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Abstract

In this paper, the problem of a homoclinic solution is studied for the prescribed mean

curvature Liénard equation (ﬁ)’ + U t) + glu(t)) = p(t), where f € C(R,R),
+(U/ (¢

g e C'(RR), and p € C(R,R). Under some conditions, the author obtains the result that
the equation has at least one nontrivial homoclinic solution for p(t) # 0, and the
equation has no nontrivial homoclinic solution for p(t) = 0. The arguments are based
upon Mawhin's continuation theorem.

Keywords: homoclinic solution; periodic solution; Mawhin’s continuation theorem;
prescribed mean curvature equation

1 Introduction
In this paper, we investigate the existence and non-existence of nontrivial homoclinic so-

lutions for a class of prescribed mean curvature equations,

(%) +f(u(t))u/(t) +g(u(t)) =p(t), (1.1)

where f € C(R,R), g € CY(R,R), p € C(R,R).

As is well known, a solution u(¢) of (1.1) is named homoclinic (to 0) if #(¢) — 0 and
u'(t) — 0 as || — +o0. In addition, if # # 0, then u is called a nontrivial homoclinic solu-
tion.

A prescribed mean curvature equation arises from some problems associated with dif-
ferential geometry and physics (see [1-8] and the references therein). In the past years, the
problem of periodic solutions for the prescribed mean curvature equation has attracted
many researchers’ attention [9-13]. For example, by using an approach based on the Leray-
Schauder degree, the authors in [10] studied the periodic solutions for nonlinear equations
with mean curvature-like operators. Considering the delay phenomenon to exist generally
in nature, Feng in [11] studied the existence of periodic solutions for a prescribed mean

curvature Liénard equation with delay as follows:

(%) +f (u(®) i () + g(¢,u(t — T(2))) = e(®). 1.2)

© 2015 Lu. This article is distributed under the terms of the Creative Commons Attribution 4.0 International License
(http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, pro-
vided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and
indicate if changes were made.


http://dx.doi.org/10.1186/s13662-015-0579-3
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-015-0579-3&domain=pdf
mailto:lushiping88@sohu.com

Lu Advances in Difference Equations (2015) 2015:239 Page 2 of 15

S Luand M Luin [12] further studied the existence and non-existence of periodic solutions
for the following prescribed mean curvature equation with multiple delays:

d x'(t) . -
i) Detaetel— ) =50

and Li in [13] studied the existence of periodic solutions for a prescribed mean curvature
Rayleigh equation. Recently, the problem of existence of homoclinic solutions for some
second-order Hamiltonian systems has been extensively studied by using critical point
theory [14—17]. However, the problem of homoclinic solution has been rarely studied for
a prescribed mean curvature equation like (1.1). Liang and Lu in [18] investigated the ex-
istence of a homoclinic solution for the following equation:

(%) el (8) + f ((2) = ple), (1.3)

where ¢ > 0 is a constant, but the term containing the first derivative is only linear with
respect to u/(z).

Let T be a positive constant, like in the work of [18, 19], for each k € N, we investigate
the existence of 2kT-periodic solutions u(t) for the following equation:

(%) +f (u(@®))u' (t) + g(u(t)) = pr(t), (1.4)

where py : R — R is a 2kT -periodic function such that

(1.5)

p(t)1 te [—kT,kT—S),
pi(t) = KT)-p(kT
pkT —¢) + W(t —kT +¢), telkT -¢gkT],

¢ € (0, Ty) is a constant independent of k, Ty = min{7,1}. Then a homoclinic solution for
(1.1) is obtained as a limit of a certain sequence of {u()}.

In this paper, unlike the methods based on critical point theory for guaranteeing the
existence of homoclinic solutions in the work of [14—17], our approach for obtaining the
existence of homoclinic solutions for (1.1) is based on topological degree theory. In detail,
the existence of 2kT-periodic solutions to (1.4) is obtained by using Mawhin’s continuation
theorem [20], not by using critical point theory. This is due to the fact that there is a
first derivative term f(u(¢))u'(¢) in (1.4), and then (1.4) is not the Euler-Lagrange equation
associated with some functional. Furthermore, we not only investigate the existence of a
homoclinic solution to (1.1), but we also study the non-existence of a homoclinic solution
to (1.1).

2 Preliminary
In order to use Mawhin’s continuation theorem [20], we first recall it.

Let X and Y be two Banach spaces with norms || - || x, || - ||y, respectively. A linear operator
L:D(L) C X — Y is said to be a Fredholm operator of index zero provided that:

(a) ImL is a closed subset of Y,

(b) dimKerL = codimImL < co.

Let X and Y be two Banach spaces with norms || - ||x, || - ||y, respectively, £2 C X be an
open and bounded set and L : D(L) C X — Y be a Fredholm operator of index zero. The
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continuous operator N : £2 C X — Y is said to be L-compact in §2 provided that:

(c) K,(I - Q)N(£2) is a relative compact set of X,

(d) QN(£2) is a bounded set of Y,
and where we denote X; = KerZ, Y5 = Im L we have the decompositions X = X; & X;, Y =
Y1®Yy. Let P: X — X3, Q: Y — Y7 be continuous linear projectors (meaning P? =Pand

Q2 = Q)’ and 1<P = L|E:rPﬁD(L)‘

Lemma 2.1 ([20]) Let X and Y be two Banach spaces with norms || - ||x, || - ||y, respectively,
§2 be an open and bounded set of X, and L : D(L) C X — Y be a Fredholm operator of index
zero. The operator N : 2 C X — Y is said to be L-compact in $2. In addition, if the following
conditions hold:

(H1) Lv#ANv,Y(v,A) € 952 x (0,1);

(H2) QNv#0,Vv e KerL N d$2;

(H3) deg{JQN, 2 NKerL,0} #0, where ] : ImQ — Ker L is a homeomorphism,
then Lv = Nv has at least one solution in D(L) N £2.

Consider the following system:

¥ (0) =f(x(®)p(t ) gx(2)) + p(2).

Obviously, (x(t),y(t)) " is a solution of (2.1), then x(£) must be a solution of (1.1), and finding
homoclinic solutions of (1.1) is equivalent to finding a solution (x(¢), y(¢))" of (2.1) such
that (x(£), y(¢)) — (0,0) as |t| = +oo. Similarly, finding a 2kT -periodic solution to (1.4) is
equivalent to finding a 2kT -periodic solution to the system

{ =0 «/1 yz(ﬂ (2.2)
= —f(x()p(y(2)) — g(x(2) + pr(2),

¥ (t)
1+(' (£))?
(x,9)" € C(R,R?),v(t) = v(t + 2kT)}, where the normal is defined by ||v|| = max{|x|o, |¥]o},

where |x|o = maXx;eo2u7) [%(8)], [¥lo = maxsejo2nr [¥(2)]. It is obvious that X; and Yj are

where y(£) = . It is easy to see that maxiesrir) [y(£)| < 1. Let Xj = Yy = {v =

Banach spaces.

Furthermore, for x € Xi, denote ||x||, by |lx, = fkkTT |x(£)|? dt)"'?, where p > 1is a con-
stant.

Now we define the operator

L:DL)CXi— Yy,  Lv=v =(x0),70),
where D(L) = {v|v = (x,9)" € CY(R,R?),v(t) = v(t + 2kT)}.

Let Zx = {v|v=(x,9) " € C(R,R x (=1,1)),v(£) = v(t + 2kT)}. Define a nonlinear operator
N:QCZiC Xk — Yy,

(e B T
Nv-( M=k o (x() @ (5(2)) - g(x(2)) + pk(t)) . (2.3)

Then problem (2.2) can be written as Lv = Nv in £2.
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Clearly, KerL = {v|v € X,V = (¥'(¢),y'(t))" = (0,0)"} = R?, and it is also easy to prove
thatImL = {z € Yy, f02kT z(s) ds = 0}, so L is a Fredholm operator of index zero.
Let P: X; — KerL, Pv = ﬁ 02kT v(s)ds, Q: Yy — ImQ, Qz= ﬁ 02kT z(s)ds. If set K, =

-1
L | KerpND(L)’ then

2kT
Kp2)(t) = /0 G(t,s)z(s) ds,

where
s=2kT
, 0<t<s,
G(t,s)= 1 *T - =
ZkLT, s<t<2kT.

For all £2 such that £2 C Z; C X, we have K,(I-QN (£2) is a relative compact set of X,
QN(£2) is a bounded set of Y, so the operator N is L-compact in £2.

Remark 2.1 In view of the definition of the nonlinear operator N : 2 CZiCXy— Yyin
(2.3), we see that there must be two points pg € (0, +00) and p; € (0,1) such that the open
and bounded set £2, which is associated with Lemma 2.1, should be £2 = {v|v = (x,9)" €
Zi 1%lo < pos [ylo < p1}-

Lemma 2.2 Ifu: R — R is continuously differentiable on R, a >0, u > 1, and p > 1 are
constants, then for every t € R, the following inequality holds:

|u(t)] < (2“)_% (/Ha|u(s)|”ds> " + ﬂ(Ztl)_Il’ (/t+a|u/(s)|p ds)p.

This lemma is a special case of Lemma 2.2 in [16].

Lemma 2.3 ([21]) Let uy := (xx, yx) T € Clyr be a 2kT -periodic function, such that for each
k € N, (xx, yx) satisfies

lxklo < Ao, %], <A [yklo < Bo, ¥klo < B1s

where Ay, A1, By, and B, are constants independent of k € N. Then there exist a ug €
C(R,R?) and a subsequence {mi} of {ur}ken such that for each j € N,

max |ukt,(t) —uo(t)| —0 asi— +00.
te[~TjT]
3 Main results

For the sake of convenience, we list the following assumptions:

(A1) There exist constants mg > 0, [ > 0, and m > 1 such that xg(x) < —mp|x|™, |[f(x)| >,
and g'(x) <0,Vx € R.

(Az) p € C(R,R) with p(f) # 0 and sup,|p(t)| < +00; fR |p(t)|% dt < +o0 and
fR |p(£)|? dt < +00, where m is determined in assumption (A;).
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Remark 3.1 Let

- =\ 2 )
a._(/R|p(t)| dt) , ﬁ.—(/R|p(t)| dt).

From (1.4), and by calculating directly, we can obtain the following result.

p|

Lemma 3.1 If assumption (Ay) holds, then o < +00, 8 < +00; and for all k € N,

m=1

kT =
. " m=1
1Prlo < |Ploos Pkl o o= (/ |pi(®)| T dt) Sa+em |ploo,
—kT

kT i
2
llpkll2 == (/ |pi(®)] dt) <B+e"pls
kT

In order to study the existence of 2kT'-periodic solutions to (2.2), we firstly study some

properties of all possible 2kT-periodic solutions (xx, yx) " to the following system:

{ (®) = 2p(y(t)) = A= 1y2<>
Y (6) = =Af () (V(2) — Ag(x(2)) + Ap(2), A €(0,1].

Obviously, (xx,yx)"T € Zx C Xi. For each k € N, let X} represent the set of all the 2kT-
periodic solutions to the above system. This is

Ay(t)
VI-92(2)

¥ (£) = =Mf (x(8) 9 (9(2)) = 2, @u»+umnxemﬂ}

Xy = {(x,y) € Z | (t) =

Theorem 3.1 Assume that conditions (Ay) and (A;) hold, and the constant T satisfies

- (27)2 (%)M + ﬂ\/g[%/[ + 1] <1, 3.1)

where M = sup| <, If ()1,

o ()"

For each k € N, if (x,y)T € Xy, there are positive constants Ag, A1, By, B1, po, pa, and ps,
which are all independent of k and X, such that

Ixlm <A, ¥, <AL Iyla<Bo,  |¥],<B (32)

and

lxlo < po, Yo <o <1, %], < P2 |, < os. (33)
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Proof For each k € N, if (x,9)" € Xy, then

) (3.4)

{x'(t) = 1p(y(0) = 20,
V() = =M () (1) = Agw(®) +2p(®), %€ (0,1,

Multiplying the first equation of (3.4) by y/'(¢£) and integrating from —kT to kT, we have

kT kT kT
| yox@a- [ yerebw)dc- [ o) aro-o. (35)
_ kT —kT

kT

Multiplying the second equation of (3.4) by x(¢) and integrating from —kT to kT, we have

kT
/ ¥ (£)x(t) dt
—kT
kT ) 4 kT (t)
B _/—kTy(t)x (e)ar = -2 kT /1 — yz(t

kT

kT T
=x<— / L E0)e () de - / H0g(s0) de v /

-kT

x(t)px () dt),

kT

kT
. Wdt (t)g(x(t)) dt — /_ ka(t)f(x(t))go(y(t)) dt

__ / Hop(0ds
kT

< / 1x(0)| |0 d. (3.6)
—kT

From the first equation of (3.4), we have
kT kT
f x(O)f (x(0)) @ (y(8)) dt = 27" / x(@)f (x(t))x' () dt = 0,

-kT —kT

which together (3.6) with (A;) and (A;) yields

kT
912 + mollxll? < / [0l |pito) ar
—kT

Applying Holder’s inequality to the above inequality, we obtain

1913 + mollxll}y < 11l o (1],
which implies that
mo 111y, < il 110 m (37)

and

Iy15 < Ipxll e el (3.8)
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It follows from (3.7) and (3.8) that

pill o\ 7T m1 L
”x”né(—m_l) S(M) i=Aole) (3.9)
my mo
and
(@ + 877 [ploc)™ 2D
Wl <  my :=By(e). (3.10)
0

Multiplying the second equation of (3.4) by x'(¢) and integrating from —kT to kT, we have

kT kT 2 kT
/ ¥ ()’ () dt = -\ / F(x(@®) (%' () de - & f g(x(2))'(¢) dt
-kT _

kT kT

KT
+A /_kT X' (t)pi(t) dt.

It follows from (3.5) and the condition |f(x)| > [ for all x € R that

kT kT
1/_ |x’(t)|2dt5f_kT|x/(t)||pk(t)|dt

kT

=< Hx/ Hz”pk”Zy

kT 172 12
||x’||2= ([k |x’(t)|2dt> < ||Pll<||2 < ,3+8l 1Ploo = Ay(e), (3.11)
KT

From (3.9), and by applying Lemma 2.2, we have

t+T 1/m t+T 1/2
lxlo < (2T)1/’”</ . |x(s)|mdt) + T(2T)_% (/ |x’(s)|2dt>

-T

U t+kT . 1/m 1 t+kT ) ) 1/2
< (27) |x(s)| dt +T(2T) 2 |x (S)| dt
t-kT t-kT

kT 1/m L/ kT 172
< (T)Ym </kT |x(s)|mdt) +T(2T) 2 (/kT|x’(s)}2dt)

< (2T)"™Ag(e) + T(2T) 2 Ay (e)
= poe). (312)

Multiplying the second equation of (3.4) by y'(¢) and integrating from —kT to kT, we
have

kT 5
[ (v (1) dt

kT

kT kT kT
- f 3 (D¢ (x(0)) dt - / R OF () ) e+ / o Opodr

kT -k
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o y*(t) ko
) /_kT »e (x(0) J1-720 dt - /_ 2 OF (0 (r0)) de

kT
+ f Ay (©)pi(t) dt. (3.13)
-kT

Since

kT kT
A / Y (O)f (x(2)) @ (y(2)) dt = / x (£)y (6)f (x(2)) dt

kT kT
it follows from (3.12) that

’ kT

SO GO)000)dt] < o7 1

which together with (3.11) gives

kT
[y ar)e6o)d] <pumly ], 619)

Moreover, by using assumption (A;), we see

/kT rg (x(t)) ﬂ dt <0.
—kT V1921

Substituting it and (3.14) into (3.13), we have

kT
/ 00 de =@, + Il ]

11|, <foo@A1(€) + lpill2 < foo@yAr(e) + B + €2 |ploc = Bi(e). (3.15)

Thus by using Lemma 2.2, for all ¢ € [-kT, kT], we get

1 t+T % 1 t+T %
Iy(t)|s<2T>f( / \y(s)|2ds> +T(2T>f( f |y/(s)|2ds)
t=T

t-T

. t+kT ) % . t+kT 2 %
5(2T)2</ . |y(s){ ds) +TQ2T) 2 (/ " |y’(s)| ds)

. . kT ) 3 . oo 3
= (2T) (/kT|y(s)‘ ds) +T(2T) (/ka/(s)’ ds) ,

and then by (3.9) and (3.11), we have

1 T
[ylo= max ]Iy(t)| <(2T) 2By(e) + \/;31(8)

te[-kT kT

_ 1)} (M) o \/g[fpo(s)Al(s) +B+e"|pl]

mo

= p(e). (3.16)
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From (3.9), (3.10), (3.11), and (3.12), we see

lim p(e) = p(0) = (27)"} (f>"”) ‘B Z["l . 1],
e—>0 my 2 l

where M = sup,_ o) [f (%) is a constant determined in (3.1). It follows from (3.1) that
there is a constant § > 0 such that

o(e) <1, Vee(0,8].

This implies that if the constant ¢ determined in (1.5) is chosen as in (0, 8], then it follows
from (3.16) that

[ylo < p1:=p(e) <1L; (3.17)
and then by the first equation of (3.4), we get

P1
], < . = po. (3.18)

From (3.4), we have

Yl =, max O O]+ max |e(@)|+ max |p)]

= foo(e)P2 + &po(e) + 1Ploo
= ps. (3.19)

From (3.9)-(3.12), (3.17)-(3.19), we know that (3.2) and (3.3) are satisfied. Hence the con-
clusion of Theorem 3.1 holds. O

Theorem 3.2 Suppose that conditions (Ay) and (Ay) hold. Furthermore, the positive con-
stant T satisfies (3.1). Then for each k € N, (2.2) has at least one 2kT-periodic solution
@), () T in Xy C Xy such that

lxelln < Ao, %], <AL Iwll2<Bo,  |¥i], < Bu

[xklo < po, yklo < o1 <1, EARYS Vel o < 03,
where Ay, A1, Bo, B1, po, p1, P2, p3 are the constants defined in Theorem 3.1.

Proof In order to use Lemma 2.1, for each k € N, we consider the following system:

A _ (t)
{x () = 2p(y(2)) = A le_yw (320)
¥ (8) = —Af (x(@)x'(£) — Ag(x(8)) + Api(t), A €(0,1),

a 2kT -periodic solution of system (3.20). Since (0,1) C (0,1], we have £2; C X%, where Xy
is defined in Theorem 3.1. If (x,y) T € £21, by using Theorem 3.1, we get

l%lo < po, lylo < o1 <1.
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Let 2, = {v=(x,9)" € KerL,QNv = 0}. If (x,9)" € £, then (x,7)" = (a1,42)" € R? (con-
stant vector), we see that

2 (3.21)
TXT [—g(ay) + pi®)] dt = 0. .

Multiplying the second equation of (3.21) by a;, we have
kT
2kTm0af < / arpi(t) dt < ~2kT|a1|B,
kT

thus

B B
laa| < = =p.
LY 2kTWlQ LY 2TW10

Now, if we set £2 = {v = (x,9)" € Xi, |xlo < po + B,1¥]o < p* < 1}, where p; < p* < 1, then
2 DO 21 U £25. So condition (H1) and condition (H2) of Lemma 2.1 are satisfied. What
remains is verifying condition (H3) of Lemma 2.1. In order to do this, let

H(v,p): (2 NKerL) x [0,1] > R: H(v, 1) = pu(x,9)" + (1 - w)JQN(v),

where J : Im Q — Ker L is a linear isomorphism, J(x, y) = (y,x) ". From assumption (A;), we
have v H(v, 1) #0, Y(v, ) € 32 NKerL x [0,1]. Hence

deg{/QN, 2 NKerL,0} = deg{H(v,0), 2 NKerL,0} = deg{H(v,1), 2 N KerL,0} #0.

So condition (H3) of Lemma 2.1 is satisfied. Therefore, by using Lemma 2.1, we see that
(2.2) has a 2kT-periodic solution (xz, %) " € £2. Obviously, (xx,yx)" is a 2kT-periodic so-
lution to (3.3) for the case of A =1, so (xx,yx) " € Zx. Thus, by using conclusions (3.2) and
(3.3) in Theorem 3.1, we get

”xk”m SAO, ”x}(”z SAl, ||)’k||2 SBO) H}’k ||2 SBI’
lxklo < po, yklo < p1 <1, EARY S Wkl < ps-
Hence the conclusion of Theorem 3.2 holds. The proof is completed. d

Theorem 3.3 Suppose that conditions (A1) and (Ay) hold. Furthermore, the positive con-
stant T satisfies (3.1). Then (1.1) has at least one nontrivial homoclinic solution.

Proof By using Theorem 3.2, we see that, for each k € N, there exists a 2kT-periodic so-
lution (xz, yx) " to (2.2) with

bl <Aoo, <An Il <Bo il <Bu (3.22)

lxklo < 0o, yklo < p1 <1, EARYS klo < P35 (3.23)

where Ag, A1, Bo, B1, po, p1, P2, p3 are constants independent of k € N. Equation (3.23)
together with Lemma 2.3 shows that there is a function ug := (x9,%)" € C(R,R?) and a
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subsequence {(xk/, yk/)T} of {(xx,¥x) " Jxen such that for each interval [a,b] C R, xk,.(t) —
x0(t) and ¥x;(£) = yo(¢) uniformly on [a, b]. This together with the condition of |yklo <
o1 <1in (3.23) implies that

max |y0(t)| <p1<1 foranya,be Rwitha<b. (3.24)

tela,b]

Below, we will show that (xo(z), y0(£)) T is just a homoclinic solution to (1.1).
Since (xx(t), yx(t))" is a 2kT-periodic solution of (2.2), it follows that

X () = (i (2)) = \/%

2(0)
V() = =f (e () () — g (1 (2)) + pic(2).

(3.25)

For all a,b € R with a < b, there must be a positive integer j, such that for j > jo,
[-kT,kT — 0] D [a, b]. So for j > jo, from (1.4) and (3.25) we see that

Vi (£)
%, () = o (1) = ——,
17,0

Vi () = ~F (it (D)o (1)) - gy (0) + p(8), £ € (@,D)

which together with (3.24) results in

% (8) = %10 — Yot) (3.26)
0 i-ne
and
Vi) = ~f (3, (0) 0 (5, (8)) = g (3%, (8)) + p(2)
- —f (xo(t))Lm —g(x0(®)) + p(®) (3.27)
1-y5(0)

uniformly for ¢ € [a, b] as j — +00. Since xkj(t) — xo(¢) and xk/.(t) is continuously differen-
tiable for t € (a, b), it follows that

x}(/_(t) — xy(t) uniformly for ¢ € [a,b] as j — +00,
which together with (3.26) yields

we=—29 @)

1-55(0)
Similarly, by (3.27) we have

Yo(t)

V1-7%5@)

V5(2) = —f (%0(2)) - g(x @) +p(e), tel(ab).
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Considering a, b are two arbitrary constants with a < b, it is easy to see that (xo(£), y0(£)) T,
t € R, is a solution to (2.2), i.e.,

() = 0B
o(®) 1-y5(2)

%m=4uw»ﬁg%—ﬂ%mnma

(3.28)

Now, we will prove x((¢) — 0 and x((¢) — 0 as |t| — +00.
Since

+00 iT
f’ﬂmmWw%mﬁﬂ=g&/Jmmw+Mmﬁm

iT
= lim lim
i—+o00j—>+00 J_iT

(i O + | O] ) e,
clearly, for every i € N, if k; > i, by (3.22),

iT w0 KT o ,
fﬂ%m}q%mUméﬂﬁmm|q%mUmgﬂu&.
L —k:

- J

Let i > +00 and j — +00. We have

/ (lxo (@)™ + [y ()|) dt < A2 + A2

o0

and then
/| (lxo @™ + %, [*) dt — 0
t=r

as r — +00. So by using Lemma 2.2, we obtain

1

1 t+T m 1 t+T 2 %
|xo(t)| < (2T) (/ |x(s)|mds) +TQ2T)2 (/ |x/(s)| ds)
T T
1 1 t+T 1/m t+T ) %
< [Ty + T(2T)7][</ |x(s)|mds> + (/ |%'(s)| ds) }
t-T =T
— 0 as|t| > +o0,
which implies that
xo(t) —> 0 as |t| — +00. (3.29)
Similarly, we can prove that
yo(t) > 0 as|t| - +oo,
which together with the first equation of (3.28) gives

x(t) > 0 as [t] — +o0. (3.30)
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It is easy to see from (3.28) that x((¢) is a solution for (1.1). Thus, by (3.29) and (3.30),
x0(t) is just a homoclinic solution to (1.1). Clearly, x(¢) # 0, otherwise, p(t) = 0, which
contradicts assumption (A;). Hence the conclusion of Theorem 3.3 holds. The proof is
completed. 0

Theorem 3.4 Suppose that xg(x) < 0 for x € (—00,0) U (0, +00) and uy(t) is an arbitrary
homoclinic solution to (1.1). Then the following statements are true:

(1) Ifpt) =0 (p(t) >0) forall t € R, then uo(t) <0 (uo(t) < 0) forall t € R.

(2) If p(t) <0 (p(t) <0) forall t € R, then ug(t) > 0 (uo(£) < 0) forall t € R.

Proof We only prove the cases outside the brackets.
(1) Suppose that u(¢) is an arbitrary homoclinic solution to (1.1), then

( AT +f (10 (8)) gy (2) + g (10 (2)) = p(t) (3.31)
and
u(t) >0,  uy(t) >0 aslt] - +oo. (3.32)

If statement (1) in Theorem 3.4 is not true, there must be a point t* € R such that u(£*) > 0.
It follows from (3.32) that there is a constant p > 0 such that t* € (—p, p) and u(t) < %*)
for t € (00, p) U (p, +00). Let t** € [—p, p] such that 1o (™) = maxee[_, ) u(£), then

uo (£*) = uo(£*) >0 (3.33)

and

U (t**) > ug (t*) > sup uo(2),
te(~00,p)U(p,+00)

U (t**) = max ug(t).
teR

So uy(t**) = 0 and (7\/%)’@;** < 0, and then from (3.31) we see

+P(t**),

e e ]

1+ (ug(2)

t=t**

g(uo(t™)) z 0.

By using the assumption of xg(x) < 0 for x € (—o00,0) U (0, +00), we have uo(£**) < 0, which
contradicts (3.33). This contradiction implies that statement (1) in Theorem 3.4 is true.
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Similarly, we can prove that statement (2) in Theorem 3.4 is also true. The proofis com-
pleted. d

By using Theorem 3.4, we can obtain the following results.

Corollary 3.1 Suppose that xg(x) < 0 for x € (—00,0) U (0, +00). If p(t) = 0, then (1.1) has
no nontrivial homoclinic solution.

Corollary 3.2 Suppose that xg(x) < 0 for x € (—00,0) U (0, +00) and uy(t) is a homoclinic
solution to (1.1). If there are two points t, ty € R such that uy(t1)u(t2) < 0, then there must
be two points t3, t, € R such that p(t3)p(ts) < 0.

As an application, we consider the following example:

(”7“)))2) - <1 Ly )“’(t) -3(ul)’ = e (3.34)

1+t 1+ +u2(t) ettet’

getl2
etyel’
and / = 1 such that assumption (A;) holds. Furthermore, by a direct calculation, we can

where 6 € Ris a constant. Corresponding to (1.1), we can chose p(t) = m=4,mgy =3,

easily obtain

+00
—00

+00 2 m
/ |P(t)|2dt=9Tn<oo, /|p(t)|m dt:f |p(t)|%dt=§94/3<oo,
- R

o0

This implies that assumption (A;) also holds, and sup,, |p(¢)| = %3% < %, o= (%)%9, B=
. . . Ll gmy
%9. LetT = % Since limyg|—, 400 1 = +00 and limg_, ¢ o1 = 0, where p; = (2T)72 ("V;—O)W-l) +

B %[A—f +1] is determined in (3.1), it follows that there is constant 6, > 0 such that

_1fa” 2<”L1) TIM
on=0QT) 2 — + B =|—+1|<1, VO e(-0y,0)U(0,0).
mo 2 l

So by applying Theorem 3.3, Theorem 3.4, and Corollary 3.1, we can obtain the following
results:

(1) If0 € (=6y,0) U (0,6y), then (3.34) has at least one nontrivial homoclinic solution.
Furthermore, if 6 € (-6, 0), then all the homoclinic solutions to (3.34) are positive;
if 8 € (0,6y), then all the homoclinic solutions to (3.34) are negative.

(2) If6 = 0, then (3.34) has no nontrivial homoclinic solution.
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