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Abstract
Closed form formulas of the solutions to the following system of difference equations:

Vo= Xn-1Xn-2
n= )
Yn-1(0n + BnXn_1Xn-2)

X, = Yn—Wyn—2 , ne NO,

Xn-1(0n + bnYn-1Yn-2)
where ap, by, &y, Bn, n € No, and initial values x_;, y_;, i € {1,2} are real numbers, are
found. The domain of undefinable solutions to the system is described. The long-term
behavior of its solutions is studied in detail for the case of constant a,, b,, &, and B,
n € No.
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1 Introduction

Studying concrete nonlinear difference equations and systems is a topic of a great recent
interest (see, e.g., [1-4:6] and the references therein). Studying systems of difference equa-
tions, especially symmetric and close to symmetric ones, is a topic of considerable interest
(see, e.g, [2,6,7,10,12-16, 18,19, 23, 24, 2629, 31-38, 40, 41, 44, 46]). Another topic of
interest is solvable difference equations and systems and their applications (see, e.g., [1-5,
7,17, 20, 21, 23-27, 29-37, 39-46]). Renewed interest in the area started after the pub-
lication of [20] where a formula for a solution of a difference equation was theoretically
explained. The most interesting thing in [20] was a change of variables which reduced the
equation to a linear one with constant coefficients. Related ideas were later used, e.g, in
(1,4,7,17,21,23-27,29-37, 39-45].

Quite recently in [2] the following systems of difference equations were presented:

Yn-1Yn-2
Xy = ’
Kp-1(E£1 £ ¥4 190-2)
o 1)
Vn e n e Ny,

- yn—l(il =+ xn—lxn—Z) ’

where x_;, y_;, i € {1,2} are real numbers, and some formulas for their solutions are given,

some of which are proved by induction.
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The next system of difference equations

Yn-1Yn-2
x}’l = ’
xn—l(dn + bnyn—lyn—Z)
Xn—1X3n-2 (2)
Yy = i n € Ny,

yn—l (an + ﬁnxn—lxn—Z) ’

where a,, b,, oy, By, n € Ny, and initial values x_;, y_;, i € {1,2}, are real numbers, is a
generalization of the system in (1). Our aim is to show that more general system (2) is
solvable by giving a natural method for getting its solutions. The domain of undefinable
solutions to the system is also described. For the case when a,, b,, o, By, n € Ny, are
constant, the long-term behavior of its solutions is investigated in detail.

A solution (%, ¥,1)u>—2 of system (2) is called periodic, or eventually periodic, with period
p if there is ny > -2 such that

Knip = Xn and Ynip = In for n > ny.
For some results in the area, see, e.g, [6, 9-11, 19, 21, 22, 28].

2 Solutions to system (2) in closed form

Assume first that x_; # 0, y_; # 0, i € {1,2}. Then, by the method of induction and the
equations in (2), it follows that for every well-defined solution to system (2), x, # 0 and
yn # 0, for every n € Ny. On the other hand, if x,, = 0 for some 7y € N, then the first
equation in (2) implies that ¥,,,_; = 0 or y,,_5 = 0. If ,,; = 0, then x,,,_» = 0 or x,,_3 = 0,
while if y,,,_» = 0, then x,,,_3 = 0 or x,,,_4 = 0. Repeating this procedure, we get that x_; = 0
ory_; = 0 for some i € {1,2}. Similarly, if y,, = 0 for some n; e N, we getx_;=0ory_; =0
for some i € {1,2}. Hence, for a well-defined solution (x,,y,).>—2 of system (2), we have
that

X0 70, n>-2 3)

ifand only ifx_;y_; #0, i € {1,2}.

Assume now that (x,,y,).>—2 is a solution to system (2) such that (3) holds. Then, by
multiplying the first equation in (2) by x,_; and the second one by y,_;, and using the
following changes of variables

1 1
Up = ’ Vn = ) (4)
XnpXp-1 ynyn—l
n > -1, system (2) is transformed in the following one:
Uy =ayVp-1+ bm Vn =0ullyq + ﬂn, ne I\IO' (5)
From (5) it follows that
Uy = aylly1Uy—3 + dnﬂn—l + bm (6)

Vy = Oyl 1Vyo + by + By, neN. (7)
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This means that (#2,,)neng » (U2n-1)neng > (Van)neny» and (Va,—1)nen, are solutions to two linear
first-order difference equations, which are solvable.

Solving these equations, we get

n n n
Uoy = Up Hﬂzﬂxzj—1 + E (@2iBai-1 + bai) 1_[ 5025 1, (8)
j=1 i=1 s=itl
n n n
Usp-1=U 1_[612/71062;'72 + E (@2i-1Pai2 + bai1) l_[ A25-1025-25 )
j=1 i=1 s=itl
n n n
Van = Vo 1_[052]’(12]’—1 + E (0t2ibaio1 + Bai) H Q25os 1, (10)
j=1 i=1 s=itl
n n n
Van-1 = Vo1 1_[062/‘71612;;2 + E (02i-1b2i2 + Bai1) H Qo5 14252 (11)
j=1 i=1 s=i+l

Using (4) we obtain

1 Udp+i-1
KXopei = = Xon-1)+i» L €1{0,1},
Udn+iXon+i-1 Udn+i

and

1 Vonti-1
Yon+i = = Yon-1)+i» L€ {0; 1},
Von+iY2n+i-1 Von+i

for 2m + i > 0, from which it follows that

m
Ujyi-1
Xomsi = Xi2 1_[ _—, (12)
=0 Udj+i
Y
2j+i-1
Yomsi = Yi2 l—[ e (13)
=0 Vj+i

for every m € Ny, i € {0,1}.

3 Case of constant coefficients
In this section we consider the case when all the coefficients in system (2) are constant,

that is, when

a, = a, b, =b, o, =, B.=B, neN.
Then (2) is
Yn-1Yn-2
n = Xp_1(a + byu1yu_2)’
n— n-1)yn-2
! . (14)
Vi n-14n-2 ne N0~

- Yn-1 (o0 + ﬁxn—lxn—Z)’
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Assume that (x,,¥,),>_2 is a solution to system (2) such that (3) holds. Then we have

U, =av,1+b, Vp=au,1+ B, neNy, (15)
and

U, =adu, o +af + b, (16)

Vp=aav,_,+ab+ B, neN. 17)

From (8)-(11), we obtain

1-— n
ot = u_i(ae)" + (aB + b)%

_ap+b+(ae)'(u(1-ax)-ap-b)

18
1-ax 18)
for n € Ny, [ € {0,1} when aa # 1, while if ax =1, we have
Uyu1=u_;+(ap +b)n, neNy,le{0,1}, (19)
and we also have
1 _ n
van 1= v a0’ + (@b + 22
1-aa
_ab+ B +(aa)"(v(1-aa)—ab-p) (20)
- 1-aa ’
n €Ny, [ €{0,1} if ax #1, while if ax = 1, we have
Voui=v_y+ (@b + B)n, neNyle{0,1}. (21)
Now we present formulae for solutions to system (14).
Case aa #1. We have
T - b (u_q(1 - —aB-b
o =% My _ 21—[ aB+b+ (aaﬂu 11— aa) —ap ), 22)
o W -0 aB + b+ (aa)(ug(l — ax) —apB — b)
Uy = aB +b+ (aaY(uo(l — ax) — aB - b)
m+l = X— =X : ’ 23
Tt =5 L ™7 }_0[ ap + b+ (aa) (u1(1 - ac) ~ap - b) )
7 Vo "oab+ B+ (axY(v(1-aw)—ab-p)
y2m=y_21_[£=)’—2 b ﬁ : ! b ﬁ ’ (24')
o VY o b+ B+ (aa)y(vo(l —an)—ab-B)
m m i
vy ab+ B+ (aay (vo(1 —ax) —ab - B)
m =Y_ =9Y_ - 25
| 1= ey - aw - a1 =

for every m € Ny.
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Case ax =1. We have

“ Uzja “ u_i +(ap +b)j
= X =x_ = 26
2 le__()[ Uy le—_o[ uo + (ap + b)j 26
j J=
Usj n ug + (aB + b)j
KXom+1 = X1 zl =X-1 0 ﬁb ] 1 ) (27)
jeo M2l joo U1t (aB+b)(j+1)
~ V2j-1 i V1 + (Otb + ,3)]
" /iy Vi _ 28
72 yzl__()[ Vo yzl__ol vo + (b + B)j (28)
J= Jj=
" Voj = V0+(Olb+ﬂ)j
m+l = Y- =)V- 29
Yol yl}:OIVzm yll:[V—1+(0lb+ﬁ)(f+1) )

for every m € Ny.
4 Long-term behavior of solutions to system (14)
Before we formulate and prove the main results regarding the long-term behavior of well-

defined solutions to system (14), we quote the following well-known asymptotic formula

which will be used in the proofs of the main results:
1+x)7"=1-x+0(x*), asx— 0. (30)

We also define the following quantities:

Lo u(l-aa)—aB->b L uo(l—aa)—ap -b
Y w(l—aa)—ap-b’ > aa(u(1—aa)—aB —b)’
Lo vil-aa)-ab-p vl -ax)-ab-p
3 vol—ac)—ab-8" s aa(v_i(l-ax)—ab-pB)’

Finally, we give another auxiliary result.
Lemmal [fax #1,aB +b#0 #ab+ B. Then system (14) has two-periodic solutions.

Proof The equilibrium solution to system (15) is

#0, V=V #0, neN,. (31)

From (4) and (31) it follows that

1-ax
= ————— = X,0, No, 32
b e (32
and
1-ax
= ——————— = Yu0, € Ny, 33
’ (b + B)yn1 Y2 M 0 (33)

as desired. O
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The next three results are devoted to the long-term behavior of well-defined solutions
to system (14).

Theorem 1 Assume that |aa| #1 and (%4, Yu)n>—2 is a well-defined solution to system (14).
Then the following statements are true.

(@) IfaB+b#0#ab+ B and |aa| <1, then (x,,y,) converges to a, not necessarily

prime, two-periodic solution.

(b) Ifu_y=uo=(ap +b)/(1 —aw), then the sequences (Xop)m>—1 and (Xoms1)m=-1 are

constant.

(c) Ifvaa=vo = (ab+ B)/(1 — aw), then the sequences (Yom)m>-1 and Yams1)m=-1 are

constant.
(d) Iflac|>1andu_y = (ap + b)/(1 — aa) # uy, then xy,, — 0 and |x2,,41| — 00, as
m— 00.

(e) Iflac|>1and uy #(ap +b)/(1 - ax) = ug, then x3,,,1 — 0 and |x3,,| — 00, as
m— 00.

() Iflaxl >1and v_y = (aB + b)/(1 — ax) # vo, then Yo, — 0 and |Yama| — 00, as
m— 00.

(g) Iflac|>1andv_y #(ap + b)/(1 - aa) = vy, then Yam — 0 and |yam| — 00, as
m— 00.

(h) Iflac|>1, uy #(@B+b

() Iflaa| >1, uy (@B +Db

() Iflac] >1, uq #(aB +b
(k) Iflac|>1, u_y #(@B+b

are convergent.

() Iflac] >1, u_y #(aB + b)/(1 — ax) # ug and |L,| < 1, then x3,,51 — 0, as m — oo.
(m) Iflaa|>1,u_y #(aB +Db)/(1 —ax) £ ug and |Ly| > 1, then |x341| — 00, as m — oo.
(n) Iflac| >1, u_q #(ap +b)/(1—aa) # ug and L, =1, then (Xop41)m>-1 IS constant.

(0) Iflac|>1,uq #(aB +b)/(1 —ax) # uy and Ly = -1, then (Xams1)m>-1 and

(®asm+3)m>—1 are convergent.
(p) Iflac|>1, vy #(ab+ B)/(1 —aw) #vy and |L3| <1, then y,,, — 0, as m — oo.

(q) Iflac|>1, vy #(ab+ B)/(1—aa) #vo and |L3| > 1, then |ya,| — 00, as m — oo.
(r) Iflac| >1, vy # (b + B)/(1 — ac) # vy and Ly =1, then (Yom)m=-1 is constant.

(8) Iflac| >1, vy # (b + B)/(1 — ac) # v and Ls = -1, then (Yam)m>-1 and Yams2)m>-1

are convergent.

(t) Iflac| >1, vy # (ab+ B)/(1 -
() Iflac|>1, vy #(ab+ B)/(1 —aw) #vy and |Ly| > 1, then |ya,,1| — 00, as m — oo.
(V) Iflac) >1, vy #Z(ab+ B)/(1 —awa) # vy and Ly =1, then (Yami1)m>-1 is constant.
(W) Iflac|>1, vy #(ab+ B)/(1 —aa) #vo and Ly = -1, then (Yams1)m>-1 and

(Yam+3)m=-1 are convergent.

/(1 —ax) #ug and |L1| < 1, then x,, — 0, as m — o0.
/(1 —aax) # ug and |Ly| > 1, then |xy,,| — 00, as m — oo.

/(1 —aa) #uo and Ly = 1, then (Xm)m>-1 is constant.

~ = =~

[ —aa) # ug and Ly = -1, then (Xam)m=-1 and (Xam+2)m=-1

aw) #vo and |Ly| < 1, then ya,,.1 — 0, as m — oo.

Proof Let

_ap+b+(aa)"(u(1-aa)—ap - b)
" aB + b+ (ae)"(uo( - aa) —aB - b)’
aB + b+ (aa)(uo(1 — aa) —apf — b)
T aB+b+ (@)™ (u (1-aa)—aB-b)

m



Stevic et al. Advances in Difference Equations (2015) 2015:264 Page 7 of 17

_ab+ B+ (ax)™(v_1(1 — aa) —ab - B)
" ab+ B+ (aa)"(vo(l —ax) —ab-B)’
A ab+ B+ (aa)™(vo(l — aa) —ab — B)

D= b+ B+ (@)™ (v (1 —aa)—ab— )

m

for m € Ny.
(a) By using (30) we have

1+ (ac)"(u(1 - aa) —ap - b)(ap + b)™
1+ (a0)™(uo(1 - ac) — aP — b)(ap + b)~!

Pm

=1+ (u_y — uo)(1 — aa)(aB + b)(aa)™ + o((aa)™), (34)
. 1+(aa)"(uo(1-aa)-ap - b)ap +b)™!
P = 1+ (aa)" N (u_1(1 —aa) —aB — b)(aB + b)!

(1 -ax)(ug —acu_y —ap — b)
i aB+b

_1+(a)"(va(1-aa)—ab-B)ab+ )™

=1

(aa)™ + o((ac)™), (35)

"7 14 (a)"(vo( — aa) —ab — B)(ab + )
=1+ (v_1 = vo)(1 - ae)(eb + ) (a)” + o((ac)™), (36)
i = 1+ (a0)"(vo(1 — ac) —ab — B)(ab + B)7

"1+ (ae)" (v, (1 - aa) —ab — B)(ab + B)
1-ax)(vo—aav_y—ab-B)
=1+
ab+f

(ac)™ + o((act)™) (37)

for sufficiently large m.

From (34)-(37), by using the condition |ax| < 1 and a well-known criterion for the con-
vergence of products, the statement easily follows.

(b) By using the condition u_; = ug = (aB + b)/(1 — ax) in (22) and (23), the statement
immediately follows.

(c) By using the condition v_j = vy = (ab + B)/(1 — ax) in (24) and (25), the statement
immediately follows.

(d) By using the condition u_; = (aB + b)/(1 — ax) # ugy, we get

aB+b
" aB + b+ (aa)"(uo(l - act) —aP - b)’
. aP + b+ (aa)"(uo(1 —aa) —apB — b)
"= ap +b ’

(38)

Pm

(39)

Letting m — o0 in (38) and (39) and using the condition |a«| > 1, we have p,, — 0 and
|Pm| — 00, from which along with (22) and (23) the statement easily follows.

(e) By using the condition u_; # (aB + b)/(1 — ax) = uy, we get

_ap+b+(ae)"(uy(1-acx)-ap -b)
Pm = af + b , (40)
A aB +b

Pm = ap + b+ (ac)" Y u_ (1 - ax) —ap - b)’

(41)
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Letting m — oo in (40) and (41) and using the condition |a«| > 1, we have |p,,| — oo and
Pm — 0, from which along with (22) and (23) the statement easily follows.
(f) By using the condition v_; = (a8 + b)/(1 — ax) # vy, we get

B ab+ B 42)
D= b+ B+ (aa)"(vo(1 —act) —ab— B)’
_ ab+ B + (aa)"(vo(1 — aa) — ab — B) (43)

ab+ B

Letting m — oo in (42) and (43) and using the condition |ax| > 1, we have ¢,, — 0 and
|gm| — 00, from which along with (24) and (25) the statement easily follows.

(g) By using the condition v_; # (@ + b)/(1 — aa) = v, we get

ab+ B + (aa)"(v.1(1 — aa) —ab - B)
" ab+ B
R ab+
9= b+ B + (aa)" 1 (v_i(1 - ac) —ab - B)’

) (44)

(45)

Letting m — oo in (44) and (45) and using the condition |a«| > 1, we have |g,,| — oo and
qm — 0, from which along with (24) and (25) the statement easily follows.

(h), (i) Note that lim,,_, o, p,, = L. Hence, from the assumptions |L;| < 1, that is, |L;| > 1
along with (22), the statements easily follow.

(j) The statement immediately follows by using the condition Z; =1 in (22).

(k) Since L; = -1 and by using (30), we have that

_ap+b+(ax)"(u(1-aa)—ap - b)
" aB +b-(ax)"(u_(1-ac)—ap - b)
ap+b
U Gt (-aar-apb)

1 aB+b
~ {aaV (w1 (1-aa)-ap-b)

) 2(ap +b) 1
- '(1 " a0y (ur(l—ac)—af—b) 0((aa)m>)' (46)

From (46), by using the condition |ax| > 1 and a well-known criterion for the convergence

m

of products, the statement easily follows.

(1), (m) Note that lim,,,_, oo p» = Lo. Hence, from the assumptions |L,| < 1, that is, |Ly| > 1
along with (23), the statements easily follow.

(n) The statement immediately follows by using the condition L, =1 in (23).

(o) Since L, = -1 and by using (30), we have that

_ap+b+ (aa)™(uo(1 — aat) —apf — b)
" aB +b - (ax)"(uo(l — ac) — aB - b)

m

aB+b
M (e aBB)
_-_1 ap+b

= (aw)" (uo(1-ac)-ap-b)

~ 2(apB + b) 1
i} _<1 " (@) uo(l—ac) —ap—b) © 0<(aa)m>>' 47
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From (47), by using the condition |a«/| > 1 and a well-known criterion for the convergence
of products, the statement easily follows.

(p), (q) Note that lim,,,_, o g,, = L3. Hence, from the assumptions |L3| < 1, that is, |L3| > 1
along with (24), the statements easily follow.

(r) The statement immediately follows by using the condition L3 =1 in (24).

(s) Since L3 = -1 and by using (30), we have that

B ab+ B+ (ax)"(vo1(1 —aa) —ab - B)
" ab+ B —(aw)"(v_(1 - aa) - ab - B)

m

ao)"(v_1(l-aa)-ab-pB)

1 ab+f
" (@) (v_1(1-aa)-ab-p)

) 2ah + B) 1
- ‘(1 " laa)y" (1 (1 —ae) —ab—p) "((aa)m))' (48)

From (48), by using the condition |ax| > 1 and a well-known criterion for the convergence

1+ ab+p
(

of products, the statement easily follows.

(t), (u) Note that lim,;,_, » 4, = L4. Hence, from the assumptions |L4| < 1, that is, [L4| > 1
along with (25), the statements easily follow.

(v) The statement immediately follows by using the condition Ly =1 in (25).

(w) Since Ly = -1 and by using (30), we have that

. _ab+p+ (aa)™(vo(1 — aa) —ab - B)
" ab+ B - (ax)"(vo(l — ac) —ab — B)
ab+f

_ 1+ Gott-aarabp)
- 1- ab+B
(aa)™ (v (1-aa)—ab-p)
2(ab + B) 1
=—(1+ + . 49
( (ac)y"(vo(1—aa) —ab—p) \ (aa)” (49)
From (49), by using the condition |ac| > 1 and a well-known criterion for the convergence
of products, the statement easily follows. O
Let
M e u_i(u_1—b-ap) _valva - B-ab)
1= Q=
uo(uo — b —ap) vo(vo — B —ab)

Theorem 2 Assume that ac = -1 and (xy,, ) n>—2 is a well-defined solution to system (14).
Then the following statements are true.
(@) If|M1| <1, then x5, — 0 and |xp41| — 00, as m — 00.
(b) If|My| > 1, then x3,41 — 0 and |xy,,| — 00, as m — oo.
(c) If My =1, then (x,)n>—2 is four-periodic.
(d) If My = -1, then (%) =2 is eight-periodic.
(e) If |M3| <1, then ya,, — 0 and |yams1| — 00, as m — oo.
() If |My| > 1, then yy,11 — 0 and |ya,,| — 00, as m — oo.
(g) If My =1, then (y,)n>—2 is four-periodic.
(h) If My = -1, then (yu)u>—2 is eight-periodic.
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Proof First, note that since ac = —1, from (22)-(25) we have

X1 X_1
m m+1
Kam = X0 M7, Kamra = XM, Xam+l = wr Xam+3 = M
1 1
m m+1 N -1
Yam = YoMy, Yams2 = Y2 My, Yamel = 3o Yams3 = 3 ot
2 2

for m € Ny. From (50) and (51) all the statements easily follow.

Let

Page 10 of 17

Theorem 3 Assume that ac =1 and (x,,Y,)u>_2 is a well-defined solution to system (14).

Then the following statements hold true.
(@) IfaB +b=0and |N1| <1, then x3,,, — 0 and |xg41| — 00, as m — 00;
(b) IfaB +b =0 and |N1| > 1, then |x3,,| — 00 and x3,41 — 0, as m — 00;
(c) IfaB +b=0and Ny =1, then (X3)m>-1 and (Xom+1)m=-1 are constant;
(d) IfaB +b =0 and Ny = -1, then (Xaymsi)m>-1, i = 0,3, are constant.
(e) IfaB +b#0 and (u_y — uo)/(aB + b) > 0, then |x3,,,| — 00, as m — oo;
(f) IfaB+b#0and (u_1 —uo)/(aB + b) <0, then x3,, — 0, as m — 00;
(g) IfaB +b+#0and u_y = uy, then (Xop)m=_1 is constant;
(h) IfaB +b+#0 and (up —u_1)/(aB + b) > 1, then |x3,,41| = 00, as m — 00;
(i) IfaB +b+#0 and (ug —u_1)/(aB + b) <1, then x3,,,1 — 0, as m — o0;
G) IfaB+b#0and u_y —uo = ap + b, then (Xyms1)m>-1 is constant;
(k) Ifab+ B =0 and |Ny| <1, then Y3, — 0 and |yams1| = 00, as m — oo;
() Ifab+ B =0and |Ny| > 1, then |yo,| — 00 and yama — 0, as m — 00;
(m) Ifab+ B =0and Ny =1, then (Yam)m>-1 and (Yoms1)m=—1 are constant;
(n) Ifab+ B =0 and Ny = -1, then (Yamsi)m>-1, i = 0,3, are constant.
(0) Ifab+ B #0 and (v_1 —vo)/(ab + B) > 0, then |yym| — 00, as m — 00;
(p) Ifab+ B #0and (v_1 —vo)/(ab + B) <0, then ya,, — 0, as m — 00;
(@ Ifab+ B #0and vy =vy, then (Yom)m=-1 Is constant.
(r) Ifab+ B #0and (vo —v_1)/(ab + B) < 1, then yyu1 — 0, as m — oo;
(s) Ifab+ B #0 and (vo —v_1)/(ab + B) > 1, then |yams1| = 00, as m — o0;
(t) Ifab+ B #0andv_y —vy =ab+ B, then (Yous1)m>-1 IS constant.

Proof Let
U+ (aB + bym L U+ (aB + b)ym
" o+ (ap + bym’ rm_u_1+(a,3+b)(m+1)’
_va+(ab+ B)m . vot(ab+pB)m N
T wr@bipm’ T Vot @b fme1) TN

(a)-(d) Since in this case we have

U, m+1 o m+1
Xom =X_p| — , Xomsl = X1\ — , mé& N,
Ug U

these statements easily follow.
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(e), (f) By using (30) we have
u_y +(ap +b)m Uy Uo -
" v @B bym (“ (aﬁ+b)M>(1+ (aﬁ+b)M>
T ) G e i )
S o<%> (52)

for sufficiently large m.

From (52), by using the fact that for every k e N

m
1
- —> 00, asm— o0, (53)

=/

and a known criterion for convergence of products, the statements easily follow.
(g) Using the condition u_; = ug in (26), the statement immediately follows.
(h), (i) By using (30) we have

. ugt(ap+bym ) U )(1 u_1+a/3+b>_1
rm_u1+(a,3+b)(m+1)_< T @p+bm )\ @B+ bym

B U Uy +ap+b 1
- (“ (P +b)m)<1" @p+bm * O(W»

=1+—”°‘”1‘“/"”+o<i) (54)

(aB + b)m m?

for sufficiently large m.

From (54), (53), (27) and a known criterion for convergence of products, the statements
easily follow.

(j) Using the condition uy = u_; + aB + b in (27), the statement immediately follows.

(k)-(n) Since in this case we have

m+1 m+l
Vo Vo
y2m:y—2(v ) ) Yom+1 =j/_1<—> » VI’IGN(),
0

Vo

these statements easily follow.
(0), (p) By using (30) we have

_va+(ab+B)m ) v ) 12 B
"= Yo+ @b+ Bm ( ' (ab+ﬂ)m)< +(ab+ﬁ)M)
1o —2  Yf1-—Y o(i»
< +(otb+,3)m>< _(ab+,3)m+ m?
v_1—Vo 1
=1+ 7(ab " IB)m + O(W) (55)

for sufficiently large m.
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From (55), (53), (28) and a known criterion for convergence of products, the statements
easily follow.

(q) Using the condition vy = v_; in (28), the statement immediately follows.

(1), (s) By using (30) we have

. Vot(ab+B)m 1 o ) vat+ab+ B\

Sm_v_1+(ab+,3)(m+1)_< +(ab+ﬁ)m)< " (ab+ﬁ)m)
B Vo va+ab+f 1
_<1+(ab+ﬁ)m)(1_ (ab + Bym +O<%>>

_ VQ—V_l—(Xb—,B 1

for sufficiently large m.

From (56), (53), (29) and a known criterion for convergence of products, the statements
easily follow.

(t) Using the condition vo = v_1 + b + B in (29), the statement immediately follows. [

5 Domain of undefinable solutions to system (2)

In Section 2 we proved that solutions to system (2), for which x_; = 0 or y_; = 0 for some
j € {1,2}, are not defined. The set of all such initial values is characterized here.

Definition1 Consider the system of difference equations

Xn :f(xn—lr ceosXn—s3Yn-1s+++rYn-s» I’l),
(57)

Yy =8Kn 15 Xy Yn1s++ > Yn-ss 1), 1 ENp,

where s € N, and x_;,y_; € R, i = 1, 5. The string of vectors
(s Y=s)s oo s (X1, ¥21)5 (%05 Y0)5 -+ » (Kigs Vg )

where 1y > -1, is called an undefined solution of system (57) if
X =f (Kt e s Xjess Yjds v+ s Yjmss ])

and
Y =8WXjo1s - s Xjmss Yjs -5 Vs )

for 0 <j<mg +1, and ;11 O yy,41 is not a defined number, that is, the quantity
S Fngs e oo Xrg—sa1sYrgs + + - Yng—s+1 Mo + 1)

or
E(Xngs - oo Xug—ss1> Vg s -+ +» Yng—s+1> Mo + 1)

is not defined.
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The set of all initial values (x_g, y_s), ..., (x_1,y_1) which generate undefined solutions to

system (57) is called domain of undefinable solutions of the system.

The next result characterizes the domain of undefinable solutions to system (2) when
anb,a, B, 70, n e Ng.

Theorem 4 Assume that a,b,o, 0, #0, n € Ny. Then the domain of undefinable solutions
to system (2) is the following set:

U= U {(x—er—lry—27y—1) € ]R4 :

mENO
1 RS _ _ _ _
=g01 ofi Yo ngrln—z °fzwlz_1 Og2r1n °f2n11+1(0)
X_1X_2
1
or =g ofito 0@ 0 frm0&m(0)
X_1X_2
1
or :f(;1 ngl SR sz;i-z ngjq-l O-fz;:l(o)
Y-1Y-2
1 a1 - _ _ _
or =fo ! Ogll O:-- °g2;i1—1 Of2n£ ngylml(o)}
Y-1)-2

U {(x-z,x_hy_z,y_]) eR*:

x,z:Oorx,1:00ry,2:Oory,1:0}, (58)
where
fut) =ant + by, gi(t) =t + By, neNy.
Proof We have already proved that the set
{(x,z,x,l,y,z,y,l) eR*:x,=00rx;=00rys=00ry_;= O}
belongs to the domain of undefinable solutions to system (2).
Ifx_; #0#y_,j= 1,2 (i.e., x, # 0 #y, for every n > —2), then such a solution (x,, y,)s>_2
is not defined if and only if
an+bpYn1yn2=0 or ay+Buxy1%,2=0 (59)
for some # € Ny, which is equivalent to

Vp =—byla, or u, ;= —Bulay, (60)

for some n € Nj.
Note that

fn’l(O) =-b,la, and g;l(O) =—Bulo,, neNp. (61)

Page 13 of 17
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We have

Vam-1 = (§2m-10fam-2 0+ 0fr0g o fo)(vaa),
Vam = (€am © fam-10 -+ 0 g2 0 fi 0 go)(u-1),
Uam-1 = (fam-10gam-2 0+ 0 0 fi 0 go)(u-1),
tom = (fam © gam-10 -+ 0 fr 0 g1 0 fo) (v-1)

for m € Ny.
From (61) and (62) we have that

bym
-2 Vom—1 = (@am-10fom—oa 0---0fr 0g10f5)(v_1)

A2m
for some m € Ny if and only if

1

Y12 zfoil ngl 00 fom 5 0 Gom of2;,1,(0).

From (61) and (63) we have that

b2m+1

=Vom = (me Ome—l O0---00 Ofl ogO)(u—l)

A2m+1

for some m € Ny if and only if

X_1X_2
From (61) and (64) we have that

—'Bﬂ = U1 = (fam-1 0 Qom—2 0 - -+ 0 g o fi 0 go)(u_1)
Uom

for some m € Ny if and only if

1

X_1X_2

=85 oS 0+ 082 0 frn1 ©G30).
From (61) and (65) we have that

_132m+1

= U = (fom © Gam-10--- 0 fa 0 g 0 fo)(v_1)

2m+1
for some m € Ny if and only if

1
Y-1)y-2

=fo ogit o 0 g 1 0 fom O Gamin (0).

=g§l Ofl_1 O ng_yln—z sz_wll—l ng_ia sz_nlm(o)'

Page 14 of 17

(66)

(69)

From (66)-(69) we see that the first union in (58) also belongs to the domain of unde-

finable solutions, finishing the proof of the theorem.

O
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Remark 1 Quantities

%' ofit 0085 50 fom 1 © & O fomin (0), (70)
&' ofit o0& 0 fom1 ©&om(0); (71)
fotogit o 0 fom s 0 Gam1 © fom(0), (72)
Jotogit o 081 0 fom © i (0) (73)

can be calculated for every m € Ny.
Indeed, note that

g ofit o080 1 © 8o © o (0) = <l_[ 2y szﬁl))(t)’tzoi (74)
j=0
m-1
g ofit o080 s 08m(0) = (l_[ & °fojn ) o) (75)
j=0 2m
m-1
fb_l ogl—l O--- Of2_n%172 OgZ_Vln—l on_ni(O) = ( (f2;1 og2_]1+1)> (t) ‘g—f—l (0), (76)
j=0 ~2m
f6—1 ogl—l O--- OgZ_;}rl—l sz_ni Og2_y1n+1(0) = <l_[(f2] Og21+1 )(t t:O’ (77)
and also that
t byjn Boj
o)) = - T jeN,, (78)
(g2] fz, +l) Qi1 Qojdoje1 () / 0
and
_ _ t Boj by; .
(le’l og2j1+1)(t) = -2 T jeN,. (79)

A2j0oj1  Ajlj Ay

On the other hand, if
hj(t) = C/t + d ] € Ny,

it is easy to see that

n n i-1
(hoohlo.--ohn)(t)=<]‘[c,)t+2d,]_[c,, n € Ny. (80)
j=0 =0 j=0

From (74)-(80) explicit formulas for the quantities in (70)-(73) are easily obtained.
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