
Tikjha et al. Advances in Difference Equations  (2015) 2015:248 
DOI 10.1186/s13662-015-0585-5

R E S E A R C H Open Access

http://dx.doi.org/10.1186/s13662-015-0585-5
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-015-0585-5&domain=pdf
mailto:wirottik@psru.ac.th


Tikjha et al. Advances in Difference Equations  (2015) 2015:248 Page 2 of 15

with initial the condition (–., ). See [, ]. The Gingerbreadman map was Devaney’s
response to the  generalized Lozi equation. The Lozi equation,

{
xn+ = –a|xn| + yn + ,
yn+ = bxn,

n = , , . . . ,

with parameters a,b ∈ R and the initial condition (x, y) ∈ R, had been used to exam-
ine an attractor that was observed by Lorenz in the Hénon map, a non-linear system of
difference equations,

{
xn+ = –ax

n + yn + ,
yn+ = bxn,

n = , , . . . ,

with parameters a,b ∈ R and the initial condition (x, y) ∈ R that modeled weather pat-
terns [–]. We believe that our family of piecewise linear difference equations are the
prototypes for more elaborate piecewise difference equations that, in many cases as in the
Lozi equation, exhibit complicated behavior.

2 Preliminaries
The following definitions [] are used in this paper. A difference equation of the first order
is an equation of the form

xn+ = f (xn), n = , , . . . , ()

where f is a continuous function which maps some set J into J . The set J is usually an
interval of real numbers, or a union of intervals, but it may even be a discrete set such as
the set of integers.

A solution of () is a sequence {xn}∞n= which satisfies () for all n ≥ . If we prescribe a
set of initial conditions

x ∈ J ,

then

x = f (x),

x = f (x),

. . .

and so the solution {xn}∞n= of () exists for all n ≥  and is uniquely determined by the
initial conditions.

A solution of () which is constant for all n ≥  is called an equilibrium solution of ().
A solution {xn}∞n= of () is called periodic with period p (or a period p cycle) if there exists

an integer p≥  such that

xn+p = xn for all n≥ . ()
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We say that the solution is periodicwith prime period p if p is the smallest positive integer
for which () holds. In this case, a p-tuple



xn+

xn+
...

xn+p




of any p consecutive values of the solution is called a p cycle of (). A solution {xn}∞n= of ()
is called eventually periodic with period p if there exists an integer N ≥  such that {xn}∞n=N

is periodic with period p.
We denote the absolute value of x by |x|. So

|x| =

{
x if x ≥ ,
–x if x < .

3 Main result
In this paper we consider the behavior of the system of piecewise linear difference equa-
tions,

{
xn+ = |xn| – yn – b,
yn+ = xn + |yn|, n = , , . . . , ()

where the parameter b ∈ (,∞) and the initial condition (x, y) ∈ R.
Through extensive study of specific cases of b we found that system () has the unique

equilibrium solution (x̄, ȳ) = (– b
 , – b

 ) and two period  cycles

P
 =




, –b
, b

–b, b


 and P

 =




, – b


– b
 , b


– b

 , – b



 ,

where



a, b

a, b

a, b




represents the consecutive solutions (a,b), (a,b), and (a,b) of the system.
The main result of this paper is as follows.
Set

L =
{

(, y)|y ≥ 
}

,

L =
{

(, y)|y ≤ 
}

,

Q =
{

(x, y) ∈ R × R|x ≥  and y≥ 
}

,

Q =
{

(x, y) ∈ R × R|x <  and y≥ 
}

,
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Q =
{

(x, y) ∈ R × R|x <  and y < 
}

,

Q =
{

(x, y) ∈ R × R|x ≥  and y < 
}

.

Theorem  Let {(xn, yn)}∞n= be a solution to system () with b ∈ (,∞) and the initial con-
dition (x, y) ∈ R. Then the solution {(xn, yn)}∞n=N is the equilibrium solution (– b

 , – b
 ) or

eventually prime period  cycle P
 or P

.

In each lemma that follows we examine the separate sections of R. The compilation
of the sections addressed amount to all of R and so the proof of Theorem  is a direct
consequence of the following lemmas.

Lemma  Let {(xn, yn)}∞n= be a solution to system () and suppose that there exists an
integer N ≥  such that yN = –xN – b≥ . Then (xN+, yN+) = (, –b), and so {(xn, yn)}∞n=N+

is the period  cycle P
.

Proof We have

xN+ = |xN | – yN – b = –xN – (–xN – b) – b =  and

yN+ = xN + |yN | = xN + (–xN – b) = –b.

Hence, (xN+, yN+) = (, –b) ∈ P
. �

Lemma  Recall that L = {(, y)|y ≥ } and let {(xn, yn)}∞n= be a solution to system ().
Suppose (x, y) ∈L. Then {(xn, yn)}∞n= is the prime period  cycle P

.

Proof We have

x = |x| – y – b =  – y – b = –y – b <  and

y = x + |y| =  + y = y ≥ .

We see that y = –x – b. It follows by Lemma , (x, y) = (, –b) ∈ P
. �

Lemma  Recall that L = {(, y)|y ≤ } and let {(xn, yn)}∞n= be a solution to system ().
Suppose (x, y) ∈ L. Then {(xn, yn)}∞n= is eventually either the prime period  cycle P



or P
.

Proof We have

x = |x| – y – b = –y – b and

y = x + |y| = –y ≥ .

Case : Suppose y < –b. Then x = –y –b >  and by direct computations x = y +b <
 and y = –y – b.

Case a: Suppose y ≤ – b
 . Then y = –y – b ≥ . In addition, we see that y = –x –

b ≥ . We now apply Lemma  and conclude that (x, y) = (, –b) ∈ P
.
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Figure 1 Sequences ln and un on the negative x-axis.

Case b: It remains to consider the case – b
 < y < –b. Then y = –y – b < .

For the sake of contradiction, assume that it is false that there exists an integer N such
that {(xn, yn)}∞n=N is either the prime period  cycle P

 or P
. It follows from Lemma  that

when yn = –xn – b, then yn <  for every integer n ≥ . It also follows from Lemma  that
when xn = , then yn <  for every integer n≥ .

For each n≥  let

ln =
–n+b – b

 × n+ , un =
–n+b + b

 × n and δn =
n+b – b


.

See Figure .
Observe that

–
b


= l < l < l < · · · < –
b


and lim
n→∞ ln = –

b


,

–b = u > u > u > · · · > –
b


and lim
n→∞un = –

b


.

For each integer m such that m ≥ , let P(m) be the following statement: for y ∈
(lm–,um–),

xm+ =  and ym+ = my + δm.

If y ∈ [um,um–), then ym+ ≥ , which will be a contradiction by Lemma .
If y ∈ (lm–,um), then ym+ < , and so

xm+ = –my – (δm + b) <  and ym+ = –my – δm > ,

xm+ = m+y + δm <  and ym+ = –m+y – (δm + b).

If y ∈ (lm–, lm], then ym+ ≥ , which will be a contradiction by Lemma .
If y ∈ (lm,um), then ym+ < .
Note that y is now in (lm,um).

Claim . P(m) is true for m ≥ .

The proof of the Claim . will be by induction on m. We shall first show that P() is true.
Recall that x = y + b <  and y = –y – b <  when y ∈ (l,u) = (– b

 , –b). Then

x()+ = x = |x| – y – b = ,

y()+ = y = x + |y| = y + b = ()y + δ.



Tikjha et al. Advances in Difference Equations  (2015) 2015:248 Page 6 of 15

If y ∈ [u,u) = [– b
 , –b), then y()+ = y + b ≥ . By Lemma  the solution is even-

tually one of the two prime period  solutions and we have a contradiction.
If y ∈ (l,u) = (– b

 , – b
 ), then y()+ = y + b < , and so

x()+ = x = |x| – y – b = –y – b = –()y – (δ + b) < ,

y()+ = y = x + |y| = –y – b = –()y – δ > ,

x()+ = x = |x| – y – b = y + b = ()+y + δ < ,

y()+ = y = x + |y| = –y – b = –()+y – (δ + b).

If y ∈ (l–, l] = (l, l] = (– b
 , – b

 ], then y()+ = –y – b≥ . By Lemma  the solu-
tion is eventually one of the two prime period  solutions and we have a contradiction.

If y ∈ (l,u) = (– b
 , – b

 ), then y()+ = –y – b < . Hence P() is true.
Next, assume that P(N) is true for some integer N > . We shall show that P(N + ) is

true. Since P(N) is true, xN+ = N+y + δN <  and yN+ = –N+y – (δN + b) < 
when

y ∈ (lN ,uN ) =
(

–N+b – b
 × N+ ,

–N+b + b
 × N

)
.

Then

x(N+)+ = xN+ = |xN+| – yN+ – b = ,

y(N+)+ = yN+ = xN+ + |yN+| = (N+)y + δN + b

= (N+)y + δN+.

Note that

δN+ =
N+b – b


= 

(
N+b – b



)
+

b


= δN + b.

If y ∈ [uN+,u(N+)–) = [uN+,uN ) = [ –N+b+b
×N+ , –N+b+b

×N ), then

y(N+)+ = (N+)y + δN+ = (N+)y +
(

N+b – b


)
≥ .

By Lemma  the solution is eventually a prime period  solution and we have a contradic-
tion.

If y ∈ (l(N+)–,u(N+)) = (lN ,uN+) = ( –N+b–b
×N+ , –N+b+b

×N+ ), then

y(N+)+ = (N+)y + δN+ = (N+)y +
(

N+b – b


)
< ,

so that

x(N+)+ = |xN+| – yN+ – b = –(N+)y – (δN+ + b)

= –N+y +
(

–N+b – b


)
< ,



Tikjha et al. Advances in Difference Equations  (2015) 2015:248 Page 7 of 15

y(N+)+ = xN+ + |yN+| = –(N+)y – δN+ > ,

x(N+)+ = |xN+| – yN+ – b = (N+)+y + δN+ < ,

y(N+)+ = xN+ + |yN+| = –(N+)+y – (δN+ + b).

If y ∈ (l(N+)–, lN+] = (lN , lN+] = ( –N+b–b
×N+ , –N+b–b

×N+ ], then

y(N+)+ = –(N+)+y – (δN+ + b) = –N+y +
(

–N+b – b


)
≥ .

By Lemma  the solution is eventually one of the two prime period  solutions and we
have a contradiction.

If y ∈ (lN+,uN+) = ( –N+b–b
×N+ , –N+b+b

×N+ ), then

y(N+)+ = –(N+)+y – (δN+ + b) = –N+y +
(

–N+b – b


)
< .

Hence, P(N + ) is true. By mathematical induction, we can conclude that P(m) is true for
all integers m≥ . We can infer that any solution with initial condition in {(, y)| – b

 < y <
–b} – {(, – b

 )} is eventually the prime period  cycle P
.

Note that

lim
n→∞ ln = –

b


= lim
n→∞un.

We also note that if (x, y) = (, – b
 ), then by direct computations

(x, y) =
(

–
b


, –
b


)
∈ P

.

We can conclude that in Case , every solution is eventually the prime period  cycle P


or P
.

Case : Suppose –b ≤ y ≤ . Then x = –y – b ≤  and so

x = |x| – y – b = y + b + y – b = y < ,

y = x + |y| = –y – b – y = –y – b.

Case a: Suppose –b ≤ y ≤ – b
 . Then y = –y – b ≥ . In addition, we see that y =

–x – b ≥ . We now apply Lemma  and conclude that (x, y) = (, –b) ∈ P
.

Case b: Suppose – b
 < y ≤ . Then y = –y – b < , and so

x = |x| – y – b = –y + y + b – b = ,

y = x + |y| = y + y + b = y + b.

Case bi: Suppose – b
 ≤ y ≤ . Then y = y + b ≥ . We now apply Lemma  and

conclude that (x, y) = (, –b) ∈ P
.

Case bii: It remains to consider the case – b
 < y < – b

 .
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For the sake of contradiction, assume that it is false that there exists an integer N such
that {(xn, yn)}∞n=N is either the prime period  cycle P

 or P
. It follows from Lemma  that

when yn = –xn – b, then yn <  for every integer n ≥ . It also follows from Lemma  that
when xn = , then yn <  for every integer n≥ .

For each n≥  let

ln =
–n–b – b

 × n– , un =
–nb + b
 × n , αn =

nb – b


.

Observe that

–
b


= l < l < l < · · · < –
b


and lim
n→∞ ln = –

b


,

–
b


= u > u > u > · · · > –
b


and lim
n→∞un = –

b


.

For each integerm such thatm ≥ , let Q(m) be the following statement: for y ∈ (lm,um),

xm+ = –my – (αm + b) <  and ym+ = –my – αm > ,

xm+ = m+y + αm <  and ym+ = –m+y – (αm + b).

If y ∈ (lm, lm+], then ym+ ≥ , which will be a contradiction by Lemma .
If y ∈ (lm+,um), then ym+ < , and so

xm+ =  and ym+ = m+y + (αm + b).

If y ∈ [um+,um), then ym+ ≥ , which will be a contradiction by Lemma .
If y ∈ (lm+,um+), then ym+ < .
Note that y is now in (lm+,um+).
The proof is similar to Case b, so it will be omitted. Note that

lim
n→∞ ln = –

b


= lim
n→∞un

and that (, – b
 ) ∈ P

. So the solution is eventually one of the two prime period  solu-
tions. �

Lemma  Let {(xn, yn)}∞n= be a solution to system () where the initial condition (x, y) ∈
Q = {(x, y) ∈ R × R|x ≥  and y ≥ }. Then the solution is eventually the prime period 
cycle P

 or P
.

Proof Let (x, y) ∈Q. Then

x = |x| – y – b = x – y – b,

y = x + |y| = x + y ≥ .

Case : Suppose x = x – y – b ≥ . Then, by direct computations, x =  and so
(x, y) ∈ L ∪ L. By Lemmas  and  the solution {(xn, yn)}∞n= is eventually the prime
period  cycle P

 or P
.
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Case : Suppose x = x – y –b < . Then by direct computations x =  and so (x, y) ∈
L ∪L. By Lemmas  and  the solution {(xn, yn)}∞n= is eventually the prime period  cycle
P

 or P
. �

Lemma  Let {(xn, yn)}∞n= be a solution to system () where the initial condition (x, y) ∈
Q = {(x, y) ∈ R × R|x <  and y ≥ }. Then the solution is eventually the prime period 
cycle P

 or P
.

Proof Suppose (x, y) ∈Q. Then

x = |x| – y – b = –x – y – b,

y = x + |y| = x + y.

If x = –x – y – b <  and y = x + y ≥ , then by Lemma , (x, y) = (, –b) ∈ P
.

If x = –x –y –b <  and y = x +y < , then x = |x|–y –b = . So (x, y) ∈L ∪L.
By Lemmas  and  the solution is eventually the prime period  cycle P

 or P
.

If x = –x – y – b ≥  and y = x + y < , then by direct computations x = . Thus,
(x, y) ∈ L ∪L. By Lemmas  and  the solution is eventually the prime period  cycle
P

 or P
. Please note that we cannot have the case x ≥  and y ≥ . Hence from all the

possible cases one infers that the solution is eventually a prime period  cycle. �

Lemma  Let {(xn, yn)}∞n= be a solution to system () where the initial condition (x, y) ∈
Q = {(x, y) ∈ R × R|x ≥  and y < }. Then the solution is eventually the prime period 
cycle P

 or P
.

Proof Suppose (x, y) ∈Q. Then

x = |x| – y – b = x – y – b,

y = x + |y| = x – y > .

If x = x – y –b ≥ , then (x, y) ∈Q. By Lemma  the solution is eventually the prime
period  cycle P

 or P
.

If x = x – y –b < , then (x, y) ∈Q. By Lemma  the solution is eventually the prime
period  cycle P

 or P
. �

Lemma  Let {(xn, yn)}∞n= be a solution to system () where the initial condition (x, y) ∈
Q = {(x, y) ∈ R × R|x <  and y < }. Then the solution {(xn, yn)}∞n=N is the equilibrium so-
lution or eventually prime period  cycle P

 or P
.

Proof If (x, y) = (– b
 , – b

 ), then the solution {(xn, yn)}∞n= is the equilibrium solution. So
suppose (x, y) ∈ Q\{(– b

 , – b
 )}. It suffices to show that there exists an integer N ≥ 

such that {(xn, yn)}∞n=N is either the period  cycle P
 or the period  cycle P

.
For the sake of contradiction, assume that it is false that the solution {(xn, yn)}∞n= is even-

tually prime period  cycle, which means that there exists an integer N ≥  such that
{(xn, yn)}∞n=N is either the period  cycle P

 or the period  cycle P
. It follows from the

previous lemmas that xn <  and yn <  for every integer n ≥ .
Case : Suppose further that x < – b

 and y < . Then by direct computations y = –x –
b > , which is a contradiction because (x, y) /∈ Q.
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Figure 2 Sequences an , bn , cn , and dn in the third quadrant.

Case : Suppose x ≥ – b
 and y < – b

 . Then by direct computations y = –y – b > ,
which is a contradiction because (x, y) /∈Q.

Case : Suppose x ≥ – b
 and y > – b

 . Then by direct computations y = x + b > ,
which is a contradiction because (x, y) /∈Q.

Case : Suppose x < – b
 and y ≥ – b

 . Then by direct computations y = y + b > ,
which is a contradiction because (x, y) /∈Q.

It remains to consider the case – b
 < x < – b

 and – b
 < y < – b

 . For each integer n≥ ,
let

an =
–n–b – b

 × n– , bn =
–nb + b
 × n– , cn =

–n–b – b
 × n– ,

dn =
–nb + b
 × n and δn =

nb – b


.

See Figure .

–
b


= a < a < · · · < –
b


and lim
n→∞an = –

b


,

–
b


= b > b > · · · > –
b


and lim
n→∞bn = –

b


,

–
b


= c < c < · · · < –
b


and lim
n→∞ cn = –

b


,

–
b


= d > d > · · · > –
b


and lim
n→∞dn = –

b


.

There exists a unique integer n such that (x, y) ∈ (an,bn) × (cn,dn).
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Recall that by assumption xn <  and yn <  for every integer n ≥ . Suppose that x ∈
(a,b) = (– b

 , – b
 ) and y ∈ (c,d) = (– b

 , – b
 ).

For each integer n with n ≥ , let R(n) be the following statement: for x ∈ (an,bn) and
y ∈ (cn,dn),

xn+ = –nx – ny – (δn + b), yn+ = nx – ny + δn,

xn+ = n+y + δn, yn+ = –n+x – (δn + b),

xn+ = n+x – n+y + δn, yn+ = n+x + n+y + (δn + b),

xn+ = –n+x – (δn + b), yn+ = –n+y – (δn + b),

xn+ = n+x + n+y + (δn + b), yn+ = –n+x + n+y – (δn + b),

xn+ = –n+y – (δn + b), yn+ = n+x + (δn + b),

xn+ = –n+x + n+y – (δn + b),

yn+ = –n+x – n+y – (δn + b),

xn+ = n+x + (δn + b), yn+ = n+y + (δn + b).

Now, x ∈ (an+,bn+) and y ∈ (cn+,dn+), otherwise we have a contradiction.

Claim . R(n) is true for n≥ .

The proof of the Claim . will be by induction on n. We shall first show that R() is
true. We have x ∈ (a,b) = (– b

 , – b
 ) and y ∈ (c,d) = (– b

 , – b
 ).

Suppose further that x ∈ (a,a] = (– b
 , – b

 ] and y ∈ (c,d) = (– b
 , – b

 ).
Hence

x()+ = x = –x – y – b = –()x – ()y – (δ + b),

y()+ = y = x – y + b = ()x – ()y + δ,

x()+ = x = y + b = ()+y + δ,

y()+ = y = –x – b = –()+x – (δ + b) ≥ ,

which is a contradiction.
Suppose further that x ∈ (a,b) = (– b

 , – b
 ) and y ∈ (c, c] = (– b

 , – b
 ].

Hence

x()+ = x = x – y + b = ()+x – ()+y + δ,

y()+ = y = x + y + b = ()+x + ()+y + (δ + b),

x()+ = x = –x – b = –()+x – (δ + b),

y()+ = y = –y – b = –()+y – (δ + b) ≥ ,

which is a contradiction.
Suppose further that x ∈ [b,b) = [– b

 , – b
 ) and y ∈ (c,d) = (– b

 , – b
 ).
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Hence

x()+ = x = x + y + b = ()+x + ()+y + (δ + b),

y()+ = y = –x + y – b = –()+x + ()+y – (δ + b),

x()+ = x = –y – b = –()+y – (δ + b),

y()+ = y = x + b = ()+x + (δ + b) ≥ ,

which is a contradiction.
Suppose further that x ∈ (a,b) = (– b

 , – b
 ) and y ∈ [d,d) = [– b

 , – b
 ).

Hence

x()+ = x = –x + y – b = –()+x + ()+by – (δ + b),

y()+ = y = –x – y – b = –()+x – ()+by – (δ + b),

x()+ = x = x + b = ()+x + (δ + b),

y()+ = y = y + b = ()+y + (δ + b) ≥ ,

which is a contradiction.
So we have x ∈ (a,b) = (– b

 , – b
 ) and y ∈ (c,d) = (– b

 , – b
 ). Hence R() is true.

Suppose R(N) is true. We shall show that R(N + ) is true. Since R(N) is true, we know

xN+ = N+x + (δN + b), yN+ = n+y + (δN + b).

Recall that

x ∈ (aN+,bN+) =
(

–N+b – b
 × N+ ,

–N+b + b
 × N+

)
and

y ∈ (cN+,dN+) =
(

–N+b – b
 × N+ ,

–N+b + b
 × N+

)
.

Suppose x ∈ (a(N+),a(N+)+] = (aN+,aN+] = ( –N+b–b
×N+ , –N+b–b

×N+ ], and y ∈ (cN+,
dN+) = ( –N+b–b

×N+ , –N+b+b
×N+ ).

Hence

x(N+)+ = xN+ = –(N+)x – (N+)y – (δN + b),

= –(N+)x – (N+)y – (δN+ + b),

y(N+)+ = yN+ = (N+)x – (N+)y + δN + b,

= (N+)x – (N+)y + δN+.

Note that

δN + b = 
(

Nb – b


)
+

b


=
N+b – b


= δN+.
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Hence

x(N+)+ = xN+ = (N+)+y + δN+,

y(N+)+ = yN+ = –(N+)+x – (δN+ + b).

We see that

y(N+)+ = –(N+)+x – (δN+ + b) = –N+x +
(

–N+b – b


)
≥ ,

which is a contradiction.
Next suppose x ∈ (a(N+)+,bN+) = ( –N+b–b

×N+ , –N+b+b
×N+ ) and y ∈ (cN+, c(N+)+] =

( –N+b–b
×N+ , –N+b–b

×N+ ].
Hence

x(N+)+ = xN+ = (N+)+x – (N+)+y + δN+,

y(N+)+ = yN+ = (N+)+x + (N+)+y + (δN+ + b),

x(N+)+ = xN+ = –(N+)+x – (δN+ + b),

y(N+)+ = yN+ = –(N+)+y – (δN+ + b).

We see that

y(N+)+ = –(N+)+y – (δN+ + b) = –N+y –
(

N+b + b


)
≥ ,

which is a contradiction.
Next suppose x ∈ [b(N+)+,bN+) = [ –N+b+b

×N+ , –N+b+b
×N+ ) and y ∈ (c(N+)+,dN+) =

( –N+b–b
×N+ , –N+b+b

×N+ ).
Hence

x(N+)+ = xN+ = (N+)+x + (N+)+y + δN+ + b,

y(N+)+ = yN+ = –(N+)+x + (N+)+y – (δN+ + b),

x(N+)+ = xN+ = –(N+)+y – (δN+ + b),

y(N+)+ = yN+ = (N+)+x + (δN+ + b).

We see that

y(N+)+ = (N+)+x + (δN+ + b)

= N+x +
(

N+b – b


)
≥ ,

which is a contradiction.
Next suppose x ∈ (a(N+)+,b(N+)+) = ( –N+b–b

×N+ , –N+b+b
×N+ ) and y ∈ [d(N+)+,dN+) =

[ –N+b+b
×N+ , –N+b+b

×N+ ).
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Hence

x(N+)+ = xN+ = –(N+)+x + (N+)+y – (δN+ + b),

y(N+)+ = yN+ = –(N+)+x – (N+)+y – (δN+ + b),

x(N+)+ = xN+ = (N+)+x + (δN+ + b),

y(N+)+ = yN+ = (N+)+y + (δN+ + b).

We see that

y(N+)+ = (N+)+y + (δN+ + b) = N+y +
(

N+b – b


)
≥ ,

which is a contradiction and so R(N + ) is true.
Thus the proof is complete. That is we showed by mathematical induction that R(n) is

true for every integer n ≥ . Therefore for any initial condition (x, y) ∈ Q\{(– b
 , – b

 )}
there exists a natural number N so that (xN , yN ) /∈ Q\{(– b

 , – b
 )}, which allows us to apply

previous lemmas to conclude that the solution is eventually the prime period  cycle P


or P
.

Note that

lim
n→∞an = –

b


= lim
n→∞bn and lim

n→∞ cn = –
b


= lim
n→∞dn.

We also note that (– b
 , – b

 ) is the equilibrium solution. �

4 Discussion and conclusion
The system of piecewise linear difference equations examined in this paper was created
as a prototype to understand the global behavior of systems like the Lozi equation. Al-
though there has been some progress in examining the behavior of the Lozi equation [],
it still remains an enigma. We believe that this paper contributes broadly to the overall
understanding of systems whose global behavior still remains unknown.

We utilized mathematical induction, proof by contradiction, and direct computations to
show that every solution of system () is eventually either one of the two prime period 
solutions or the equilibrium solution. We believe that investigating these types of systems
of piecewise linear difference equations will give us the germ of generality that is required
to understand systems with a more complicated behavior.
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