Yang et al. Advances in Difference Equations (2015) 2015:186 ® Advances in Difference Equations
DOI 10.1186/513662-015-0526-3 a SpringerOpen Journal

RESEARCH Open Access

CrossMark
Robust stability analysis for discrete and
distributed time-delays Markovian jumping
reaction-diffusion integro-differential
equations with uncertain parameters
Xiaogang Yang', Xiongrui Wang?, Shouming Zhong® and Ruofeng Rao'?"
“Correspondence:
ruofengrao@163.com Abstract
Cii;’j;L”ﬁgﬁg%;?fg?j?ﬁ In this paper, the authors employ Lyapunov stability theory, and the M-matrix,
Chengdu, Sichuan 611130, China H-matrix, and linear matrix inequality (LMI) techniques and variational methods to
U”?t‘tuﬁmfg_Ma;_himaﬁéﬂég;“ obtain the LMI-based stochastically exponential robust stability criterion for discrete
CQ;;:?SW’ pnseten ’ and distributed time-delays Markovian jumping reaction-diffusion integro-differential
Full list of author information is equations with uncertain parameters, whose background of physics and engineering
available at the end of the article is bidirecional associative memory (BAM) neural networks. It is worth mentioning that

an LMI-based stability criterion can easily be computed by the Matlab toolbox which
has high efficiency and other advantages in large-scale engineering calculations.
Since using the M-matrix and H-matrix methods is not easy in obtaining the LMI
criterion conditions, the methods employed in this paper improve those of previous
related literature to some extent. Moreover, a numerical example is presented to
illustrate the effectiveness of the proposed methods.
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1 Introduction and preliminaries

The time stability analysis of reaction-diffusion time-delays neural networks has attached
more and more interests ([1-5] and the references therein) due to the practical importance
and successful applications of neural networks in many areas, such as image processing,
combinatorial optimization, signal processing, pattern recognition. Generally, an impor-
tant precondition of the above applications is that the equilibrium of the neural networks
should be stable. Hence, the stability analysis of neural networks has always been an im-
portant research topic. Many methods have been proposed to reduce the conservatism
of the stability criteria, such as the model transformation method, the free-weighting-
matrix approach, constructing novel Lyapunov functionals method, the delay decomposi-
tion technique, and the weighting-matrix decomposition method. For example, by using a
Lyapunov functional, a modified stability condition for neural networks with discrete and
distributed delays has been obtained in [6]; by constructing a general Lyapunov functional
and convex combination approach, the stability criterion for neural networks with mixed
delays has been obtained in [7]; by partitioning the time delay and using the Jensen integral
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inequalities, the stability condition on delayed neural networks with both discrete and dis-
tributed delays has been obtained in [8], by employing homomorphic mapping theory and
M-matrix theory, the stability criterion for neural networks with discrete and distributed
time-delays has been derived in [9]. However, the above methods seem to become less ef-
fective in studying the stability of reaction-diffusion integro-differential equations. Some
variational methods should be added (see, e.g., [1, 3, 4]). In the actual operations, diffusion
effects cannot be avoided in neural networks when electrons are moving in asymmetric
electromagnetic fields. Strictly speaking, all the neural networks models should have been
reaction-diffusion partial differential equations. Recently, Lyapunov functionals method
and the Poincaré inequality were employed to investigate the stability of discrete and dis-
tributed time-delays reaction-diffusion integro-differential equations in [1]. But it should
be noted that parameter uncertainties cannot be inevitable as usual. Besides, the neural
networks are often disturbed by environmental noise in the real world. The noise may in-
fluence the stability of the equilibrium and vary some structure parameters, which usually
correspond to the Markov process. Systems with Markovian jumping parameters are fre-
quently dominated by discrete-state homogeneous Markov processes, and each state of
the parameters represents a mode of the system. During the recent decade, bidirectional
associative memory (BAM) neural networks, neural networks with Markovian jumping
parameters, have been extensively studied ([10-14] and the references therein) due to the
fact that systems with Markovian jumping parameters are useful in modeling abrupt phe-
nomena, such as random failures, changing in the interconnections of subsystems, and op-
erating in different points of a nonlinear plant. So, in this paper, we are to employ Lyapunov
stability theory and the AM-matrix, H-matrix, and linear matrix equality (LMI) techniques
and variational methods to investigate the stochastically robust exponential stability of a
class of discrete and distributed time-delays Markovian jumping reaction-diffusion un-
certain parameter integro-differential equations (BAM neural networks) as follows:

B =V - (© 0 Vu) - Ar(®)u + (Cr(®) + AC(r(0))f (v) + (E(r(2))
+ AE(r()f (v(t — 7(2),x)) + (L(r(2)) + AL(r(2))) ft o fu(s,x))ds,
t>0,xe,

2 =V (AoVv)-B(r®)v+ (D(r(t) + AD(r(t)))g(u) + (H(r(2))
+ AH(H(E))g(ult - v (2), %) + (W (@) + AW (@) [, g(uls, x)) ds,
t>0,x €,

u(s,x) = ¢(s,x), v(s,x) = Y(s,x), (s,x)€[-7,0] x L,

u(t,x) =v(t,x) =0 € R", (t,x) € [0,+00) x 02,

(1.1)

where x € @, and Q is a bounded domain in R™ with a smooth boundary 92 of
class C? by Q (see, e.g, [15]). u = u(t,x) = (u1(t,x), us(t,%), ..., u,(t,x))T, v = v(t,x) =
(i(t, %), va(t, %), ..., vu(t,x))T € R, and u;(t, x) and v;(t, x) are state variables of the ith neu-
ron and the jth neuron at time ¢ and in space variable x. f(v) = f(v(¢,x)) = (i(v1(£, %)), ...,
Son(& )T, g(u) = g(u(t, x)) = (@ (1 (t,%)), ..., g (un(t,%))7, and f(u;(2, %)), gi(u;(t, %)) are
neuron activation functions of the jth unit at time ¢ and in space variable x. f (v(¢t — 7 (¢), %)) =
(ROt = 11(8),2)), .. (it = (), %))s ..o fu Wt = Ta(2), 0)) T, g(u(t — ¥ (2),%)) = (@ (ur (£ -
Y(2), %) ..., gt =), %)), ..., @u(un(t—y,(2), %)), 7;(¢) and y;(¢) are discrete delays, and
0 and p are distributed time-delays. 7 is the constant, satisfying 0 < max{z;(t), y;(t), 0, p} <

tforallj=1,2,...,n. ©® = O(t,x,u), A = A(t,x,v), and ® o Vu = (Olkax Vusms Ao Vi =
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(AikgTu]i)nxm are the Hadamard products of matrix ® = (®y),,x,» and Vu, and of matrix
A = (Ai)nxm and Vu, respectively (see [16]). The smooth functions @y = O (t,x,u) > 0
and Ax = Ai(t,x,v) > 0 are diffusion operators. (2, T, P) is the given probability space
where €, is the sample space, Y is the o -algebra of the subset of the sample space, and P
is the probability measure defined on Y. Let S = {1,2,..., N} and the random form process
{r(t) : [0, +00) — S} be a homogeneous, finite-state Markovian process with right contin-
uous trajectories with generator IT = ()N xn and transition probability from mode i at

time ¢ to mode j at time ¢ + At, i,j € S,

;6 + 0(8), j#i

P(r(t +8)=j | r(t) = i) = [1+n~3+0(5) j=i
ij ’ v

where ;; > 0 is the transition probability rate from i toj (j # i) and 7r;; = — Zﬁu 4 Tijp 6 > 0,
and lims_, 0(8)/8 = 0.
Define the norm || - || for vector # € R” and matrix C = (c;),xx as follows:

n
lull= | D> u2,  ICI =/ Amax(CCT).
=1
Denote |u| = (|u1], |#2],..., |un])T for the vector u = (us,...,u,)" € R", and |C| = (|¢;jl)nxn

for the matrix C = (¢;)uxn-

Definition 1.1 For symmetric matrices A, B, we denote A < B or B> A if matrix B— A is
a positive definite matrix. Particularly, A > 0 if a symmetric matrix A is a positive definite

matrix.

In this paper, we denote by Apax C and Ay C the maximum and minimum eigenvalue of
matrix C. For any mode r(¢) = r € S, we denote A, = A(r(¢)) for convenience. So do B,, C,,
D,, E,, H,, L,, and W,. In the real world, the parameter uncertainties are inevitable. We

assume that

AC,e[-C),CH,  AD,e[-DiD}],  AE €[-E}E!]
(12)
AH, € [-H},H}|, AL e[-L;, L], AW, e[-W},W/],

where C!, D}, E¥, H', L}, W are nonnegative matrices. A,, B, are diagonal matrices.

There are positive definite diagonal matrices A,, B,, A,, and B, such that

0<A <A, <A, 0<B,<B,<B, reSs. (1.3)
There exist positive definite diagonal matrices F and G such that

[f@)-fW)| <Flu-vl,  |¢@)-g0)|<Glu-vl, VuveR" (1.4)

Throughout this paper, we assume that f(0) = g(0) = 0 € R”. Then u = 0, v = 0 is the null

solution for the system (1.1).
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Let u(t,x; ¢, v, o), v(t, x50, ¥, ip) denote the state trajectory from the initial condition
r(0) = iy, ul(ty + 0,x;¢,V,ip) = ¢(0,x), v(ty + 0,%¢,V,ip) = ¥(6,x) on -1 <0 <0 in
Lﬁ-o([—r,O] x € R™M). (Remark: o = 0.) Here, Lifo([—r, 0] x €; R") denotes the family of all
Fo-measurable C([-1,0] x ;R")-value random variables & = {£(0,x) : -7 <0 < 0,x € Q}
such that sup_, 5 E|lE(8)]|3 < oo, where E{-} stands for the mathematical expectation
operator with respect to the given probability measure P.

Definition 1.2 The system (1.1) is said to be globally stochastically exponentially ro-
bust stability if for every initial condition ¢,V € LZ}‘o([_T’O] x € R"), r(0) = iy, there
exist scalars ¢; >0, ¢; >0, B >0, and y > 0 such that for any solution u(t,x; ¢, ¥, ip),

V(t!x;()b’w’io);
E(utt, i, vi0) ;) + E(|v(e 6, v i0) )
<ye o s B(9@.0]2) +er swp E(|y@.2)])]
-7<0<0 -7<0<0

t > to, for all admissible uncertainties satisfying (1.1), where the norm [[uls = 3_7, [, us(t,
x)dx)? for u = (u(t,%), ..., un(t,x))T € R".

Definition 1.3 [17] A matrix A = (4;}).x» is an H-matrix if its comparison matrix M(A) =
(M) nxn is an M-matrix, where

= laql, i=}),
ij= ..
—lagl, i#j.

Lemma 1.4 [17] A,Bez, 2 {A= (@ij)nxcn € RP" 2ay; < 0,i #j}, if A is a M-matrix, A, B

satisfy a; < by, i,j=1,2,...,n, then B is a M-matrix.

Lemma 1.5 [18] For given constants ky and k, satisfying ki > ky > 0, V(t) is a nonnegative
continuous function on [ty — T, ty), if the following inequality holds:

D*V(t) <k V(t) + kV (L),

where

Vit + AD) - V(e
D V() = limsup LEFAD =V
At—0* At

’

V(t) = limsup V(s),

t-T<s<t

T >0 is a constant. Then, as t > ty, we have
V() < Vi(tg)e 1),
where X is the unique positive solution of the following equation:

A= /(1 — kze)tt.
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Lemma 1.6 (Schur complement [19]) Given matrices O(t), S(¢), and R(t) with appropri-
ate dimensions, where Q(t) = Q(t)T, R(t) = R(t)T, then

( Q1) S(t))
>0,

ST(t) R(@)
if and only if

RE) >0, Q@) -SORI ST () > 0;
or

Q1) >0, R(®)-STHQ()S" () >0,
where Q(t), S(t), and R(¢) are dependent on ¢.

2 Main result
Denote by A, the first eigenvalue of —A in Sobolev space Wy*($2), where

P :min{/g|vn(x)|2dx:n(x)e W&’Z(Q),/ﬂ|n(x)|2dx:1}

(see [20, 21] for details).

Lemma?2.1 Let P, = diag(p,1,pr2, - - -»Prm) be a positive definite matrix, a, > 0 with oI < Py,

and u, v be a solution of system (1.1). Then we have

Jqu PV - (© o Vu)dx < —210,0,]|ull3,
JoVIPV - (A o Vv)dx < —da A|VII3,

where I denotes the identity matrix, ©, = ming infy ,, O(¢, x, u);x > 0, A, = ming inf; ., A(t,

X, V)ik > 0.

Proof Since u, vis a solution of system (1.1), it follows by the Gauss formula and the Dirich-

let boundary condition that

/ u'P,(V - (© o Vu)) dx
Q

T
WA duy W u
T n
= P, Ou— ),y — (0, —2 d
fg” (Zaxk( lkaxk) Zaxk< kam)) g

k=1 k=1
m n 2
ou;
:—ZZ/Pr;@jk(a—’) dx < 20,0, ull3.
k=1 j=1 Y€ Xk

Similarly, we can prove that [, v'P,V - (A o Vv)dx < -\, A,||v|3. Thus, the proof is
completed. d



Yang et al. Advances in Difference Equations (2015) 2015:186 Page 6 of 16

Throughout this paper, we define @, W, ®, and U as follows:

1
o=— [mla,@*l +2P,A, - BIICo || (rmax F)I = P,AC,AC! P, — G*
o
2
— BID, | (Amax G)I = B|||E 1|1

N
~ P,AEAETP, — 0B |IL,||*T - 0P, AL, ALTP, - > n,jp,},
j=1

1
v [nlam*l +2P,B, - F* = BI|C | (hmax F)I

— BID, || Qemax @I — P,AD,ADI P, - B|||H,||*1

N
~ P,AH,AH] P, — pB|IW,1|*T - pP, AW, AW P, - > n,,P,],
j=1

~ 1
P = ; |:2)"1ar(")*1 + 2Prf_1r - IB”Cr”()\maxF)I - PrC;kC;kTPr - Gz - IB”Dr”()‘maxG)I

N
~ BIEA"T - PESE;TP, - 0B| 1L 1|1 - 0P LR = Y n,,P,},
j=1

~ 1
v [mlaﬂ\*l +2P,B, — F* = B||Ce[|(AmaxF)]

= BID | Gnex G)I — P, DD P, - B |, |1

N
—P,HH P, - pB|1W;| |1 - pP, W WD, - > m,-P,i| )
j=1

Lemma 2.2 If the following two inequalities hold:

CB _ 1+B)(+1) max{()tmaxF)z’ ()\maxG)Z}I S
o

0, Vres, 2.1)

and

¥ 1+ B)(x + 1) max{(kmaxF)?, (}‘«maxG)z}I S

0, Vres, (2.2)
o
we have
2 2
o A+ Dmax{Gons P o GP), .
o
and
1 1 A'1"1’121)(P' 2’ )‘-maX 2
g - LA e D maxCona), @)y (2.4)

o

where I denotes the identity matrix, and o, 8,a > 0.
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Proof Let

1
U=—(P,C:CI"'P, + P,EES P, + oP,LIL" P,).
o

Since C*, E*, L* all are nonnegative matrices, U is also a nonnegative matrix.

Page 7 of 16

(2.5)

~ 2 2 ~
Then (& + U — LAADmax{ConaxF)V0max G 1y s g positive diagonal matrix, and (® -

(L) (r+1) max{(AmaxF)® Cumax G)) 1y
o

Let

o

is a M-matrix.

1
Q=—[P,AC,AC]P, + P,AE,AE] P, + oP,AL,ALP,].
o

(2.6)

It follows by (1.2) that |Q;| < Uy for all i,j = 1,2,...,n. Here, we denote matrices Q =
(Qi)nxn and U = (Ujj)uxn- For convenience, we denote

D=3-

PL+B)(r+1) max{()‘maxF)zr (}\maxG)z}]

=9

_ @+ B)( + D) max{(AmaxF)*, (Amax G)*}

’

o

I

o

Denote, in addition, Q = 1[20,0,0,] + 2P,A, — B||C; || (Amax F)I — G* = BIID, | (rnax G)I —

o

., 2 e ~ . ~ o~
BIEAIPT = oBIILAIPT - Yo, myPy] — S Conn D@ ), and Q = diag(Q1, Qo

e 6,,) is a diagonal matrix. So the comparison matrix M(®P) = (u;;) of @ is

_ _|Qij|! i?//’
Mt’j‘ ~ ..
Qi - Qi i=j.

It is obvious that u; > 6,-,' foralli,j=1,2,...,n From Lemma 1.4, we know that M(®) is an

M-matrix. According to Definition 1.3, @ is a H-matrix with positive diagonal elements,

it is to say @ > 0. Hence we have proved (2.3) by way of (2.1). Similarly, we can also derive
(2.4) from the condition (2.2). The proof is completed.

O

Theorem 2.3 Assume that (1.2)-(1.4) hold. If, in addition, there exist a sequence of positive
definite diagonal matrices P, (r € S) and positive scalars B, o, (r € S) such that the following

LMIs conditions hold:
1 *
Qr ﬁPrCr
%(C;‘)TP, I
Z=ENTP, 0
Jewore o
1 *
9, ﬁP,Dr
Z=DNTP,
T (H)TP, 0

\/E(W,*)Tp, 0

o <P, res,

1 % Q *
LpE oL
0 0

/ 0 >0, res,
0 1
LpH: /2P w*
Ja ril, attWr
0 0
/ 0 >0, res,
0 1

(2.7)

(2.8)

(2.9)
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P.<Bl, res, (2.10)

then the system (1.1) is stochastically global exponential robust stability, where

1
Q, £ a [2)‘lar®*1 + 2Prér -B | Coll(Amax F) — G* - BID |l Amax G

N
- BIEA|*T - 0B IL,1| "1 - ijp,]

Jj=1

_ 1+B)(z+1) max{()"maxF)Z’ ()\maxG)z}I
o

’

1
Q& [leam*f +2P,B, = BI|Coll max ) = F2 = BIID | (hamax G - B 1HL 11

N
—oB|IW,1|°1 - ijP,}

Jj=1

@+ B)( + D) max{(AmaxF)* (Amax G)*) ]
o

and o is a positive scalar with o < o, forall r € S.

Proof Let P, = diag(pn, ..., pm) be a positive definite matrix for mode r € S, we consider
the following Lyapunov-Krasovskii functional:

V(t) = / (u” (&, %)Pu(t,x) + V! (&, x)Pv(t,x)) dx, r€S.
Q
It follows from Lemma 2.1 that

/ 2uTP.V - (® 0 Vu)dx < —2A1/ ulo,®,Iudx, and
Q

¢ (2.11)
/ TP,V . (AoVv)dx<-2) f v, A dvdx.
Q Q
Obviously, we can get by (1.3)
/ —2u'P,A,udx < / —2uTP,A,u dx, and
¢ ¢ (2.12)

f -2I'P,Bvdx < / —2vTP,§,de.
Q Q

Besides, we can derive the following inequalities by the assumptions on f, g, 8, and C,,
Drr Er! Hr: Lr; Wr:

/ 2u'P,(C, + AC))f(v) dx
Q

= Z/Q(Ilull AP NG - [f )| + " PACL () dx
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< /Q @Il - BIG - [f0)] + 267 P ACF ()
< / [ (BICll(Amax F) + P, AC,AC] P, )u
Q
+ VI (F? + BIColl (AmaxE)I) v i, (2.13)
/Q 2T P.(D, + AD,)g(u) dx
<2 /Q (vl - BID:II - |g(w) || + v P, AD,g(w)) dx
< f [T (G? + BID, | (hmx G) )t
Q
+ VI (BID,|(emax G)I + P,AD, AD} P,)v] dx, (2.14)
/ 2u’ P,(E, + AE)f (v(t - 1(2), %)) dx
Q
= / (2uTP,E,f(V(t - 1(t),x)) + 2uTP,AE,f(v(t - 1(t),x))) dx
Q
< / (2|u|Tﬁ|E,| [f(v(t - t(t),x))| + 2uTP,AE,f(v(t - t(t),x))) dx
Q
< /Q (Bl 1B |ET 1) +£7 (v(¢ = 7(0),0) ) (v(¢ - 7(6),5)))
+u" P,AE,AE! Pou + f 7 (v(t — 7(2),%))f (v(t - T(2),%x))) dwx
< / (" (B||IE1 |1 + P,AE, AETP,)u
Q
+vI (£ = 1(8),%)(L+ B)F*v(t — T(t),x)] dx, (2.15)
/;ZVTPAH, + AH,)g(u(t - y(t),x)) dx
= / (2v'P.H,g(u(t - y(t),x)) + 2v' P, AH,g(u(t - v (£),x))) dx
Q
< /Q (BVITIHAHAT ]+ g7 (u(t - v (), %))g (u(t - v (0),%)))
+ VTP,AH,AHrTP,v +gT(u(t - y(t),x))g(u(t - y(t),x))) dx
< / [uT(t - y(t),x)(l + ,B)qu(t - y(t),x)
Q
+ v (B]|IH,1|*1 + P,AH, AHT P,)v] dx, (2.16)

/ <2uTP,(L, +AL,) ft f(v(s,x)) ds) dx
Q t—o

= / (/t 2u” P,L,f (v(s,x)) ds + /t 2u” P, AL,f(v(s,%)) ds) dx
Q

-0 -0

: /9[/:; (Bl LA T aa] + 7 (v, 2))f (V(s,)))) ds

+ f t (u" P, AL, AL Py + £ (v(s, %))f (v(s, %)) dsi| dx
-0
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< / |:uT(,Q,3 1L1|° + 0P, AL, ALTP,)u
Q
+ /t vE(s,2)(1 + B)F2v(s, x) ds] dx, (2.17)
t-o
/ (ZVTPV(W/, + AW/,)/t g(u(s,x)) ds> dx
Q t—p
= / (/t 20" P, W,g(uls, x)) ds + /t 20" P, AW, g(u(s, x)) ds) dx
Q t-p t—p
< /QU B(IVITIWIW, I T (V] + g (uls,x))g (uls,x))) ds
t—p
+ /t (VTP,A W,.A WVTP,«V +g" (u(s,x))g(u(s, x))) ds] dx
t—p

5/|:VT(pﬁ|||W,|||21+pP,AW,AWrTP,)v
Q

t
+ / ul (s,2)(1 + B)G*uls, x) ds] dx. (2.18)
t—p
Moreover, we can conclude from the restrictions of «, 8 that
t t
f (/ ul (s,2)(1 + B)G>u(s, x) ds + / vE(s,2)(1 + B)F2v(s, x) ds) dx
Q \Jt-p t—o

<1+ ﬁ)/ﬂ[/t (uT(s,x)qu(s,x) +vT (s, %) F?v(s, x) ds):| dx

t

_ (L4 B max(GoanF), G G)?)
< ar

t - .
) /S‘2|:/L‘—r (" (s, %)Pyua(s, %) + V' (5, %) P,v(s, %) ds)} dx

< (1L+p)t max{()tmaxp)z, ()\maxG)2} sup V(s), (2.19)

[e7% t-T<s<t

and

/ [uT(t - y(t),x)(l + ,B)qu(t - y(t),x) + vT(t - r(t),x)(l + ﬁ)FZV(l’ - T(t),x)] dx
Q

_ (L4 B max(GranF), G G)?)

sup V{(s). (2.20)

(043 t—-T<s<t

Then we can conclude from (2.9)-(2.20) and the weak infinitesimal operator £ that
1
LV() = lim = {E[/ (u” (¢ +8,%)P(r(t + 8))u(t + §,%)
§—>0* § Q
+vI(t+ é,x)P(r(t + 5))v(t + S,x)) dx‘r(t) = r]

_ / (u” (&, 2)Pya(t, %) + V7 (£, %) P,v(t, ) dx}
Q
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E[f, u”(t +8,%)(P, +Z 1 T P)u(t + 8,x) dx — [, u” (¢,%)P,u(t, x) dx]

= lim
§—0* )
i E[ [, vT(t+8,x) P+Z VTPVt + 8,%) dx — [, v (8, %)Pov(t, x) dx]
+ lim
§—07% )

IA

-E / |:uT <2k1a,®*1 +2P,A, - BIIC, || (rmax F)I = P,AC,ACT P, — G*
Q
2 2
— BIDH | (Amax G) = B|||E/|| "I - P,AE,AE] P, — 0B | IL, || '

N
— P, AL, ALTP, =) n,,-P,) u
j=1

vl <2A1a,A*1 +2P,B, - F* = BI|C || (hmax F)I
2
= BID, | (Amax G)I = P,AD, AD;} P, - B|||H, || I

N
~ P,AH,AH] P, — pp||W,||*T - pP, AW, AW P, =Y n,,P,) v
j=1

+(1+ ﬂ)(uT(t —y(£),%)G?u(t — y (£),x) +v! (£ = T(£),x) Fv(t — T(£), )

t t
+ / u” (s, %)G?ul(s, x) ds + / v (s, %) Fv(s, x) ds)i| dx
t—p -0

= - mig{kmin D, )"min\p}EV(t)
re

.\ (1 + ﬂ)(‘[ + 1) maX{()\maxF)Z’()\.maxG)z} sup ]EV(S) (221)

o t-T<s<t

Let At > 0 be small enough, we can integrate (2.21) from ¢ to ¢ + At as follows:
EV(t+ At) -EV(¢)

t+At
= / (‘ min{)"minq): )\mmq"}EV(e)
t resS

o LB+ Dmax{ConF Y G O} ]EV(S)> 0. (2.22)

o H-1<s<h
Hence,
D'EV(¢f) < - migl{)\minq): Amin WIEV (£)
re

, L+ B)(@ + D) max{ (e F)*, (s G)) sup EV(s). (2.23)

o t—-t<s<t

Let ki = min,cs{Amin®, Amin ¥}, and ky = LA+ max((t‘"a"F P (hamax G2 !, Moreover, the condi-

tions (2.1) and (2.2) are satisfied owing to (2.7)-(2.10) and Schur complement theorem
(Lemma 1.6), and we can conclude from Lemma 2.2 that & and k, satisfy all the condi-

tions in Lemma 1.5. Since k; and k; are independent of mode r € S, it follows by Lemma 1.5
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that
EV(t) <EV(0)e™, (2.24)
where 1 is the unique positive solution of the equation A = k; — k,€*?, and

EV(0) = limsupEV (s) < /3[ sup 0E(||¢(9,x) ||§) + suep OIE(H ¥(6,x) “i)], (2.25)

-7<s<0 —1<h<

where B = max,cs(AmaxP;)-
Moreover, (2.24) and (2.25) yield

reS

(min a,)IE/SZ(uTu + VTV) dx <EV(¢)

<8 s E(l6@2) + swp E(lp@.0]3)]e™

—-7<6<0

from which one derives
B _ 2 2
Bllul} + BIVIE < e swp E(Jo@0];) + sw E(lv@n])]

t>0.

According to Definition 1.2, we know that the system (1.1) is stochastically global expo-
nential robust stability. The proof is completed. O

Remark 2.1 In 2015, [9], Theorem 3.3 offered a stability criterion for the following neural
networks ([9], (22)) with discrete and distributed time-delays by way of M-matrix and
H-matrix methods:

2(8) = —Cz(t) + Ag(2(2)) + Bg(z(t - =(9))) + D/ g(z(s)) ds.

However, using the M-matrix and H-matrix methods is not easy in obtaining the LMI
criterion conditions. Motivated by some methods of [9], we employ the Schur complement
technique to derive the LMI-based stability criterion - Theorem 2.3.

3 Example
Consider two modes for the Markovian jumping system (1.1).
For Mode 1,

29 0 27 0
Al = ’ El = )
0 21 0 19

05 0.01
C = =D =E =H,=L = W,,
! (0.01 0.6> trem AT

0.05 0.01 0.07 0.03
Cr=E =L = ,  Di=H'=W-= .
0.01 0.06 0.03 0.06
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For Mode 2,
28 0 21 0
é2 = ) 52 = )
0 2 0 28
07 0.01
2 <0.01 0.5) SR

0.06 0.02 0.07 0.03
Ci=Ej=L}= ,  Di=H}=Wj= .
0.02 0.05 0.03 0.06

Let u = (u1,u3)T, v = (vi,10)T € R?, x = (x1,%2) € (0,10) x (0,10) C R?, and then A,
0.0272 = 0.1974 (see [22], Remark 2.5). Assume that 9 = 0.8, p = 0.7, T = 1.2, and

03 O 02 O
F = ) G = )
0 02 0 0.3

o _ (0005 0.009 A _ (0007 0.009
~\0.006 0.008)° ~\0.006 0.004/°

Page 13 0of 16

So A, =0.004, ©, =0.005. Let r1; = —0.6, 115 = 0.6; 7191 = 0.2, 95 = —0.2. Let o = 5, then
we use the Matlab LMI toolbox to solve the linear matrices inequalities (2.7)-(2.10), and

then the feasibility data follows:

5.5763 0 5.9111 0
p = ’ p, = ’
0 5.7127 0 5.8758

and oy = 52048, ay = 5.3765, B = 6.1317. Hence, @ =5 < o3 and « = 5 < arp. According

to Theorem 2.3, we know that the system (1.1) is stochastically global exponential robust

stability (see Figures 1-4).

Sectional curve of the state variable u1(t,x)
0.25 ; T

0.2

045 u1(t,0.259)

0.1
0.05
0 \M
0 2 4 6

Figure 1 Computer simulations of the state u(t, x).
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Sectional curve of the state variable u2(t,x)
018 T T
02— 0.16 i
0.14 b
0.15..
u2(t,0.258)
0.12 b
014, 0.1 1
0.05 . 0.08
0.06
0.
1 0.04 b
0.02 b
0 AV.N
0 2 4 6
Figure 2 Computer simulations of the state u(t, x).

Sectional curve of the state variable v1(t,x)
0.2 T "

0.18 1

0.14 v1(t,0.259 i

Figure 3 Computer simulations of the state v4(t, x).

4 Conclusions

LMI-based stability criterion can easily be computed by the Matlab toolbox which has
a high efficiency and other advantages in large-scale engineering calculations. In this
paper, we employ Lyapunov stability theory, the M-matrix, H-matrix and linear matrix
equality (LMI) techniques and variational methods to obtain the LMI-based stochasti-
cally exponential robust stability criterion for discrete and distributed time-delays Marko-
vian jumping reaction-diffusion integro-differential equations with uncertain parameters,
whose background of physics and engineering is BAM neural networks. Since using the
M-matrix and H-matrix methods is not easy in obtaining the LMI criterion conditions,
the methods employed in this paper improve those of previous related literature to some
extent. Moreover, a numerical example in Section 3 is presented to illustrate the effective-

ness of the proposed methods.
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Sectional curve of the state variable v2(t,x)
0.08 T T
0.07 1
0.06 1
v2(t,0.258)
0.05 1
0.04 1
0.03 1
0.02 1
0'01 \/\/\A 7
0 . -
0 2 4 6
Figure 4 Computer simulations of the state v;(t, x).
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