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Abstract
Consider the difference equation

xn+1 =
α +

∑k
i=0 aixn–i +

∑k
i=0

∑k
j=i aijxn–ixn–j

β +
∑k

i=0 bixn–i +
∑k

i=0

∑k
j=i bijxn–ixn–j

, n = 0, 1, . . . ,

where all parameters α, β , ai , bi , aij , bij , i, j = 0, 1, . . . , k, and the initial conditions xi ,
i ∈ {–k, . . . , 0}, are nonnegative. We investigate the asymptotic behavior of the
solutions of the considered equation. We give simple explicit conditions for the
global stability and global asymptotic stability of the zero or positive equilibrium of
this equation.
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1 Introduction
Consider the difference equation

xn+ =
α +

∑k
i= aixn–i +

∑k
i=

∑k
j=i aijxn–ixn–j

β +
∑k

i= bixn–i +
∑k

i=
∑k

j=i bijxn–ixn–j
, n = , , . . . , ()

where k ∈ {, , . . .}, the parameters α, β , ai, bi, aij, bij, i, j = , , . . . , k, and the initial condi-
tions xi, i ∈ {–k, . . . , }, are nonnegative and such that the denominator of Eq. () is always
positive. The important special cases of Eq. () are the linear fractional equations such as
the well-known Riccati equation

xn+ =
α + axn

β + bxn
, n = , , . . . , ()

the second order linear fractional difference equation

xn+ =
α +

∑
i= aixn–i

β +
∑

i= bixn–i
, n = , , . . . , ()

and the third order linear fractional difference equation that we get from Eq. () for k = 
and aij = bij =  for all i, j. The global behavior and the exact solutions of Eq. () even for real
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parameters were found in []. The global behavior of solutions of Eq. (), in many subcases
when one or more parameters are zero, was established in []. There is still one conjecture
left whose answer will complete the global picture of the asymptotic behavior of solutions
of Eq. (). As far as the third order linear fractional difference equation is concerned, there
is a large number of sporadic results that are systemized in a book []. The characterization
of the global asymptotic behavior of solutions of Eq. () for k =  seems to be much harder
than for the second order Eq. (). Consequently an attempt at giving the characterization of
the global asymptotic behavior of solutions of Eq. () seems to be a formidable task at this
time. However, by using some known global attractivity results, we can describe the global
asymptotic behavior of solutions of Eq. () in some subspaces of the parametric space and
the space of initial conditions. See [–] for a complete description of the behavior of
some special cases of Eq. (), in particular for the cases known as periodic trichotomies.
See [] where the difference in global behavior between the second and third order linear
fractional difference equation is emphasized. The results on the global periodicity, that is,
the results which describe all special cases of Eq. () where all solutions are periodic of the
same period were obtained in [, ]. Most results in [–, , ] are based on known global
attractivity or global asymptotic stability results obtained in [, , –].

The special case of Eq. () with quadratic terms such as

xn+ =
ax

n
xn + bx

n–
, n = , , . . . , ()

where a, b >  and the initial conditions x–, x ≥ , x– + x > , has only a negative equi-
librium point for a ≤  and yet all solutions of Eq. () satisfy

lim
n→∞ xn = .

A kth order generalization of Eq. () with the same property is

xn+ =
ax

n

xn +
∑k–

i= bix
n–i

, n = , , . . . , ()

where a, bi >  and the initial conditions x–k+, . . . , x ≥ , x–k+ + · · · + x > , when a ≤ .
Another special case of Eq. () with quadratic terms is

xn+ =
Bxnxn–

dxn + exn–
, n = , , . . . , ()

where B, d, e >  and the initial conditions x–, x ≥ , x– + x > , it does not have an
equilibrium point for B �= d + e and yet all solutions of Eq. () satisfy

lim
n→∞ xn = , when B < d + e,

and

lim
n→∞ xn = ∞, when B > d + e.

Finally, when B = d + e, then Eq. () has an infinite number of the equilibrium points, each
with its basin of attraction, see [].
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Another interesting case of Eq. () with quadratic terms is the equation

xn+ =
ax

n
 + x

n
, n = , , . . . , ()

where a >  and x ∈ R. When a >  every solution of Eq. () converges either to the zero
equilibrium or to the bigger positive equilibrium x+ = a+

√
a–
 , with basins of attraction

being B() = [, x–) and B(x+) = (x–,∞), where x– = a–
√

a–
 is the smaller positive equi-

librium.
None of these asymptotic behaviors which are present in the cases of Eqs. ()-() are

possible in the case of the linear fractional equation

xn+ =
α +

∑k
i= aixn–i

β +
∑k

i= bixn–i
, n = , , . . . ,

and the appearance of these behaviors is caused by the presence of the quadratic terms.
The results presented here have been successfully applied to some special classes of Eq. (),
see [, ] and can be applied to equations considered in [–].

This paper is an attempt at establishing some global stability results for the equilibrium
solution(s) of Eq. (). Our results give effective conditions for global asymptotic stabil-
ity of the equilibrium solution(s) of Eq. () expressed in terms of the inequalities on the
parameters.

2 Preliminaries
The following general global results will be applied to Eq. (), see [].

Consider the difference equation

xn+ = f (xn, . . . , xn–k), n = , , . . . , ()

where k ∈ {, , . . .}. Sometimes it is more advantageous to investigate Eq. () by embed-
ding Eq. () into a higher iteration of the form

xn+l = F(xn+l–, . . . , xn–k), n = , , . . . , ()

where l ∈ {, , . . .}, see [, ] and then linearizing (rearranging) Eq. () so that it has the
form

xn+l =
k∑

i=–l

gixn–i, n = , , . . . , ()

where the functions gi : Rk+l →R.

Theorem  Let l ∈ {, , . . .} and let a ∈ R. Suppose that Eq. () has the linearization ()
where the functions gi : Rk+l →R are such that

k∑

i=–l

|gi| ≤ a < , n = , , . . . . ()
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Then

lim
n→∞ xn = .

As we have observed in [], condition () is actually a contraction condition in the
Banach contraction principle.

In addition, we will need the following stability result from [].

Theorem  Suppose that Eq. () can be linearized into the form

xn+ – x̄ =
k∑

i=

gi(xn–i – x̄), n = , , . . . , ()

where x̄ is an equilibrium of Eq. () and the functions gi : Rk+ →R. If
∑k

i= |gi| ≤ , n ≥ ,
then the equilibrium x̄ of Eq. () is stable.

The next result follows from Theorems  and .

Corollary  Let a ∈R. Suppose that Eq. () has the linearization (), where x̄ is a unique
nonnegative equilibrium of Eq. () on the interval I and the functions gi : Rk+ →R are such
that

k∑

i=

|gi| ≤ a < , n = , , . . . ,

then the unique nonnegative equilibrium Eq. () is globally asymptotically stable on the
interval I .

The next result is an analogue of the result obtained in [].

Lemma  Let m ≤ x̄ ≤ M and m ≤ xN–i ≤ M, i = , , . . . , k, for some N ∈ {, , . . .}. Suppose
that

xn+ – x̄ =
k∑

i=

hi(xn–i – x̄), n = , , . . . ,

where the nonnegative functions hi : [,∞)k+ → [,∞). Assume that for this N

k∑

i=

hi ≤ .

Then m ≤ xN+ ≤ M.

3 Main results
In this section we investigate the stability of the unique positive equilibrium x̄ of Eq. ()
by using Theorems  and . Observe that Eq. () has a zero equilibrium if and only if α = 
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and β > , in which case Eq. () becomes

xn+ =
∑k

i= aixn–i +
∑k

i=
∑k

j=i aijxn–ixn–j

β +
∑k

i= bixn–i +
∑k

i=
∑k

j=i bijxn–ixn–j
, n = , , . . . . ()

Equation () yields the nonzero equilibrium points

x̄ =
–(

∑k
i= bi –

∑k
i=

∑k
j=i aij) ±

√
(
∑k

i= bi –
∑k

i=
∑k

j=i aij) – (β –
∑k

i= ai)
∑k

i=
∑k

j=i bij


∑k

i=
∑k

j=i bij
.

Thus if β ≥ ∑k
i= ai and

∑k
i= bi >

∑k
i=

∑k
j=i aij, then there is no positive equilibrium. The

following result shows that there is an interval in which every solution of Eq. () converges
to the zero equilibrium. For convenience of notation, let Q denote the denominator of
Eq. (), that is,

Q = β +
k∑

i=

bixn–i +
k∑

i=

k∑

j=i

bijxn–ixn–j.

Theorem  Let M ∈ (,∞) be such that M < β–
∑k

i= ai
∑k

i=
∑k

j=i aij
. Assume that there is no positive

equilibrium. Then the zero equilibrium of Eq. () is globally asymptotically stable on the
interval [, M).

Proof Observe that Eq. () can be linearized into the form () where l =  as follows for
n ≥ 

xn+ =
a +

∑k
j= ajxn–j

Q
xn +

a +
∑k

j= ajxn–j

Q
xn– + · · · +

ak + akkxn–k

Q
xn–k .

Then, for i = , . . . , k,

|gi| =
ai +

∑k
j=i aijxn–j

Q
, n = , , . . . .

Let {xn} be a solution of Eq. () where max{x, . . . , x–k} ≤ M. Then for n = 

k∑

i=

|gi| =
∑k

i= ai +
∑k

i=
∑k

j=i aijx–j

β +
∑k

i= bix–i +
∑k

i=
∑k

j=i bijx–ix–j
≤

∑k
i= ai + M

∑k
i=

∑k
j=i aij

β
< .

By Lemma  with x̄ = , hi = |gi|, i = , . . . , k, and N = , we get that x ≤ M. Hence xi ≤ M
for i = , , . . . , –k. Then for n = 

k∑

i=

|gi| =
∑k

i= ai +
∑k

i=
∑k

j=i aijx–j

β +
∑k

i= bix–i +
∑k

i=
∑k

j=i bijx–ix–j
≤

∑k
i= ai + M

∑k
i=

∑k
j=i aij

β
< .
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Again using Lemma  with x̄ = , hi = |gi|, i = , . . . , k, and N = , we get that x ≤ M. Hence
xi ≤ M for i = , , . . . , –k. Then for n = 

k∑

i=

|gi| =
∑k

i= ai +
∑k

i=
∑k

j=i aijx–j

β +
∑k

i= bix–i +
∑k

i=
∑k

j=i bijx–ix–j
≤

∑k
i= ai + M

∑k
i=

∑k
j=i aij

β
< .

By induction we get that for n ≥ 

k∑

i=

|gi| =
∑k

i= ai +
∑k

i=
∑k

j=i aijxn–j

β +
∑k

i= bixn–i +
∑k

i=
∑k

j=i bijxn–ixn–j
≤

∑k
i= ai + M

∑k
i=

∑k
j=i aij

β
< ,

and so the result follows from Corollary  where x̄ =  and the interval is [, M). �

All equilibrium solutions of Eq. () satisfy the equilibrium equation

k∑

i=

k∑

j=i

bijx +

( k∑

i=

bi –
k∑

i=

k∑

j=i

aij

)

x +

(

β –
k∑

i=

ai

)

x – α = , ()

which can be rewritten as

α – βx + x
k∑

i=

(ai – xbi) + x
k∑

i=

k∑

j=i

(aij – xbij) = . ()

Equilibrium Eq. () has at least one nonnegative zero and it may have between  and
 positive zeros. When α >  and either

∑k
i= bi –

∑k
i=

∑k
j=i aij ≥ , β –

∑k
i= ai ≥  or

∑k
i= bi –

∑k
i=

∑k
j=i aij ≥ , β –

∑k
i= ai ≤  or

∑k
i= bi –

∑k
i=

∑k
j=i aij ≤ , β –

∑k
i= ai ≤ ,

Descartes rule of sign implies that there is a unique positive equilibrium of Eq. ().
If x̄ >  is an equilibrium, then for n ≥ 

xn+ – x̄ =
α +

∑k
i= aixn–i +

∑k
i=

∑k
j=i aijxn–ixn–j

β +
∑k

i= bixn–i +
∑k

i=
∑k

j=i bijxn–ixn–j
– x̄

=
α – βx̄ +

∑k
i=(ai – bix̄)xn–i +

∑k
i=

∑k
j=i(aij – bijx̄)xn–ixn–j

Q
,

=
∑k

i=(ai – bix̄)(xn–i – x̄) +
∑k

i=
∑k

j=i(aij – bijx̄)(xn–ixn–j – x̄) + R
Q

,

where in view of Eqs. (), ()

R = α – βx̄ + x̄
k∑

i=

(ai – bix̄) + x̄
k∑

i=

k∑

j=i

(aij – bijx̄) = .

Now applying the identity

xn–ixn–j – x̄ = xn–i(xn–j – x̄) + x̄(xn–i – x̄), i, j = , , . . . ,
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we get that for n ≥ 

xn+ – x̄ =
∑k

i=(ai – bix̄)(xn–i – x̄) +
∑k

i=
∑k

j=i(aij – bijx̄)x̄(xn–i – x̄) +
∑k

i=
∑k

j=i(aij – bijx̄)xn–i(xn–j – x̄)
Q

.

Observe that for n ≥ 

k∑

i=

k∑

j=i

(aij – bijx̄)xn–i(xn–j – x̄) =
k∑

i=

i∑

j=

(aji – bjix̄)xn–j(xn–i – x̄).

Thus for n ≥ 

xn+ – x̄ =
∑k

i=(ai – bix̄)(xn–i – x̄) +
∑k

i=
∑k

j=i(aij – bijx̄)x̄(xn–i – x̄) +
∑k

i=
∑i

j=(aji – bjix̄)xn–j(xn–i – x̄)
Q

=
∑k

i=(ai – bix̄)(xn–i – x̄) +
∑k

i=(
∑k

j=i(aij – bijx̄)x̄ +
∑i

j=(aji – bjix̄)xn–j)(xn–i – x̄)
Q

.

Therefore for n ≥ 

xn+ – x̄ =
k∑

i=

(ai – bix̄) +
∑k

j=i(aij – bijx̄)x̄ +
∑i

j=(aji – bjix̄)xn–j

β +
∑k

i= bixn–i +
∑k

i=
∑k

j=i bijxn–ixn–j
(xn–i – x̄). ()

Equation () is the linearized equation of Eq. () of the form () where for i = , . . . , k

gi =
(ai – bix̄) +

∑k
j=i(aij – bijx̄)x̄ +

∑i
j=(aji – bjix̄)xn–j

β +
∑k

i= bixn–i +
∑k

i=
∑k

j=i bijxn–ixn–j
, n = , , . . . . ()

We can now obtain easy-to-check conditions which show when the positive equilibrium
of Eq. () is globally asymptotically stable. We will then apply these conditions to various
cases of Eq. ().

Theorem  Assume that Eq. () has a unique positive equilibrium x̄ and there exist L ≥ 
and U , N >  such that for every solution {xn} of Eq. () L ≤ xn ≤ U for all n ≥ N and

k∑

i=

|ai – bix̄| + (U + x̄)
k∑

i=

k∑

j=i

|aij – bijx̄| < β + L
k∑

i=

bi + L
k∑

i=

k∑

j=i

bij, ()

where β + L > . Then the unique positive equilibrium x̄ of Eq. () is globally asymptotically
stable on the interval [,∞).

Proof As we have seen Eq. () can be written in the form of the linearized Eq. (), where
the coefficients gi are given as ().

We have for n ≥ 

Q = β +
k∑

i=

bixn–i +
k∑

i=

k∑

j=i

bijxn–ixn–j ≥ β + L
k∑

i=

bi + L
k∑

i=

k∑

j=i

bij, ()
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and so for i = , . . . , k and n ≥ 

|gi| ≤
|ai – bix̄| +

∑k
j=i |aij – bijx̄|x̄ +

∑i
j= |aji – bjix̄|xn–j

Q
.

Thus for n ≥ 

k∑

i=

|gi| ≤
∑k

i= |ai – bix̄| +
∑k

i=
∑k

j=i |aij – bijx̄|x̄ +
∑k

i=
∑i

j= |aji – bjix̄|xn–j

Q
.

By rearranging the terms we can show that for n ≥ 

k∑

i=

i∑

j=

|aji – bjix̄|xn–j =
k∑

i=

k∑

j=i

|aij – bijx̄|xn–i.

Thus for n ≥ 

k∑

i=

|gi| ≤
∑k

i= |ai – bix̄| +
∑k

i=
∑k

j=i |aij – bijx̄|x̄ +
∑k

i=
∑k

j=i |aij – bijx̄|xn–i

Q
,

and so

k∑

i=

|gi| ≤
∑k

i= |ai – bix̄| +
∑k

i=
∑k

j=i |aij – bijx̄|(x̄ + xn–i)
Q

.

In view of () and (), we obtain

k∑

i=

|gi| ≤
∑k

i= |ai – bix̄| +
∑k

i=
∑k

j=i |aij – bijx̄|(x̄ + U)

β + L
∑k

i= bi + L ∑k
i=

∑k
j=i bij

< 

for n ≥ . So by Corollary  x̄ is globally asymptotically stable on the interval [L, U]. By
assumption every solution of Eq. () enters the interval [L, U] and so the result follows.

�

From () we see that establishing a lower bound for all the solutions of Eq. () will give
us a better result. We present some of these cases.

Remark  The results on boundedness of all solutions of Eq. () are well known, see [,
]. For instance, if for every i, j ∈ {, . . . , k} such that bi > , bij >  we have ai > , aij > ,
then the uniform lower bound L for all solutions {xn} of Eq. () for n ≥  is

L =
min{α, ai, aij|ai > , aij > }

max{β , bi, bij > |bi > , bij > } .

On the other hand, if for every i, j ∈ {, . . . , k} such that ai, aij >  we have bi, bij > , then
the uniform lower bound L for all solutions of Eq. () for n ≥  is

L =
min{α, ai, aij|ai, aij > }

max{U ∑
j,aj= bj, U

∑
i,j,aij= bij,β , bi, bij|bi > } ,
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where

U =
max{α, ai, aij|ai, aij > }
min{β , bi, bij|bi, bij > } .

The next result follows from Lemma  and can be used to find the part of the basin of
attraction of a positive equilibrium in the case when there are several positive equilibrium
points. The proof of this result is similar to the proof of Theorem  and it will be omitted.

Theorem  Let M = max{x̄, x–i : i = , . . . , k} be such that

k∑

i=

|ai – bix̄| + (M + x̄)
k∑

i=

k∑

j=i

|aij – bijx̄| < β + m
k∑

i=

bi + m
k∑

i=

k∑

j=i

bij, ()

where  ≤ m = min{x̄, x–i : i = , . . . , k} is such that β + m > . Then the equilibrium x̄ of
Eq. () is globally asymptotically stable on the interval [m, M].

The following result is a consequence of Theorem  in some special cases when the
unique positive equilibrium satisfies some specific conditions.

Theorem  Assume that β >  and x̄ is the unique positive equilibrium of Eq. (). Suppose
there exist L ≥  and U , N >  such that for every solution {xn} of Eq. () L ≤ xn ≤ U for
all n ≥ N . Then the positive equilibrium x̄ of Eq. () is globally asymptotically stable on the
interval [,∞) provided one of the following holds:

() ai = x̄bi, aij = x̄bij for all i, j ∈ {, . . . , k};
() ai ≥ x̄bi, aij ≥ x̄bij for all i, j ∈ {, . . . , k} and α ≥  and

U
k∑

i=

k∑

j=i

(aij – x̄bij) <
α

x̄
+ L

k∑

i=

bi + L
k∑

i=

k∑

j=i

bij; ()

() ai ≤ x̄bi, aij ≤ x̄bij for all i, j ∈ {, . . . , k} and

U
k∑

i=

k∑

j=i

(x̄bij – aij) < β –
α

x̄
+ L

k∑

i=

bi + L
k∑

i=

k∑

j=i

bij. ()

Proof The positive equilibrium x̄ of Eq. () satisfies

β –
α

x̄
=

k∑

i=

ai – x̄
k∑

i=

k∑

j=i

bij – x̄

( k∑

i=

bi –
k∑

i=

k∑

j=i

aij

)

. ()

() Let ai = x̄bi, aij = x̄bij for all i, j ∈ {, . . . , k}. Then
∑k

i= ai = x̄
∑k

i= bi and
∑k

i=
∑k

j=i aij = x̄
∑k

i=
∑k

j=i bij, which by () implies β = α
x̄ . Then Eq. () becomes for n ≥ 

xn+ =
α +

∑k
i= aixn–i +

∑k
i=

∑k
j=i aijxn–ixn–j

β +
∑k

i= bixn–i +
∑k

i=
∑k

j=i bijxn–ixn–j

=
βx̄ + x̄

∑k
i= bixn–i + x̄

∑k
i=

∑k
j=i bijxn–ixn–j

β +
∑k

i= bixn–i +
∑k

i=
∑k

j=i bijxn–ixn–j
= x̄.



DiPippo et al. Advances in Difference Equations  (2015) 2015:179 Page 10 of 13

() In view of our assumption for i, j ∈ {, . . . , k}, we have |ai – x̄bi| = ai – x̄bi, |aij – x̄bij| =
aij – x̄bij. By using () we obtain

k∑

i=

|ai – x̄bi| + (U + x̄)
k∑

i=

k∑

j=i

|aij – x̄bij| =
k∑

i=

ai – x̄
k∑

i=

bi + (U + x̄)
k∑

i=

k∑

j=i

(aij – x̄bij)

= β –
α

x̄
+ U

k∑

i=

k∑

j=i

(aij – x̄bij).

Now condition () is simplified to

U
k∑

i=

k∑

j=i

(aij – x̄bij) <
α

x̄
+ L

k∑

i=

bi + L
k∑

i=

k∑

j=i

bij

and the result follows from Theorem .
() In this case we have

k∑

i=

|ai – x̄bi| + (U + x̄)
k∑

i=

k∑

j=i

|aij – x̄bij| = x̄
k∑

i=

bi –
k∑

i=

ai + (U + x̄)
k∑

i=

k∑

j=i

(x̄bij – aij)

=
α

x̄
– β + U

k∑

i=

k∑

j=i

(x̄bij – aij).

In view of our assumption,

α

x̄
– β + U

k∑

i=

k∑

j=i

(x̄bij – aij) < β + L
k∑

i=

bi + L
k∑

i=

k∑

j=i

bij,

and so the result follows from Theorem . �

Many cases of Eq. () have some combination of ai < x̄bi, ai > x̄bi and ai = x̄bi. In
view of this we will adopt the following notations, where I> = {i| such that ai > x̄bi},
I= = {i| such that ai = x̄bi}, I< = {i| such that ai < x̄bi}:

{
AS =

∑
i∈I> ai = the sum of all the ai’s

BS =
∑

i∈I> bi = the sum of all the bi’s

}

such that ai > x̄bi,

{
AN =

∑
i∈I= ai = the sum of all the ai’s

BN =
∑

i∈I= bi = the sum of all the bi’s

}

such that ai = x̄bi,

{
AR =

∑
i∈I< ai = the sum of all the ai’s

BR =
∑

i∈I< bi = the sum of all the bi’s

}

such that ai < x̄bi.

Then AS + AN + AR =
∑k

i= ai and BS + BN + BR =
∑k

i= bi. Also AS > x̄BS , AN = x̄BN and
AR < x̄BR.

Similarly define
{

ĀS =
∑k

i=
∑k

j=i aij = the sum of all the aij’s
B̄S =

∑k
i=

∑k
j=i bij = the sum of all the bij’s

}

such that aij > x̄bij,
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{
ĀN =

∑k
i=

∑k
j=i aij = the sum of all the aij’s

B̄N =
∑k

i=
∑k

j=i bij = the sum of all the bij’s

}

such that aij = x̄bij,

{
ĀR =

∑k
i=

∑k
j=i aij = the sum of all the aij’s

B̄R =
∑k

i=
∑k

j=i bij = the sum of all the bij’s

}

such that aij < x̄bij.

Then ĀS + ĀN + ĀR =
∑k

i=
∑k

j=i aij and B̄S + B̄N + B̄R =
∑k

i=
∑k

j=i bij. Also ĀS > x̄B̄S , ĀN =
x̄B̄N , ĀR < x̄B̄R and

k∑

i=

k∑

j=i

|aij – x̄bij| = (ĀS – x̄B̄S) + (x̄B̄N – ĀN ) + (x̄B̄R – ĀR)

=
k∑

i=

k∑

j=i

x̄bij –
k∑

i=

k∑

j=i

aij + (ĀS – x̄B̄S).

Corollary  Suppose that the assumptions of Theorem  are satisfied. Let i, j ∈ {, . . . , k}.
Assume that

(a) For some i, j’s aij > x̄bij and for other i, j’s aij < x̄bij.
(b) For some i’s ai > x̄bi and for other i’s ai < x̄bi.
(c)

α

x̄
+ (AS – x̄BS) + (U + x̄)(ĀS – x̄B̄S) + U(x̄BR – ĀR)

< β + L
k∑

i=

bi + L
k∑

i=

k∑

j=i

bij. ()

Then the positive equilibrium x̄ of Eq. () is globally asymptotically stable on the
interval [,∞).

Proof In view of the equilibrium Eq. () and by assumption (c), we have that

k∑

i=

|ai – x̄bi| + (U + x̄)
k∑

i=

k∑

j=i

|aij – x̄bij|

= x̄
k∑

i=

bi –
k∑

i=

ai + (AS – x̄BS) + (U + x̄)(ĀS – x̄B̄S) + (U + x̄)
k∑

i=

k∑

j=i

x̄bij

– (U + x̄)
k∑

i=

k∑

j=i

aij

=
k∑

i=

(x̄bi – ai) + x̄
k∑

i=

k∑

j=i

(x̄bij – aij) + (AS – x̄BS) + (U + x̄)(ĀS – x̄B̄S)

+ U
k∑

i=

k∑

j=i

(x̄bij – aij)

=
α

x̄
– β + (AS – x̄BS) + (U + x̄)(ĀS – x̄B̄S) + Ux̄(B̄S + B̄N + B̄R)

– U(ĀS + ĀN + ĀR)
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=
α

x̄
– β + (AS – x̄BS) + (U + x̄)(ĀS – x̄B̄S) + U(x̄B̄R – ĀR)

< β + L
k∑

i=

bi + L
k∑

i=

k∑

j=i

bij.

Now, the conclusion follows from Theorem . �

In the case of general second order quadratic fractional equation of the form

xn+ =
Ax

n + Bxnxn– + Cx
n– + Dxn + Exn– + F

ax
n + bxnxn– + cx

n– + dxn + exn– + f
, n = , , . . . , ()

with nonnegative parameters and initial conditions such that A + B + C > , and ax
n +

bxnxn– + cx
n– + dxn + exn– + f > , n = , , . . . , the obtained results take the following

form.

Corollary  Assume that Eq. () has the unique positive equilibrium x̄. If the following
condition holds:

(|A – ax̄| + |B – bx̄| + |C – cx̄|)(U + x̄) + |D – dx̄| + |E – ex̄|
(a + b + c)L + (d + e)L + f

< , ()

where L and U are lower and upper bounds of all solutions of Eq. () and f + L > , then
x̄ is globally asymptotically stable on the interval [,∞).

In the special case of second order equation with quadratic terms only, we obtain the
following result.

Corollary  Consider the following equation:

xn+ =
Ax

n + Bxnxn– + Cx
n–

ax
n + bxnxn– + cx

n–
, n = , , . . . , ()

with all positive parameters and nonnegative initial conditions such that ax
n + bxnxn– +

cx
n– >  for all n ≥ . If the following condition holds:

(|A – ax̄| + |B – bx̄| + |C – cx̄|)(U + x̄)
(a + b + c)L < ,

where

x̄ =
A + B + C
a + b + c

, L =
min{A, B, C}
max{a, b, c} , U =

max{A, B, C}
min{a, b, c} ,

then the unique equilibrium x̄ of Eq. () is globally asymptotically stable on the interval
[,∞).

Remark  If the strict inequality in conditions (), (), (), (), and () is replaced
by equality, then the conclusions of Theorems , , , and Corollary  should be changed
from global asymptotic stability to stability.
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