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1 Introduction
In this article, we study the higher-order coupled fractional differential equation

D u(t) =f(t,v(t),V'(t),V'(¢),..., vIND(1)), 0<t<l,

(1.1)
DEv(t) = gt ule), ' (), u(8),...,uN V@), 0<t<l,
with the coupled two-point boundary conditions
u(0)=u'(0)=---=u®™? =0,  uND0)=uND(), 12)
w0)=v(0)=---=vN2 =0,  vND(0) =N I(), '

where N -1<a,8 <N, N >2,D{, and Dg+ denote the Caputo fractional derivative, and
f, g are given continuous functions.

Fractional differential equations have been studied extensively. It is caused both by the
intensive development of the theory of fractional calculus itself and by the applications
such as physics, chemistry, phenomena arising in engineering, economy and science; see
e.g [1-4].

Recently, more and more authors paid attention to the boundary value problems of frac-
tional differential equations; see [5-19]. In [6], the author has investigated the existence
of solutions to the coupled systems of fractional differential equations at nonresonance.
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Moreover, there have been many works related to the existence of solutions for bound-
ary value problems at resonance; see [10-13, 15-18, 20, 21]. Some papers have dealt with
the solutions of multipoint boundary value problems of a coupled fractional differential
equations at resonance; see [12, 17].

In [17], Zhang et al. considered a three-point boundary value problem for a coupled
system of nonlinear fractional differential equations at resonance given by

D&, u(t) = f(t, (), Dh, " v(e)), 0<t<1,
DEv(t) = g(t, u(t), D% u(t)), 0<t<l,
u(0) =v(0) =0, u(1) = oru(m), v(1) = oov(12),

where 1 <, <2,0<n,m <1, 01,00 >0, aln‘f‘l = 0277571 =1, D is Riemann-Liouville
fractional derivative, and f, g : [0,1] x R? — R are given functions.

In [12], the authors discussed a two-point boundary value problem for a coupled system
of fractional differential equations at resonance:

Dg.u(t) =f(t,v(e),V (), O0<t<l,
DEv(t) = g(t,u(t),u'(t)), O0<t<l,
u(0) =v(0) = 0, u'(0) =u'(1), Vv'(0) =v(1),

where Dj,, Dg+ is Caputo fractional derivative, 1 <o, 8 <2, and f,g:[0,1] x R? — R are
given function.

From the above work, we see three facts. Firstly, although the two-point boundary value
problems for coupled system of fractional differential equations have been studied by some
authors, to the best of our knowledge, higher-order fractional differential equations with
the Caputo fractional derivative are seldom considered. Secondly, the nonlinear terms in
the equations of this paper satisfy a sublinear growth condition that is weaker than the
previous ones (see [11, 15]), meanwhile, the present work generalizes and improves the
available results (see [5, 12]). Thirdly, the uniqueness of the solution is useful for many
applications. As far as we know, there are few contributions to the uniqueness of a solution
for fractional differential equations. The objective of this paper is to fill the gap in the
relevant literature.

The rest of this paper is organized as follows. In Section 2, we give some necessary nota-
tions, definitions and lemmas. In Section 3, we study the existence of solutions of (1.1) and
(1.2) by the coincidence degree theory due to Mawhin [22]. Finally, an example is given to
illustrate our results in Section 4.

2 Preliminaries
We present the necessary definitions and lemmas from fractional calculus theory that will
be used to prove our main theorems.

Definition 2.1 ([1]) The Riemann-Liouville fractional integral of order « > 0 of a function
f:(0,00) — R is given by

15/ (0) = ﬁ /0 (£ -5 f(s)ds,

provided that the right-hand side is pointwise defined on (0, 00).
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Definition 2.2 ([1]) The Riemann-Liouville fractional derivative of order « > 0 of a con-
tinuous function f : (0,00) — R is given by

o oL ARG
Do f(8) = I'n-a) ,/0 (& — s)x—n+l s,

where n — 1 < o < n, provided that the right-hand side is pointwise defined on (0, 00).

Lemma 2.1 ([1]) Letn—-1<a <n,u e C(0,1) NLY0,1), then
I8 DY u(t) = u(t) + co + crt + -+ cpnt"™,
wherec;€R,i=0,1,...,n-1.
Lemma 2.2 ([1]) If 8 >0, o + B > 0, then the equation
I§ 15.f @) = I f (),
is satisfied for continuous function f.

Now let us recall some notation about the coincidence degree continuation theorem.

Let Y, Z be real Banach spaces, L : domL C Y — Z be a Fredholm map of index zero
and P: Y — Y, Q: Z — Z be continuous projectors such that kerL = ImP, ImL = ker Q,
and Y =kerL @ kerP, Z =ImL & Im Q. It follows that L|qom ;rkerp : dom L Nker P — Im L is
invertible. We denote the inverse of this map by Kp. If Q is an open bounded subset of Y,
the map N will be called L-compact on € if QN(R) is bounded and Kp oN = Kp(I — Q)N :
Q — Y is compact.

Theorem 2.1 Let L be a Fredholm operator of index zero and N be L-compact on Q. Sup-
pose that the following conditions are satisfied:
(1) Lx # ANx for each (x,A) € [(dom L \ ker L) N 9K2] x (0,1);
(2) Nx¢1ImL for each x € kerL N 9;
(3) deg(JON|kerr, 2 NkerL,0) #0, where Q: Z — Z is a continuous projection as above
with ImL =ker Q and J : Im Q — ker L is any isomorphism.
Then the equation Lx = Nx has at least one solution in domL N Q.

3 Main results
In this section, we will prove the existence and uniqueness results for (1.1) and (1.2).

We use the Banach space E = C[0,1] with the norm ||u||s = maxo<,<1 |u(f)]. We de-
fine a linear space X = (u® € E:i =1,2,...,N — 1}. By means of the linear func-
tional analysis theory, we can prove that X is a Banach space with the norm |x||y =
max{]|] sos 14 lloos - - - » | 4™V || 50 }. Further we consider a Banach space Y = X x X endowed
with the norm defined by ||(»,v)|ly = max{||«||x, [|[vlx}, and Z = E x E is a Banach space
with the norm defined by ||(x, ¥) ||z = max{||x|| oo, |¥llcc}-

Define the linear operator L; from domZ; N X to E by

let = Df)‘+u,

where dom L = {u € X|u®(0) = 0, u™D(0) = u™-V(1),i = 0,1,...,N - 2}.
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Define the linear operator L, from dom L, N X to E by
L2V = D§+ Vv,

where dom L, = {v € X|v¥(0) = 0,vN-1(0) = vWN-D(1),i = 0,1,...,N — 2}.
Define the operator L : domL NY — Z by

L(u,v) = (Liu, Lyv),
where dom L = {(&,v) € Y|u € domL;,v € domL,}, and we define N : Y — Z by setting
N(u,v) = (N1v, Nau),
where N : X — E is defined by
Nv(t) = f (6 v@), V@),V ()., "W @),
and N; : X — E is defined by
Nou(t) = g(t,u(t), u (£),u" (t),...,u™ (1))
Then the problem (1.1) and (1.2) can be written by L(u, v) = N(u, v).

Lemma 3.1 The mapping L :domL C Y — Z is a Fredholm operator of index zero.

Proof It is clear that Ker L = (c;tV71, c,tN71) = R2.
Let (x,y) € ImL, so there exists (#,v) € domL which satisfies L(x,v) = (x,7). By Lem-

ma 2.1, we have

u(t) =I5, x(t) +co+cit+--- + enatN

wt) =I5, y(t) +do +dit + - - + dy_tN L

By the definition of dom L, we have ¢; =d; =0,i=0,1,...,N — 2. Hence
u(t) = Ig, x(t) + eng V7L v(t) = Ig+y(t) +dy_ VL

According to Lemma 2.2, we get

uN(e) = DYTHIG x(8) + ena ) = IE N x(E) + enaa (N - 1)),

VN0 (@) = DY (16,500 + dat ) = g y(0) + dya (N - 1)L

Taking into account z™~Y(0) = «™-Y(1) and vN-(0) = v¥-D(1), we obtain

1 1
/ 1-s)*Nx(s)ds = 0, / 1 -5 Ny(s)ds = 0.
0

0
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On the other hand, suppose (x,y) satisfies the above equations. Let u(¢) = I§,x(t) and
v(t) = Ig+y(t), we can easily prove (u(t), v(¢t)) € dom L.
Thus, we conclude that

ImL = {x ‘/ s)ds=0 /1(1_5)ﬁ—Ny(s)ds=0}.
0

Consider the linear operators Q;, Q; : E — E defined by

1
Qux(t) = (¢ —-N + 1)/ 1 - 5)*Nx(s) ds,

0

1
Quy(t) = (B-N+1) /0 (1- 9P Ny(s)ds

Obviously, Q(x,y) = (Qux(t), Quy(t)) = R2. Taking x(¢) € E, by a direct computation, we
have

1
Qu(Qux(0)) = Qur(®) - (@ =N +1) fo (11— 9N ds
= Qux(2).

Similarly, Q3 = Q,. This gives Q*(x,y) = Q(x,). It is easy to check from (x,y) = (x,7) —
Q(x,7) + Q(x,y) that Z = Im L + Im Q. Moreover, we can see that Z =ImL & Im Q.

Now, IndL = dimkerL — codimImLZ = 0, and so L is a Fredholm mapping of index
Zero. O

We can define the operators Py : X — X, P, : X — X and P: (u,v) — (Pyu, P,v), where

_ vAI(0)
P1M = 7£N 1, PzV = (N— 1)‘ tN !

Obviously, P? = P; and P3 = P,.
Note that

KerP = {(u, WuN(0) = 0,y N-D(0) = 0}.
Since (&,v) = (u,v) — P(u,v) + P(u,v), it is clear that Y = Ker P + Ker L. By a simple calcula-
tion, we get Ker L N Ker P = {(0, 0)}. Thus, we get ¥ = Ker L @ KerP.

For every (u,v) € Y,

||, = | P, sz)H , = max{[|Prulx; ||P2V||X}

W PNVO) s
- manf Lo vy O oy |
< max{ |M(N_l)(0)‘; ‘V(N_l)(0)| } (3.1)

We define Kp : ImL — dom L N Ker P by Kp(x,y) = (I§+x,lg+y).
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For (x,y) € ImL, we have
LKp(x,y) = L(I§, %, I{iy) = (Dg+18‘+x,Dg+Ig+y) =(x,9).

For (u,v) € domL N Ker P, we have u™-D(0) = vW-1(0) = 0, so the coefficients ¢; and d;,
i=0,1,...,N —1, in the expressions

u=1I¢. DY u(t)+co+ct+---+enyath ™,

v=I0 D u(t) +do+dyt +-- +dyytN,
are all equal to zero. Thus, we obtain
I<PL(x’y) = (Ig+Dg+x’1(/)3+Dg+y) =(®Y).

That shows that Kp = (LdomLmKerp)fl.
Again, for each (x,y) € ImL,

[Kee )y = 105,259 = max{ 5.5l [ 76,

x;|

%]l 03

< max
{F(a—N+2)

1
FGoNTD) ||y||oo}
= max{a]%]loc; b1yl }. (3:2)

__ 1 _ 1
where a = =55, b = w2 -

With similar arguments to [5], we obtain the following lemma.
Lemma 3.2 Kp(I - Q)N : Y — Y is completely continuous.

To obtain our main results, we need the following conditions.

(H1) There exist positive constants ay, 4, b;, ¢;, and 6;,1; € [0,1],i=1,2,...,N, such that
for all (x1,%,,...,xx5) € RN,

[f (6,21, %, ..., 20)| < a1+ bila | + balxa | + -+ + by laen|™N,  VE€[0,1],

(6,310,200 30| < @2+ a4 ol + o+ enlan Y, Ve € [0,1],

(Hy) There exists a constant A > 0 such that for any c;, ¢, € R?, if min{|c;], |c2|} > A, one
has either

a 'Nl(cth’l) >0, c ~N2(cltN’1) >0,
or
C Nl(Cth_l) <0, Cy - NQ(CIIN_I) <0.

(H3) max{2a Zfil bi,a Zﬁl bi+b Zﬁl ¢i,2b Zﬁl cl<1
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Lemma 3.3 Q; = {(#,v) edomL \ KerL: L(i,v) = AN(u,v), A € [0,1]} is bounded.

Proof For (u,v) € Q, thus A #0. Also, L(i,v) = AN(,v) € ImL = Ker Q, that is,
1
Mo =N +1) f 1 -9)*Nf(s,1(5), V' (5),V'(8), ..., VN D(s)) ds = 0,
0
1
AB-N+1) / 1 -9 Ng(s,uls),u'(s),u"(s),...,uN(s)) ds = 0.
0

By the integral mean value theorem, there exist £y, #; € [0,1] such that

£ (o, v(to),V (t0), V' (t0), ..., v (ko)) = 0,

g(tl’ u(tl): l/l/(t1), u//(tl)r cees M(N_l)(tl)) =0.

From (H,), we get [u™-V(¢;)| < A and [vWN-V(ty)| < A.
Again for (4,v) € @1, (u,v) € dom(L) \ Ker(L), then (I - P)(u,v) € domL N KerP and
LP(u,v) = (0,0), thus from (3.2), we have

| = P)(w,v)||, = |KeLU = P)(w,V) ||, = | Kp(Lrut, Lyv) |,

< max{al|N1v|loo; bl Ny ul| oo }. (3.3)
By Lu = ANu and u € dom L, we have

u(t) = ﬁ /Ot -9 f(s, V(s),...,v(N’l)(s)) ds

M(N—l)(o) o
(N -1)!

—u(0) -/ (0)t—---—
Furthermore, we have

1 ! _ _ -
uN () = TaNTD /o @t -5)Nf (s, v(5),.., VN (s)) ds — u™D(0).

Substituting ¢ = ¢; into the above equation, we get

51
uND(g) = Ta—N<D _lN D fo (- s)“_Nf(s, v(s),..., V(N_l)(s)) ds — u™2(0).

(

Together with |u™N-1(#;)| < A, we derive that

1 i o =
|M(N_1)(O)| < ’m‘/o ) Nf(s,V(S),.n,v(N 1)(s))ds

+ | V(ey)|

1 a - -
§A+ m/o (tl—S)a NV(S,V(S),...,V(N 1>(s))|ds

1 f N
<A4 — t — a-N b; (i-1) |Yi d
< +F(a—N+1)/0 (t1 —s) <u1+i2_1: }v s
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N

1 i-1) |6 i o—.
§A+m(ﬂl+zbiuv( 1)H00>v/0\ (tl_s) NdS

i=1

N
<A+aa+ aZ b; H i

i=1

“ (3.4)

With similar arguments, we obtain

Ai

N
|V(N’1)(0)| <A+axb+ bZ C || u ~

i=1

(3.5)

From (3.1) and (3.3), we have

|Gy = [Py + =P )]
= [Pa]y +|a-Pa v,

< max{|u™(0)| + a| Nivl o,

uND(0)] + b No| oo,

[VND0)| + a2l Nivlloos

vND(0)] + bINyu o ).
In what follows, the proof can be divided into four cases.
Case L. [|(u,v)lly < [u™D(0)] + 2| N1Vl co-

By (3.4) and (H;), we have

@), < [#N0)] + alNwvlioo

N
;- 9
<A+aa + aZbiHv(’ 1 o T allNV]l oo
i=1
0;

N
<A+aa + az b; H D

i=1

o +alf Ev@ V@), NV @) ],

N N
<A+2aa; + “Z bi| =D HZ’O + aZ bi| =1 iio
i=1 i=1
N

=A+2aa; +2a Z b; || pD
i=1

0;
o’

According to (H3) and the definition of ||(«, v)||y, we can derive ||v| x are bounded. There-
fore ©2; is bounded.

Case 2. ||(u,v)|ly < [VWN-D(0)| + b||Nzt||o. The proof is similar to Case 1. Here, we omit
it.

Case 3. [|(u, V) |ly < [u™"D(0)] + b Nott| .

From (3.4) and (H;), we obtain

@), < [#N2(0)] + BIIN2 1]l o

N
<A+aa + uZ b; H T ”Z’Q + b||Nout|| oo

i=1
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N
<A+aa + az b; H D

i=1

v b|g(tu®,d @, ... uN V)|

N N
<A va b B b el

i=1 i=1

Ai
o

By (Hs), we easily conclude that ||(, V)| y is bounded. Therefore €2; is bounded.
Case 4. [|(t, V)]l oo < [V™N"(0)| + @||N1V||oo. The proof is similar to the Case 2. Here, we
omit it.

According to the above arguments, we prove that Q; is bounded. O
Lemma 3.4 Q, = {(u,v) € KerL:N(u,v) € ImL} is bounded.

Proof Let (u,v) € KerL, so we have u = atN v = otNL ¢, ¢ € R In view of N(u,v) =
(N1v, Nou) € Im L = Ker Q, we have

1
/ A=) Nf(t, ot (N = D)ot 2, eo(N = 1)) dt = 0,
0
1
/ 11— Ng(t,cr N, (N = Dest" 2, .., i (N = 1)) dt = 0.
0

By the integral mean value theorem, there exist constants £y, #; € [0,1] such that

f(to,catd ™ (N =Dty 2,...,ca(N = 1)) = 0,
g(tl,Clt{v_l, (N - l)Clt{V_Z, .. .,Cl(N - 1)') =0,

which together with (Hy) imply |¢;| < ﬁ i=1,2. Hence, 2, is bounded. O
Lemma 3.5 Q3 = {(u,v) € KerL: A(u,v) + 1 - A)QN(u,v) = (0,0), A € [0,1]} is bounded.
Proof Let (u,v) € KerL, so we have u = ¢;tN"%, v= otV ¢,¢, € R, and

At T+ (- MDQNI() =0,  AetM T+ (1 -A)QeNa(u) = 0,

that is to say,
1
ratN e (1 - )\)/ ftotN o =12, Lo -1))dt =0, (3.6)
0
1
AotV + (l—k)/ gtat ™ aWN-DN 2L aN -1))dt=0. (3.7)
0

If A =0, then |¢;| < ﬁ, i=1,2.1f A € (0,1], then we can have |¢;| < ﬁ, i=1,2. Other-

wise, if |¢;| > ﬁ, i=1,2, in view of the first part of (H;), one has
1
AN (1- x)/ af (et (N =D, o(N -1)!)dt >0,
0
1
AN+ (1- ) / ogtat™ ™, aN -2, LN -1)!)dt >0,
0

which contradict (3.6) and (3.7). Thus, Q3 is bounded. O
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Remark 3.1 If the second part of (H;) holds, then the set
Q; = {(u, v)eKerL: —A(u,v) + (1-=A)QN(u,v) = (0,0),A € [0, 1]}
is bounded.

Theorem 3.1 Suppose (Hy)-(Hs) hold, then the problem (1.1) and (1.2) has at least on so-
lutionin'Y.

Proof Let Q to be a bounded open subset of Y, such that U?:lﬁi C Q. It follows from
Lemma 3.2 that N is L-compact on 2. By Lemma 3.3, Lemma 3.4, and Lemma 3.5, we
get:
(1) Lu # ANu, for every (u,v, 1) € [(dom L \ KerL) N 92] x (0,1).
(2) Nu ¢ ImL for every u € KerL N 9<.
(3) Let H((#,v),A) = £AI(u,v) + (1 — L)JQN(u, v), where I is the identical operator. Via
the homotopy property of the degree, we obtain

deg(JQN |kerz, 2 Nker L, 0) = deg(H(-, 0),Q2NKkerL, 0)
=deg(H(-,1), 2 NkerL,0)

=deg(l,2NkerL,0)=1+#0.

Applying Theorem 2.1, we conclude that L(x,v) = N(u,v) has at least one solution in
domLNQ. O

Under the stronger conditions imposed on f, we can prove the uniqueness of the solu-
tions to BVP (1.1) and (1.2).

Theorem 3.2 Suppose the condition (H;) in Theorem 2.1 is replaced by the following con-
ditions:

(H)) There exist positive constants a;, b;, i = 0,1,...,N — 1, such that for all (x1,%2,...,%n),

OLY2, .-, yn) € RN one has

|f (&, %0, %2, .., 208) = (&30 Y25 - 98)| < a0l =y + -+ + an-alxn — yw,
|g(t,x1;x21uwa) _g(t,yliyZ;H':yN” < blel _yll L bN—1|xN _le'

(HY) There exist positive constants k;, l;, i = 0,1,...,N — 1, such that for all (x1,%3,...,%n),

L,y ...,yn) € RN, one has

lf(tyxl)nynwa) _f(t:ylyy21~w;yN)|
> Il —yn| = Dolxr = yil = Lo — yo| — - - - = Incaldn-1 — Yn-1ls
|g(t1x1:x2w-~:xN) _g(tiyl!y27""yN)|

> knoalen —ynl = kolxn =yl — kulxy — ol — -+ - — k2 leno — yn-al-
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Then BVP (1.1) and (1.2) has a unique solution, provided that

max{p; + q1 + 2ry, p2 + g2 + 211,

PL+qu+ri+rypy+ g+ +ral<l, (3.8)
_ ko _xN-2 N-2 K N-1
wherepl—m pz—m,%—zi:l m’qz—zll N’ leO aipra=b) i bi

Proof Welety; =0,i=1,2,...,N, a1 = maxeeoq |f(¢0,...,0)| and a; = max.eo, 1£(¢, 0,
,0)|, then from (3.8) we can show that the condition (H;) is satisfied. Therefore, the

existence of a solution for the coupled system (1.1) and (1.2) follows from Theorem 3.1.
Suppose (u;,v;) € Y, i = 1,2 are two solutions of BVP (1.1) and (1.2), then

DS ui(t) = £ (£, vi®), V(8), ..., P (),
Dyvilt) = g (twilt), w(®), .., u{ " (®)).

Note u = u; — uy, v = v; — v,, thus we have the following equations:

D u(t) =f (6, v1(2), v, (), .. SN (t)) —f (& v2(0), (1), . Y 1)(t))

Dg+v(t):g(t,u1(t),u/l(t) N (t)) g(t, us(8), us (), .. ,u2 (t))

By Im L = Ker Q, we have
1
f (L= NF (&m0, V(@) V@) = (6 v2(8), V(8. V30 (8))

[0 P00, 0) 00,650, 0)
By the integral mean value theorem, there exist £, 5 € [0, 1], such that

FENE)LVE), ..., ¥WNTVE)) —f(E,2(8), V4 (E),..., v V(E)) =0,

g(n (), dy ()., D)) = g(n, w2 (), up ()., s () = 0
By (HY), we have

0= |f (& (&), (&),.. G (S)) —f (& va(&), V5 (&), .. :Vz (E))|
> I [YNVE)| = Do|vE)| - LV )] -+ — In2 VN2 (E)),
0 = |g(n ), (), .., ul" ")) - g(n, us(n), sy ()., ud () |

> kn-1 [NV ()| = ko |u(n)| - ka|ed' )| -+ = kn—a| ™2 () .

It follows from the two inequalities above that

)
[WN-D(g)| < |v<s>| —|v(s)| “| (N=2)(g)]
N—l

lo —~
< —|Vlloo +
=i vlloo ?:1 I

<@ +aq)lvix
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and
¥ < ||u||oo + Z
< (p2 + g2)llullx. (3.10)
By (3.9), we obtain

NV = 15NV (6@, @), NV (@)
—f(tv2 @, 95(8),., VTV @®)] - N (0).

Substituting ¢ = 1 into the above equation, we get

D) = 15, YL (6 @),V (@) VNV 0)
—f(t,w(t),v;(t) Y (t))] - u™(0).

By (H;), (3.10) and the definition of ||v| x, we have

N-1
(N-D ()| < [, N-D / LNy 0
D)) < [P )] + Tla s N+1) )" ds- gﬂle .
1 n N-1
< (N-1) —/ _ Ot—Nd . .
<[]+ Wl oy | (-9 ds Zoa
N-1
<@+ @)llulx+vix-a)_a
i=0
= (p2 + @) lullx + rillvllx. (3.11)
Similarly,
l N- 1
— 0 i
PO = vl + Z ||v D]+ Nl - be
1
= (1 + q)Ivllx + rallullx. (3.12)

According to (3.3), (3.11), and (3.12), we have

[l = [P+ T =P, < [P@ ], + |0 -Pv)],
= max{|u™1(0)]; N (0)|} + max{al|Li]l oo BIIL2VI 0 }
< max{(py + q2)llullx + rllvix +all Ll

(P2 + @) lullx + rilviix + BlL2v]| o,

(B1+ g)IVlix + rallullx + all Lyl oo

(1 + @)Vl + rallullx + Bl Lav]oo ).

Our proof can be divided into four cases.
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Case L. [, V)lly < (P2 + @)llullx + rillvilx + allLiul oo-
By (H;) and the definition of ||(x, v)| y, we have

e, < (02 + @) llullx + ralIVIix + allLiullo

N-1
< (2 + a)llullx + reIvlix +a(ao||v||oo £ a]v? ||oo>

i1
< (p2 + @) llullx + 2r1|Ivlix

< (2 +q2+2n)||(w,v)] - (3.13)

By the assumption (3.8), the coefficient on the right side of (3.13) is less than 1. So we have
llullx = Ivlx =0, i.e, w1 = u, v1 = v2.

Case 2. ||(w, V)|ly < (01 + q)IVIlx + rallttllx + D||Lav] - The proof is similar to Case 1. So
we omit it.

Case 3. [[(i,V)loo < (P2 + g2)|utllx + r1llvIlx + BIL2VI| o

By (H;) and the definition of ||(x, v)| y, we have

@), < @2 +g)llullx + rlvix + bllLavlle

N-1
<2+ @)llullx +rlvix + b(bonuuoo + Y bifu® Hoo>

i1
<2+ q+r)llulx +nlvix

<Ga+qr+r+n)|wv),. (3.14)

By our assumption (3.8), the coefficients on the right side of (3.14) are all less than 1. So
we have ||#| = ||v|| = 0, so that u; = uy, vi = v5.

Case 4. [[(it,V)|ly < (o1 + @) IVlx + r2llutllx + allL1#|oo- The proof is similar to Case 3.
Here, we omit it.

By the above argument, we have derived that BVP (1.1) and (1.2) has exactly one solution.
The proof is finished. O

4 Example
Let us consider the following coupled system of fractional differential equations at reso-

nance:

Di?u(t) =f(t,v,v,V' V"), 0<t<l,
Dy8v(t) = gt,u, v, u’,u”), 0<t<l,

u(0) =u/(0) =u”(0) = 0, u”(0) =u" (1),
v(0) =v(0) =v"(0) = 0, v"(0) =v"(1),

(4.1)

where
t 1 1
St x1,%0,%3,%4) = = + arctanx; + 56 2l 4 cosxs + §x4,

1 . . 1 1
2(&91,92,93,ya) = £ + 7 S+ sin®(y2y3) + 5@4)§~
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Corresponding to BVP (1.1) and (1.2), we have « = 3.5 and 8 = 3.6. Take a; = % + 7,
ay=3,bi=¢=0,i=1,23,by=1%,c4=1%,0;=2=1,i=1,2,3,04=1, A = 5, and A = 16.
Then we can calculate that (H;)-(Hz) hold.

By Theorem 3.1, we see that BVP (4.1) has at least one solution.
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