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1 Preliminaries
Let (f,)n>0 be the Fibonacci sequence:

fo=0 A=l fu=faatfor nz2
and let (/,,),>0 be the Lucas sequence:

lo=2; f=1 by=lii+l0, n=2.
Let (/,)u=0 be the generalized Fibonacci sequence:

ho = p, hi=gq, hy=hp1+hyn n>2,

where p and g are arbitrary integer numbers. The generalized Fibonacci numbers were
introduced of Horadam in [1].

Later Horadam introduced the Fibonacci quaternions and generalized Fibonacci quater-
nions (in [2]). In [3], Flaut and Shpakivskyi and later in [4], Akyigit et al. gave some prop-
erties of the generalized Fibonacci quaternions. In [5] and [6], the authors introduced the
Fibonacci symbol elements and Lucas symbol elements. Moreover, they proved that all
these elements determine Z-module structures. In [7] Kecilioglu and Akkus introduced
the Fibonacci and Lucas octonions and they gave some identities and properties of them.

Quaternion algebras, symbol algebras, and octonion algebras have many properties and
many applications, as the reader can find in [7-15]. In [13], Kecilioglu and Akkus gave some
properties of the split Fibonacci and Lucas octonions in the octonion algebra O(1,1, -1).
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In this paper we study the Fibonacci octonions in certain generalized octonion algebras.

In [12], we introduced the generalized Fibonacci-Lucas quaternions and we determined
some properties of these elements. In this paper we introduce the generalized Fibonacci-
Lucas octonions and we prove that these elements have similar properties to the properties
of the generalized Fibonacci-Lucas quaternions.

2 Properties of the Fibonacci and Lucas numbers

The following properties of Fibonacci and Lucas numbers are well known.

Proposition 2.1 ([16]) Let (f,).>0 be the Fibonacci sequence and let (1,),>0 be the Lucas
sequence. The following properties hold.:
(i)
fot+fusa =11, Ynel;

(ii)
by +liva =5fn, VnelN;
(iii)
f;lz +f;12+1 =f2n+1¢ Vn (S N;
(iv)
lﬁ + lfm = by + lopss = 5fonn, VnmeNN;
w)
B=b,+2(-1)", VneN%
(vi)
Ly =5f2 +2(-1)", VneN%
(vii)

by + fu = 2fun1.

Proposition 2.2 ([5, 6]) Let (f,)u>0 be the Fibonacci sequence and let (I,),>0 be the Lucas

sequence. Then:
(i)
fn +fn+3 = 2fn+2; VneN;

(i)
futfusa =3fn2, YmEN;

(iii)
.fVl +_f}’l+6 = 21n+3y Vn € N;

(iv)
fn+4 —fn =l VmeN.
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In the following proposition, we will give other properties of the Fibonacci and Lucas

numbers, which will be necessary in the next proofs.

Proposition 2.3 Let (f,),>0 be the Fibonacci sequence and (I,),>0 be the Lucas sequence
Then:

(i)
bisa + 1y =3l VneN.

(ii)
biva — by = 5fp2s  ¥neN.

(iii)
fn +ﬁ1+8 = 7fn+4, VneN.

Proof (i) Using Proposition 2.1(i) we have
buva + by = fuss + fuss + fa1 + fun.
From Proposition 2.2(ii) and Proposition 2.1(i), we obtain
bysa + by = 3fy + 3fyis = 3lyia.
(ii) Applying Proposition 2.1(ii), we have
biva = by = (Lyea + Lyia) = (Luva + 1) = 5fus3 — 5fus1 = Sfsa-
(iii) We have
S+ fuss = (o + fura) + (Frss = fura)-
Using Proposition 2.2(ii), (iv), we have
Jn + Jfurs = 3fusa + luve.

From Proposition 2.1(i) and the Fibonacci recurrence, we obtain

fn +fn+8 = 3fn+2 +f;1+5 +fn+7 = 3fn+2 + 2fn+5 +fn+6 = 3fn+2 + 3fn+5 +fn+4~

Using Proposition 2.2(i), we obtain

ﬁl +f;1+8 = 6f;1+4 +f;4+4 = 7f;,,+4. O

3 Fibonacci octonions
Let Or(e, B,y) be the generalized octonion algebra over R with basis {1,e;,es,...,€7}.
It is well known that this algebra is an eight-dimensional non-commutative and non-

associative algebra.
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The multiplication table for the basis of Or(«, 8, y) is

1 e €y e3 () és €g ey
1 1 e (%) e3 €4 és €6 e7
e e —o e3 —ey és —0éy —ey 0773
e|e —es B Per e e; —Bes —Pes
e3 | e3 aey —PBer —af e -aes PBes —afey
ey | es —es —es —e; -y  ye yes yes
es | es aes —e; aeg —ye, —Ay —-yes aye)
e | e er Bes —Bes —yer yes -By -Bre
e; | e —aes PBes afes -yes -aye, Byer -afy

Let x € Or(a, B,y), x = %o + X161 + X2€p + X3€3 + Xa€4 + X565 + Xg€6 + X767 and its conjugate
X = Xo — X161 — X2€y — X363 — X4.4 — X565 — X6 — X7€7, the norm of x is n(x) = xx = x(z) + ax% +
Bx3 + afx} + yxg + ayxi + Byxi +aByx e R
If, for x € Or(e, B,v), we have n(x) = 0 if and only if x = 0, then the octonion algebra
Or(a, B,y) is called a division algebra. Otherwise Ogr(«, 8, y) is called a split algebra.
Let K be an algebraic number field. The following criterion is well known to decide if an
octonion algebra is a division algebra.

Proposition 3.1 ([17]) A generalized octonion algebra Ox(«, B,y ) is a division algebra if
and only ifthe quaternion algebra Hy («, B) is a division algebra and the equation n(x) = —y
does not have solutions in the quaternion algebra Hy («, B).

It is well known that the octonion algebra Ogr(1,1,1) is a division algebra and the octo-
nion algebra Og(1,1,-1) is a split algebra (see [13, 18]). In [18] appears the following result,
which allows us to decide if an octonion algebra over R, Ogr(«, B, y) is a division algebra
or a split algebra.

Proposition 3.2 ([18]) We conusider the generalized octonion algebra Og(w, B,y), with
a, B,y € R*. Then there are the following isomorphisms:
(i) if o, B,y >0, then the octonion algebra Or(w, B,y ) is isomorphic to the octonion
algebra Or(1,1,1);
(i) ifa,B>0,y<0o0ra,y>0,8<00ra<0,B8,y>00ra>0,8,y<0o0ra,y<0,
B>0o0ra,B<0,y>0o0ra,pB,y <0 then the octonion algebra Og(w, B,y) is
isomorphic to the octonion algebra Og(1,1,-1).

Let n be an integer, n > 0. In [7], Kecilioglu and Akkus introduced the Fibonacci octo-

nions:

Fn :ﬁ1 +_ﬂ1+lel +ﬁ1+262 +f;1+333 +fn+4e4 +f;1+535 +f;4+666 +f;1+7e7:

where f,, is nth Fibonacci number.
Now, we consider the generalized octonion algebra Or(«, 8,y), with «, B, y in arith-
metic progression, ¢ =a+1, =2a+1, y =3a +1, wherea e R.

In the following, we calculate the norm of a Fibonacci octonion in this octonion algebra.
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Proposition 3.3 Let a be a real number and let F,, be the nth Fibonacci octonion. Then
the norm of F,, in the generalized octonion algebra Og(a +1,2a +1,3a +1,) is

n(E,) = fonse (796;2 +46a+

2824 + 8 124% + 8
+ fons7 (1306;2 +84a+21+ %) + (_1)n<4a2 + %)

174a® - 4a)

Proof

n(Fy) =f>+ @+ )f2, + Qa+1)f2, + (a+1)(2a + 1)f2,
+(Ba+1)f, + (a+1)(3a+1)f,s

+

+(Q2a+1)(3a+ 1)f2 ¢+ (a+1)(2a+1)(3a + 1)f,

+

2 2 2 2 2 2 2 2
:f;q +f;4+1 +fn+2 +f;1+3 +fn+4 TJnss Ynie TIni7
2 2 2 2 2 2 2
+a n+l + 2f;«+2 + 3f;:+3 + 3f;1+4 + 4f;1+5 + 5f;f1+6 + 6f;,1+7)
2 2 2 2 2 372
ta (2fn 3+ 35+ 60fyie + 11 n+7) +6af, .,

+

=81 +8, + 83+ 6a’f%, (3.1)

2, 12 2 2 2 2 2 2 2 2
where we denoted Sy = /7 + i1 + fiiia + fris + s + s + fune +Suarr S2 = alfiin + 2f50 +
s+ 3fha + Ms + A + 6fiir)s S3 = a2 (23 + 375 + 66 + 117).

Now, we calculate Sy, S5, Ss.

Using [7], p.3, we have

S :f8on+7 = 21f2n+7. (32)

Applying Proposition 2.1(iii) and Proposition 2.1(i), we have

2 2 2 2 2 2 2
Sz =a n+l + 2ﬂ1+2 + 3f;:+3 + 3f;1+4 + 4f;1+5 +5 n+6 +6 n+7)

_ 2 2 2 2 2 2 2 2
=6a n6 T n+7) — a6 n+5) +5a n+5 T n+4) —2a na T n+3)

2 2 2 2 2
+ 4af;’l+3 + a(f;HZ +fn+3) +a n+1l +f;1+2)
=a- (6f2n+13 _f2n+11 + 5f2n+9 - 2f2n+7 + 4f;,2+3 +f2n+5 +f2n+3)
=a - [6fans13 —fonit + Tfonss — 2(fons7 + fanro) + 4f 2 + lansa

12n+6 - 2(_1)n+3 :|

=a- |:6(fﬁn+9 +f2n+13) + (f2n+9 _f2n+ll) + lZn+4 - 2lZn+8 +4- 5

From Proposition 2.2(ii), Proposition 2.3(ii), and Proposition 2.1(i), we have

I n+6 2(_1)n
Sy=a- |:18on+ll —fons10 — (lones — lonsa) — lonsg +4 - L]

5

12n+6 + 2(_1)n]

=a- |:18f2n+11 _f2n+10 - 5on+6 _f2n+7 _f2n+9 +4- 5
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Using several times the recurrence of Fibonacci sequence and Proposition 2.1(vii), we ob-

tain
2 - +2(-1)"
52 =a- |:46_f2n+6 + 84‘f2n+7 +4 - f'2n+7 ﬁng6 ( ) }. (3.3)
Applying Proposition 2.1(iii) and Proposition 2.1(vi), (i), we have
S5 = a’- ( ne3 T 3fr12+5 +6 nz+6 +11 712+7)
= az [2 (f;1+3 +f;1+4) 2 n+4 n+5) + 5 n+5 +fn+6) n2+6 +f;12+7) + 1Of;12+7]
= a2 [2_](2n+7 2on+9 + 5f2n+11 +f2n+13 + 2l2r1+14 - 4(_1)n+7]
=a- [ 2onJrS + 5f2n+1l + 3onJrl?; + 2f2n+15 +4(- 1) ]
From Proposition 2.3(iii) and the recurrence of the Fibonacci sequence, we have
SS = ﬂz . [_2f2n+7 - 2f2n+6 + 5f2n+11 + 3f2n+13 + 14'f2n+11 - 2f2n+7 + 4(_1);1]
= a2 * [_4f2n+7 - 2f2n+6 + 19f2n+11 + 3f2n+13 + 4(_1);1]
= [~4fom7 = 2ons + 134fons7 + 81fonse + 4(=1)"].
Therefore, we obtain
S3=a’ - [79%ms6 +130fom7 +4(-1)"]. (3.4)

From Proposition 2.1(vi), (i), we have

6a’ 6a3
6613 712+7 - ? - [l2n+14 -2 (_1)n+7] =

5 N [f2n+13 +f2n+15 +2- (_l)n]

Applying Proposition 2.3(iii) and the recurrence of the Fibonacci sequence many times,

we have

6a’
6613 y12+7 = 5 . [7f2n+9 _f2n+5 + 7f2n+11 _on+7 +2- (_l)n]

6a’ )
== [29foms6 + 47 fans7 +2 - (-1)"]. (3.5)

From (3.1), (3.2), (3.3), (3.4), and (3.5), we have

2 n+7 = J2n 2(-1)"
n(Fn):mem.[46]3m6+84ﬁm+4. fons7 = famss + X )}

5
+a - [79%fns6 +130fons7 + 4(-1)"]
6a®

el [29f2n+6 + 47 fom7 +2 - (-1)"].
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Therefore, we get

n(Fy) = fonse (79a2 +46a +

2824° + 8a 1243 + 8a
+ fons7 <BOa2 +84a+21+ f) +(=1)" (442 + T) 0

174a® - 4a>

We obtain immediately the following remark.

Remark 3.1 If 4 is a real number, a < -1, then the generalized octonion algebra Og(a +

1,2a +1,3a + 1) is a split algebra.

Proof Using Proposition 3.2(ii) and the fact that the octonion algebra Og(1,1,-1) is a split
algebra, as a result we see that, if a < —1, the generalized octonion algebra Og(a + 1,24 +

1,3a +1) is a split algebra. O

For example, for a = —4 we obtain the generalized octonion algebra Or(-3,-7,-11).
From Remark 3.1 as a result we see that this is a split algebra (another way to prove that
this algebra is a split algebra is to remark that the equation #(x) = 11 has solutions in the
quaternion algebra Hy (-3, —-7) and then to apply Proposition 3.1.

Now, we want to determine how many Fibonacci octonions invertible are in the octo-
nion algebra Or(-3,-7,-11). Applying Proposition 3.3, we obtain n(F,) = —1144f5,,¢ —
1851f5,7 — 96(-1)", n € N. Using that foy.6,fons7 > 0, (V)n € N, as a result n(F,) < 0,
(V)n € N, therefore, in the split octonion algebra Or(-3,-7,-11) all Fibonacci octonions
are invertible.

For a = -2, after a few calculations, we also find that in the split octonion algebra
Or(-1,-3,-5) all Fibonacci octonions are invertible.

From the above, the following question arises: how many invertible Fibonacci octonions
are therein the octonion algebra Or(a +1,2a + 1, 3a + 1), with a < —1? We get the following
result.

Proposition 3.4 Let a be a real number, a < -2 and let Or(a + 1,2a + 1,3a + 1) be a
generalized octonion algebra. Then, in this algebra, all Fibonacci octonions are invertible

elements.

Proof 1t is sufficient to prove that n(F,) # 0, (V)n € N. Using Proposition 3.3, we have

1744 — 4
n(Fy) = fanse (79412 +46a + M)

2824° + 8
+ fans7 <130a2 +84a+21+ ﬂ)

. 1) (4(12 N 1243 + 8a>

5
174a® + 3954* + 226a
5
2824° + 650a” + 428a + 105 1)’ 12a% + 20a* + 8a
+(-1) —.
5 5

n(F,) :f2n+6 :

+ fons7 -
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After a few calculations, we obtain

ala +2)(174a + 47) + 132a
n(F,) :f2n+6 : 5
2(a + 2)(141a? + 43a + 126) — 407 . 4a(a+2)(3a-1)+16a
+f2n+7 : 5 + (_1) : 5 .

We remark that 141a> + 43a + 126 > 0, (V)a € R (since A < 0) and

2)(174a + 47) + 132
ala +2)(174a + 47) + a<01 V)a<-2,
5
2(a + 2)(141a? + 43a + 126) — 407
5 < 07 (V)a S _2;
da(a + 2)(3561 —1) +16a <0, (Va<-2.

Since fans6, fons7 > 0, (V)1 € N, we obtain that n(F,) < 0, (V)a < -2,n € N (evenif nisan odd
number). This implies that, in the generalized octonion algebra Or(a +1,2a + 1,3a + 1),
with a < -2, all Fibonacci octonions are invertible. O

Now, we wonder: what happens with the Fibonacci octonions in the generalized octo-
nion algebra Og(a + 1,24 + 1,3a + 1), when a € (-2,-1)? Are all Fibonacci octonions in a
such octonion algebra invertible or are there Fibonacci octonions zero divisors?

For example, for a = —%, using Proposition 3.3, we see that the norm of a Fibonacci oc-
tonion in the octonion algebra OR(—%, -2, —%) is n(F,) = —%ﬁn+6 + %fzng - % -(=1)">0,
(V)n € N*. This implies that in the generalized octonion algebra OR(—%,—Z,—%) all Fi-
bonacci octonions are invertible.

In the future, we will study if this fact is true in each generalized octonion algebra Ok (a +
1,2a +1,3a + 1), with a € (-2, -1).

4 Generalized Fibonacci-Lucas octonions
In [12], we introduced the generalized Fibonacci-Lucas numbers, namely: if # is an arbi-

trary positive integer and p, g be two arbitrary integers, the sequence (g,),>1, where

&ni1 = pfu + qlu, n>0,

is called the sequence of the generalized Fibonacci-Lucas numbers. To not induce confu-
sion, we will use the notation g5 instead of g,,.

Let Og(«, B, y) be the generalized octonion algebra over Q with the basis {1, e, €3, ..., e7}.
We define the nth generalized Fibonacci-Lucas octonion to be the element of the form

Ghl=ght 1+ gl -ei+ gl er+ @l e+ @iy ea+ Qs s+ e+ gny e

We wonder what algebraic structure determines the generalized Fibonacci-Lucas octo-
nions. First, we make the following remark.

Remark 4.1 Letn, p, g three arbitrary positive integers, p,q > 0. Then the nth generalized
Fibonacci-Lucas octonion G,;? = 0 if and only if p = ¢ = 0.
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Proof = If G¥ = 0, it results gi? = ¢/'% = ... = g%, = 0. This implies that gZ% = ...
27" = 0. We obtain immediately ¢ = 0 and p = 0.

& is trivial. O
In [12], we proved the following properties of the generalized Fibonacci-Lucas numbers.

Remark 4.2 Letn,m e N*, a,b,p,q,p’,q' € Z. Then we have
(i)

) 'q _ ,a by’ bq'
agy® +bgt =g+ g,

(i)
g 50 / 5p'q,0 ' g-(=1)" pp’ -(~1)"
- P 4Pp P 4> 5p'q-(-1)" pp’-(-1)
Sgn ng - 5gm+n—2 + 5gm+n—1 + Sgn—m
5p'q-(-1)",0 5pq’ 599 5pq -(-1)" 594 -(-1)"
+ 5gn—m+1 + 5gm+n + sgn—m ‘

Using this remark we can prove the following.

Theorem 4.1 Let A and B be the sets

ne N*,pi;qi € Z,(V)ZZ 1»”}:

i=1

B= {Z 5GL

i=1

neNp;,q € Q (V)i= ﬁ} U {1}.

Then the following statements are true:
(i) A is a free Z-submodule of rank 8 of the generalized octonions algebra Og(«, B,y );
(i) B with octonions addition and multiplication, is a unitary non-associative

subalgebra of the generalized octonions algebra Og(a, B, ).

Proof (i) Using Remark 4.2, as a result we immediately have
aGh1 + ben/'ql =GP 4 fo/'bq,, (Y)m,ne N*,a,b,p,q,p',q €Z.

Moreover, applying Remark 4.1, as a result 0 € A.

These implies that A is a Z-submodule of the generalized octonions algebra Og(a, B, y).
Since {1, ey, e,,...,e;} is a basis of A, as a result A is a free Z-module of rank 8.

(ii) From Remark 4.2(ii), we immediately see that 5G.,7 - 5627 ¢ B, (¥)m,n e N*,
P4, P,q € Z. Using this fact and a similar reason to that in the proof of (i), we see that B

is a unitary non-associative subalgebra of the generalized octonions algebra Og(«, 8,y ).
O
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