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Abstract

This research aims to investigate the strategy of fair insurance premium actuarial
approach for pricing currency option, when the value of foreign currency option
follows the mixed fractional Brownian motion with jumps and the European call and
put currency option are presented. It has certain reference significance to avoiding
foreign exchange risk.
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1 Introduction

A currency option is a contract that gives the holder the right to buy or sell a certain
amount of foreign currency at a fixed exchange rate (exercise price) upon exercise of the
option. American options are options that can be exercised at any time before they expire.
European options can be exercised only during a specified period immediately before ex-
piration.

Option pricing was introduced by Black-Scholes in 1973 [1]. In a work by Garman and
Kohlhagen (GK) [2], the Black-Scholes model was developed in order to evaluate Eu-
ropean currency option. However, some researchers (see [3]) pointed to the evidences,
which reflect the mispriced currency options by the GK model. The significant causes of
why this model is not suitable for stock markets are due to the fact that the currencies
are different from the stocks in main respects, and geometric Brownian motion is unable
to resolve the conduct of the currency return [4, 5]. Since then, in order to tackle these
problems, many systems for pricing currency options have been proposed using the ex-
tensions of the GK model [6-9]. Since fractional Brownian motion (FBM) includes two
prominent properties: long-range correlation and self-similarity, it can get the typical tail
behavior from stock markets.

Unfortunately, owing to the fact that FBM is neither a Markov process nor a semi-
martingale, we are unable to employ the prevalent stochastic calculus to analyze it [10]. To
resolve these problems, with respect to the long memory feature and to capture the fluc-
tuations from stock markets, the mixed fractional Brownian motion (MFBM) has been
introduced [11, 12]. Cheridito [11] had proved that, for H € (%,1), the mixed model with
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dependent Brownian motion (BM) and FBM was equivalent to one with BM. Therefore,
we assume that H € (%, 1). Moreover, the empirical studies demonstrate that discontin-
uous or jumps are vital components for analyzing financial data (see [13—19]). Then, we
present the combination of Poisson jump process and MFBM in order to highlight all
these properties. Actuarial approach to option pricing was put forward in 1998 by Bladt
and Rydberg [20]. In this study, we assess the actuarial approach for pricing currency op-
tions, whose price is governed by jump process and MFBAM. In this model, we propose the
actuarial approach to pricing currency options into a problem of equivalent of fair insur-
ance premium. No economic assumptions are considered in the actuarial approach, and
it is not only valid in complete, arbitrage-free and equilibrium markets but also reliable in
incomplete, arbitrage and non-equilibrium markets.

Definition 1.1 A MFBM of parameters €, « and H is a linear compound of different FBMs
under probability space (2, F, P) for any ¢t € R, by

MY = eB(t) + aBy(t), @)

where B(t) is a BM, By (¢) is an independent FBM with Hurst parameter H € (0,1), € and «
are two real constants such that (¢, «) # (0, 0); to get more information about MFBM you
can see [21, 22].

The MFBM has the following properties:

1. Mf{ is a centered Gaussian process and not a Markovian one for H € (0,1) \ %;
2. MM =0 P-almost surely;

3. The covariation function of M* (e, 8) and M (a, b) for any ¢,s € R, is given by

s

COV(M;L[,MH) =a?(EAS) + g(tZH +s2 — |t—s|2H), (2)

where A denotes the minimum of two numbers;
4. The increments of M (, B) are stationary and mixed-self similar for any /> 0

ME (e, B) 2 M (ah?, pi"), 3)

where £ means ‘to same law’;

5. The increments of M are positively correlated if < H <1, uncorrelated if H = §
and are negatively correlated if 0 < H < %;

6. The increments of M’ are long range dependent if and only if H > 3;

7. TForall t € R,, we have

0, n=20+1,

St + pH2H), =2

E[(M{' (. B)"] = 4)

To derive a MFBM with jumps model for pricing currency options, the greater attention
should be paid to the following conditions:
(i) No transaction expenses or taxes should be determined and all securities are

perfectly divisible;
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(i) Safety trading is continuous;
(iii) The domestics interest rate r; and foreign interest rate ry in the short-term are
defined and stable over time;
(iv) There are no risk-free arbitrage opportunities.
The spot exchange rate in the MFBM with jumps model is given by

dS(t) = S(t)(u — Ay dt + 0 S(8) dB(t) + o S(t) dBy(2)

+S@ (€Y ~1)dN;, 0<t<T,50)=S>0. (5)

Suppose that B¢ and B’; show the domestic and foreign price of risk-free bond, respec-
tively. Thus, BY and B’; satisfy in Equations (6) and (7):

dB?’ = Bfrd dt, B‘% = IB?' =g raT-1), ©

dB| =Bjr;dt, Bl =1B] =T, 7)

where S(¢) denotes the spot exchange rate at time ¢ of one unit of the foreign currency
measured in the domestic currency; the drift u and volatility o are supposed to be con-
stants; E(t) and EH(t) are a BM and a FBM, respectively; N, is a Poisson process with rate
; (€ —1) is jump size at £ which is a sequence of independent identically distributed and
J(t) ~N(- 0’ ,0f 2). Moreover, all three sources of randomness, the FBM, BH( ), the Poisson
process N; and the jump size /) — 1, are supposed to be independent.

By using the fractional Girsanov equation and the following variables change

HKorMyw+Ty=rd, Hov R

B(t) + Bu(¢) = + B(t) + B (2), (8)

o

Equation (5) is transformed to the following equation:

dS(t) = Si(rg —rr)dt + o S(t) dB(t) + 0 S(t) dBp(t)

+S@®) (€Y ~1)dN;, 0<t<T,50)=S>0. )

Lemma 1.2 By applying the Ito formula, the solution for the stochastic differential Equa-
tion (9) (see [23]) is given by

S(t) = Sexp |:(rd — )t + o B(t) + 0 B(t) - 10 2t oM+ Z J(t; )] (10)
and the mean
E(S(®))

_E|:Sexp<(rd—rf)t+oB(t)+aBH(t)— la 2 2H+Z](t ):|

Nt
=Sexp ((rd -1t - %ozt - %oztzH)E[exp(aB(t) + JBH(t))]E|:exp (Z](ti)):|

i=1

Page 3 of 8
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1 1 1 1 1
= Sexp ((rd —rp)t - Eozt - Ea2t2H> exp(iozt - 502t2H> exp<§na]2t)

= Sexp[((rd —rp) + %no']2>ti|, (11)

2 Actuarial approach for pricing currency option

This section deals with the new pricing model for the currency options using the actuarial
approach, when the spot exchange rate follows the MFBM with jumps process. This model
can be applied to different financial markets, for example, in the arbitrage-free, equilib-
rium and complete markets and also in the arbitrage, non-equilibrium and incomplete
markets.

Definition 2.1 ([20]) The expectation return rate 6(¢) of S; on ¢t € [0,T] is defined

foT 0(s) ds as follows:
E(S T
é(g))) ) CXP(/O 8(s) ds)' (12)

Definition 2.2 Suppose that C(K, T) and P(K, T') show the European call and put cur-
rency options, respectively, whose spot exchange rate is S(¢), the exercise price is K and
the time maturity is 7. Thus, the value of European option by actuarial approach can be

written as follows:

T
C(K,T) = E[ (exp <— / 0(t) dt) S(T)B} - KB{{)IA], (13)
0
T
P(K,T) = E[(KBg —exp <— / 0(t) dt) S(T)B’;)IB]. (14)
0

The essential condition for performing the European call and put currency options on the
expiry date are, respectively,
T
exp (— / o(t) dt)S(T)B{) > KB,
’ (15)
T
KB > exp <— / 0(t) dt> S(T)B),.
0

Theorem 2.3 Let the spot exchange rate S(t) satisfy Equation (5). Thus, the value of the
European call and put currency option at time t = 0 is as follows, respectively:

T
C(K,T) = E[(exp <— / 6(¢) dt) S(T)B) - KB‘S)’A]
0

2
E[(exp( rd—rf)T—Ng” T)S(T)Bé—](Bﬁ)IA], (16)
2| &T)" “ ?
C(K,T) = SB{);[( ) exp(Z} AT—%T>:|<D(19,,)
~KB§ > e‘”ﬂ (b)), 17)

0 n:
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T
P(K,T) = E[(I(B —exp< (t)dt)S(T)B{J)IB}
0

2
|:(1<Bd — exp( ra —rf) Nt;] T)S(T)B{))IB:|

oo

Y e "o - s

n=0

N 0N T)” not
X ex ](t — AT — —T | | ®(-b,), (18)
here
2
m—S" () + L KB? 1 1
Yy = 2inJt) + = , m=ln—2 + —¢2T + —o2T*, (19)
o SB) 2 2
T T2H —Jn —Jn
b, = u, b’n - # (20)
T+ TH T + TH
Proof From Lemma 1.2 we have
1 1
S(T) = Sexp|:(rd —17)T +0B(T) + 0 Bu(T) - EGZT - 502T2H + Z](ti):|. (21)
i=1
The exp(- fOT o) dt)S(T)B{) > I(Bf)l is equivalent to the following equation:
NTO’2
J
exp (—(rd —-r)T - — T) x Sexp| (rg —17)T + 0 B(T) + 0 By(T)
(22)

1 1 Jr
d
_ EcyZT— EGZTZH + ?:1 ](ti):| X B’; > KBj.

Nro?
il
S T>m.

Then we have 6 B(T) + 0 By(T) + Zfi{ J(&) -
T
G(K,T)=E [GXP <— /0 6(t) dt> S(T)B{)Iexp(_ ST o0) doys(T)B) >KBd :|

NTO’]
=Ejexp| —(ra—r))T - 5 T

L, L o on
xSexp|:(rd—rf)T+aB(T)+UBH(T)—50 T_EU T +;](ti)

Npo?
)— gl T>m}

1 1
= SB/:) exp[—EGZT— EO'ZTZH]

xB’SI

oB(T)+oBu(T)+ X 0T J(t;

Nt NT O'} T)

X E|:exp (O’B( +0By(T Z]
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x I 2
Nto
oB(T)+o B (T)+ YN T J(t) -~ T>m:|

1 1
= SB{) eXp[—EO‘ZT— EGZTZH]

Nt NTO_Z
X E|:E|:6Xp<<TB(T) +0By(T) + Z](ti) - d T)

i=1

4l

1 1 =
= SB| exp|:—§02T - EaZTZH] Y P(N7 =n)
n=0

x I 2
Nto
oB(T)+o By (T)+ YN T J(t)-— L T>m

xE|:exp(oB( +0By(T Z} NTG/ T)
|
= 5B, exp[—%azT— %GZTZH] Z[(Hﬂ (Z/(t) AT - T]T>:|

n=0
NTo]2 ]

Elexp(oB(T) + o By(T)
[ p( " )aB(T+chH V+ XN J(t)-—5 L Tom

2| 1) “ no? 1
- SB! VAT - —LT) | — ———
020:[ " exp(;](” 2 )] 27 (T + T2H)

+00  (x-0T-oT2H)2
X/ e AT+T2H) gy
In

x I Noo2
oB(T)+aBy(T)+ XN T J(t) -~ L Tom

- SB, Z[(A}?n (Z} t) - AT——]T)]P(Z>yn) (23)

n=0 i=1

GK, T) = SB”Z[ (Zm ar-2L )]

P(Z—oT—oTZH yn—oT—oT2H>
X >
VT + T T + TH

| (AT)" - no?
= Béz;[ pr eXp(Zl(ti)—kT—T’T)]cb(bn). (24)

i=1

Moreover,

_ d
GK,T)=E [KB OIexp(— 1T 0t de)s(T)B) > KBd ]

2
TU]

Ny N
= KBgP|:aB(T) +0By(T) + Z](t,») - T > m:|

i=1

(o] 2
= KB} P(Nt = n)P[aB( +oBy(T Z} - —T > mi|

n=0
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=KB

O

= e (A T)" |:B(T) +By(T) In ]
P
Z n! T + T2H >JT+T2H

S
1]
(=}

Il
S
(=X

(e 10

e T (A1) ® Vn
n! VT + T2H

ef)‘T()» T)n

n!

Il
g
O X

(b)), (25)

S
I
(=]

where

2 T2H

nUz
yn:m_Zi:1](ti)+T/, m:lnlﬂ l 2
o SB),

B oT +oT -y,

b, = A 27)

VT+TH T T

and ®(-) is the cumulative normal distribution. From Equation (17) we can get

CK,T) = E[(exp (- f "o dt) S(T)B) —1<B§)IA}
0

= C(K, T) - Co(K, T)
2| (AT)" d no?
=SB£;|: . exp(Z}(ti)—kT—T]T>:|<I>(b,,)

’ i=1
- AT)"
~KB3 Y e‘”%dD(b;). (28)
n=0 :

The proof of Equation (18) is the same way. O

3 Conclusion

In the actuarial approach, we do not need the economic knowledge of financial data in
which the outcome is accurate in all kinds of markets. It is important to note that our
model in this study is easy to use against the Black-Scholes model because there is no need
to investigate an equivalent martingale measure. In addition, in this paper, we supposed
that the spot price follows the MFBM with jumps is a clear reference, which is important

to eschewing foreign exchange risk.
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