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Consider the difference equation

k k k
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Xn41 = n=0,1,...,
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where all parameters o, B, a;, bi, aj, by, i,j=0,1,...,k and the initial conditions x;,
i€ {-k,...,0}, are nonnegative. We investigate the asymptotic behavior of the
solutions of the considered equation. We give simple explicit conditions for the
global stability and global asymptotic stability of the zero or positive equilibrium of
this equation.
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1 Introduction
Consider the difference equation

k k k
o+ Z‘:o AiXp—i + Z‘:O Z‘:‘ AijXn—iXn—j
Kyl = . . i n=0,1,..., 1)

X X~k )
B+ isobixni+d ig Zj:i bijn_i%n-

where k € {0,1,...}, the parameters «, 8, a;, b;, a;j, by, i,j = 0,1,..., k, and the initial condi-
tions x;, i € {—k,...,0}, are nonnegative and such that the denominator of Eq. (1) is always
positive. The important special cases of Eq. (1) are the linear fractional equations such as
the well-known Riccati equation

o+ dgxy,

Xpp1=——, n=0,1,..., 2
n+l ,3+b0xn ()

the second order linear fractional difference equation

1
o+ E 0 AiXp_i
xn+1=¢ n=0,1,..., (3)

1 )
B+ ico bixn-i

and the third order linear fractional difference equation that we get from Eq. (1) for k = 2
and a;; = b;; = 0 for all i, j. The global behavior and the exact solutions of Eq. (2) even for real
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parameters were found in [1]. The global behavior of solutions of Eq. (3), in many subcases
when one or more parameters are zero, was established in [1]. There is still one conjecture
left whose answer will complete the global picture of the asymptotic behavior of solutions
of Eq. (3). As far as the third order linear fractional difference equation is concerned, there
is alarge number of sporadic results that are systemized in a book [2]. The characterization
of the global asymptotic behavior of solutions of Eq. (1) for k = 2 seems to be much harder
than for the second order Eq. (3). Consequently an attempt at giving the characterization of
the global asymptotic behavior of solutions of Eq. (1) seems to be a formidable task at this
time. However, by using some known global attractivity results, we can describe the global
asymptotic behavior of solutions of Eq. (1) in some subspaces of the parametric space and
the space of initial conditions. See [2-5] for a complete description of the behavior of
some special cases of Eq. (1), in particular for the cases known as periodic trichotomies.
See [6] where the difference in global behavior between the second and third order linear
fractional difference equation is emphasized. The results on the global periodicity, that is,
the results which describe all special cases of Eq. (1) where all solutions are periodic of the
same period were obtained in [7, 8]. Most results in [2-5, 9, 10] are based on known global
attractivity or global asymptotic stability results obtained in [1, 2, 11-14].
The special case of Eq. (1) with quadratic terms such as

ax?

Xyl = —2—, n=0,1,..., 4

il X + b, @)

where a,b > 0 and the initial conditions x_;,%9 > 0, x_; + %o > 0, has only a negative equi-
librium point for a <1 and yet all solutions of Eq. (4) satisfy

lim x, = 0.

n—00
A kth order generalization of Eq. (4) with the same property is

ax>

n
xVHl:Ty n=0,1,..., (5)
X+ D250 by

where a4, b; > 0 and the initial conditions x_;,1,...,%0 > 0, X_g41 + -+ + %9 >0, when a <1.
Another special case of Eq. (1) with quadratic terms is

Bx,x,1

Kpsl = n=0,1,..., (6)

77
dx, +ex,_1
where B,d,e > 0 and the initial conditions x_1,x9 > 0, x_; + x9 > 0, it does not have an

equilibrium point for B # d + e and yet all solutions of Eq. (6) satisfy

lim x, =0, whenB<d+e,
n—0oQ

and

lim x, =00, whenB>d+e.
n—00

Finally, when B = d + ¢, then Eq. (6) has an infinite number of the equilibrium points, each
with its basin of attraction, see [15].
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Another interesting case of Eq. (1) with quadratic terms is the equation

Kppp = —2 n=0,1,..., (7)
n

where a > 0 and xg € R. When a > 2 every solution of Eq. (7) converges either to the zero

a+va®-
2

equilibrium or to the bigger positive equilibrium x, = % with basins of attraction

being B(0) = [0,x_) and B(x,) = (x_, 00), where x_ = == ";’2_4 is the smaller positive equi-
librium.
None of these asymptotic behaviors which are present in the cases of Eqs. (4)-(7) are

possible in the case of the linear fractional equation

k
o+ D o Aini

7 , n=0,1,...,
B+ Zi:o bix,—i

Xn+l =

and the appearance of these behaviors is caused by the presence of the quadratic terms.
The results presented here have been successfully applied to some special classes of Eq. (1),
see [16, 17] and can be applied to equations considered in [18-22].

This paper is an attempt at establishing some global stability results for the equilibrium
solution(s) of Eq. (1). Our results give effective conditions for global asymptotic stabil-
ity of the equilibrium solution(s) of Eq. (1) expressed in terms of the inequalities on the
parameters.

2 Preliminaries
The following general global results will be applied to Eq. (1), see [23].
Consider the difference equation

Xn+l =f(xn,...,xn7k), }’120,1,..., (8)

where k € {0,1,...}. Sometimes it is more advantageous to investigate Eq. (8) by embed-
ding Eq. (8) into a higher iteration of the form

Xntl = F(xn+l—1)~wxn—k)r n=0,1,..., (9)

where [ € {1,2,...}, see [23, 24] and then linearizing (rearranging) Eq. (9) so that it has the

form

k
Xn+l = Zgixn—i’ n=0,1,..., (10)
i=1-1

where the functions g; : R**/ — R.

Theorem 1 Letl € {1,2,...} and let a € R. Suppose that Eq. (8) has the linearization (10)
where the functions g; : R**! — R are such that

k
Zlgilfad, n=0,1,.... 11)
i=1-1
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Then

lim x, = 0.
n—00

As we have observed in [23], condition (11) is actually a contraction condition in the
Banach contraction principle.
In addition, we will need the following stability result from [25].

Theorem 2 Suppose that Eq. (8) can be linearized into the form
Xn+l —-Xx= Zgi(x,,_i—a_c), n=0,1,..., (12)

where % is an equilibrium of Eq. (8) and the functions g; : R**1 — R. Ifo;O g/l <1, n>0,
then the equilibrium x of Eq. (8) is stable.

The next result follows from Theorems 1 and 2.

Corollary1 Let a € R. Suppose that Eq. (8) has the linearization (12), where X is a unique
nonnegative equilibrium of Eq. (8) on the interval I and the functions g; : R**! — R are such
that

k
Zlgil <a<l, n=0,1,...,
i=0

then the unique nonnegative equilibrium Eq. (8) is globally asymptotically stable on the
interval I.

The next result is an analogue of the result obtained in [23].

Lemmal Letm<x<Mandm <xy_;<M,i=0,1,...,k, forsomeN €{0,1,...}. Suppose
that

k
xVHl_"_Cz E hj(xn,l'—?_C), Vl:O,l,...,
i=0

where the nonnegative functions h; : [0,00)*! — [0, 00). Assume that for this N

k
Z hi <1
i=0

Then m < x4 < M.

3 Main results
In this section we investigate the stability of the unique positive equilibrium x of Eq. (1)
by using Theorems 1 and 2. Observe that Eq. (1) has a zero equilibrium if and only if & = 0
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and 8 > 0, in which case Eq. (1) becomes

Yoo @ikni + Yoo D Ain-i%n

b
B+ Zf:o bixy—i + Zi‘(:o Z/]‘(:i bijxn-i%n-

Kyl = n=0,1,.... 13)

Equation (13) yields the nonzero equilibrium points

_(Zf'(:o b; - Zf:o Z/]'(:i a;) £ \/<Zf:0 b; - Zf:o Z;]‘(:i a;)? —4(B - Zf:o a;) Zf:o Z;k:z by
2 Zf:o Z//‘(:i bif .

X =

Thus if 8 > Zf:o a; and Zf:o b;> Zf:o le;i a;, then there is no positive equilibrium. The
following result shows that there is an interval in which every solution of Eq. (13) converges
to the zero equilibrium. For convenience of notation, let Q denote the denominator of
Eq. (1), that is,

k k Kk
Q=8+ Z bix, i + Z Z btjxn—ixn—j~
i=0

=0 j=i

Koo
Theorem 3 Let M € (0, 00) be such that M < ;,:Zﬁ,?a’ Assume that there is no positive
i=0 2-j=i %ij
equilibrium. Then the zero equilibrium of Eq. (13) is globally asymptotically stable on the

interval [0, M).

Proof Observe that Eq. (13) can be linearized into the form (10) where [ =1 as follows for

n>0

ao + Z/:o A0jXn—j ar+ )y Ak Ak + AjkXn-k
K1 = n Q xn—l"’"""T

Q

Xn—k-
Then, fori=0,...,k,

k
a; + Z/’:i AijXn—j
Igi|=—Q , n=0,1,....

Let {x,} be a solution of Eq. (13) where max{xy,...,x_x} <M. Then for n =0

k k k k k k
Xk: 2l Dico @it 2o Zj:i Aijx—j - Dot MY i, Zj:i aij <1
= k kK Nk = :
i=0 B+ 2 iogbixi+} gD i bix-ix p

By Lemma 1 withx=0, #; = |g;|,i=0,...,k,and N = 0, we get that x; <M. Hence x; <M
fori=1,0,...,—k. Thenforn =1

k k k k k ok
i 2l Dicodit )i Zj:i AijX1—j - Dot MY i, Zj:i aij <1
i| = <
-0 B+ Yo bixii+ Yo Yy byr i P
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Again using Lemma 1withx =0, #; = |g],i=0,...,k, and N =1, we get that x, < M. Hence
x; <Mfori=2,1,...,—k. Thenforn =2

k kK k kK k

i i Dico @it i Zj:i AijX2-j - Do @it MY i, Zj:i aij <1
il = =

pary B+ Yo bixri+ Yo Yop by i p

By induction we get that for n > 0

k kK k k kK xk
Xk: 2l Dico @it 2o Zj:i AijXn-j - Dot MY i, Zj:i aij <1
il = = )
i=0 B+ Zf:o bixn-i + Zf:o Z}l‘;i bijxn_i%n-, B

and so the result follows from Corollary 1 where x = 0 and the interval is [0, M). O

All equilibrium solutions of Eq. (1) satisfy the equilibrium equation

ZZb,,x +<Zb ZZaU>x +<,3 Za)x a=0, (14)

i=0 j=i i=0 j=i

which can be rewritten as

k k

o - ,3x+xZ (a; — xb;) ZZ(a,;—xb,-,-):O. (15)

Equilibrium Eq. (14) has at least one nonnegative zero and it may have between 0 and
3 positive zeros. When o > 0 and either Zf:o b, — Z{;o Z]];ia,j >0,8- Zf:o a; >0 or
Yiobi- Y Z/]’;i aj=0, 8= oa <00r Y bi—Y i, Z}l';i a; <0, 8- a <0,
Descartes rule of sign implies that there is a unique positive equilibrium of Eq. (1).

If x > 0 is an equilibrium, then for n > 0

_ °‘+Zfo“'xn i+ZfoZ,k,“ijxn Fnj
Xptl —X =
18+2t Obxn l+Zz OZ} lbz)xn iXn—j

_ a—Bx+ Zl‘:o (@i — biX)%,—i + Zi:O Zj=i(ﬂtj - bijﬁ_c)xn—ixn—j

Q ’
Yo o(@i = biE) (i — %) + Yt Yop (i — by) (n_isenj — #2) + R
- 5 )
where in view of Egs. (14), (15)
k k k
R=o-Bi+i) (a;-bix)+x" Y > (aj—by%) =0.
i=0 =0 j=i

Now applying the identity

Kpionj — X = Xpi(pj — X) + X(i — %), 5,j=0,1,...,
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we get that for n > 0

_ Z{'{:O( = biX)(wn-i - Zz 0 Z, ilay — byxX)x(xn i — Zl 0 Z, i(aij = byx)xy_i(xnj — )

Xntl —X =
Q

Observe that for n > 0

k k i
Z Z(ﬂij - bij?_c)xn—i(xn—j Z ﬂ}t 11x xn—](xn i 9_6)

=0 j=i i=0 j=0
Thus forn >0

Zf;()( b x xn i~ Zz =0 Z} ,(at; z}x x(xn i~ 9_5) + Zi;o Z;‘go (['l/'i - bjix)xn—j(xnfi - 7_5)
Q

_ Yoo — biE) (i — %) + 2o (L (@i — D) + Yo (@i — b)) (i — %)

= Q .

Xnsl —X =

Therefore for n > 0

K (@i-bix)+ Z,I'(:i(aij - byx)x + Z;:o(ﬂji - bjiX)%_j _
KXpsl —X = T ya— (Xp—i = X). (16)
-0 B+ o bitn-i + 2o Zj:i bigXn—i%n-j

Equation (16) is the linearized equation of Eq. (1) of the form (12) where fori =0,...,k

. (a; — bix) + Z]];i(ﬂij —byix)x + Z;=0(“ii — biX)xn-, 0.1 17)
- - - - , n=0,1,....
B+ icobixni+ D ig Z/:i bijn-in-

We can now obtain easy-to-check conditions which show when the positive equilibrium
of Eq. (1) is globally asymptotically stable. We will then apply these conditions to various
cases of Eq. (1).

Theorem 4 Assume that Eq. (1) has a unique positive equilibrium x and there exist L > 0
and U,N > 0 such that for every solution {x,} of Eq. (1) L <x, < U forall n > N and

Z|a,—bx|+ (U +Xx) ZZla,,—b,x|<,3+LZb +LZZZbu, (18)

i=0 j=i i=0 j=i

where B + L > 0. Then the unique positive equilibrium x of Eq. (1) is globally asymptotically

stable on the interval [0, 00).

Proof As we have seen Eq. (1) can be written in the form of the linearized Eq. (16), where
the coefficients g; are given as (17).
We have for n >0

Q= ,3+be“+2sz19€;4 ,xn,>,3+LZb +Lzzzbzp (19)

i=0 j=i i=0 j=i
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andsofori=0,...,kandn>0

_ k i ; _
|a; — bix| + Zj=i |ay — bx|x + Z}=0 laj; — bjix|%,—

Q

lgi| <

Thus forn >0

k k = k k == k i -
3 ol = Do lai = biXl + 3 g Do lay — byElx + 30 Do laji — bjiklx
il = .
i=0 Q

By rearranging the terms we can show that for n > 0
ko kK k
Z Z laji — bjix|%yj = Z Z laij — bijx|%,—.
i=0 j=0 =0 j=i

Thus forn >0

k k P k k == k k =
< Zi:0 |at’ - blx| + Z,’:Q Zj:i |azj - bz/x|x + Zi:o Zj:i |aij - bt’/'x|xn—i

Z|gi| < 3 ,

k — k k — -
Zi:() la; — bix| + Ziio Z,‘(:L' |atj - bijx|(x + Xpi)

k
Zlgils - 5

In view of (18) and (19), we obtain

k - kK ok =
_ Doico lai = bix| + 3o D lay — byxl|(x + U)

k
> gl =< x K~k <1
i=0 B+LY i obi+L?) 1, Z/’:i bj

for n > 0. So by Corollary 1 x is globally asymptotically stable on the interval [L, U]. By
assumption every solution of Eq. (1) enters the interval [L, U] and so the result follows.
|

From (18) we see that establishing a lower bound for all the solutions of Eq. (1) will give
us a better result. We present some of these cases.

Remark 1 The results on boundedness of all solutions of Eq. (1) are well known, see [2,
24]. For instance, if for every i,j € {0,...,k} such that ; > 0, b;; > 0 we have a; > 0, a;; > 0,
then the uniform lower bound L for all solutions {x,,} of Eq. (1) for n > 1is

B min{a, a;, a;la; > 0,a;; > 0}
- max{ﬂ,b,-,b,-j > 0|b, >0, bij > 0} ’

On the other hand, if for every i,j € {0,...,k} such that a;,a; > 0 we have b;,b; > 0, then
the uniform lower bound L for all solutions of Eq. (1) for n > 1 is

L min{a, a;, a;j|a;, a; > 0}
max{U ijzo bj, Uzi,,;ﬂii:o bij, B, bi, byj|b; > 0y’
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where

_ max{a, a;, a;la;, a; > 0}
min{ﬂ,bi,b,ﬂbi,bij > O} '

The next result follows from Lemma 1 and can be used to find the part of the basin of
attraction of a positive equilibrium in the case when there are several positive equilibrium
points. The proof of this result is similar to the proof of Theorem 3 and it will be omitted.

Theorem 5 Let M = max{x,x_;:i= ., k} be such that

ko k
Zm, bix| + M+x)ZZ|a,, l,x|</3+m2b +m ZZb,j, (20)
i=0

i=0 j=i i=0 j=i

where 0 < m = min{x,x_; : i = 0,...,k} is such that B + m > 0. Then the equilibrium x of
Egq. (1) is globally asymptotically stable on the interval [m, M].

The following result is a consequence of Theorem 4 in some special cases when the
unique positive equilibrium satisfies some specific conditions.

Theorem 6 Assume that B > 0 and x is the unique positive equilibrium of Eq. (1). Suppose
there exist L > 0 and U,N > 0 such that for every solution {x,} of Eq. 1) L < x, < U for
all n > N. Then the positive equilibrium x of Eq. (1) is globally asymptotically stable on the
interval [0, 00) provided one of the following holds:

(1) a; = xb;, ay = xbj; for all i,j € {0,...,k};

(2) a; = xb;, a; > xby; for all i,j € {0,...,k} and o > 0 and

k
UZZ(a,, xby) < = +LZb +L222bl,, (21)

i=0 j=i

(3) a; < xb;, a;j < xbj; forall i,j € {0,...,k} and

ZZ(xbl,—al,)<2ﬂ——+LZb +LZZZbl,. (22)
i=0

i=0 j=i
Proof The positive equilibrium x of Eq. (1) satisfies

p-=- Zal—xzszU—x<Zb ZZa,,) (23)

i=0 i=0 j=i i=0 j=i

(1) Let a; = xb;, a; = xb; for all i,j € {0,...,k}. Then Zl 0di = le obi and
>, le.(:i a;=2Y5, Zf:i b, which by (23) implies 8 = . Then Eq. (1) becomes for n > 0

k k k
o+ D o @i%n it D g Zj:i AijXn—iXn—j
k k k
B+ Z,go bixy_i + Z,‘:O Z/:,' bz’jxn—ixn—j
=, = k = k k
Bx+ %Y o bixn-i +X3 Zj:z’ bikn-iXnj
= =X.
k k k
B+ Zi:o bixy_; + Zi:o Zj:i bijxn—ixn—j

KXn+l =
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(2) In view of our assumption for i,j € {0, ..

.,k}, we have |a; —xb;| = a; — xb;, |a; — xb;j| =
a;; — xb;;. By using (23) we obtain

k Kk k
Zm, xb;| + (U + x) ZZ'“’J xbﬂ—Zﬂ,—be +(U+x)ZZa,, xby)
i=0

i=0 j=i i=0 j=i

k k
= ,3 - % + UZZ((ZU —Q_Cbi]‘).

=0 j=i

Now condition (18) is simplified to

LIZZ(aU—xbg)< +LZb +L222b,,

i=0 j=i i=0 j=i

and the result follows from Theorem 4.
(3) In this case we have

Zml—xb | +(L[+x)ZZ|a,]—xb,,| —be Zaﬁ(UHc)ZZ (xby — ay)

i=0 j=i i=0 j=i

k k
= % -B+ LIZZ(ﬁbij - a;).

=0 j=i

In view of our assumption,

——,3+LIZZ(xb,,—a,,)<,B+LZb +LZZZb,,,

i=0 j=i =0 j=i

and so the result follows from Theorem 4. O

Many cases of Eq. (1) have some combination of a; < xb;, a; > xb; and a; = xb;. In
view of this we will adopt the following notations, where I, = {i| such thata; > xb;},
I_ = {i| such that a; = xb;}, I. = {i| such that a; < xb;}:

As =), ai=the sum of all the a;’s

such that a; > xb;,
Bs =) ;. bi = the sum of all the b;’s

An =) ",cp a; = the sum of all the ;s

such that a; = xb;,
Bn =) ;. bi = the sum of all the b;’s

AR =) ai = the sum of all the a;s
B =) ;. bi = the sum of all the b,s

} such that a; < xb;.

Then As + An + Ag = Zl odi and Bs + By + Bg = Z b;. Also As > xBs, Ay = XxBx and
Ap < xBp.

Similarly define

As=Y"%, Z]];l. a;; = the sum of all the a;’s

_ such that a;; > xb;;,
Bs=YX, lef:i bjj = the sum of all the bij’s} ! !
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b N

N= Z 10 Z]k ; a;; = the sum of all the a;"
By =

hth t l“:_bi'y
i Z, ; bij = the sum of all the b,,s} such that a;; = xb;;

{AR = Zf:o Z}'le a; = the sum of all the a;;

h that a;; < xb;;.
Br = le Z/ ; bij = the sum of all the bl,s} Such that ay < x0y

Then Ag + Ay + Ag = Zf:o ZII; a; and Bs+ By +Bg = Zf:o Z]/;l. by. Also Ag > xBg, Ay =
%*Byn, Ag < XBg and

ko Kk
D) lay - &byl = (As - Bs) + (xBy — Ay) + (£Bg — Ag)

i=0 j=i
ko k ko Kk )
= Z Z’_Cbu - Z Zatj + 2(A5 - .7_635)
=0 j=i =0 j=i

Corollary 2 Suppose that the assumptions of Theorem 6 are satisfied. Let i,j € {0, ..., k}.
Assume that

(a) For some i, j's a;j > xb;; and for other i, j’s a;; < Xby;.
(b) Forsomeis a; > xb; and for other i’s a; < xb;.
(©

§ +2(As — XBs) + (U + 2%)(As — ¥Bs) + U(XBg — Ag)

<2ﬂ+LZb +L222b,, (24)

i=0 j=i

Then the positive equilibrium x of Eq. (1) is globally asymptotically stable on the
interval [0, 00).

Proof In view of the equilibrium Eq. (15) and by assumption (c), we have that

Z|al—xb |+ (U +Xx) ZZlaU—xblA

i=0 j=i

k k k Kk
Z = ai+2As —%Bs) + 2(U + X)(As —xBs) + (U +%) Y Y &by
i=0 i=0

=0 j=i
kK k
- (U +%) Z Z @
=0 j=i
k k  k _
= Gbi—a)+x ) Y (kb —ay) + 2(As — £Bs) + (2U +2%)(As — %Bs)
i=0 i=0 j=i
k Kk
+U Z Z(J_Cbll — 61,‘]')
i=0 j=i

- U(Ag +AN +AR)
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= B4+ 2(As—xBs) + (U + 2%)(As — xBs) + U(%Bg — Ag)

k k ok
<ﬂ+LZbi+LZZZbi}.
i=0

i=0 j=i

R

Now, the conclusion follows from Theorem 4. O
In the case of general second order quadratic fractional equation of the form

Ax? + Bxyx,_1 + Cx%_| + Dx, + Ex, 1 + F

Kyl = n=0,1,..., (25)

ax2 + bxyXyy + cx_ v dx, +ex, o +f
with nonnegative parameters and initial conditions such that A + B + C > 0, and ax2 +
bxyxp_1 + cx>_| +dx, + ex, 1 +f >0, n=0,1,..., the obtained results take the following
form.

Corollary 3 Assume that Eq. (25) has the unique positive equilibrium x. If the following
condition holds:

(14 = ai| + |B=bi| +|C = cR)(U +%) + D~ x| + |E—e¥| _
(@a+b+c)L2+(d+e)l+f

1, (26)

where L and U are lower and upper bounds of all solutions of Eq. (25) and f + L > 0, then
x is globally asymptotically stable on the interval [0, 00).

In the special case of second order equation with quadratic terms only, we obtain the
following result.

Corollary 4 Counsider the following equation:

Ax2 + Bx,x,1 + Cx>
Xpep = —2 1 =0,1,..., (27)
2 2
axs + bx,x,_1 + cx,_;

with all positive parameters and nonnegative initial conditions such that axfl + bxyx,_1 +
cx? >0 for all n > 0. If the following condition holds:

(JA —ax| + |B=bx| +|C —cx|)(U + x)
<

(a+b+c)l?
where
_ A+B+C min{4, B, C} max{A, B, C}
X=——7F—, = 5 1 = . 5 3
a+b+c max{a, b, c} min{a, b, c}

then the unique equilibrium x of Eq. (27) is globally asymptotically stable on the interval
[0, 00).

Remark 2 If the strict inequality in conditions (18), (20), (21), (22), and (24) is replaced
by equality, then the conclusions of Theorems 4, 5, 6, and Corollary 2 should be changed
from global asymptotic stability to stability.
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