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Abstract

In this article we consider the global behavior of the following system of piecewise
linear difference equations: X,41 = |xn| = ¥n — b and y,41 =X, + |yn| where bis any
positive real number and the initial condition (xq, yo) is an element of R?. By
mathematical induction and direct computations we show that the solution to the
system is eventually one of two particular prime period 3 solutions or the unique
equilibrium solution.
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1 Introduction
Recently there has been a surge of interest in systems of both rational and piecewise lin-
ear difference equations due to their practical applications in evolutionary biology, neural
networks, and ecology [1-3]. There has been particular interest in the global behavior of
systems of piecewise linear difference equations [1, 4-7].

We continue the trend by generalizing one of our recent papers [8]. In this paper we
consider the behavior of the generalized system of piecewise linear difference equations,

{xn+1=|xn|—yn_b’ n=0,1,...,

Vil = Xn + |Yuls

where the parameter b € (0,00) and the initial condition (xo, o) € R?. This system origi-
nated from a larger project at the University of Rhode Island which involves the following
family of systems:

n=0,1,...,

X1 = |Xn| + @y, + b,
Vsl = X + C|Yul + d,

where the parameters a,b,c,d € {-1,0,1} and the initial condition (x¢,y,) € R?. Each of
the 81 systems in this family is designated a number N, where N =27(a +1) + 9(b + 1) +
3(c+1) + (d + 1) + 1. The system considered in this paper is a generalized form of system
number 8. Related work has been given recently in [8, 9].

Interest in the area began in 1984 when Devaney published his famous paper introduc-
ing the Gingerbreadman map:

Xne1 = Xl —yn +1,

Yn+l = Xns

n=0,1,...,
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with initial the condition (-0.1,0). See [2, 3]. The Gingerbreadman map was Devaney’s
response to the 1978 generalized Lozi equation. The Lozi equation,
Kpsl = —alXy| + Y, + 1, H=0L...,

Ynl = bxn:

with parameters a,b € R and the initial condition (xo,y0) € R?, had been used to exam-
ine an attractor that was observed by Lorenz in the Hénon map, a non-linear system of
difference equations,
a2
{x,Hl =—ax, +y, +1, H=0L...,

Y1 = bxy,

with parameters a, b € R and the initial condition (xo,yo) € R? that modeled weather pat-
terns [10-12]. We believe that our family of piecewise linear difference equations are the
prototypes for more elaborate piecewise difference equations that, in many cases as in the
Lozi equation, exhibit complicated behavior.

2 Preliminaries
The following definitions [2] are used in this paper. A difference equation of the first order
is an equation of the form

Xp1=f(x,), n=0,1,..., (1)

where f is a continuous function which maps some set J into /. The set J is usually an
interval of real numbers, or a union of intervals, but it may even be a discrete set such as
the set of integers.

A solution of (1) is a sequence {x,}5, which satisfies (1) for all n > 0. If we prescribe a
set of initial conditions

x0 €/,

then

x1 =f(x0),
%o = f(x1),

and so the solution {x,}32, of (1) exists for all # > 0 and is uniquely determined by the
initial conditions.
A solution of (1) which is constant for all # > 0 is called an equilibrium solution of (1).
A solution {x,,}7° of (1) is called periodic with period p (or a period p cycle) if there exists
an integer p > 1 such that

Xpsp =%, forallm>0. (2)
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We say that the solution is periodic with prime period p if p is the smallest positive integer
for which (2) holds. In this case, a p-tuple

Xn+l

Xn+2

Xn+p

of any p consecutive values of the solution is called a p cycle of (1). A solution {x,,}52, of (1)
is called eventually periodic with period p if there exists an integer N > 0 such that {x,}:°
is periodic with period p.

We denote the absolute value of x by |x|. So

x ifx>0,
x| = )
—x ifx<O.

3 Main result
In this paper we consider the behavior of the system of piecewise linear difference equa-
tions,

n+l = Mn| — n_b,
{x*l ol = -0,1,..., 3)

Vel = Xn + |Yul,

where the parameter b € (0, c0) and the initial condition (xo,yo) € R?.
Through extensive study of specific cases of b we found that system (3) has the unique

equilibrium solution (x,%) = (—25—1’, —%) and two period 3 cycles

0, -b 0o, -
2
Pi=|1 0 b| and Pj=|-%, |,
2b b
-2b, b -3, -3
where
ai, bl
as, by
as, b3

represents the consecutive solutions (a1, b1), (a2, b2), and (as, b3) of the system.
The main result of this paper is as follows.
Set

(0,0)ly0 > 0},

0,50)ly0 <0},

eRxR|x>0andy>O}

1={(
2= {(
1= {
2= |

x,y)eRXR|x<0andy>O}
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Qs ={(xy) eRxRlx<0andy<0},

Qs ={(xy) eRx R|x>0and y <0}.

Theorem 1 Let {(x,, yn)}o0, be a solution to system (3) with b € (0, 00) and the initial con-

dition (xo,y0) € R?. Then the solution {(x,,y,)}°y is the equilibrium solution (—%, —g) or

eventually prime period 3 cycle P} or P3.

In each lemma that follows we examine the separate sections of R%. The compilation
of the sections addressed amount to all of R? and so the proof of Theorem 1 is a direct
consequence of the following lemmas.

Lemma 2 Let {(x,,y,)}0, be a solution to system (3) and suppose that there exists an
integer N > 0 such that yy = —xn —b > 0. Then (xn.1,Yn+1) = (0,-b), and s0 {(xu, Yu) Yoo naa
is the period 3 cycle P}.

Proof We have
XN = AN —yn—b=—-any—(~xn—b)—b=0 and
YN+ = AN + [yn| = xn + (- — b) = —b.
Hence, (xn+1,yn+1) = (0,-b) € Pj. 0

Lemma 3 Recall that £, = {(0,y0)|y0 = 0} and let {(x,,y,)}o0 be a solution to system (3).
Suppose (x0,y0) € L1. Then {(x,,yn)} oo, is the prime period 3 cycle Pé.

Proof We have
x1=|x0|=Y0—-b=0-y—b=-yo—b<0 and
Y1 =%0+|yol =0+y0=y0>0.
We see that y; = —x; — b. It follows by Lemma 2, (x3,,) = (0,-b) € P}. O

Lemma 4 Recall that L, = {(0,y0)|yo < 0} and let {(x,,y.)}52, be a solution to system (3).
Suppose (x0,y0) € Lo. Then {(x,,y,)}22, is eventually either the prime period 3 cycle P}
or P3.

Proof We have

x1=|x0l —y0—-b=-yo—b and

y1=%o + Yol ==y0 > 0.

Case 1: Suppose yg < —=b. Then x; = —yo —b > 0 and by direct computations x3 = 2y +2b <
0 and y3 = —2yy — 3b.

Case la: Suppose yy < —%. Then y3 = —2y¢ — 3b > 0. In addition, we see that y3 = —x3 —
b > 0. We now apply Lemma 2 and conclude that (x4, ys) = (0, -b) € P3.
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Figure 1 Sequences I, and uj, on the negative x-axis.

Case 1b: It remains to consider the case —3—2b <o <—b. Then y; = -2y, —3b < 0.

For the sake of contradiction, assume that it is false that there exists an integer N such

that {(x,,7,)}2 is either the prime period 3 cycle P} or P3. It follows from Lemma 2 that

when y, = —x, — b, then y,, < 0 for every integer n > 0. It also follows from Lemma 3 that

when x,, = 0, then y, < 0 for every integer n > 0.

For each n > 0 let

_22n+3b .y
by = 3 x 221+l ’

See Figure 1.
Observe that

3b

—721()<ll<12<"'

-b=ug>u>uy>---

U, =
4b
-
3
4b
S
3

22n+2b .y
3 .

_22n+2b +b

S Taxp M hes

4b
and lim [, =-——,

n—00 3
4b
and lim u,=-—.

n—o0

For each integer m such that m > 1, let P(m) be the following statement: for y, €

(lm—lr Mm—l);

%31 =0 and  Yzpe1 = 27"y0 + S

If yo € [tm, Um-1), then ys,,,1 > 0, which will be a contradiction by Lemma 3.

If yo € (L,1-1, Us), then y3,,41 < 0, and so

X3m+2 = _22my0 - (am + b) <0 and Y3m+2 = _22my0 -0, >0,

Xamaz = 27"y +28,, <0 and  yz3 = —22"yy — (28, + D).

If yo € (lyn-1, ], then ys,,,3 > 0, which will be a contradiction by Lemma 2.

If yo € (L, Upm), then ys,,,3 < 0.

Note that yo is now in (J,,,, ).

Claim 4.1 P(m) is true for m > 1.

The proof of the Claim 4.1 will be by induction on m. We shall first show that P(1) is true.

3b

Recall that x3 = 2yo +2b < 0 and y3 = —2y¢ — 3b < 0 when yo € (lo, u0) = (-3, —b). Then

X31)+1 =%a = 3| —y3 —b =0,

Y31 =Ya = X3 + |y3| =4yo + 5b =

22(1

)yo + 81.
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If yo € [t1,u0) = [—54—”, —b), then y31).1 = 4y + 50 > 0. By Lemma 3 the solution is even-
tually one of the two prime period 3 solutions and we have a contradiction.
3 _5

If yo € (lo, 1) = (-7, —Tb), then y3q).1 = 490 + 56 < 0, and so

X3z = %5 = 64| =y — b= —4yo — 6b = -2y, — (8, + b) <0,
Y32 = Y5 = X + [yal = —4yo — 5b = -2y, - 8, > 0,
X3(1)+3 = X6 = |X5| —)5 = b= 8_)/() +10b = 22(1)+1y0 + 281 <0,

Y3)43 = Y6 = X5 + |y5] = —8yp — 11b = =221y, — (28 + b).

Ifyo € (i1, b1l = (o, lh] = (—32—b, —%], then y30)+3 = =8y — 116 > 0. By Lemma 2 the solu-

tion is eventually one of the two prime period 3 solutions and we have a contradiction.

Ifyo € (h, ) = (—%, —%), then ysqy,3 = =8y — 116 < 0. Hence P(1) is true.

Next, assume that P(N) is true for some integer N > 1. We shall show that P(N + 1) is
true. Since P(N) is true, x3n,3 = 22N+1y0 + 28y < 0 and ysn43 = —22N+1y0 - (288 +b) <0

when

3 x 22N+1 7 3 5 92N

_22N+3b —b _22N+2b +b
Yo € (In,un) = ( )

Then

X3(N+1)+1 = X3N+4 = |X3n43] — Y3ne3 — b =0,

V3141 = Yansa = X33 + [Vanesl = 22N Dyg + 48y + b
_ 22(N+1)y0 Snal.
Note that
22N+4b_b 22N+2b_b 3b
5N+1: 3 :4( 3 >+?=4(3N+b.

_92N+4p. 5 _92N+2p,p
IfyO € [MN+1» u(N+1)—1) = [MNH’ MN) = [ 3x22N+2 2 T 3,0IN ); then

22N+4b _ b
yavann = 22N yg 4 8y = 22Ny 4 (f) > 0.

By Lemma 3 the solution is eventually a prime period 3 solution and we have a contradic-
tion.

—22N+3b—h 722N+4b b
If yo € (Unsny-1, unen) = Uy unn) = (5w 5wz )» then

22N+4b -b
V3(N+1)+1 = 22(N+1)3’0 +0N41 = 22(N+1)yo + (T) <O

so that

X3ne1)s2 = [3neal — Yansa — b = =22 Ny — (81 + b)

_22N+4b —2b
= —22N+2y0 + <f) <0,
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Vavs1)s2 = X3nea + [aneal = =228y 8y, >0,

— 22(N+1

X3(N+1)+3 = [X3N+5| — Yanes — b "y + 28541 < 0,

Y3(N+1)+3 = X3N+5 + |V3n+5] = XN Dy (2850 + D).

C02N+43j_p _o2N+45)
IfyO € (l(N+1)—1,lN+1] = (lerN+1] = ( §X22Nb+1b, 32X22Nli3b]» then

_22N+5b _ b
Yavanyes = 22NVt y0 28y, + b) = =223y, 4 (f) > 0.

By Lemma 2 the solution is eventually one of the two prime period 3 solutions and we

have a contradiction.

_22N+5b_b _22N+4h+b
IfyO € (lN+1r uN+1) = ( 3x22N+3 7 33 52N+2 ), then

_22N+5b -b
Yavanyes = =220y 28y, + b) = =223y, 4 (f) <0.

Hence, P(N +1) is true. By mathematical induction, we can conclude that P(m) is true for

all integers m > 1. We can infer that any solution with initial condition in {(0,y)| — % <y<
-b} - {(0, —%b)} is eventually the prime period 3 cycle Pi.

Note that

4b
lim [, = —— = lim u,.
n—00 3 n—>00

We also note that if (x9,yo) = (0, —%), then by direct computations

2b b
(x3,93) = (—?,—g) eP;.

We can conclude that in Case 1, every solution is eventually the prime period 3 cycle P}
or P3.
Case 2: Suppose —b < yp < 0. Then x; = —yy — b <0 and so
X =xl=y1-b=yo+b+yo—b=2y<0,
Y2 =%1+ 5l =-yo—b—yo=-2y0—b.
Case 2a: Suppose —b < yy < —g. Then y, = —2y9 — b > 0. In addition, we see that y, =

—x, — b > 0. We now apply Lemma 2 and conclude that (x3,3) = (0,-b) € P}.
Case 2b: Suppose —g <¥9 <0.Then y, = -2y9 — b <0, and so

x3=|xo| =y2—b=-2y0+2y0+b-b=0,
Y3 =%2+ [¥2] =290+ 2¥0 + b=4yo + b.
Case 2bi: Suppose —g <90 <0. Then y3 = 4y¢ + b > 0. We now apply Lemma 3 and

conclude that (x5, y5) = (0,-b) € P}.
Case 2bii: It remains to consider the case —g <yo < —%.
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For the sake of contradiction, assume that it is false that there exists an integer N such
that {(x,,7,)}° is either the prime period 3 cycle P} or P3. It follows from Lemma 2 that
when y, = —x, — b, then y,, < 0 for every integer n > 0. It also follows from Lemma 3 that
when x,, = 0, then y, < 0 for every integer n > 0.

For each n > 1 let

—22n-1p _p —22"hb 4+ b 22"h — b
I IV e
Observe that

b b
—§=[1<[2<[3<---<—§ and lim [,,:—g,

n— 00

b d I b
——=U>Uy>Uz>--->—— an imu,=——.
g S>> 3 n==3

n—00

For each integer m such that m > 1, let Q(m) be the following statement: for yo € (I, 1),

X3m+l = —szyo - (am + b) <0 and Y3m+1 = _22my0 — Oy > 07

— 22m+1

X3ms2 Yo+ 20, <0 and  y3,.0 = =22y — (2a,, + b).

If yo € (L, Lps1], then ys,,,0 > 0, which will be a contradiction by Lemma 2.
If yo € (Ly41, W), then y3,,,0 < 0, and so

X3ms3 = 0 and Y3m+3 = 22m+2)’0 + (4am + b)
If yo € (W41, Usm), then ¥3,,.3 > 0, which will be a contradiction by Lemma 3.
IfyO € (Ly+1, Wms1), then Yms3 < 0.
Note that yg is now in (L1, Ws1)-
The proof is similar to Case 1b, so it will be omitted. Note that

b
lim [, =—= = lim u,
3

n—00 n—00

and that (0, —g) € P3. So the solution is eventually one of the two prime period 3 solu-
tions. |

Lemma 5 Let {(x,, Y1)}, be a solution to system (3) where the initial condition (xo,yo) €
Q1 = {(x,y) €e R x R|x > 0 and y > 0}. Then the solution is eventually the prime period 3
cycle P} or P3.

Proof Let (x9,9) € Q. Then
x1 = %ol = Yo — b =x0—y0 - b,
y1=%o + [yo|l =x0 +y0 > 0.

Case 1: Suppose x1 = x9 — Yo — b > 0. Then, by direct computations, x4 = 0 and so
(%4,ya) € L1 U L,. By Lemmas 3 and 4 the solution {(x,,y,)}5, is eventually the prime
period 3 cycle P} or P3.
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Case 2: Suppose x1 = x9 —yo — b < 0. Then by direct computations x3 = 0 and so (x3,y3) €
LU L. By Lemmas 3 and 4 the solution {(x,, y,)};°, is eventually the prime period 3 cycle
P} or P3. O

Lemma 6 Let {(x,,y,)}.°, be a solution to system (3) where the initial condition (xo, yo) €
Q; = {(x,y) € R x R|x < 0 and y > 0}. Then the solution is eventually the prime period 3
cycle P} or P3.

Proof Suppose (x9,0) € Qz. Then

x1 = %0l —y0 —b=—-x0—y0 — b,

y1=%o + Yol = %o + ¥o.

If x; = —x9 — Yo — b < 0 and y; = x9 + Yo > 0, then by Lemma 2, (x3,,) = (0,-b) € P}.

Ifx; = —xo—y0o—b < 0and y; =xp+y0 <0, thenxy = |x1| —y1 —b =0.50 (x3,92) € L1 UL,.
By Lemmas 3 and 4 the solution is eventually the prime period 3 cycle P} or P3.

If x; = —x0 —y0 — b > 0 and y; = xo + yo < 0, then by direct computations x5 = 0. Thus,
(x5,95) € £1 U L5. By Lemmas 3 and 4 the solution is eventually the prime period 3 cycle
Pé or P%. Please note that we cannot have the case x; > 0 and y; > 0. Hence from all the
possible cases one infers that the solution is eventually a prime period 3 cycle. d

Lemma 7 Let {(x,,y4)} 00, be a solution to system (3) where the initial condition (xo,yo) €
Qs ={(x,9) e R x R|x > 0 and y < 0}. Then the solution is eventually the prime period 3
cycle P} or P3.

Proof Suppose (x9,%0) € Qs. Then

x1 = %ol —yo —b=%0—y0— b,

y1=%o + Yol = %0 — ¥ > 0.

If x; =x0—y0— b > 0, then (x1, 1) € Q1. By Lemma 5 the solution is eventually the prime
period 3 cycle P} or P3.

If x; = x9 —yo — b < 0, then (x1,y1) € Q2. By Lemma 6 the solution is eventually the prime
period 3 cycle P} or P3. O

Lemma 8 Let {(x,,y,)}0c, be a solution to system (3) where the initial condition (xo,yo) €
Q3 ={(%,7) € R x R|x < 0 and y < 0}. Then the solution {(x,, y,)}oc is the equilibrium so-
lution or eventually prime period 3 cycle P} or P3.

Proof If (x0,50) = (—%,—g), then the solution {(x,,¥,)}52, is the equilibrium solution. So
suppose (xg,¥0) € Qg\{(—%,—g)}. It suffices to show that there exists an integer N > 0
such that {(x,,7,)}° is either the period 3 cycle P} or the period 3 cycle P3.

For the sake of contradiction, assume that it is false that the solution {(x,, ,,)}5, is even-
tually prime period 3 cycle, which means that there exists an integer N > 0 such that
{(%, 1)} is either the period 3 cycle P} or the period 3 cycle P3. It follows from the
previous lemmas that x,, < 0 and y, < 0 for every integer n > 0.

Case 1: Suppose further that xy < —% and y < 0. Then by direct computations y, = —2x —
b > 0, which is a contradiction because (x3,7,) ¢ Qs.
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Figure 2 Sequences ay,, by, ¢,, and d,, in the third quadrant.

Case 2: Suppose x¢ > —g and yp < —%. Then by direct computations y4 = =499 — b > 0,
which is a contradiction because (x4, y4) ¢ Qs.

Case 3: Suppose xy > —%b and yp > —%. Then by direct computations ys = 8x¢ + 3b > 0,
which is a contradiction because (x¢, ys) ¢ Qs.

Case 4: Suppose xj < —?’8—1’ and yo > —%. Then by direct computations yg = 16y¢ +3b > 0,
which is a contradiction because (xg, y3) ¢ Qs.

It remains to consider the case —g <xg < —38—b and —% <Yo < —?—g. For each integer n > 1,

let
_04n-2p _p, b =2%p+ b —2"2h—b
R N P T
_04np 4 b 24np _ p
dy= =" and 8,=—".
5 x 24n 5
See Figure 2.
2b . 2b
——=a;<dy<--+<—— and lima,=-—,
2 5 n— 00 5
3b 2b 2b
——=b;>by>--->—— and lim b,=-—,
8 5 Hn—> 00 5
b b
_E:c1<C2<~~<—E and nlinc}ocn:_g’
3b b b
——=di>dy>--->—— and limd,=-—-.
16 5 n— 00 5

There exists a unique integer # such that (x9,0) € (au, by) X (Cu> dy).
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Recall that by assumption x, < 0 and ¥, < 0 for every integer n > 1. Suppose that x( €

(allbl) = (_ér_%) andyo S (Cl’dl) = (_%’_i‘_g)‘
For each integer n with n > 1, let R(n) be the following statement:

Yo € (cnr dn),

Xgm1 = =20 — 2790 — (38, + b)), Ysur1 = 27 x0 — 2¥"y0 + 8,

X8n+2 = 24;“1_)’0 + 26;1) YV8n+2 = _24n+1x0 - (4‘8;4 + b)r

for xg € (a,, b,) and

Xgpes = 24n+1x0 _ 24n+1y0 + 28,4, Vens3 = 24n+1x0 + 24n+1y0 + (65” + b),

Xgnra = —25"2xg — (83, + 2b), Yenra = =27 2y0 — (48, + b),

Kgnes = 2 2x + 242y + (128, + 2b), Yanss = =28 2wy + 2942y — (48, + b),

Xgnre = —253y0 — (88, +2B),  Ysure = 273w + (168, + 3b),
X8n+7 = _24n+3x0 + 24"+3)’0 - (88}1 + Zb)r
Yaner = =243 xg — 2" 3yg — (248, + 5b),

Xgneg = 270 + (328, + 6b),  ygues = 27"y + (165, + 3b).

Now, %o € (@n+1,bn41) and yo € (cys1,dus1), otherwise we have a contradiction.

Claim 8.1 R(n) is true for n > 1.

The proof of the Claim 8.1 will be by induction on #n. We shall first show that R(1) is

true. We have xg € (a1,b1) = (—3,—%) and yo € (c1,d1) = (—2’—%)-

Suppose further that xo € (a1,a,] = (-5,~22] and yo € (c1,dh) = (-2,-32).
Hence
X8(1)+1 = X9 = —16960 — 16_)/0 -10b = —24(1)960 — 24(1)_)/0 — (381 + b),
y3(1)+1 = y9 = 16360 — 16y0 + 3[9 = 24(1)960 — 24(1)_)/0 + 81,
Xg(1)+2 = X10 = 32y + 6b = 24(1)+1y0 + 261,
Ys(aye2 = Y10 = —32% — 13b = —2* Dy — (48, + b) > 0,
which is a contradiction.
Suppose further that xy € (a2, 51) = (—%, —%) and yo € (c1,¢2] = (—%, —%]-
Hence
X3(1)+3 = X11 = 32x0 - 32y0 +6b= 24(1)+1x0 - 24(1)“_)/0 + 281,
Ys(1)+3 = Y11 = 32x0 + 3290 +19b = 240+ 4 24y 1y (681 + D),
X8(1)+4 = X12 = —6496() —-26b= —24(1)+2x0 - (851 + Zb),
Y8(1)+4 = Y12 = —64y0 —13b = 242y, (48, + b) > 0,
which is a contradiction.
Suppose further that xg € [b2, b1) = [-222,-32) and yq € (c3,dy) = (-2, -32).



Tikjha et al. Advances in Difference Equations (2015) 2015:248 Page 12 of 15

Hence

Xg(1)+5 = X13 = 649 + 64y + 38b = 24250 4 24 V+2y0 4 (128, + 2b),
Y8)+5 = Y13 = —64960 + 64y0 -13b = —24(1)+2x0 + 24(1)+2y0 - (481 + b),
X3(1)+6 = X14 = —128_)/0 -26b= —24(1)+3y0 — (851 + 2b),

Ys(1)yr6 = Y14 = 128x0 + 51b = 2*D*3x, 4 (168, + 3b) > 0,

which is a contradiction.
13b _ 51b 51 3b
) and yO € [dZ) dl) = [_256’ ~ 16/

Suppose further that xg € (a2, b2) = (=35, — 755
Hence
X(1)s7 = X15 = —128x0 + 128y — 26b = —21 W3y 1 24030y, 1 (85, 4 2),
s(1)+7 = V15 = —128x0 — 128y — 77b = =24 W3 — 24 W+3by (245, + 5b),
J8@) Y ) i
X3(1)+8 = X16 = 256?60 +102b = 24(1)+4XO + (3281 + 6b),

Ys(1)+8 = Y16 = 25690 + 51b = 24y, 4 (165, + 3b) > 0,

which is a contradiction.
So we have xq € (ay,b;) = (—%, —%) and yg € (cp,ds) = (—16%5’, —%). Hence R(1) is true.

Suppose R(N) is true. We shall show that R(N + 1) is true. Since R(N) is true, we know
xgnss = 2 g + (328 + 6b), yanss = 2 yg + (168 + 3b).

Recall that

_24N+2b -b _24-N+4b +b
x0 € (an+1,bnn) = ( £ 2N E 5 2iN3 ) and

_AN+2p L 94N+ L ]
Yo € (en+1,dNa) = ( 5w 24N2 7§ 5 94N+ )

—24N+2h—b _24N+6b_b
Suppose xp € (aw+1), awsl = (@nsans2] = (S xS v
_24N+2b_b _24N+4h+b
dNH):( 5x2dN+2 7 50N+ )

Hence

I, and yo € (cn+1s

Xg(n+1)1 = Xgnso = —2 Ny — 24Ny (4855 +10D),
= 2 Wy — 24Ny, (385,41 + ),
Y8(N+1)+1 = Y8N+9 = 24Ny — 24N+ g0 1 168y + 3D,

— 24(N+1)x0 _ 24(N+1)y0 + 8N+1-

Note that

22Nb—b> 156 28N+p_p
— |+ —=———=0nn.

168y + 3b = 2*
N < 5 5 5
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Hence

— 24(N+1)+

1
Xg(N+1)+2 = X8N+10 Yo + 20Nn+1,

Y8(N+1)+2 = Y8N+10 = —24(N+1)+1xo — (4én.1 + D).

We see that
_24N+6b .y
yavsnysa = =2 N W (4854 + b) = —2N 5k + (f) >0,

which is a contradiction.
_24N+6b_b _24N+4b+b
Next suppose xp € (ﬂ(N+1)+1¢bN+l) = ( 5% 24N5 7 5y 4N+3 ) and Yo € (CN+1’C(N+1)+1] =

_94N+2p_p  _94N+6p_yp
( 5x24N+2 7 5y 94N+6 ]'

Hence

4(N+1)+1x0 _ 24(N+1)+

1
Xg(N+1)+3 = XgN+11 = 2 Yo + 28n+1

Yave1)s3 = Yanen = 22N Dy 4 24Ny 4 (655, + ),
Xg(n+1)4 = Xena12 = 2N D200 (88 + 2D),

Y8(N+1)+4 = Y8N+12 = —2MNH D2y (485, + D).

We see that

24N+6b + b)
— ) =0,

Y8(N+1)+4 = N2y (485, + b) = —2*N Oy, — ( z

which is a contradiction.

_24N+8b b _24N+4b b
Next suppose %o € [bv:)+1,0841) = [ o Somes) and Yo € (v, dni) =

—24N+6b—h 724N+4b+b
( 5x24N+6 7 5y 94N+4 )

Hence

x(v+1)+5 = X1z = 20N 2 4 2N D20 1980 + 2,
Y8(N+1)+5 = Y8N+13 = N2y g 98N DR2y0 (48, + D),
Xg(ns1)+6 = Xnana = —2 NV 3y (885, +2D),

Ysvs1yee = Vansia = 27NV Bx0 1 (16851 + 3D).
We see that

ysovsnyre = 2N V3% 4 (168x.41 + 3D)

AN+8p, _
— 24N+7x0 + (#) > 0’

which is a contradiction.
_24N+6b_b —24N+8b+b
Next suppose xo € (a(N+l)+lr b(N+1)+1) = ( 55 24N+5 7 5 0dN+7 ) and Yo € [d(N+1)+1de+l) =

_24N+8b+b _24N+4b+b
[ 5x24N+8 7 5y 04N+4 )
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Hence

Xg(n+1)17 = Xgnaas = —2 N DB, 4 24Ny (85, + 2D),
Y8(N+1)+7 = Y8N+15 = N3y, 94 N3y (248, + 5b),
xg(v+1)s8 = Xnsas = 27N D + (328, + 6D),

Y8(N+1)+8 = Y8N+16 = 24(N+1)+4yo + (168541 + 3D).

We see that

24N+8b —b
7) Z 07

Y8(N+1)+8 = 2HN Dy 4 (168x41 + 3b) = 24N By, + ( z

which is a contradiction and so R(N + 1) is true.

Thus the proof is complete. That is we showed by mathematical induction that R(xn) is
true for every integer n > 1. Therefore for any initial condition (x¢,%0) € Qg\{(—%, —g)}
there exists a natural number N so that (xy, yn) ¢ Qg\{(—%, —%)}, which allows us to apply
previous lemmas to conclude that the solution is eventually the prime period 3 cycle P}
or P3.

Note that

2 b
lim a, = -z =lim b, and Ilim ¢, = —z = lim d,.

n—00 n—00 n—00

We also note that (—%, —g) is the equilibrium solution. O

4 Discussion and conclusion

The system of piecewise linear difference equations examined in this paper was created
as a prototype to understand the global behavior of systems like the Lozi equation. Al-
though there has been some progress in examining the behavior of the Lozi equation [4],
it still remains an enigma. We believe that this paper contributes broadly to the overall
understanding of systems whose global behavior still remains unknown.

We utilized mathematical induction, proof by contradiction, and direct computations to
show that every solution of system (3) is eventually either one of the two prime period 3
solutions or the equilibrium solution. We believe that investigating these types of systems
of piecewise linear difference equations will give us the germ of generality that is required

to understand systems with a more complicated behavior.
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