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Abstract

The Lax equation is introduced on a time-space scale. The viscous Burgers and the
nonlinear Schrodinger dynamic equations on a time-space scale are deduced from
the Lax equation by using the Ablowitz-Kaup-Newel-Segur-Ladik method. It is shown
that the Burgers equation turns to the heat equation on a time-space scale by the
Cole-Hopf transformation. Further, using the separation of variables, we deduce the
formula for solutions of the boundary value problem for the heat and Burgers
equation on a time-space scale in terms of Fourier series by Hilger exponential
functions.
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1 Introduction

In 1968 Lax [1] introduced the linear operator equation equivalent to the nonlinear
Korteweg-de Vries (KdV) equation that describes the traveling solitary waves. The im-
portance of Lax’s observation is that any equation that can be cast into such a framework
may have remarkable properties of the KdV equation, including the integrability and an
infinite number of local conservation laws. Lax equation may be used to generate other
nonlinear dynamic equations with the properties mentioned above.

There are several other methods to generate the integrable hierarchy of nonlinear
dynamic equations: Ablowitz-Kaup-Newel-Segur (AKNS) method [2], Gelfand-Dickey
method [3], Ablowitz-Kaup-Newel-Segur-Ladik (AKNSL) method [4], which is the ex-
tension of AKNS method on difference equations. Other nonlinear dynamic equations
are studied in [5-7].

In [8] Hilger introduced the time scale calculus that unifies continuous and discrete
analysis.

The papers [9-12] are the first articles dedicated to KdV-like dynamic equations on time
scales. In [9] the notion of regular-discrete time scale was introduced (see Section 6). Also
in [9] some KdV-like equations on a regular-discrete space scale were deduced by using
the Gelfand-Dickey method.
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Let T and X be arbitrary nonempty closed subsets of real numbers. The sets T, X are
called the time and space scales correspondingly. The set T x X = {(£,x),¢ € T,x € X} we
call the time-space scale.

In [13] soliton-like equations on a regular-discrete time-space scale were obtained by
using the AKNSL method.

In this paper we extend the Lax matrix equation on a time-space scale dynamic system.
From this equation we deduce the viscous Burgers (see (4.4) below) and the nonlinear
Schrodinger dynamic equations on a time-space scale by using the AKNSL method.

We expect that this extension will give a wider range of integrable nonlinear dynamic
equations that could be used in modeling.

We show that the Burgers equation on a time-space scale can be linearized by using
the Cole-Hopf transformation. We also derive the formulas for solutions of the boundary
value problem for the Burgers equation (see (4.26) and the heat equation on a time-space
scale. These formulas are pretty simple and may be used to study the wave motion on a
time-space scale.

2 Basic notations from the time scale calculus
For t € T and x € X, we define backward jump operators o (t) : T — T, p(x) : X - X

o(t):=sup{seT:s<t}, px):=sup{y e X:y<x}. (2.1)
For x € X, we define the forward jump operator 8(x) : X — X by

B(x):=inf{y € X:y>«x}. (2.2)
The graininess functions u(t) : T — [0, 00), v(x),2(x) : X — [0, 00) are defined as

u(t) =t-ol(t), v(x) = x - p(x), a(x) = B(x) —x. (2.3)

We are considering nabla time and space derivatives [14] instead of delta derivatives [8]
since in physics the applications of nabla derivatives by time variable are casual.

If T has a right-scattered minimum m, define T, := T — {m}; otherwise, set T, = T.

For v: T — R and t € T, define the nabla derivative [14] of v at ¢, denoted by vV¢(¢),
to be the number (provided it exists) with the property that given any ¢ > 0, there is a
neighborhood U of t such that |v(p(£)) — v(s) — vV (£)[p(t) — s]| < &|p(t) —s| for all s € L.
For T = R, we have vV(¢) = v,(t), the usual derivative, and for T = Z, we have the backward
difference operator vV¢(t) := v(t) — v(£ — 1).

In the same way one can define the nabla derivative v¥*(x) by space (x) variable.

We are going to use the following denotations:

w(s) - w(o (2))

wO(t, %) := wV (¢, %) = lim ————— (2.4)
s>t s—o(t)

w9 (t,x) = w¥ (£, %) := w¥* (x) = lim M

5
r=x oy = p) (23)

where

fPx) =f(t, p(x)), So@x) =f (o), x).
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In view of the assumption that 1£(¢) depends only on time variable and v(x) depends only

on space variable, we have

() =) =0, f7(6x) =f (%) = f (0 (1), p()).

Lemma 2.1 Ifthe functions f(t,x), u(t), v(x) are twice nabla differentiable, then
FOx) =%,  fPUx) =Pt %) (2.6)

For the proof of this lemma, see [13].
Frequently we are going to use the product and the quotient rules (see [14])

(f (6 0)g(t,2) " = Ot x)g(t, %) + £ (6,x)g 9 (t,),

(f(t, x)><” 9wt x) — £ (6 2)g 0 (6:%)
atx)) 2 (t,x)g(t, %) ’

(6. 0(t2))™ = £ (&, 0g(t,2) + 17 (6, 2)g" (¢, %),

(f(t, x))““) S x)g(t %) - £ (6 2)gW (t, %)
gtx)) g°(t,%)g(t, x) ’

(2.7)

We say that a function 6(-,x) : T — R is ¢-regressive provided 6(-,x) is 1d-continuous and
1—u(t)6(t,x) # 0 holds for all £ € T and all x € X. We say that a function 6(¢,-) : X — R is
x-regressive provided 0(t, -) is ld-continuous and 1 — v(x)0(¢,x) # 0 holds for all £ € T and
allx e X.

If 6(t,x) is t-regressive, the nabla ¢t-exponential function & (¢, £y, %) on a time scale T can
be defined as the unique solution of the initial value problem (see [14, 15])

&0t to, %) = 0(t, %08 (L, t0, %), 29(t,%0,%0) = 1. (2.8)

If 6(t, x) is x-regressive, the nabla x-exponential function &y (¢, x,%0) on a space scale X is

defined similarly as the unique solution of the initial value problem

e (t,x,%0) = 06,008 (6%, %0), 2t %0, %0) = L. (2.9)
Note that
o) =f(6x) - v@fDLa), 7 (6x) =f(x) - wOVO (). (2.10)

3 Lax equation
Consider the nabla dynamic systems

My (t,x,2) Mya(t,x) ) (3.1)

(%) _ _
vW(t,x) = M(t,x)v(t, x), M(t,x) = ( Mo(tn)  Mo(t,%,2)

® _ _[At,x)  B(t,x)
vW(t,x) = N(t,x)v(t, %), N(t’x)_<C(t,x) Dt %) s (3.2)
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where v(t,x) = ( VIEM ) and M;;(t, %, 2), k,j = 1,2, are the functions that may depend on the

spectral parameter z as well.
We derive the Lax equation as the compatibility condition of two linear dynamic systems
(3.1), (3.2).
From (3.1), (3.2) by differentiation and usage of the product rule we get
VoD = A0y ¢ Moy = (M(t)v + M"N)V,
V® = N®y 4 NPy = (N®y + NP M)v.

Here and further we often suppress (¢, x) or (t,x,z) variables to shorten the formulas.
By equating the mixed derivatives v*® = v(*), we get the Lax matrix equation

NW(t,x) + N°(¢,x)M(t, x,2) = MO (t,%,2) + M (¢, %, 2)N(t, %), (3.3)
or in component form

A® 1 AP My + BP My = MY + M3A + MS,C,

C® + CPMyy + D° My = MY + M A + M3, C,

(3.4)
BY + A° My, + B*Myy = M) + MS,B + MS,D,
® 4 CP My, + D’ May = MS) + M3, B + MZ,D.
In view of A” = A — v(x)AW, A% = A — u(t)AY, we get
AW (1= v(x)My) + B* My - M3, C = MY (1 - u()A),
D (1= v(x)Mpy) + C° My, — M3, B = MY ( - u(®)D),
CY (1 - v(®)Mup) + C(Myy - M3,) + (D — A)Ma = MY) (1 - n(0)A),
(1 x)Mzz) + B(M22 — ) (A D)Mu = M12) (1 M(t)D)
Choosing
M12(tr X, Z) = Q(t: x): MZl(tr X, Z) = R(tr x)r
we have
AW (1 - v(x)My) + B°R-Q°C = MY (1 - n(H)A),
DW (1 - v(@)Mas) + C*Q - R° B = My (1 - u(t)D), 63
CY (1 - v@)My) + C(My - M3,) + (D” - A)R = RO (1 - p(t)A), '

)
B (1 - v(x)Mnp) + B(Msy — M3}) + (A” - D)Q = Q¥(1 - u(£)D).

From this system one can derive numerous nonlinear equations with respect to the func-
tions Q(¢£, %), R(¢, x) that may have the properties of Korteweg-de Vries equation (indepen-
dence of the spectral parameter on time, infinite number of conservation laws, integrabil-
ity) by taking the spectral expansions N = Y ;" Nyzk.
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In a continuous time scale wu(t) = 0, M?(¢,x) = M(t, x) system (3.5) is simplified as fol-
lows:

A% (1 - vMy) = My, + QC - BR,
DY (1 = vMay) = Moy, + RB - QC?,
(3.6)

C(Mn —M22) = R(A - Dp) — C(x)(l — VMH) + R(t),

B(Myy — Mpp) = BY(1 - vMp) — Q(D - A*) - QY.
If both time scale and space scale are continuous, that is, T =R, X = R, v(x) = u(¢) = 0,
system (3.6) is further simplified, and we get the system of Lax equations introduced in
(2]:

Ax = Mllt + QC - BR, DX = M22t +RB - QC,

C(My — M) =R(A-D)-C; + Ry, B(Mn — M) = QA - D) + B, - Q..
4 Burgers equation on a time-space scale
The viscous Burgers equation occurs in mathematical models of gas dynamics, traffic flow,
the flow through a shock wave traveling in a viscous fluid, and some probabilistic models
[16, 17].

To derive a time-space scale version of the Burgers equation, consider the Lax equation
(3.5) in the scalar case (A =Ag, B=C=D=R=Q =My, =0)

A (8,0) (1 - v)Mu(t,%,2)) = MO (1, %,2)(1 - w()Ao(t,%)). (4.1)
By choosing

M (t,x,z) = Fi(t, %)z + Fo(t, %),
we get

AP (6, %) (1 - v Fi(t, %)z — v(x)Fo (¢, )

= (FO(t, 0z + F) (t,%)) (1 - n(®)Ao(t, %)), (4.2)

or, assuming that z is an arbitrary spectral parameter that does not depend on time ¢, we
get

AP 1 -v@F) =FY(1-nA),  -APv)F = FP(1- n()A,),

or

v (x)AE)x) v (x)F(()t) Fl(t)

(1-u(®Ay) 1-vE, F’ FP(1-vFo) + vFyF = 0.

Using the quotient differentiation rule on a time scale

’

Fo\” FYF -FF,
F)  F°F
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we get
(®) ®
F Fy
F +v(@)(FYF - FPFy) =0, F;’lFl - v(x)(;) =0,
E, 1\% Fo-1
V@F  1)\7_ 0, v@b -1 C = constant,
Fl Fl Fl
0) 1- \)(x)Fo (x)
O T 1-pn()Ao
Choosing
F(t,x) A
Fot,x) 1= —5—, Ao =—,
p p (4.3)

A(t, %) = F2(t,%) + (p* — v(®)F(t, %)) FP (¢, %),
we get the Burgers equation on a time-space scale

2 — v(x)F(t, %)

) _p )
PO = g A6 (4.4)

where A(t,x) is given in (4.3) and p? is a viscosity constant coefficient.
In a continuous time scale T = R, u(¢) = 0, we get the equation

Fi(t,%) = (1= vE(6,2)/p?) (F*(6,%) + (p* = v(®)F(£,%)) F¥ (£, %)) . (4.5)

Note that the Burgers equation (4.5) on a space scale first was introduced in [9].
If both time scale and space scale are continuous, thatis, T=R, X =R, v(x) = u(t) =0,
(4.4) turns to the classical Burgers equation [16]

Fi(t,x) = (Fz(t,x) +p2Fx(t,x))x. (4.6)
To linearize (4.4), consider the Cole-Hopf transformation
2 (%) t
Fix) < 200, (4.7)
v(t,x)

By using the quotient rule we have

px)y _ ) )%)

vPy vy

Vi(t, %) = pPvP9 (¢, ), (4.8)
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then

and in view of

(®)\ @ (£) \ &)
VU i = Vp V_ ,
v v
equation (4.4)

0
FO v A®
VG'

turns to the identity

p2v(x) (O] B P p2v(t) (%)
v Ty v '

So if v(¢,x) satisfies the heat equation (4.8), then F(t,x) =
equation (4.4).

P (e
v(t,x)

satisfies the Burgers
Consider the initial value problem for the heat equation on a time-space scale
VO62) = p ™ (), vtex)=9k), xeXtityeT. (4.9)

One can solve (4.9) by looking for a solution in a product form (the separation or Fourier
method [18])

v(t,x) = T(£) X (x).

By the substitution in (4.8) and the separation of variables, we get

TOE)  p?X*9(x)

= —_)\2= t,
0 X cons

T(t) =e_;2(t to), X(x) = K(M)eip(x, x0) + Ki(A)e_ip (%, %0),

where K(A), Ki(1) are independent of (t,x), e_;2(¢, £o) and e4,(x, %o) are the nabla expo-
nential functions on T and X correspondingly.

Thus v(¢, %, A) = e_;2(Z, £0) K (1)e;, (%, x0) satisfies (4.8).

Since equation (4.8) is linear, it satisfies the superposition principle, that is, a linear com-
bination of solutions is a solution (see [14]).

By the superposition principle the solution of (4.8) may be written in the form (see [18])

V(t, x) = / I((}L)é_ﬂ (t, to)éix/p(x, xo) d. (410)
-00
From the initial condition v(#y, x) = ¢(x) we get

px) = / K(X)einp(x,x0) dA. (4.11)

o]
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So the formal solution of the initial value problem (4.9) is given by (4.10), where K(%) is
the solution of the integral equation (4.11).
Consider the initial value problem for Burgers equation

FO(t, x) = p* - v)F(t,x)

oA ©x Flon=f@) (@12)

where A(t,x) = F2(t,x) + (p*> — v(x)F(t,x))FP (¢, x).
From the initial condition

PPV (to, x) _ Pro%(x)
v(to,x) p(x)

f(x) = F(tOrx) =
we get
px) =erpp(x,x), xmeX

By substitution (4.10) into (4.7) we obtain the representation of solutions of the Burgers
equation on a time-space scale

A

f_o; IApK(L)e_;2(t, to)einp (%, x0) d

F(t,x) = = = - (4.13)
S K(We_ya (t, to)en. (x,x0) d
where K(1) may be found by inversion of the Fourier transformation
éf/pz (x,xl) = / I(()\)éix/p(x,xo)d)n. (414)
-00

Note that the inversion of a Fourier transformation on some time scales was studied in
[19, 20], but there is no inversion formula for an arbitrary time (space) scale.
Consider the boundary value problem

W(to, %) = ¢(x), VW (t,x0) = v (8, b) =0, x0,b,xeX, to,t€T, (4.15)

for heat equation (4.8) on a time-space scale.
Introducing Bohner-Peterson’s trigonometric functions on a space scale X (see [14, 19,
21])

einsp(%,%0) — e_injp(%,%0)
2i ’
€isp (%, %0) + _injp (%, %0)

COS/p (%, %) = 5 ,

siny (%, %0) =

and using the method of separation of variables v(t,x) = T(t)X(x), one can rewrite the
solutions of p?X** + 12X (x) = 0 in the form

X(x) = Csinyp(x,%0) + Cacosyypx, x0), poheR. (4.16)
From the boundary conditions (4.15) we get

C3 =0, sin,\/p(b,xo) =0. (417)
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In the case v(x) = 0 the boundary condition turns to

sin(A(b - xo)/p) =0,

which is satisfied if
k
h=hri= 2 keZv) =0,
b- X0

and the solution of (4.8), (4.15) is given by the classical Fourier series formula

v(t,%) = ) Bicos(Ax(x = x0)/p)e_y2 (8, to),
k=0

By

1 b
= / v(to,x) dx,
b- X0

x0

2 b
B,, = /v(to,x)cos(Am(x—xo))dx, m=1,2,....
b—xo

x0
Lemma 4.1 Ifv(x) >0 and
ptan(K) ip(e** 1)

v(x)  v(Ee¥K +1)’

kv 2ieK

k=

K=

, =- in(K), keZ,
b0 a @ sin(K), ke

then

b
eq(b,x0) =1, sin,, (b, %0) = 0, / e4(x,%0)Vx = 0.

*0

Note that using L'Hospital’s rule one can prove

-k —2ik
Bmag = Ap= —2 lima= — limey(b,xo) = ¢“b0) = 1,
v—0 — X0 v—0 b —xg v—0
Proof Indeed, if v > 0, we have
ZieiK 1- eZiK
=- sin(K) = ,
=@ 0w
b b
Log(1 - Log(1 -
e4(b,x0) = expf lim MV}/ = exp/ MV;/
X0 q\v(y) -q X0 _V(y)
b2ik vy b ik ,
=exp =exp Vy |V = exp(-2kir) = 1,
%0 —V()/) %0 b —xo
and since
2ine 1-¢%K

= =a
p+irgy % ’

Page 9 of 19

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)
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we get

eoip(bix0) R
R = Bl psingn) By %0) = 8a(by %) = 1,
e—i}\k/p(b,xo)

and

€inlp(Ds%0) = € 1p(b,%0)

Sin)\k/p(bvxo) = 2% 0,
b 7 b eu(byxo) ~ 1
~ €e4(X, X e,(0, %
/ ea(x,xo)Vx _ a( O) _ a( 0) -0. 0
X0 a X0 a

Remark 4.1 To obtain the formula for coefficients By on an arbitrary space scale similar
to the remarkable formula (4.20) on a continuous space scale, it would be interesting to
extend the orthogonality of the exponential functions on the unit circle to Hilger expo-
nential functions, but we do not think it is possible.

Indeed, if M = 1’7"_7; ; , we have on an arbitrary space scale (v(x) > 0)

: / k i)V = B = 47 K7
€(1_2i(K-M) X, X0) VX = Ofgn =
b—xo Jx, (e i " 0, k#m,

but this property does not imply the orthogonality of Hilger exponents as we have for usual
exponential functions e2*7(=x0)/(b=xo) ' g=2imx (x—x0)/(b=%0).

b
1 / eZikn(x—xo)/(b—xo)e—2imn(x—x0)/(b—x0) dx = 8km; k, me7Z.
b— X0 %0

So the second condition (4.17) is satisfied if the eigenvalues A are chosen as in (4.21),
and the formal solution of the boundary value problem (4.8), (4.15) is given by Fourier
series formula with Bohner-Peterson’s trigonometric functions

[e¢]

V(t! x) = ZB/( COSAk/p(x;xo)é_;Lz (t! tO)r (4'23)
k=0
and By could be found from the initial condition
9(x) = D Bic0sy (%, %0). (4.24)

k=0

Consider the boundary value problem
F(to,x) =f(x), F(t,x9) =F(t,b) =0, ¢t togeT,xx0€eX (4.25)

for the Burgers equation (4.4).
By substitution (4.23) into (4.7) we get the representation of solutions of boundary value
problem (4.4), (4.25)

P Y0 MeBiesiny p (6, %0)2_;2 (8, o)

F(t,x) = - , (4.26)

Y reo Bk cosy,p(x, xo)é_xﬁ (& to)
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where the numbers B; may be found from the initial condition
o0
éf/pz (x’xO) = ZB/( COSAk/p(x,xo), (427)
k=0

since by taking ¢ = ¢ in (4.7), we get

Pe¥ )

flx) = o0

@(x) = &2 (%, %0).

Example 4.1 Consider the case X = 4Z. From (4.21) we get

A:Ak:—lztan<bkhn ), k=0,1,2,...,N.
— X0

Since b—x¢ = Nh, where N is some natural number, we have the finite numbers of different
A, thatis, 0 <k <N.
By taking x = %,,, m =0,1,...,N — 1, we get the linear system with respect to unknown

numbers By

N-1

9(n) = D Bicosp(mxo), m=0,1,2,...,N-1
k=0

Remark 4.2 The formal formulas (4.10), (4.13), (4.22), (4.26) have sense if the Fourier
integrals or series are convergent. In the case X = nZ the sums in (4.23) and (4.26) are
finite and there is no need to prove the convergence.

It would be interesting to figure out for which class of functions ¢(x) the series (4.24),
(4.23) are convergent for an arbitrary space scale. This could be a topic of a separate paper.

Note that to prove the convergence similar to the classical harmonic analysis in an arbi-
trary space scale, one needs to use the following properties:

(1) boundedness of the functions cos(Ax(x —x0)/p), é—x,f(tr to).

(2) limk%oo )\,]( = Q.

(3) The space scale analogue of formula (4.20).

Note that property (1) may be proved, but property (2) is not true since from (4.21)
limg_, o Ax does not exist in the case v(x) > 0.

To compare with the classical case, consider the continuous space scale X = R. In this
case if p(x) € L;(R) and ¢(x) is continuous on R, (4.11) turns to the usual Fourier transfor-

mation, and using the inverse transformation we get from (4.11)

1 * (g 1 LY (o) dx' 2 (g
K=o / o) 5070 gy L / o B0 w2s)
. i

So in the continuous space scale by substitution (4.28) into (4.10) we get the following

formula for the solution of (4.9):

1 [ Y YR
v(t,x) = — / ) / er e s(tto)dhdy, teT,xeR, (4.29)
27 —00 —00
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and the formula for a solution of (4.12)

ad o 1 [ *°
F(t,x) =pzaln<foo exp(? /xof(x’) dx/> (/Ooe Ce (e, to)dk> dy) (4.30)

wheret € T, x € R.
If both time and space scales are continuous, that is, T = R, X = R, formula (4.29) may

be further simplified (we choose here £y = 0) as follows:

1 g RN
v(t, x) = > / o(y) (/ eF(x—y)—m dk) dy.
-00 -00

In view of

. 2
/00 e%(x—y)—t)\2 = \/Eexp 3 (x-9) ’
—o0 L 4p’t

we get the Poisson formula for a solution of the initial value problem (4.9)

2
p(e XP( (=) >dy

4p’t

v(t,x) =

e |

Furthermore, one can get the well-known formula for the solution of initial value problem

for the classical viscous Burgers equation

e ([T o x=y)
F(t,x)=p axln<2\/ﬁfooex ( /f prn )dy),

or

9 2
F(t,x):pzaln(/ exp( /f x (x42yt))dy), teR,xeR. (4.31)

Choosing f(x) = sech?(x), xo = 0, in view of

y
/ sech? (x’) dx' = tanh(y),
0

we get

8 00 1 2

Fle) - <fooyexp > tanh(y) — ’;{’t )dy x)
2t f_oo exp p—ztanh(y) p? )dy '

“ap?t

(4.32)

Note that to study the behavior of solutions of the Burgers equation, one may visualize the
graphs of (4.32).
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5 Nonlinear Schrodinger equation on a space scale
Choose in (3.3)

My (t,x,2) = Fi(t,x)z + Fo(t,x),  May(t,x,2) = Gi(t, %)z + Go(t,x), 2z

M (t,%,2) = Fie(t, %)z + Fo(t,x),  Mar(t,x,2) = Guelt, ) + 2Go (4, %),
and consider the spectral expansion

A(tv x) = AZ(t!x)ZZ + Al(t7 x)Z + AO(tx x): B(t’ x) = Bl(t! x)Z + BO (tv x);

C(t,x) = C1(t,x)z + Co(t,x), D(t,x) = Dy(t,%)2> + Di(t, %)z + Dy (£, %).

Denoting

Aj=Aj(t,%) - Dl (t,%),  Dj=Dj(t,%)-Af(t,%), j=0,1,2,

E:E(t)x)_G](t!x)! j=0,1,
we get from (3.5)

(Agz + A1z + Ao) —vFiz - vFy)
( )z +F(t )(1 - pA2z® - pAiz - nAo) + Q°(Ciz + Co) — R(Biz + Bo)”,
(D222 +Diz + Do) " (1-vGiz-vGy)
= (G(lt)z + Gg))(l — uDyz* — uDiz — uDy) + R’ (Biz + Bo) — Q(Ciz + Co)”,
(Ciz + Co)™ (1~ vFiz — vEy) + (Ciz + Co)[(F1 — G )z + Fo — G |
= RY(1 - pnAr2® — pAiz — nAo) — R[(D5 — A3)2* + (D} — A1)z + Dy — Ao,

(Biz + Bo)W(1 - vGiz = vGy) + (Biz + BO)[(G1 —-F)z+Go - Fg]

= QY(1- uDyz? — uD1z — uDy) — Q[ (A5 — D2)2* + (A} — Dy)z + A — Dy ].

By equating the terms next to the powers of parameter z*, k = 3,2,1,0, we get

—vRAY = —uA,FY,

(1-vE)AY — vEAY = — A FY — A FY,

1- vGO)D(x) —vG DY = —uD,GY - uD,G?,

—vACY + C(F - GY) + (D5 — A2)R = —uA,RY,

—vGBY + B1(Gy - FY) + (A5 - Dy)Q = —uD,QY,

(1= vE)AY —vEAY = (1- uAg)FY - uAFY + Q°C, - RBY,

(1-vGo)DY — vGDY = (1 - uDy)GY - uD,GY + R°B, - QC?,
(1-vF)CY —vR CY) + (FL - G7)Co + (Fo — G3)Cr = (A1 = D} )R — AR,

(1- vGO)B(x) ~vGBY +(Go - F)B1 + (Gy — F{)By = (D1 - A7) Q - uD,QY,

(1-vE)AY = (1- nAo)FY + Q°Cy — RBS,

0,

Page 13 of 19

(5.1)

(5.2)
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(1-vGo)DY = (1 - uDy)GY + R°By — QCE,
(1 - 1Ag)RY = (1 - vE))CY + Co(Fo - G3) + R(Df - Ao),

(1 1£D)Q® = (1 - vGo)BS + Bo(Go - FY) + Q(Af§ - Do).
Considering the continuous time scale case T = R, (¢£) = 0 and choosing
F(tx) =1, Gi(t,x) =0, Fo(t,x) = Go(¢, %),
we get

AY =D =AY =D =0,
C’=RA;, B =QA,, vAY=RB'-QC, RB,-QC’=0,
Cl=RA, —(1-vF))C¥,  By=QA;+(1-vF)B = QA; + Ay(1 - vEy)Q,

A FY +QCy - RB} D FY + RBy - QC}
0 1- UFO ’ 0 1- UF()

Ri=(1-vE)CY + R(Df —Ao), Q= (1—-vFy)BY + Q(A} - Dy).
In the case v(x) = 0 from (5.6)-(5.9) we have

C1 = RA,, B = QA,, Co = RA, — R Ay, By = QA; + QA

Ap = —RQA,, Dy = —Ag = RQA,
and the evolution equations (5.10) on a space scale
Ry = Cox — 2RA,, Q: =Box +2QA0

turn to the nonlinear system for unknown potentials (see [2]) R(t,x), Q(t,x)

Page 14 of 19

(5.5)

(5.10)

Ry = RA; — Ay (R —2R%Q), Q= QuA1 +A>(Quy —2Q%R), teRxeR. (511)

Considering the case v(x) > 0, from (5.7) we get

Cit,x) R(t,x)A - [* R(t,
C{x)(t,x): L((I;)x)— (i(?;)) = Cl(t’x):—A2/ 61/u(xip()’))—(ig;)vy,

(5.12)

where the variation of a parameter formula (see [14]) is used for the solution of the first

order dynamic equation on a space scale.
Further from (5.8) we get

C(6.2) = Colt2) ~v(WIC(62) = RAy - (1 - vEy) 2,
RB, - QCj = R[Q;h +A4,5(1 - Fov)Q*] - Q|:R;11 —- VFO)@]

(5.13)
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=A2(1 —Fo\))R(Qx — Q/V) + (1 —F()\))% = (l_vﬂ[ch —Rngz],
QCl —RBy = 1-vF [4:RQ" - QCy]. (5.14)
From (5.13)
C(()x)(t,x) _ Co . (1- Vfo)cl _a- VFO)I;Z + VAIR’ (5.15)
V vV v
x —VE)Ci(t, —vFy)Ay + VA
S I e ) L

Further

vAY) = RB} - QCy = R(B; - vB}) - Q(C{ + vC}) = —vRB; —vQC¥

= —vRQ*A; - Q(C) - RAy) = A,R(Q - Q) - QCy, (5.17)
~ 1 A ’ R ’ v
VAG = 4,RQ” - QCr = ARQ” + QA / e o) %

Otherwise

QCo — RB = Q(Cf +vC:) — R(By — vB:) = v(QC% + RBE) + QCl) — RBy,

1-VF
QCo - RBS = v(QC + RBY) + ———°

[A2RQ” - QCy],

FY 4 RBy — QC” FY 1.~
pW - 20 0-QC _ 0 —;[AzRQp—QCH],

o - 1-vF, T (1-vF) (5.18)
A E Qo RE; B SO, Ak - Qail
VAE)x) = VF((;) . lff(\%gf + R +A2RQP -QGC.
For the consistency of this expression and (5.17), we assume that Fy satisfies
FP(t,%) = —v(x)(Q(t,%)C5 (¢, %) + RBY (¢, x)). (5.19)
Then
AP (t,x) + DY(t,x) = %
and
DY (t,x) = / 1 % — Ao(t,%). (5.20)
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By direct calculations from (5.19)

QG

v

o _ i1 3
FO = _QCO + QRAl + —(1— \)FQ)RQA2 - (1— VF())
Vv

~ VRQ*A; — vRA,[(1 - vFo)Q*]"
1- F()U

N G - %
=RA1Q"—QC0—(1—VFO)% +A2R[ Q- v((1-vF)Q) }

QG

- - [1-F
FY = RA;Q” - QCy - (1- VEy) == +A2R[—Ov

Q +(1- vFo)”Q(")"}

or

I—UF()
v

Co\) + (1 - l)Fo)C1
v

FO(t,%) = A, Q°R + AZR[ Q +(1- vFO)pQ(x)"] Q. (5.21)

Since (5.21) is the first order linear partial integro-differential equation with variable co-
efficients with respect to Fy(Z,x), one may prove the existence of a solution by using the
linear theory.

Evolution nonlinear equations (5.10) on a space scale

Ry(t,x) = (1—vFy)Cy — R(Ag + Af — (Ag + Dy)”),

Qi(t,x) = (1 - vFo)Bj + Q(Af — Do),

under the assumption that the solution Fy(¢,x) of (5.21) exists, become

N 2 v/
Ri(t,x) = (1 - vEo)C —2RA¢ + vAYR + R / LA
x1 1- UF()

Qu(t,%) = (1- vFo)[QA; + (1 - vFo)QW A, ]" (5.22)

() * M
+ Q<2A0 - VAO _/xl 1_V(y)Fo(t,y)).

In view of (5.15) we have

R/(t,x) = W (Co(t,x) —R(t,x)Av + (1 - vFo(t,x))

Ci(t,x) — R(£,x)A,
v(x) )

- v(y)Fo(t,y)
x R(t,x), (5.23)

(%)
_<2Ao(t,x)—AzR(t,x)QP(t,x)+Q(t,x)C1(t,x)— / ’ IF(”(”)W )

where Ci(t,x), Co(t, x) are given by (5.12), (5.16).

6 Nonlinear Schrodinger equation on a regular-discrete space scale
In this section we simplify equations (5.22), (5.23) under additional assumption that the

backward jump operator p(x) is invertible.
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A space scale X is called regular-discrete [9] if the following two conditions are satisfied
simultaneously:

,o(,B(x)) =X, ﬁ(,o(x)) =x forallxeX,

where p and B are the backward and forward jump operators, respectively. From this def-
inition p is invertible for the regular-discrete space scale X and p~! = 8.

Set x, = min X if there exists a finite min X, and x, = —oo otherwise. Also set x* = max X
if there exists a finite max X, and x* = —oo otherwise.

Lemma 6.1 [9] A spacescale X is regular-discrete if and only if the following two conditions
hold:

(1) The point x. is right-dense and the point x* is left-dense.

(2) Each point of X — {x.,x*} is either two-sided dense or two-sided scattered.

In particular, R, %#Z, and K are regular-discrete space scales.

Let us derive a nonlinear Schrodinger equation on a space scale assuming that the space
scale X is regular-discrete.

Note that the system of evolution nonlinear equations obtained in [13] has sense only
on the regular-discrete space scales.

From (5.6)-(5.9) we have

Ci=RFA;, B =QA;,  vAY =RB!-QC =-vA,(R*Q)Y,
; (6.1)
Cg = RA1 — (1 — VF())Cx,

or
Cg = RAI —Az(l - UFQ)R/S(x), BO = QAl + (1 - VF())QxAQ. (62)
Since

RBy - QC = (1 - vF)As (RQ™ + QRP®) = (1 - vFy)A,(QRF)™,
QCo — RB} = Q(CL +vC3) — R(Bo — vBY) = v(QCE + RBY) — (1 — vFo)A» (QRF)®,
from (5.9), assuming (5.19) is true, we get (5.20) and

Fy +v(QCS + RBY)
1- VF()

Agc) _ —Az(QRﬂ)(x), Agc) _ —Az(QRﬂ)(x).

Further from (5.19) we get the linear partial differential equation with respect to unknown
function Fy (¢, x):

Fou(t,x) = vA, (Q[Rﬂ(x)ﬂ(l - VFo)ﬁ](x) - R[Q(">(1 - VFO)](x)) - Vz:h(Rﬂ(x)Q + Q(x)R),
or

Fou(t, %) = v(A;,QRFWP (1 - vF,) — A,RPQW(1 - vFy) - 4,QR?)™. (6.3)
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In view of (5.20)

x Ft YV
Ao(t,x)—Do(t’x)=2A°(t’x)_f %

Ao(t,x) = AR (£,%)Q(t, %),

1—UFO

¥ Foi(t,y)Vy VFy:(t, %)
Ao(t,x) = DYt %) = 240(t,x) — vAY (£, _/ . + ,
o(t,x) = D (t,%) = 2A0(t,%) — VAR (£, %) o 1= v()Eo(ty) | 1-vE(t,%)

F
Ao(t,x)_Dg(t,x)=A0—Do+vDEf)=Ao—Do+v( . —Aé’”),

Further

R, = (1-vFy)Cy - R(Ao - Dj), Q: = (1-vFo)Bj + Q(Aj — Do),

Fo;
1- UFO

Q: = (1= vE)[QA; + (1 - vFp)QWA,]" +240Q - QuAY - Q /

1

Vx,

and we get the following nonlinear system of dynamic equations on a space scale:

Ry(t,x) = (1 - vEo)[RA; — (1 - vE))R¥WA,]"™ 1+ 24,QRAR

~ * Fo:tV F
_R(qu(Rﬁ(x)Q)(x)—/ ¥y | Vo ), teRxeX,
x1 I—UF() I—UFO

Qu(t, %) = (1 - vF)[QA; + (1 - vFo) QWA |"

~ ~ * F
+ Q(vAz(Rﬁ<x)Q)(") ~24,QRF - / Lw), teRxeX.
x1 1- \)F()

In a special case A1 =0, we get more simple equations

Ry(t,%) = ~Ay(1 — vE)[(1 = vE)) R (£,)]"™ - vA, (R Q)™ R(t, %)
+ 24, RPRQ(t, %)

* Foult,9)V RFy,(t,
+R(t’x)/ 0t 7)Vy  v(%)RFo( x)’ feRxeX,
X1 I_UFO(try) 1_‘)P'O(t)x)
Qult,x) = Ay(1 - VFo)[(1 - vE) QW]
; N * Foult,y)V
+A2vQ(RﬂQ)(x)—2A2RﬁQ2—Qf Bt VY - cRxex,
x1 1—1)F0

where

Foult, %) = Ayv (QRFWP (1 - vF )P — REQW(1 - vFy))™.
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(6.4)

(6.5)

(6.6)

(6.8)

Note that in the case T = R, X = R we have Fy(t,x) = 0, and both equations (5.11) turn

to the same equation

Q:(6,%) = Qult, 2)A; + Quult, ¥) A — 64, |Q(,0)° Q(t, %)

(6.9)
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under the assumption
Re[A,] = Re[Ay] = Im[A4,] =0, Q(t,x) = -R(¢,%).

Furthermore, if A, = 0, A, = —i, equation (6.9) turns to the nonlinear Schrodinger equa-
tion

iQt(txx) = Q(xx)(t:x) - |Q(t1x)|2Q(t’x)' (610)
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