a prescribed number of spatial sign changes. In the
population dynamics model, the species is restricted to the bounded heterogeneous envi-
ronment 2 whose boundary is prohibitive to the species. In this paper, we are interested
in the case of constant-sign solutions. Without loss of generality, we consider the positive
periodic solutions throughout the whole paper.

Even though there already exist some well-known results on semilinear parabolic PDEs
with initial boundary value conditions, as far as we know, there are few references related
to the Allen-Cahn type equation with time-periodic condition. To describe the popula-
tion dynamics which is sensitive to time-periodic factors (for instance seasons etc.), in the
present paper, we investigate the time-periodic Allen-Cahn type problem (1.1)-(1.3). There
are also some results on periodic parabolic equations with Neumann boundary condi-
tions (see [25-28] for example). For the Allen-Cahn equation, the homogenous Neumann
boundary conditions imply that no mass loss occurs across the boundary walls (cf. [3],
p-2). From a biological point of view, the homogenous Neumann boundary conditions
model the trend of the species to survive on the boundary, while the homogenous Dirichlet
boundary conditions are used to describe that the boundary is lethal to the species (see
[26, 28]). Obviously, the Neumann boundary value conditions will cause some additional
difficulties in establishing the a priori estimates (see for instance [26, 28]), which will be
the topic of our further work in the future as well as the corresponding problems with
Dirichlet-Neumann boundary conditions.

This paper is organized as follows. In Section 2, as a preparation, we introduce some no-
tations and state the main results. In Section 3, we prove deg(I — K3, B,,0) = 1. In Section 4,
we first obtain a Pohozaev type identity and the W112(Q,,) estimates. We then base on in-
terpolation estimates and Morse-type iteration to obtain L3°(Q,,) estimates. Eventually, we
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use L2°(Q,,) estimates to prove deg(/ — Ki, B, 0) = 0. In Section 5, we consider the problem
(1.1)-(1.3) in an annulus domain 2 = Bg, \ B,. In order to calculate deg(/ — T}, B3, 0), we
will obtain the L3 ([s0, 1] x [0, w]) estimates for radial solutions. Thereafter, we devote our
work to proving the main results of this paper in Section 6. Finally, in Section 7, numer-
ical simulations are provided to illustrate how the positive periodic solution of problem
(1.1)-(1.3) depends on changing m(z).

2 Preliminaries and the main results
In this section we give some preliminaries and present the main results of this paper. The
following notations will be used throughout the paper.

Qu =2 x (0,w), infre(o,0) m(2) 1= Mg > 0, [[m|10[0,0) := M;

N: the dimension of space;

C: positive constant independent of u, though C may vary from step to step;

Bg:aball in L3°(Q,,) with center zero and radius R;

deg(I — K, Bg,0): the Leray-Schauder degree of a compact operator / — K;_ in Bg with
respect to 0;

LZ)O(Q(A)) = {u(x, t) = u(x,t + a))|u € LOO(Q(»)};
2+a,1+5

Co (Qu) := {u(x, £) = ulx, t +w)|u € C2Hol+3 (Qw),0 << 1}.

The following hypotheses will be used in our proof.

(Hi) m(t + w) = m(t), m € W°[0, ], infie[o,) m(£) = mg > 0,

()" 2
(Ha) SUP¢e(0,0] % < R2(Q)’

where (m/(¢))” = max{0, —n7(£)}, R(RQ2) = sup,.q |*|.
The main results of this paper are the following theorems.

Theorem 2.1 Suppose the assumption (Hy) holds, and Q is a smooth bounded convex do-
main. If N < 2, then the problem (1.1)-(1.3) admits a nontrivial classical periodic solution
ue Ci+a’l+7(Qw). If N = 3, under an additional assumption (H,), then the problem (1.1)-
o1+G

(Qu)-

2
(1.3) also admits a nontrivial classical periodic solution u € C,'

Theorem 2.2 If N > 4 and Q2 is star shaped, then the problem (1.1)-(1.3) does not admit

nontrivial periodic solutions.

Theorem 2.3 Suppose the assumption (H;) holds. If N > 3 and Q = By, \ By, is an an-

nulus domain, then the problem (1.1)-(1.3) admits a nontrivial radial periodic solutions
2+a,1+ %

ueC,  *(Qu)

Remark 2.1 Our result of Theorem 2.3 is different from Deng ([23], Theorem 3.1), where
the existence of nontrivial radial periodic solutions for the p-Laplacian (1.5) relies on the
condition of g > NN—i’ — 1 with N > p. However, for the case of N = 3 and p = 2, we find
that for g = 3 the problem (1.1)-(1.3) also admits nontrivial radial periodic solutions. That
means the source —m(t)u indeed makes some sense in the present problem.

In order to employ the topological method to deal with the existence of the nontrivial
periodic solutions of the problem (1.1)-(1.3), we introduce the operators K from L(Q,,)
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to itself,
K; LZ)O(QQ)) x [0,1] — LZO(Qw)’
(4, ) = v.

We say that Ku = v, if v is a solution of the following problem:

¥ Av=am()@® -u), re(0,1,x€Q,t€(0,w),
vix,£)=0, x€dte(0,w), (2.1)

v(ix,0) =v(ix,w), x€Q.
By classical linear theory, we can easily check that the following lemma is true.
Lemma 2.1 The operators K, is well defined and completely continuous.

3 deg(/-K;,B,,0)=1
Obviously, the periodic solutions for the problem (2.1) are fixed points of the operator K;
from L3°(Q,,) to itself. We first investigate the Leray-Schauder degree of I — K, in a small
ball B, in L5 (Q,).

We denote by 1, the first eigenvalue of —A in H}(£2), namely

-Au=Au, x€8,
u=0, x€0%,

where 1; is given by the following formula:

Vu|*dx
J= inf f9|7|. (3.1)
woucHy Q) [ u?dx
We then have
M / utdx < / |Vu|? dx. (3.2)
Q Q
We denote ¢;(x) the corresponding eigenfunction, namely
-Api(x) = Mo1(x), x €,
P1(x) = A (x) (3.3)

¢1(x) =0, x€0dQ.
Proposition 3.1 deg(/ — Ky, B,,0) = 1.
Proof We argue by contradiction to prove that K, has no fixed points on 9B,, namely
Kau#u, *el0,1],ucdB,. (3.4)
If & = 0, Ky is null operator, then

Ko(u) =0#u, uecaB,.
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Thus (3.4) holds. We need only to consider the remaining case of 0 < A < 1. Suppose that
the operator K, admits fixed points when u € B, C L°(Q,,) for some A € (0,1]. Replacing

v with u in the first equation of (2.1), we have

i—;‘ = Au+am(t)(u® —u), X €(0,1]. (3.5)

We choose r sufficiently small, such that

1

)2
O<r<|—) , r=|ule s 3.6
(M) 2]l g0 (@,,) (3.6)

where 1; is defined in (3.1). Multiplying (3.5) by u, integrating over Q,,, using (3.2) and
(3.6), by the time periodicity of u, we obtain

0= // a—Mudxdt
, 0L
:—// |Vu|2dxdt+kf m(t)u‘*dxdt—k/ m(t)u® dx dt
< / / w2t + |m®)] 1, / / il g 4% dx
Qo 1 JQu C

:(Mrz—)\l)// u* dxdt

<0,

which is a contradiction. Therefore Kj has no fixed points on 9B,, then (3.4) holds. On
the other hand, since the operator Ky = 0, using the homotopy invariance of the Leray-

Schauder degree, we have
deg(I - K3, B,,0) = deg(I — Ky, B,,0) = deg(I,B,,0) = 1.
The proof of this proposition is complete. d

4 deg(/-K;,Bg,0)=0
In this section we investigate the Leray-Schauder degree of I — K in a large ball B in

L>°(Qy). Let us now introduce a new family of operators 717,

T LZO(Q(:)) X [O’LO] g LZ)O(QLU))
(4.1)

(u,L) = v,

where the constant Ly > 1 + %, and 1; is defined in (3.1). We say that Tyu = v, if vis a

solution of the following problem:

& Av=m)(u® +u+Lu), Le[0,Ly),xeQ,te(0,0)
vix, ) =0, x€d,te(0,w),

v(x,0) = v(x,w), x€Q.
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We can easily check that T} is well defined and completely continuous. The fixed point of

Ty, solves the following problem:

B Au=mt)w® -u+Lu), Le[0,Lol,xete(0,w),
ulx,t)=0, x€dte(0,w), (4.2)

u(x,0) = u(x,w), «x€Q.
Lemma 4.1 There exists a positive constant Lo >1 + 21—10 such that
Tiu#u, L=>1L.

Proof We argue by contradiction. Suppose that the operator T} admits fixed points for
L > Ly. Multiplying the first equation of (4.2) by ¢;(x), where ¢;(x) is defined in (3.3),
integrating over Q,,, and using the periodicity of u, we have

//w ?J_I:(pl(x) dxdt_//w Augy(x) dxdt

0

= // m(t)(u2 -1+ L)gol(x)u dxdt. (4.3)

w

Now we calculate the second term on the left-hand side of (4.3). By (3.3), we obtain
—// Aug(x)dxdt = // (—Agol(x))udxdt
= // Mo (xX)udxdt. (4.4)

Substituting (4.4) into (4.3), we have
// Mo ) udxdt = // m(t)(u2 -1+ L)(pl(x)u dxdt. (4.5)

IfL>Ly>1+ %’ u >0, x € 2, using (4.5), we obtain

// m(t)(u2 -1+ L)(pl(x)u dxdt

()

T tel0,0]

> my // <u2 + ﬂ)gal(x)udxdt
3 mo
> // Mo (X)udx dt,

which is contradict with (4.5). Thus 77 has no fixed points for L > Ly. The proof of this

lemma is complete. d

> inf m(t)// (u2—1+L)<p1(x)udxdt
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Similar to the proof of Lemma 10 in [13] and a detailed proof of Theorem 4.2.1 in [16],
we have the following lemma.

Lemma 4.2 Let Q@ C R is a smooth and convex bounded domain. If m(t) satisfies the
assumption (Hy), then there exist constant C > 0 and ¢ > 0 (C, ¢ independent of L, L €
[0, Lo]), such that if u is a solution of the problem (4.2), then

sup |u(x, t)| <C,
Qe x[0,0]

sup |Vu(x,t)| <C, (%1t e, x[0,0],
Qe x[0,0]

where Q. = {x € Q;dist(x, 02) < €}.

Lemma 4.3 Suppose the assumption (Hy) holds. If u is a classical solution of the problem
(4.2), then

f/w<(1_%)”4—M2+Lu2>m(t)dxdt
//K’”“’(“% —2) (t)Z)Ed W

+ —// |Vu|*(x - 1) dsdt. (4.6)
2 J Jaaxo.w)

Proof Multiplying the first equation of (4.2) by (x - Vi), and integrating over Q,,, we have

// uy(x - Vu)dxdt - // Au(x - Vu)dx dt

= // m(t)(u3 -u+ Lu) (x - Vu)dxdt. (4.7)

w

Multiplying the first equation of (4.2) by u, - b , and integrating over Q,,, using the period-
icity of u, we obtain

/ (ut2| |2d dt—// Au(ut| |2>d dt
Jx?

:// m(t)((u —u+Lu)ut)dedt

2
9(% — uZ Lu? 2
=f mpy LT 2+2)udxdt
Q{U

// t)(—4—u—2 Li>@d dt. (4.8)

Now we calculate the second term on the left side of (4.8). By (1.2), we have

uy(x,t) =0, x€d. (4.9)
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Integrating by parts over Q,,, using the periodicity of u# and (4.9), we obtain
2
// Au(utﬂ> dxdt
(O} 2
w 2
:/ / (Vu-n) tu dsdt— // Z”x: (utx, +utx,) dxdt
0o Jaa Qo
0
N 2 N
d (U x|
_// Z%< 5 )—d dt— [/Q uthiuxidxdt
w0 j=1 @ i=1
0
—// us(x - Vu)dx dt. (4.10)

Substituting (4.10) into (4.8), we have

2
//( 2||ddt+// us(x - Vu)dx dt
4 2 2
_// m/(t)(%_%Jr Z)ﬁd dt. (4.11)

By (4.7) and (4.11), we have

2
/ (u )2udxdt+// Au(x - Vu)dxdt
Q(l) w
——// m’(t)(u—4—u—2+Li2>@d dt
- . 4 2 2
// u —u+Lu)(x Vu)dxdt. (4.12)

Now we calculate the second term on the right-hand side of (4.12). We recall the diver-
gence theorem,

f Vv-ﬁds:fdiv?vdx, (4.13)
Fle) Q

where 7 is the unit outward normal vector at x € 92, ds is the surface area element of 92
- 4
We choose w = (- — 5 2, —)x By the second equation of (4.2), we have

2 L
// (——u—+l>x-ﬁdsdt
Qwa 2 2

+ / Wt(t)(u3 —u+ Lu) (x - Vu)dxdt. (4.14)
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In the following, we calculate the second term on the left side of (4.12). Multiplying the
first equation of (4.2) by u, integrating over Q,, and using the periodicity of u, we obtain

d
f/ a—I:udxdt+// |Vu|2dxdt=/f m(t)(u* — u® + Lu®) dx dt. (4.15)
Q(D w w
—_—
0

We denote D; = g—;:i, Dj= a%j(g—g), choose w = |Vu|?x, and use (4.13) to get

// (IVul’x) - ndsdt
Q2 x(0,0)
:// div(|Vul*x) dxdt
N N
:Nf/ |Vu|2dxdt+/ inDi(Zleu|2>dxdt
w Q l»:l

@ =1
N N
:N// |Vu|2dxdt+2// ZD,u(inD,,u> dxdt
g Qv jo -1

N N
:N// |Vu|2dxdt—2// ZuD,-(Zx,»Diju) dxdt
© Qv jop i-1

N
:N// |Vu|2dxdt—2// uAudxdt—Z// > (ux;)Di(Au) dxdt
w Q(A) Q

@ =1

:N// |Vu|2dxdt—2// uAudxdt+2//Q iDi(ux,-)(Au)dxdt
o o o =1
=N// |Vu|2dxdt—2//Q uAudxdt
+2Nf/ uAudxdt+2f/ Au(x - Vu)dxdt
=(2-N) // |Vu|2dxdt+2// Au(x - Vu)dxdt.
Substituting (4.15) into the above equality, we have
// Au(x - Vu)dxdt

N-2 1 N
= ( ) // |Vul? dxdt + = // |Vu|?(x - 71) ds dt
2 " 2 J Jaax o)

= (Nz_ 2 //w m(t)(u4 —u? +Lu2) dxdt

1 .
+ = // |Vl (x - 1) dsdkt. (4.16)
2 J Jaax0.w)

Substituting (4.14) and (4.16) into (4.12), we obtain the so-called Pohozaev-identity (4.6).
The proof of this lemma is complete. g
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Lemma 4.4 For N < 2, suppose the assumption (H;) holds, if u is a solution of the problem
(4.2), then

where the positive constant C is independent of L and u.

Proof Multiplying the first equation of (4.2) by ¢;(x), integrating over Q,, using (3.3), we
get

//Q ?)—Lttwl(x) dxdt + 2\ // up(x) dxdt = // Wl(t)(u3 -u +Lu)<p1(x) dxdt. (4.17)
Using the periodicity of # and (4.17), for L € [0, Ly], we have

// m(t)u?’gpl(x) dxdt = /:/ (Al + m(t) —Lm(t))ugol(x) dxdt. (4.18)
We shall use the fact that if  is of class C2, then there exist constants ¢y, c; > 0, such that

¢ dist(x, 0Q2) < ¢1(x) < cp dist(x,0R2), x€ Q. (4.19)

This is a consequence of # € C'(R2) and of Hopf’s lemma (see Proposition 52.1(iii) in [29]
for example). Since €2 is bounded, we have

dist(x, 02) < R(L2).

By the assumption (H;), we have 0 < my < m(t) < M. Using Holder’s inequality, (4.18) and
(4.19), we have

myg // w1 (x) dx dt
< // (kl + m(t))Lt(pl(x) dxdt

1 2
< (M +M) // (up) )i dxdt

<M +M)(//Q u3¢1dxdt)é(f/ (pldxdt>%
<M +M)(// u3(p1dxdt)é(// CQR(Q)dxdt)g.

By the above inequality we have
// W (x)dxdt < C. (4.20)

Using (4.19), we infer there exists a constant C, > 0, such that

p1(x) > C;, x€Q\Q,, (4.21)
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where Q. was defined in Lemma 4.2. Using (4.20) and (4.21), we deduce that

CS// u3(x,t)dxdt§// w1 (x) dx dt
0 Jae. 0o Jaa.
5/ /u3<p1(x)dxdt
0 Ja

(4.22)

Using Lemma 4.2 and (4.22), we obtain

f / Wdxdt < C. (4.23)

Multiplying the first equation of (4.2) by u,, integrating over Q,,, and using the periodicity
of u and (4.15), we obtain

”u”WIIZ(Q )

:// |Vul* + u} dxdt
:// m(t)(u* - u® + Lu*) dx dt - // m(t(i—%2+%)dxdt
// < - >u dxdt+// ( (1) - )>(L—1)u2dxdt, @24)

Using (4.24), we have

laell < Clulijag,) (4.25)

WllZ(Q

By the interpolation inequality, using (4.23), we have
_o\4 -
laell3 < (laell3 el 52)" < Clal g, (4.26)

where

1-6
5

3
, 0=-.
8

w|

+

ISP

Using the Sobolev embedding theorem, we have

lull3s q,, < Cllul} N=12. (4.27)

112 (Qw )y

Combining (4.25), (4.26), and (4.27), using Young’s inequality with &, we have

”M”Wuz(Q )

=< C”u”ZLLZL(Qw)

4(1-6
< Cllul "

4(1-6)

=C(lull?) 5
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4(1-0)
5
(C”u”Wuz(Q ))
4(1-6)
- 8((”””%@,1;2@&) 5 )" %(CCM;,Q))%
< +
n e
<8”M”W112(Q )"'Cr (4.28)
where 7 := (— > 1. Choosing a sufficiently small ¢, by (4.28) we obtain
”u”Wuz(Q ) <C, (4.29)

where the constant C is independent of L and u. The proof of this lemma is complete. [

Lemma 4.5 For N = 3, suppose the assumptions (Hy) and (Hy) hold, if u is a solution of
the problem (4.2), then

. f/ Vul + 1l drdt < C,

where the positive constant C is independent of L and u.

Proof We calculate the first term on the right-hand side of (4.6). Integrating over Q,,
using the periodicity of u and (4.9), we have

// utAudxdtzf / (Vu-ﬁ)utdsdt—f/ Vu-Vu,dxdt
Qo 0 Jog »
d (Vu-
—// —( " Vu)dxdt
o, i\ 2

=0 (4.30)

where ds is the surface area element of 9. Recalling R(Q2) = sup, g, |#|, thus |x|> < R*(R).
Multiplying the first equation of the problem (4.2) by u;, by (4.30), we obtain

[[ @5 asar =2 [ izasa
)

m(t)((u?’ —u+ Lu)ut) dxdt

2 Q 8 ﬁ_ﬁ M
=R( )f m(t)dedt
Qu dt
2 Q 2 L 2
__RX )// (”_ ”_+l)dxdt. (4.31)
" 4 2 2

Substituting (4.31) into (4.6), we have

// ((1 - %)u4 —u? +Lu2>m(t) dxdt
RYQ) - |x? (u* u® Lu®\ ,
+//w<72 (Z—7+T)m(t))dxdt

Page 13 of 37
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f/ {( ) @)+ an%t)}u‘*d&cdt
// <m(t)+ ) Ll (t))(L 1)u? dxdt

< —f/ |Vul®(x - 1) ds dt. (4.32)
2 J Jaax0,0)

Using Lemma 4.2 and (4.13), we have

//<;on0) |Vl (x - n)dsdt<—/ (/ (x- n)ds)dt
=g/0w</ﬂdivxdx)dt

C w
= E/o N || dt
(4.33)
Recalling (4.24), we obtain
”u”WIIZ Qu)
// ( () - m'( ))u dxdt+// ( (t) - )(L—l)uzdxdt. (4.34)

Using (4.32) and (4.34), by the assumption (H;), we infer there is a constant C>0anda
point x € RN, such that

/ 2 2
mip - "2 6{(1_%>m(t)+m+""m/(t)}, N=3. (435)

In fact, if m/(¢) > 0, then we choose the constant C > 4, thus (4.35) is valid. If n/(¢) < 0, by
the assumption (H;), we have 0 < |/ ()| < C, 0 < (m(t) — Z (t ) < C.In order to let

{(1 - %)m(t) + wm’(t)} >0,

namely

(m' ()"  2(4-N)

sup < , N=3, (4.36)
telow] M) RYHQ) - |x|?

where (#7'(¢))” = max{0, - (¢)}, we choose x as origin, |x|? = 0 in (4.36), thus (4.35) is
valid since m(t) satisfies the assumption (H;). In addition, since 0 < L < Ly, using (4.32),
(4.33), (4.34), and (4.35), we get

C .
Nl e < —/f Vule- 7y dsde < C.
wi2(Q,) = 9 3x(0.0)

The proof of this lemma is complete. g
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Lemma 4.6 For N <3, L €[0,Lo], if u is a solution of the problem (4.2), then there exists
a positive constant C, which is independent of L and u, such that

lletll 222,y < C.
Proof We proceed in a similar way to Proposition 17 in [13] (see also Proposition 2.2 in
[15]). This proof is divided into three steps. In the first step, we prove the boundedness
of u in L([0, w]; L*(2)). In the second step, we will also need the following interpolation
estimates (see (2.10) in [30]):

w2 ([0,w], L*(22)) N L*([0, ], H'(R)) = L®([0,w], L (), (4.37)

where g > 1, p € [2, pmax), and

2 g Nz2,

00, N=1.

pmax -

We obtain the boundedness of u in L ([0, w]; L?(€2)) for any p € [2, pmax)- In the third step,
we based on interpolation and Morse-type iteration technique (see Theorem 16.4 in [29])
to prove u is bounded in L (Q,,).

First step: u is bounded in L ([0, w]; L*(2)).

By Lemma 4.4 and Lemma 4.5, we are informed that there exists a £y € [0, ®], such that
lu(to)ll 2@y < C and ||lu; |l 12(q,) < C. We notice that

u(t) = u(ty) + /tur dr.

0

Then

t 2 t t
(u())” < 2(ulty))’ +2(f u, d‘L’) <2(ulte))’ +2 [ (u,)? drf dr.

0

From the above equality, we have

ll2ell oo jo,w)z2(2)) = sup}(f |M(t)| dx)
0,

1
t 2
< sup (2/|u(t0)|2dx+2w/ Iurlzdrdx)
te[0,w] Q Q Jig

<C. (4.38)

Second step: u is bounded in L ([0, w]; L?(€2)) for any p € [2, pmax)-
For t € [0, w], we define the ‘action’ function as follows:

4 2
S(u(t)) = / |Vuu(t)|” dx - / m(t)<Z -+ %) dx, Le[0,Lo]. (4.39)
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We first prove that S(u(+)) is bounded in L} (0, ). From the equality (4.39), Lemma 4.4,
and Lemma 4.5, we find

SO 130

f 1S (u0))| de

W2
// Vu(t)|” dxdt + m(t)(%—% —) dxdt
:5// m(t)(u —u +Lu)dxdt
2
f/ m(t)(——u—+—) dxdt
<C (H)u* dxdt
/me Yu” dx
<C. (4.40)

Therefore, S(u(-)) is bounded in L! (0, w). Moreover, for any t,s € [0, ], from (4.39) we
have

S(u(®)) - S(uls))

_/t 9S(u(z)) de
/ (/|Vu(r)| dx)dt—f / r)(———+—2)dxdf
—/S /Qm(r)(us—u+Lu)£ dxdr. (4.41)

Using the first equation of the problem (4.2), we infer
t
ad
/ /m(r)(u3—u+Lu)—dedr
at
//(——A )—udxdr
dt
_f / u
s Q ot
Lrla
_ / /Q du

ot

t
dxdr+/ /Vqu,dxdr
s Q

2 1 [t 2
dxdr+—/ —(/|Vu(r)} dx)dr
2 s ot Q
The above inequality implies
1t ¢ d
—/ — /|Vu(r)|2dx dr—/ /m(t)(ug—u+Lu)—dedt
2 ), 0t \Ja s Jo ot
Eorloul?
_fs/Q_

at

dxdr. (4.42)
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Lemma 4.4 and Lemma 4.5 imply

(4.43)
dxdf = ||u||W112(Q )= C.

Substituting (4.42) into (4.41), we use (4.43) to get, for s, ¢ € [0, w],
[$(0)) - S(u(s)|
[ L5 %)Mf—f /
< Lpre(5-55)
<C.

0
“ dxdr

dxdt + dxdr

(4.44)
From (4.40) we infer that there exists a point s € [0, w] such that

S(u(s))(@w-0) = / |S(u(v))|dt < C. (4.45)
Combining (4.44) and (4.45), we get

sup |S(u(t))| < sup (\S(u(t)) S(u(s))] + |S(u(s))]) < C. (4.46)

te[0,w]

We multiply the first equation of the problem (4.2) by u and integrate over €2, then

/ uu, dx + / |Vu(t)|2 dx = / m(t)(u* - v + Lu*) dx. (4.47)
Q Q Q
Substituting (4.39) into (4.47), we get
/ |Vu*dx = / U dx + 4S(u(t))
Q Q
—/ m(t)u? dx +L/ m(t)u? dx. (4.48)
Q Q

From (4.38) we have

sup / wWdx<C. (4.49)

te[0,0] J Q2

By (4.46), (4.48), and (4.49), we infer

/|Vu|2dx§/ |uu;| dx + C. (4.50)
Q Q
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Using (4.49) and (4.43), we infer from (4.50) that

t 2 t 2
/(/ |Vu|2dx> drf/ (/ |uuf|dx+C> dt
s Q s Q
t 2
SC/ (/ |uuz|dx> dt +C
s Q
t
§C/ (/ uzdx>(/u3dx)dr+C
s Q

Q
t

§C/ /u%dxdr+C
s Q

<C

(4.51)
Hence we infer from (4.51) that
21l £ 10,0, 11 (2)) < C- (4.52)

For N > 4, if Q is star shaped, then there is no nontrivial periodic solution for the prob-
lem (1.1)-(1.3) (see Section 6 for the proof of Theorem 2.2). Thus we consider the case
of N < 3. For N = 3, we will obtain the L’(Q,) estimates, which will also be valid for
N =1,2. Lemma 4.5 implies u € W'%([0, ], L?(£2)). In fact, using Lemma 4.5 and Holder’s

inequality, we have
5 3
— ( / u? dx)
0t \ Jo

=/Ow (/Quzdx>211fguu,dx | |
< f () (L) (Leras)
=/0w/9|ut|2dxdt

2
= ”I/l” WwLL2(Q,)

w

2
dt

w
2 _
el 2 10,01, 22(02)) = /0

2
dt

2
dt

<C. (4.53)
For the case of N = 3, g = 2, using (4.37), (4.52), and (4.53), we have
W ([0,0], L*(R)) N L*([0, »], H'(R2))
18
— L™([0,0],L°(RQ)), N=3,p€ [2, E)‘
Thus

sup / |u|% dx <C.
Q

te[0,w]

Page 18 of 37
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We replace g = 2 with g = %, repeating the process of (4.50)-(4.51), to obtain

t % t %
/(/ |Vu|2dx> drg/(/ |uu,|dx+C> dt
s Q s Q
t 3
SC/ (/ qur|dx> dr +C
s Q
5
<C (/ |u|2dx>(/ |u.|5 dx) dr +C
(/ |u15dx) dt +C
%
( ldx) ( |ur|2dx) dt+C

[Ny

C
< (4.54)
Hence we infer from (4.54) that
u is bounded in L’ ([0, w],Hl(Q)). (4.55)
For the case of N =3, g = %, using (4.37), (4.53) and (4.55), we have
W ([0, 0], L*(R)) N L7([0, »], H'(R))
54
— L®([0,0],L’(R)), pe€ [2 E) (4.56)

Third step: u is bounded in L7 (Q,,).

We based on interpolation and Morse-type iteration technique (see Theorem 16.4 in
[29]) to prove u is bounded in L2°(Q,,). For r > 4, multiplying (1.1) by #*"~! and integrate
over €2, we obtain, for any L € [0, Ly],

1d

2r
2r
dx +
2r dt

1
/ |V(u’) |2 dx = / m(t)(u2+2’ —u¥+ Luzr) dx. (4.57)
Q Q
In this step, we denote || - ||, the L”(R2) norms, and
, 1+r

wi=u", ar):= - (4.58)

By interpolation inequality for L*¥($2) norms, we have

w2 < (Iwlf i), (4.59)
where 1 <2q <2*:= A%Nz,and

1 B 1-8

— = — , (0,1

-1t 5 PNe0D
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For N = 3, 2* = 6, from the above equality, we have

2r—1

Al = 5 +1)

(4.60)

Using the identity (4.57), interpolation inequality (4.59), the Sobolev embedding theorem,

and Young’s inequality, we obtain

1 d 2 2 2
o IWIE + < @) e g (17152 + LIwlI3)
< Clw|3
20
< C(Iwlf Ilwly")
—B\2
<c(wlfIvwly?)*™
1 05(1—,3) 2}3 o
< <;||VW||%> C(r*Plwlly")
L 1
(( L) vw|3)0-P) 7 (C(rl-ﬂnwnfﬂw
1 1
=Y 14
a(1-B) 2otﬂ
—||VW||2+Cvr lwl,” (4.61)
where
2r—6
yi=loal-pg)= 22, (4.62)

Since we will choose the parameter r > 4, 0 < y < 1. Moving the term % |Vw|| of (4.61) to
the left side, multiplying (4.61) with r, we obtain

1 ( 201/3
L2 s 7||Vw||2<ch“ “ wl,” (4.63)

2dt

Integrating (4.63) over [7, T + w], using the periodicity of u, we get

r—1 T+w T+w 1 «(-p) 208
—/ ||Vw||§dt§‘/ Crrtty sup |lw|,” dt
r T T

te[r,t+w]
1, a0-p) 2ap
—wCrr 7 sup |wll,” . (4.64)
telr,t+w]

Using the Poincaré inequality, we see that there exists a constant C > 0, such that
w3 < CIIVwI3. (4.65)

Consequently, from (4.64) and (4.65), we infer

T+w B l 1+0((1—ﬁ) M
/ lullsrdt <wCyr* 7 sup |wl|,” . (4.66)
T

te[r,t+w]
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By the integral mean value theorem, using (4.66), we infer that there exists a point £ €
(t,T + w), such that
20p

N 1 a(1-p) =
/‘u(x, t)‘zrdx <cvi™ 7 sup |wll,” . (4.67)
Q

te[r,t+w)

Integrating (4.63) over [Z, ], we have

1 1 n r—1 [t
3 [l ax= 3 [Juts b s+ 2 [Civwizar
2 Ja 2 Ja rJi

(1-p) 20f

o L q,00-8) 2op .
<@-Hcr v sup wl,”, teltt+ol

te[r,t+w]

Combining the above inequality with (4.64) and (4.67), we obtain

2 1, e0-p) 2ap n
f|u(x,t)| "dx<Crr/"TY sup |lwll,), teliT+ol
Q

te[r,t+w]
Taking the 2rth root of both sides of the above inequality, we have

1

L5 1 qeel=py1 o .
||u||2,=</ u%{x) <cwAr sup wl)”, telbht+ol (4.68)
Q

te[r,t+w]

Using (4.58) and (4.60), recalling the definition of y in (4.62), we define two functions
8(r), p(r) as follows:

1 5
= a1

al-p)\1 5
(1+ y )2_r_4r—12_8(r)’ (4.69)
()‘_otﬁ_ 2r—1
Py =6y

Noticing the periodicity of #, choosing t = 7 + @ in (4.68), combining with (4.69), we obtain

1 qeel=p)y1 i
[u, 0], = |utet + @), <2770 sup fwll)”
telr,t+w]
=P sup o). (4.70)
telr,t+w]
Integrating (4.63) over [7,t], we have
1 1 r—1 (7
_/|u(x,t)|2rdx——f‘u(x,r)|2rdx+—/ Vwl3dt
2 Ja 2 Jo roJs
b1, e-p) 208
5/6w“v sup [lwll,” dt
T te[t,T+w]
1 2ré(r) 2rp(r) 2
<@-0C7 O sup ), telnl (4.71)

te[r,T+w]
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From (4.64), (4.70), and (4.71), we have

1
%
It 2 = (f u”dx) < COW0  gup ||u||f(’), te[r,il. (4.72)
Q

te[r,T+w]

Using (4.68) and (4.72), for any ¢ € [7, T + w], we have

1
2
sup |lullar= sup (/ u? dx) < V0 qup ||u||f(r). (4.73)
telr,r+w] telr,r+w] Q telr,t+w]
We define a constant U, as follows:
U,:= sup |ull,= sup (/ u’dx) , r>4. (4.74)
telr,T+w] telr,t+w) Q
From (4.73), we have
Uy, < COO PO P, (4.75)

By a bootstrap argument, using (4.57) and replacing r with 2%, k := 1,2,3,..., repeating
the process of (4.57)-(4.73), we obtain

k
Uy, < CPP (259)" 27 (11 P20, (4.76)

In the following, we will fix the parameter r = 4. Using (4.76), by iteration, we have

S(4x2k

Uy < 2 (4 x 2 @2 (17, i )p @2

< C5(4><2k)(4 % 2k)5(4x2")
% (C8(4><2k_1)(4 % 2/(—1)5(4x2"‘1)(u4 " 1)p(4><2k_1)):0(4><2k)
ok

< Ca(4xzk)(4 % 2k)8(4><2k)(c3(4><2k—1)(4 9 2k71)5(4><2k—1)

f— k-2 f— k-1 k
« {Cs(zsz 2)(4x2k’2)8(4><2 )(U4X2k72)p(4><2 2)}/1(4x2 ))p(4x2)

5 P
< (4020 (Uy)s, (4.77)
where
ki = ki (k)

=8(4 x 25) +8(4 x 2F") p(4 x 2)
+8(4 x 28°2) p(4 x 2F7) p(4 x 2)
+o+ (8(4x2%)0(4 x 2Y) p(4 x 22) - p(4 x 2Y)),
ky = ky (k) (4.78)
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=k8(4 x 2) + (k= 1)8(4 x 2F) p(4 x 2)
+ (k= 2)8(4 x 2%) p(4 x 2%V) p(4 x 2Y)
+(18(4 x 2") p(4 x 2%)p(4 x 2%) - p(4 x 2Y)),

ks = ks(k) = p(4 x 25)p(4 x 257) -+ p(4 x 22) p(4 x 2") p(4 x 2°).
Recalling the definition of p(r) in (4.69), we obtain

0<p(d4x2) <=, k=012,...,

®|

0 < ks(k) <1, (4.79)

lim ksz(k) =

k—+00

Obviously, 4 x (4 x 2/) =12 > 2/, i =0,1,2,.... Recalling the definition of §(r) in (4.69),
using (4.78) and (4.79), we have

ky (k) < 8(4 x 2") +8(4 x 2"‘1) +58(4 x 2k‘2) +o+8(4 x 2°)

k

1 k+1
=Zm<zzl 10(“(5) ) (4.80)

khm kl(k) =10.
We also have

ko(k) < k8(4 x 2%) + (k- 1)8(4 x 2°7)

+(k=2)8(4x2"%) +--- +18(4 x 21

k i k
1 k (4.81)
S =10(1-(=) )-—=,
ZALX 4><21) 12<221 ( (2)) ok
lim ky(k) = 10.
k—+00
Using (4.56), we have
Uy= sup lulls <C. (4.82)

te[r,t+w]

From (4.77), (4.79), (4.80), (4.81), and (4.82), we obtain
el = m Uypen < lim (AC)YR2% ()0 < C,
k—+00 k—+00

where the positive constant C is independent of &, u, L. Thus, all solutions of the problem
(4.2) are bounded in L(Q,). O

Proposition 4.1 deg(/ — Kj,Bg,0) =0
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Proof In fact, if u is a solution of the problem (4.2), then Lemma 4.6 implies that u is
bounded in L (Q,), thus there exists a constant R > min{r, C(L¢)}, where r is defined as
(3.6), R is independent of L, u, such that

lulleequ) < C(Lo) <R, L €][0,Lo], (4.83)
where L is defined as (4.1). From (4.83) we infer T} has no fixed point for u € dBg, namely
Tiu#u, Le[0,Lo], llullzee(q,) = R
For L = Ly, Proposition 4.1 implies the problem (4.2) has no solutions, thus
deg(I — Ty, Bg,0) = 0. (4.84)
Using the homotopy invariance of the degree, from (4.84) we infer
deg(I — Ty, Bg,0) = deg(I — T}, Bg,0) =
We notice that operator Kj = T, then
deg(I — K3, Bg,0) = deg(l — Ty, Bg,0) =0
The proof of this proposition is complete. d

5 Annulus domains
In this section, we consider the problem (1.1)-(1.3) in annulus domain Q = Bg, \ B,,. In
order to calculate deg(/ — T}, B, 0), we will obtain the L3 ([so,51] x [0, w]) estimates for
radial solutions.

Let r* = |x|*> = &2 + x5 + - - - + x%,, where N > 3. Let u(r, ) = u(|x|, ) = u(x,t) and v(s, £) =
u(r,t) with s =r?, 8 = N —= 2. We have

Bu dv as _
ar ds or
%u N-10u
[— + B
or? r or

Y e
s s

Au =

Then the problem (1.1)-(1.3) becomes

(N-1) .
5_2572”’21 5 Vs = ﬁ(t) A0, (50 € (s0,0) xR
V(307 t) =0, V(Sl; t) =0, (5'1)
v(s, t) = v(s,t + w) = 0,

wheresozRaﬂ,slzraﬁ,O<so <5< 8],
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In order to employ the topological degree method to deal with the existence of the
nontrivial periodic solutions of the problem (5.1), we introduce the operators K, from
L>([s0,81] x [0, w]) to itself,

Ky : LY ([s0,51] % [0,w]) x [0,1] = L*([s0,51] % [0, ]),

(u,0) —~ v.

We say that K, u = v, if v is a solution of the following problem:

2(N-1) . 2(N-1)
FS N G vy = G%S’ N2 (u® —u), o €l0,1],(s,¢) € (s0,81) x R,

v(so,2) = 0, v(s,£) = 0, (5.2)
v(s, t) = v(s, t + w) = 0.

It is easy to check that the operator K, is well defined and completely continuous.
We denote by A; the first eigenvalue of — A in H (s, s1), and denote ¢ (s) the correspond-

ing eigenfunction, namely

—(1)ss = M1, S € (80,51)s
@1(s0) = @1(s1) = 0,

(5.3)

where ¢;(s) > 0.

In the following, we are going to establish the existence of nontrivial time periodic so-
lutions of the problem (5.1) by calculating the topological degree. For this purpose, we
denote the ball in LZ([s¢,s1] x [0, w]) with center zero and radius R by Bg. We first calcu-
late deg(I — K3, B;, 0) for 7 appropriately small.

Proposition 5.1 deg(/ - K31, B;,0) =1.
Proof We argue by contradiction to prove that K, has no fixed points on dB;, namely
K,v#v, o €l0,1],vedB;. (5.4)
If o = 0, then Kj is the null operator. Thus
Ko(v)=0+#v, vedB;,

so (5.4) holds. If 0 < o < 1, suppose that operator K, admits fixed points on dB; for some
o €(0,1]. Replacing u by v for the first equation of (5.2), we obtain

1 _2w-pdv m(t) _2w-1
—NT — =y, + a#s‘ﬁ (V3 -v). (5.5)

We choose a constant 7 appropriately small, such that

2(N-1)

2AN-D g
A 2, N2 2
0<r< <1'3+> , (5.6)
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where A; is defined in (5.3). Multiplying (5.5) by v, integrating over [so,s1] X [0, w] and
using (5.6), by the time periodicity of v, we have

ST1 aw-)
0:/ / =5 N2—vdsdt
51 t
/ / lvl? dsdt+o/ m() R4 dsdt
S0

QU (t)  a-n
—a/ #S N2 v dsdt
0 K :B

0

2(N-1)

1
N-2
S(M”" )/ / V2 dsdt

<0,

which is a contradiction. Therefore, K, has no fixed points on dBj;, so (5.4) holds.
On the other hand, since Ky = 0, using the homotopy invariance of the Leray-Schauder

degree, we have
deg(I — K3, B;,0) = deg(I — Ko, B;, 0) = deg(l, B;,0) = 1.
The proof of this proposition is complete. d

Next we investigate the Leray-Schauder degree of I — T in a large ball Bz in L3°([so,81] %

[0, w]). Let us now introduce a new family of operators 77,

T;: LY ([s0,51] x [0,]) x [0,1] = L ([s0,51] x [0, ]),

(u,]) > v.

We say that Tju = v, if v is a solution of the following problem:

2(N-1) 2(N-1) 2(N-1)
ﬂgs N %—vssz%s_ N2 (u — ) + (1—0)(22 ﬂz )" N7 u+ Mu),
v(so,t) =0, v(s1,t) =0,

V(S, t) = V(S,t + a)) =0, (S, t) € (SO;SI) x RT,

where 1; is defined in (5.3). Obviously, we can deduce that T} is well defined and com-
pletely continuous.

For [ € [0,1], a fixed point v of the operator 7} is the solution of the following problem:

Lo 2y =m0 R 08 )4 (- (2L R v ),
v(so,2) = 0, v(s;,£) =0, (5.7)
v(s,t) =v(s,t+w) =0, (s,t) € (sg,51) x R*.

Proposition 5.2 If [ = 0, then the problem (5.7) does not admit nontrivial periodic solu-
tions.
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Proof Multiplying the first equation of the problem (5.7) by ¢;(s), where ¢;(s) is defined
in (5.3), integrating over [so,s1] X [0, ®], by the periodicity of v, we obtain

81 t
/ / Vss1 (s dsdt+/ m( )s R 8 3o1(s) + vy (s) dsdt
50

51 t ~
= / / v(@1)ss + Aver(s) ds dt+/ / ﬂz)s_ R Vou(s) dsdt
0 50 0 S0 ﬂ

0

>0,

which is a contradiction. The proof of this proposition is complete. O
Next we consider the existence of the solutions for the problem (5.7) when [ € (0,1].

Lemma 5.1 For N > 3, if v is a positive solution of the problem (5.7), then there exists a
positive constant C, which is independent of I, v, such that

o psy
3 _ 3
VI3 (s 501 0,00) ‘/0 / vidxdt < C.
50

Proof From the first equation of (5.7), for / € (0,1], we obtain

-2(N-1) —2(N-1) -2(N-1)
=z Jv m(t)s N2, m(t)s N-2
Vs = v —

B2

gt P

+ kl)lv + AV (5.8)

Multiplying (5.8) by ¢1(s), using the periodicity of v, we have

5 —2(N-1)
/w/ ST (s)dsd /w/sl (s) dsdt
——— —@i(s)dsdt - Ves@1 (S
0 ) /32 at(pl 0 S0 &
t)s e
/f( V2 oi1(s)

- (m(t)ls‘# + Al) vy (s) + A1v<p1(s)) dsdt. (5.9)

Using (5.3), we obtain

[0} s1 w S1 [ S1
—/ / Vss1(8) ds dt = —/ / V(§01(S))ss dsdt = / / Avey(s) dsdt. (5.10)
0 Jsp 0 Jso 0 Jso

Substituting (5.10) into (5.9), we have

® psy Wl(t) s 72%}1)
/ —21/3(/)1 (s)dsdt
0 ) ﬁ

® sy _%]Y;D
-1 f f (% +A1>v<p1(s)dsdt, Le(0,1]. (5.11)
0 )
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We shall use the fact that if 2 is of class C2, then there exist constants cj, ¢, > 0, such that
¢ dist(x, 022) < ¢1(x) < ¢ dist(x,0R2), x € Q. (5.12)

This is a consequence of # € C}(R) and of Hopf’s lemma, cf. Proposition 52.1(iii) in [29].
Since the annulus domain = Bg, \ By, so = Raﬂ, $1 = raﬂ, 0 < sp < s < sy, using (5.12), we

have
max{cz dist(s, sg), 2 dist(s,sl)} < co(s1 - 80). (5.13)

By the assumption (H;), 0 < my < m(t) < M. Using Holder’s inequality, (5.11), and (5.13),
we infer
_2N-1)

N-2
m"sl / / Vou(s) ds dt

2(N-1)
N-2

5/ ) %v 1(s)dsdt
0 S

0

w S1 }’}’l(l’)S _21511\551)
:l/ f (72 +A1)v<p1(s)dsdt
0
7NN21
§<M5° )/ / (vo! )o} dsdt

-2(N-1)

(T[] o) ([ [0

(s )([ [ ) ([ [ o)

From the above inequality, we have

w  psy
/ / Voi(s)dsdt < C. (5.14)
0 S0

We fix a sufficiently small positive constant &g, from (5.12), we infer there exists a constant
Ce, > 0, such that

o1(8) > Cyy, s € (S0 + 0,81 — €0)- (5.15)

We deduce from (5.14) and (5.15) that

S1—€0 S1—€0
80/ / v dsdt</ / Vou(s)dsdt
S0+E0 S0+€0
S/ / Vou(s)dsdt
0 S0

(5.16)
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Using Lemma 4.2 and (5.16), we obtain

® psy

3 3
”V||L3([so,sl]><[0,w]) :/ / vdsdt < C. (5.17)
0 S0 0

In order to calculate deg(/ — T}, B, 0) for appropriately large R, we need the following
maximum norm estimates. Due to Proposition 5.2, we consider / € (0,1] now.

Lemma 5.2 For N > 3,1 € (0,1], if v is a solution of the problem (5.7), then there exists a
positive constant C, which is independent of I, v, such that

-~

VIl 222 (50511 [0,07) < C.

Proof We will prove the boundedness of v in W2([sy,s1] x [0,w]). Then we use the
Sobolev embedding theorem and the bootstrap argument to obtain L°([s¢,s1] x [0, w])
estimates. Multiplying (5.8) by v, integrating over [sg,s1] x [0, ], and using the periodic-
ity of v, we obtain

w  pSsy
//|Vs|2dsdt
0 )
® sy 8_215/1\*]51) v ® s
:f / —z—vdsdt—/ / v dsdt
0 S0 ﬂ at 0 S0

o [ me)s R, (m()s VD
- vio + A1 |2+ AP dsdt. (5.18)
B p?
0 S0

By the assumption (H;), we have 0 < my < |m(t)| < M. Using (5.18) and Young’s inequality,
we have

w  ps]
/ / |vs|? ds dt
0 S0
N-1)

2(

@ m(t)s” N2

< / ()—21/4 + MV dsdt
0 S0 /3

2Nl
M N2 S1 A 2 2\2
SO / / % dsdt+/ / (A1) +%dsdt

4
S C||V||L4([So,sl]><[0,w])' (519)

From the first equation of (5.7), we obtain

20 B
s N- 14 s N-
T 8_t — Vg5 = Tm(t)(‘/g - ZV) + (1 - l))\.lV. (5.20)

Since v(sg, t) = v(s1,t) = 0, we have

V(So, £) = vi(s1,2) = 0. (5.21)
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Using the periodicity of v and (5.21), we obtain

w 81
//Vssvtdsdt
0 S0
w e ® ps
=/ ((V1/~1_1')vt)|sis1 dt —/ / VsV dsdt
0 =0 0o Jso
0

O e
:——/ / — v dsdt
2Jo Jy Ot

(5.22)
Multiplying (5.20) by v;, using (5.22), we have

ff |vt| dsdt //Vssvtdsdt

—2(N-1)

:/w /SI ﬁm(t)((‘/s —v)ve) + A= D(vv,) dsdt

/ /sls N; (25 )dsdt+/ / 1-p’

0

/ /sls bl (% W )dsdt (5.23)

By the assumption (H;), we have 0 < |n/(¢)| < C. Using (5.23) and Young’s inequality, we

)»11/2

)

dsdt

obtain

—2(N

N 2
/ / |Vt| dsdt
S1 !
/ / 2 il [v,|? dsdt

S1
|ve|* dsdt

4
= ClVI a5 511 10,00)°

Combining the above inequality with (5.19), we have

VI 1as 7 S1|vs|2dsdt+ v Sl|vt|2dsdt
WoosIx (0D fo fo 0 Js

4
f C||v||L4([S(),51]><[O,w])' (524)
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By the interpolation inequality for L*([s, 5] x [0, ®]) norms, using Lemma 5.1, we have
_o\4 _
vlg < (IWIGIvIE?)" < CIvi™™, o e(o,1), (5.25)

where g > 4, and

1-6 3(G-4)
+—) O=— .
q 4(g-3)

-
W

Using the Sobolev embedding theorem, we obtain

q
(vl

La( ([s0,51]1x[0,w])

<ClvI? W2 q>4. (5.26)

(Is0,s1]x[0,0])’

Combining (5.24), (5.25), and (5.26), using Young’s inequality, we have

Vi W (50,511 x [0,0))

4
= ClVI a5 511 [0,0)

4(1-6
<l

—c(mid) T
q
4(1-60)
= CCIVIG 20 6 1x1001)
M o) * ' e
= n =i
<elv|? +C, (5.27)

W (Is0.511x[0,0])

where 7 := ﬁ, q>4,0<0 <1,thus n > 1. We choose 0 < ¢ < 1, ¢ sufficiently small. From
(5.27), we obtain

<C, (5.28)

”V” W2 (50,511 ¢ [0,0)) —

where the constant C is independent of /, v. Using the Sobolev embedding theorem and
(5.28), we infer v is bounded in L ([so, 1] % [0, ®]). a

Proposition 5.3 deg(I — K3, B3,0) = 0.
Proof In fact, if v is a solution of the problem (5.7), then Lemma 5.2 implies that v is

bounded in L ([s0,s1] x [0, w]). Thus there exists a constant R> min{7, 6‘}, where 7 is de-
fined in (5.6), Ris independent of /, v, such that

VIl 282 (150,511 x [0,00]) <C<R (5.29)
From (5.29) we infer 7; has no fixed point for v € dBg, namely

Tw#v, 1€[0,1],  IVllieo(sosixon) = R-
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For [ = 0, Proposition 5.2 implies the problem (5.7) does not admit nontrivial periodic

solutions, thus
deg(I - Ty, B3,0) = 0. (5.30)
Using the homotopy invariance of degree, from (5.30) we infer
deg(I — Ty, B3, 0) = deg(I — Ty, B3, 0) = 0.
We notice that the operator Kj = T, then
deg(I — K3, Bg,0) = deg(I — T1,B3,0) = 0.
The proof of this proposition is complete. d

6 Proof of the main results
In this section, we give the proof of the main results of this paper. The following well-

known lemma will be used in our proof.

Lemma 6.1 (Kronecker’s existence theorem) Let X be a real normed linear space, Q2 be
a bounded open subset of X, and F = I — K be a completely continuous field defined on S,
y e X\ F(ORQ). Ify ¢ F(Q), then deg(F, Q,y) = 0. Thus, if deg(F, Q,y) # 0, then the equation

F(x) = y admits at least one solution in Q.

Proof of Theorem 2.1 Combining Proposition 3.1 and Proposition 4.1, we have

deg(I — Ky, Bg — B, 0) = deg(I — K3, Bg,0) —deg(I — K3, B,,0) = -1.
By Lemma 6.1, we know that the problem (1.1)-(1.3) admits a nontrivial periodic solution
u € L2X(Q,). Using a standard bootstrap procedure, we can improve the regularity of the

solution, and we conclude that the problem (1.1)-(1.3) admits a nontrivial classical periodic

solution u € Ci+a'l+7 (Qy) for some « € (0,1). The proof of this theorem is complete. [

Proof of Theorem 2.2 We argue by contradiction. Assume that the problem (1.1)-(1.3) ad-
mits a positive periodic solution u. For any fixed £ € [7, T + @], multiplying equation (1.1)

by x - Vu(x, &) on both sides, and integrating over €2, we obtain

fut(x-Vu(x,S))dx—/ Aulx, t)(x - Vu(x, §)) dx
Q Q
:f m(t)(uB(x,t)—u(x,t))(x-Vu(x,é‘)) dx. (6.1)
Q

For simplicity, we denote the first term of the left side of (6.1) by J;(¢). By the periodicity

of u, we get

/T+w/ ut(xo Vu(x,é)) dxdt = ‘/Hwh(t) dt =0. (6.2)
T Q T
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By the integral mean value theorem and (6.2), there existsa ¢ € [7, T +w], such that /;(¢) = 0.
Similar to the proof of [21], p.620, we denote ¢; = min{t € [7, 7 + w];/i(£) = 0}. Define an
operator

F:lt,T+0] = [1,T +w], F(&)—~ t;.

By F(r)=t; > t,wehave F(1)— 7> 0. By F(t + w) = t;10 < T+ @, we have F(t + w) — (7 +
) < 0. Thus there exists a t* € [t, T + w] such that F(t*) = t*. By (6.1), we have

{L(Q_/Q Au(x, ) (x - Vu(x, t*)) dx

0
- / () (2 () - u, 7)) (x - Ve, £7)) . (63)
Q
We proceed in a similar way to (4.13)-(4.14). Similar to (4.14) with L = 0, we obtain
4 * 2 *
0 =N/ m(t*)(u ") uilxt )>dx
Q 4 2

. /Q m(t) (1 (%) = (o, 7)) (5 - Ve, 7)) . (6.4)

For the fixed t*, we have u,(x, t*) = 0. Multiplying the following equation:

ut(x, t*) —Au(x, t*) = m(t*)(u3 (x, t*) - u(x, t*))

by u(x,£*) on both sides, and integrating over €2, we proceed in a similar way to (4.15)-
(4.16). Similar to (4.16) with L = 0, we obtain

/Q Au(x, t*) (x . Vu(x, t*)) dx

(N_Z) * * * 1 % -
-0 /Qm(t)(zf‘(x,t)—zf(x,t))dx+5/m|Vu(x,t)|Z(x.n)ds. (6.5)

Substituting (6.4) and (6.5) into (6.3), we have

/Q<<1_§)u4( ,t*))m(t*)dx
_ fQ W o ) (i) e+ /a |ule ) s s, (6.6)

The nontrivial periodic solution of problem (1.1)-(1.3) implies that there exists a point
x* € @ such that u(x*,t*) # 0. Since 2 is star shaped, we have

(x-n)>0, xe€dL,

where 7 denotes the unit outward normal vector at x € 9€2. Due to m(t) being a positive w-
periodic function, for N > 4, the left side of equality (6.6) is less than zero or equal to zero.

Page 33 of 37
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But the right-hand side of equality (6.6) is strictly greater than zero. This contradiction
implies that there is no nontrivial periodic solution for the problem (1.1)-(1.3). The proof

of this theorem is complete. 0

Proof of Theorem 2.3 Combining Proposition 5.1 and Proposition 5.3, we obtain
deg(I — K3, B; — B;, 0) = deg({ — K3, By, 0) —deg(I — K3, B;,0) = -1.

By Lemma 6.1, we know that the problem (5.1) admits nontrivial periodic solutions v €
L°([s0,81] % [0,w]). It means that the problem (1.1)-(1.3) admits a nontrivial radial solu-
tion. Using a standard bootstrap procedure, we can improve the regularity of the solu-
tion and conclude that the problem (1.1)-(1.3) admits a classical radial periodic solution
ue CZW’H% (Qy) for some « € (0,1). The proof of this theorem is complete. O

7 Numerical simulations
In this section, we give some numerical simulations to illustrate our results. Especially, we
will show how the positive periodic solutions of the problem (1.1)-(1.3) depend on chang-
ing m(t). For simplicity, we take (x,¢) € (0,1) x (0,4sr) throughout this section.

We first give a simple corresponding ODE model as follows:

— Vyx = m(v3 - v), x € (0,1),

(7.1)
v(0) =0, v(1) =0, vix) >0, «x€(0,1).
In order to use the shooting method, we consider the following auxiliary problem:
— Ve = m(v3 - v), x € (0,1),
(7.2)

v(0) =0, V(0) = a, v(x) >0, x€(0,1),

where the positive constant a will be chosen such that v(1) = 0. If we take m = 0.5, numer-
ical simulation shows that v(1) = 1.36581 x 10~° by choosing a = 13.9716, which can be
viewed as an approximate solution of (7.1).

Similar to the above process, we choose m = 1,2,3,10, respectively, and set the allow-
able error 9 x 107, Then the corresponding approximate solutions of (7.1) are shown in
Figure 1 and the values of @ and v(1) are listed as follows:

() m=1,a=10.026, v(1) = 4.27318 x 10,
(i) m=2,a=727742, v(1) = 6.45078 x 107°,

Figure 1 By the shooting method, the numerical  y(x)
solutions for problem (7.1) withm=0.5,1, 2,3, 6r
10, respectively.
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(iii) m =3, a=6.07622, v(1) = 3.06822 x 107°,

(iv) m =10, a = 3.61666, v(1) = 3.22153 x 107,

Now we take time ¢ into account. Obviously, if m(t) = m, by (7.1), we can easily con-
struct trivial time-periodic solutions of the problem (1.1)-(1.3). In fact, we can consider

the following auxiliary initial boundary value problem:

Up — Uyy = m(u3 - u), x€(0,1),t € (0,4m),

u(x, 0) = v(x),

where v(x) is the solution of the problem (7.1), m is the same positive constant as the
problem (7.1). Then any solution of (7.3) is also a periodic solution of the problem (1.1)-
(1.3) with m(¢) = m.

Now we will numerically show that, for the case of m(t) # m, the story will be totally
different. In (7.3), we set u(x, 0) = sin(wx) + x(x — 1), and choose two different m(¢) = 11 +
10 cos(2), m(t) = 11 + 10 sin(¢), respectively. Then the numerical solutions of the problem
(1.1)-(1.3) decay to O (see Figures 2, 3).

If we choose u(x,0) = 1.07 sin(rrx) + 1.07x(x — 1), u(x, 0) = 1.3 sin(7rx) + 1.3x(x — 1), respec-
tively, then the numerical solutions of the problem (1.1)-(1.3) blow up in finite time (see
Figures 4, 5).

Summarizing the numerical simulations, we see that if m(¢) = m, then a smaller m will
give a larger positive periodic solution for the problem (1.1)-(1.3) (see Figure 1). While
m(t) # m, the numerical simulations suggest that the periodic solutions for the problem
(1.1)-(1.3) are unstable (see Figures 2, 3, 4, 5).

Figure 2 m(t) =11+ 10 cos(t),
u(x,0) =sin(x) + x(x - 1).

Figure 3 m(t) =11 + 10sin(t),
u(x,0) =sin(Tx) +x(x-1).
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Figure 4 m(t) =11+ 10cos(t),
u(x,0) =1.07sin(rx) + 1.07x(x - 1).

Figure 5 m(t) =11+ 10sin(t),
u(x,0) =1.3sin(rx) + 1.3x(x - 1).
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