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1 Introduction and preliminaries
This paper is concerned with the following fourth order neutral delay difference equation
A(a,,AB(x,, + bnxn_,)) + AR, Xpy,ys Xngys - o9 Ky,
+f (%5, Xfps -0 %p,) = Cuy Y1 2> g, (1.1)

Where T,k, no € N) {an}neNnO C R \ {O}) {bn}neNnor{Cn}neNy,o C Rv hrf € C(N}’lo X Rk!R))
{hln}neNnor {fln}neNnO € Nand

lim Ay, = lim f, = +o0, [€{1,2,...,k}.

Over the past several decades, a lot of researchers paid much attention to the problems
of oscillation, nonoscillation, asymptotic behavior and existence of solutions for some sec-
ond and third order difference equations, see, for example, [1-14] and the references cited
therein. In particular, the researchers [5-8,12] used fixed point theorems to study the exis-
tence of bounded nonoscillatory solutions and positive solutions for the following second
and third order nonlinear neutral delay difference equations

A%, + f(1, %, %p_) =0,  ¥n > np,
A% (% + k) + AN, Xy Xngys o0 Xiy,) + (X5, Xy o0 Xp,) = € Y12 1,
A(an Ay + bukn_r)) + A1, Xy, Xy - Xny,)

+ (1,50, Xy -0 Xf,) = Cis Y1 > g,
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2
A(ﬂnA (% +ann—t)) +f(n;xn—d1n,xn—d2n» cee rxn—d[,q) =g, VYn>ng

and
A3(x, + bpxys) + AN, Xy Xngys - o0 Xig,)) + (X5, %50 Xp,) = Cos YH > 1.

The main purpose of this paper is to utilize the Banach fixed point theorem and some
new techniques to establish the existence of uncountably many positive solutions of
Eq. (1.1). Not only do we construct a few Mann iterative algorithms for approximating
these positive solutions, but we also prove convergence and the error estimates of the
Mann iterative algorithms relative to these positive solutions. Moreover, seven nontrivial
examples are given to illustrate our results.

Throughout this paper, we assume that A is the forward difference operator defined by
A%y = Xpe1 — %0, R = (—00,+00), R* = [0, +00), Ny and N denote the sets of all nonnegative
integers and positive integers, respectively,

N;={n:neNwithn>1t¢}, VteN,

B = min{no —t,inf{ly,fi,:1<l<kne N,,O}} eN,

H, =max{h},:l€{1,2,...,k}}, Fy=max{f}:l€{1,2,...,k}}, VneN,,
& represents the Banach space of all real sequences x = {%n}nen, in Ng with norm
Xn
2

llxll = sup
nENﬁ n

<+oo foreachx = {x,},en, € l;"

and
AN,M) = {x = {%ntneny €l 1N < x_,; <M,ne N,g} forany M >N > 0.
n
It is clear that A(N, M) is a closed and convex subset of /z°. By a solution of Eq. (1.1), we

mean a sequence {x,,},,eNﬁ with a positive integer T > ngy + 7 +  such that Eq. (1.1) holds
forallm>T.

Lemma 1.1 Let {p;}icn be a nonnegative sequence and n,t € N. Then

oo oo o0 o0

2.2 2 p=) tri (12)
v=n u=v t=u t=n

00 00 00 00 o0

222> =) Py (1.3)
v=n u=v s=u t=s t=n

0o oo oo 00 1 00

IO IDWEED I s
i=1 u=n+it s=u t=s T t=n+1

2 2. 2.2 2 .ms % > o (1.5)
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Proof Note that

v=n \t=v t=v+1 t=v+2
oo o0 oo o0 o]
= ZZ(t—v+1)p[ < Ztht = Z(t—n+1)tpt
v=n t=v v=n t=v t=n
oo
=< Z £p;
t=n

i=1l u=n+it s=u t=s i=1 u= s=u t=s
[} 0 [} [} [} 0
=22 D (tmurbp=) ) ) tm
i=l u=n+it t=u i=1 u=n+it t=u
[} 00 e’} 'S}
(X 3w 3 )
i=1 \t=n+it t=n+1+it t=n+2+it
SIS
3D S D
i=1 t=n+it i=l t=n+it
00 00 00
=D tpir ) pk ) Epit
t=n+t t=n+2t t=n+31
= (t-n-t > t-n
< +1)Pp; = —
<Y () X e
t=n+t t=n+t
1 00
3
<- t
<13 en
t=n+t1

which imply (1.2) and (1.4), respectively. It follows from (1.2) and (1.4) that

S5 S(EEE) S e S

V=n u=v S=u L=$ Vv=n u=v s=u t=s v=n t=v
o0
=< t319t
t=n
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o0
Z p:

vV t=u

2

>

V=n+it U

1 oo
;thn

1

I
—_

which yields (1.3) and (1.5), respectively. This completes the proof. O

2 Uncountably many positive solutions and Mann iterative sequences

In this section, we discuss the existence of uncountably many positive solutions of Eq. (1.1)
and prove convergence and the error estimates of the Mann iterative algorithms with re-
spect to these positive solutions by using the Banach fixed point theorem.

Theorem 2.1 Assume that there exist two constants M and N with M > N > 0 and four
nonnegative sequences {Py}uen,» {Qulnen,y» {Rulnen,, and {Wlnen, satisfying

[f (1, 102, ..., ) = f (1,10, B, . i) | < Pymax |y — iy :1 <1 <k},
|h(n,u1,u2,...,uk) —h(n,ﬁl,ﬁz,...,ﬁk){ §R,,max{|ul —uyl:1<1< k},

V(m,up, i) € Ny x (RYA\{0))*,1 <1<k (2.1)
[f(n, ul,uz,...,uk)| <Q, and |h(n, ul,uz,...,uk)| <W,

V(m,u;) € Ny x (RT\ {0}),1 <i<k; (2.2)

lim — Z Z Z Z — max{R H,, W} = (2.3)

i=1l v=n+it u=v s=u

[c <ZNNe olNe ]

Jim LYY Yy Z FiQuleil} =0 2.4)
i=1 v=n+it u=v s=u t=s
b, =-1 eventually. (2.5)

Then
(a) forany L € (N, M), there exist 0 € (0,1) and T > ng + T + B such that for each
%0 = {Xon}nen, € A(N, M), the Mann iterative sequence {%,,}men, = {{mntneng bmeng
generated by the scheme:

(1 - am)xmn + O{m{}’lzL

- Zz IZV n+iT Zu v Zs U ag [h(S Xmhigr Xmhogr - - ’xmhks)

- Zt=s(f(ttxmf1pxmf2p . ~rxmfkt) —-c)l}, m=0,n>T,

KXm+ln = 2 2 (2.6)
(1 —Olm)ﬁme + amﬁ{T L

- Zl 1 ZV T+it Zu v Zs u (,;1 [h(s’xmhls’xthS’ i "xmhks)
- Zt:s(f(t:xmflt:xmfzz; .. ~rxmsz) -c)l}, m>0,<n<T

converges to a positive solution w = {wy},en, € AN, M) of Eq. (1.1) with

lim 22 = L & (N, M) 2.7)

n—o00 1
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and has the following error estimate:
s = wll < X0 x —wll,  Vm € No, (28)

where {0t} men, is an arbitrary sequence in [0,1] with
o0
Zam = +00; (2.9)
e

(b) Equation (1.1) possesses uncountably many positive solutions in A(N, M).

Proof In the first place we show that (a) holds. Set L € (N, M). It follows from (2.3)-(2.5)
that there exist 0 € (0,1) and T' > ny +  + § satisfying

QZ%Z Z ZZ;T(RSHS"'ZHB); (2.10)

i=1 v=T+it u=v s=u t=s
1 00O 00 00 00 1 00
= Z 3 o (W Y (Q+ |ct|)) <min{M-L,L - N}; (2.11)
i=1 v=T+it u=v s=u =,
b,=-1, Vn>T. (2.12)

Define a mapping S, : A(N, M) — [g° by

2L Zl IZV n+it Zu st ual {hS xhls’ths"“’xhks)
SLle = - ths [f(ty xfu’xfzz’ o yxfk[) - t] }; n= Tr (2'13)

2
%SL.?CT, B<n<T

for each x = {x,},en, € AN, M). By virtue of (2.1), (2.2), (2.10), (2.11) and (2.13), we gain
that for each x = {x,}eny, ¥ = (Vubnen, € AN, M)

San SLy n
2

7

(o ol S ENe )

n
=< iz Z Z ZZ <|h(s,xhh,xh2s,...,xhks)—h(s,yhls,yh%,...,yhks)
i=1 v

=n+iT U=V S=U

)
+ Zv(t’xflt’xfzz’ %) =S G Y Y- ’yfkt)|>
t=s

oo 00 X

%Z Z ZZ| |<R max |xhls yhlg' 1<l<k}
i=1 S

V=n+iT U=V S=u

+ZPtmaX{|xfh — ¥ :lflfk})

t=s

oo

< e y”z 5 szs (R max{ 1< 1<k}

i=1 v=n+it u=v s=u
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+ZPtmax{f[f:1§l§k}>

t=s

IIx gl Z Z szs (RH +Z%)

i=1 v=T+it u=v s=u t=s

=0lx-yll, Vun=T,

Stxn Spyn Sixr Syt

T2 T2

s 2 <Olx-yll, B=<n<T,

San

n? _L‘

oo o0 oo

iZZ Z ZZ (h(s’xhls’xhzs"”’xhks)
i=1 v

=n+iT U=V S=U

- Zv(t’xﬁt’xf%’ e ’xsz) - Ct]) ‘

t=s

oo 0 X

1 oo
E9353)3) SR [TERIERIEN
=1 S

I A

V=n+IiT U=V S=U

+ Z[V(t’xﬁt’xfzz"“'xfkt + el >
=39 IDH - (RS WORN)

i=1 v=T+it u=v s=u

<min{M -L,L-N}, Vn>T,

San
n2 L‘ -

Sixr

T2 -L

<min{M-L,L-N}, B<n<T,

which yield that
SL(AN,M)) C AN, M), 1Sex = Scyll <Ollx—yll,  Vx,y € AN, M), (2.14)

which means that S, is a contraction in A(N, M). Utilizing the Banach fixed point theorem,
we conclude that §; has a unique fixed point w = {w,,},en, € AN, M), that is,

i=1 v=n+it u=v s=u

Wy =S;w, =n*L - Z Z ZZ {h(s,whls,whzx,...,whks)

_Z[f(t,wjrh,wf%,...,wfkt)—ct]}, Vn>T (2.15)
t=s
and
2 )
Wy =Sw, = 72 —S;wr = EWT, B<n<T. (2.16)

Page 6 of 38
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It is obvious that (2.15) yields that

wn_T:(n—t)ZL—Z Z Zzal{h(s,whls,whk,...,wh,@)
s

i=1 v=n+(i-1)t u=v s=u

o0
- Z[f(t, Whs Whys oo Wh,) —ct]}, Vu>T+r,
t=s

[o. Sl olNe o]

1
Wy = Wy_r = (2nT = T%)L + Z Z Z = {h(s, Wiigs Whags -+ +s Wiy, )
S

V=n u=v Ss=u

[ee]

> [ftwswps . wg,) — i) }, Vn>T+1,

t=s

which implies that

o0 o0
1
A(wn—wn_f):ZrL—E E a—{h(s,whls,whb,...,whks)
S

u=n Ss=u

o0
- Z[f(t, Wiy Whas - s Wh,) = Ct }, Vn>T+r,

t=s
=1
AWy — wy_y) = — A h(s, Why s Whyseo oo W,
( n n I) ;ﬂs{ ( hs has hks)
[09)
- Z[f(t, Whys Whags - W) — Ct }, Vn>T+1,
t=s
“nAB(Wn — W) = —h(n, Whinr Whoy - nthn)
o0
Y fewsowpy W) -], ¥n=T+z
t=n

and

A(a,,AB(W,, - w,,_,)) = —AI(1, Wiy, Whyys - s Wiy,,)
—f(m,wh,, Whys oo s Wi )+ €y Y =T + 1,

which together with (2.12) means that w = {Wn}nen, is a positive solution of Eq. (1.1) in
A(N,M). It follows from (2.2)-(2.4) and (2.15) that

w,
-
1 &2 2>y
= ;Z Z Zza_(h(s’whls’wh2s"“’whks)
i=1 v=n+it u=v s=u °
o0
—Z[f(t’Wﬁwazwwakt)—Cr])‘
t=s

1
(’h(s, Wings Whags -+ s Wiy,)

i=1 v=n+it u=v s=u ||
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oo
+ Z[lf(t’wﬁt’wfzz"'"Wfk[)| + |Ct|]>
t=s

)3 fiw(‘wz leal)

i=1 v=n+it u=v s=u

— 0 asn— oo,

that is, (2.7) holds. It follows from (2.6), (2.10), (2.12) and (2.14))-(2.16) that

[%ms1n — Wl
nz

oo o0

1 o 1
== (1—Olm)xmn+0lm{n2L—Z > ZZa_s|:h(s’x”"hls’xthS’""x””hks)

i=l v=n+it u=v s=u

o0
- Zv(t’xmﬁ:’xmfzt’ . "xmsz) - Ct]:| } —Wn

t=s

[%m — Wy |SL%m — Siw|
S (1 _ am) mn = n + am mn n
n

n2
< @ =am)llxm = wi + Octmllx, —wl
=[1- A= 0)am]ll%m —wl

< ¢ 1 em %, —wll, VYmeNg,n>T

and
|xm+1n - Wn|
72
1 n?
=— 1- O5m)ﬁme
+ Oy { T?L - Z Z Z Z |:h(51 Kby Xmhogs + » ’xmhks)
i=1 v=T+it u=v s=u
o
- Z[f(t’xmflz’xmfzt’ . "xmsz) - Ct]i| } ~Wn
t=s
[ — wr| |Sexmr — SLwrl
<(1-am) mT2 + mT2
< [1- A= 0)atn] I — Wl
<eWum| i —w|, VmeNy,p<n<T,
which imply that

m .
%1 = wll < e 4D |1, —w|| < e D20 |y —wl, Vm e Ny,

that is, (2.8) holds. Thus (2.8) and (2.9) guarantee that lim,,,_, oo X, = W.
In the next place we show that (b) holds. Let L;, L, € (N, M) and L; # L,. As in the proof
of (a), we deduce similarly that for each ¢ € {1,2}, there exist constants 6. € (0,1), T, >
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no + T + B and a mapping S;_ satisfying (2.10)-(2.14), where 6, L and T are replaced by
0., L. and T, respectively, and the mapping S;_ has a fixed point z° = {zf,},,eNfj € AN, M),
which is a positive solution of Eq. (1.1) in A(N, M), that is,

oo 00 0 1
c _ 2 c c c
DD DD D) Dt LICE RENRNEN

S

o0
—ZU(LZ;U,Z;%,...,Z;“) _Ct]}’ Vnz T
t=s
which together with (2.1), (2.10) and (2.12) implies that
z z
2 n?

i=1 v=n+it u=v s=u

= L - L2|__Z Z ZZ| |<’h S’Zh1’zh2 ’th)
S
o0
- h(S,zils,zZZS,...,zﬁks)| + Z[f(t,z}u,z}zt,...,z}kt) —f(t,zﬁt,zét,...,zitﬂ)

>|L - Lﬂ——ZZZZ <Rmax {|2h, — 2, | : 1< 1<k}

i=1 v=n+it u=v s=u

+ZPtmax |Zfz Zfz 1<l<k

t=s

A DY

i=1l v=n+it u=v

)
i |;S| (RSHS + iaa)

s=u t=s

oo o0

> L~ Lo] - — T;LZI Z Py (&HwZAB)
t=s

=max{T1,To}+it u=v s=u

> |Ly - Ly| — max{6y,6,} " Vn > max{Ty, T»},

which yields that

|- 2 2 ot
1 + max{6;,6,}

that is, z' #z2. This completes the proof. O

Theorem 2.2 Assume that there exist two constants M and N with M > N > 0 and four
nonnegative sequences {Py}nen,, » {Qnlnen, » {Ru}nen,, and {Wytpen,, satisfying (2.1),(2.2),

[ <l olNe o]

Jim o Z > Z T maX{R Hg, Wi} = 0; (2.17)

V=n u=v Ss=u

(o oI ol o lNe o]

Jim — Z > Z e {PF,, Qulel} =0 (2.18)

V=n u=v s=u t=s

b, =1 eventually. (2.19)
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Then
(a) forany L € (N, M), there exist 0 € (0,1) and T > ng + T + B such that for each
%o = {Xon}nen, € AN, M), the Mann iterative sequence {%u}meng = {{%mntneng bmen,
generated by the scheme:

(1 - Olm)xrm'l + C(m{}’IZL

+2it-1 [e'e} o 1
+ Zz 1 Z\CI nile Zu:v Zs:u tl_s [h(S, xMhls’xthS’ e ’xmhks)
- Zt=5(f(ttxmf1pxmf2,; .. ~yxmfkt) - Ct)]}’ m=>0,n>T,
KXm+ln = 2 W2 (o (2.20)
(1 —Olm)ﬁme + amﬁ{T L

T+2it-1 00 oo 1
+ Zl 1 Zv T+(2i— Zu:v Zs:u as [h(S, KXimhyss Xmhog + - ’xmhks)
- ths(f(t,xmﬁt,xmfzz,...,xmsz) —c)lh, m=0,<n<T

converges to a positive solution w = {wy}nen, € AN, M) of Eq. (1.1) with (2.7) and
has the error estimate (2.8), where {at,, }men, is an arbitrary sequence in [0, 1]
satisfying (2.9);

(b) Equation (1.1) possesses uncountably many positive solutions in A(N, M).

Proof Set L € (N, M). It follows from (2.17)-(2.19) that there exist 6 € (0,1) and T > ng +
T + {8 satisfying

0= % Z Z Z % (RSHS + ZPJ-}); (2.21)
v=T u=v s=u ' ° t=s
ZZZ| |<WS+Z(Qt+ |ct|)) <min{M - L,L - N}; (2.22)
v=T u as

t=s

by=1, Vn>T. (2.23)

Define a mapping S, : AN, M) — [3° by

2L + Zl 1 Z:Hj:-Tle ZZZV Z::u ais {h(s’xhls’xhzs’ e ’xhks)
Spxn = =Y fxp ks ok, — ), n=T, (2.24)

2
=Sxr, B=<n<T

for each x = {x,},en, € AN, M). Using (2.1), (2.2), (2.21)-(2.24), we obtain that for each
X = {xn}neN,«giy = {yn}neNﬂ € AN, M)

Stxn Sryn

n? n?

n+2it-1

Iy ZZ (Ih(s,xhwxhzs,...,w—h(s,yhls,ms,--.,yw

i=l v=n+(2i-1)t u=v s=u

o0
£ Y R Xy %7,) _f(t’yflt’yfzc’""yfkt)|>

t=s

n+2it-1

by Ty ZZ <RSHS+Z::PtFt>

i=1 v=n+(2i-1)t u=v s=u
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||x yllzzz (RSHS+§PtFt>

v=T u=v s=u

=0lx-yl, Vn>=T,

Sixn Sty Sixr SLJ/T
2|7~ g | S0kl B=n<T,
San n+2it-1

N O3 M)

llvn+2zlruvsu|s|

o0
e S [ 305500+ m])
t=s

(|h(s Khygs Xhggs -+ -1 Xiy,)

[ ol olNe ]

FEE (e Ko )

<minfM-L,L-N}, Vu>T

I /\

and

SLxT
T2

—Li<min{fM-L,L-N}, B<n<T,

San
n? _L‘

which mean (2.14). Consequently, (2.14) gives that S; is a contraction in A(N, M) and has
a unique fixed point w = {w, },en, € AN, M), that is,

n+2it-1 oo oo

Wn—SLWn—nL"'E Z §Z is’whls’thS"“’ths)

llvn+(211)ru1’5u

[e¢]

_ Z[f(t, Whys Wiags - W) — Ct }, Yu>T (2.25)

t=s

and (2.16) holds. It follows from (2.25) that

AW, +Wy_r)=@An+2-21)L - ZZ :h(s,whls,thS,...,whks)

u=n Ss=u

- Z[f(t, Whips Wyr -+ os W) —ct]}, vn>T+1,

t=s

o0
1
A2(w, + Wy_) = 4L + E = :h(s, Whygs Whags -+ s Wiy,)
S

- Z[f(t, Whips Wyr - s W) —ct]}, Vn>T+1,

t=s

aVlAB(WVI + Wy_r) = —h(n, Whis Whoyseoos th,,)
)

+ Z[f(t, Wi Whes - Wh) =€), Vm>=T+1

t=n
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and

Aan D> Wy + Wir)) = = A1, Wiy, Wiy Wy,)

- [f(n, Wips Whys -+ Wr,) —cn], Vu>T+1,

that is, w = {Wn}nen, is a positive solution of Eq. (1.1) in A(N, M). In terms of (2.2), (2.17),
(2.18) and (2.25), we infer that

w n+2it-1

n

ﬁ — ’ = n2 E E E E h(s, Whls,ths,...,thS)
i=1 v=n+(2i- l)ruvsu

[o¢]
Zf(t Wﬁpwfgt; )Wfkt)_ct]}’

n+2it-1

%Z Z ZZ <|h(s’wh15’Wh2s""’whks)

+(2i-1)t u=v s=u

IA

oo
+ Z[lf(t’ Wﬁz’wfzu'-~’wfkl)| + |Ct|])
t=s

00 n+2it-1 00 0

M
S
™
e

(vmtj:j(aﬁ |ct|))

oo o0 X

ﬁzzzm&wz@wq

V=n u=v Ss=u

IA

— 0 asn— oo,

that is, (2.7) holds. Linking (2.14), (2.16), (2.20), (2.21) and (2.25), we infer that

|xm+1n - Wn|

72
1
2

(1 = )Xy + Uy {nzL

n+2it-1

+Z Z ZZ |:h(s,xmhh,xmh25,...,xmhks)

zlvn+2111uvsu

o0
= D U X g2 Xng,) = Ct]} } ~Wn

t=s

[ % — Wy |SL%m — Siw|
S (1 _ am) mn > n + am mn n
n

72
= A= am)ll%m = wil + Oty |, —wll
= [1- (1= 0)an ]l - wl

<eWmx —w|, VmeNon>T
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and
|xm+1n - Wnl
72
1 n?
=2 (1- am)ﬁme
o) T+2it-1 0o 0
+ Oy T2 {TZL + Z Z ZZ |:h(syxmh13>xmhzsr~H’xmhkx)
i=1 v=T+(2i— l)rMVSM
o0
- Z[f(t»xmﬁwxmfzp i "xmsz) - Ct]:| } ~—Wn
t=s
[ — wr| [Sexmr — SLwrl
<(l-am) mT2 + 0y mT2
< [1- @ = 6)etm] 2 — wll
< o 1-Oam % —wl, YmeNy,B<n<T,
which imply that

m .
[%ms1 — Wl < e &0, — | < e WO L0 gy —w|, Vm e Ny,

that is, (2.8) holds. It follows from (2.8) and (2.9) that lim,,,_, o0 X, = W.
Next we show that (b) holds. Let Ly, Ly € (N, M) and L; # L,. Similar to the proof of (a),
we get that for each ¢ € {1, 2}, there exist constants 6, € (0,1), T, > no + 7 + B and a mapping

S, satisfying (2.21)-(2.24), where 0, L and T are replaced by 6,, L. and T, respectively, and

the mapping Sy, has a fixed point z° = {z}},en; € AN, M), which is a positive solution of
Eq. (1.1) in A(N, M), that is,

n+2it

2
I YD) [s,z;h,z;zs,...,z;h)

i=l v=n+Q2i-1)t u=v s=u

0
- Z[f(t’zjglz’zjezt"“’zfekt) _Ct]}’ VnzTe
t=s

which together with (2.1), (2.10) and (2.23) implies that

n+2it

AR 3D 3D ) B (|h )

i=1 v=n+(2i-1)t u=v s=u

o0
- h(S,zflh,ziZS,...,zﬁks)| + ZV(t,z}u,zfl%,...,zflkt) —f(t,zfzu,zfit,...,zj%kt)o

n+2it

> Ly - L2|——Z > ZZ (Rmax {|2h, -2, : 1< 1<k}

i=1 v=n+(2i-1)t u=v s=u
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o0
+ZPtmax{|z}h _ZJ%z:| :lflfk})

t=s

n+2it

SN ks ”Z 3 szs (RH +ZPtF¢)

i=1 v=n+Q2i-1)t u=v s=u

1_ .2 e8]
A N Y (Rsﬂﬁzpta)
’ t=s

v=max{T1,Ty} u=v s=u

Vn > max{T, T>},

> |Ly - Ly| — max{6y,6,} 2!

which yields that

|Ly — Lo|

oz bl
1 + max{6;,6,}

|z -z

that is, z' #z2. This completes the proof. O

Theorem 2.3 Assume that there exist three constants b, M and N with (1 —b)M > N >0
and four nonnegative sequences {Pulnenyyr 1Qubnen,g» {Rutnen,, and {Witnen,, satisfying
(2.1), (2.2), (2.17), (2.18) and

0<b,<b<1 eventually. (2.26)

Then
(a) forany L € (bM + N, M), there exist 6 € (0,1) and T > ng + Tt + B such that for each
X0 = {xOH}"ENﬂ € A(N, M), the Mann iterative sequence {x,,}men, = {{x,,,,,},,eNﬂ},,,GN0

generated by the scheme:

(1 - am)xmn + (Xm{}’lzL - bnxmn—r
+ Zv n Zu v Zs u al [h S’x’"hls’xthS’ M "x””hks)
- ths(f(t,xmﬁt,xmfzt,...,xmfkt) —-c)l}, m=>0,n>T,
Km+ln = 2 2 5 (227)
(1 - am)ﬁme + Uy ﬁ{T L- bTme—r

+ Z::T a_ls [h(S, KXmhigs Xmhogs +++» xmhk_;)

= > e & Xmpyys Xy - - s %mp,) — )]}, m>0,B<n<T

converges to a positive solution w = {wy},en, € AN, M) of Eq. (1.1) with

b,w,_
lim Wi+ OnWn—r _ L (2.28)

n—00 n?

and has the error estimate (2.8), where {0t} men, is an arbitrary sequence in [0,1]
satisfying (2.9);
(b) Equation (1.1) possesses uncountably many positive solutions in AN, M).
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Proof PutL € (bM +N,M).It follows from (2.17), (2.18) and (2.26) that there exist 6 € (0,1)

and T > ng + 7 + 8 satisfying

oo 0 XX

e hY Y YL (RSHS+iP[Ft); 2:29)

v=T u=v s=u

[o. Sl olNe o]

ZZZW(W +Z Qt+|ct|)<mln{M L,L-bM~N} (2.30)

v=T u=v s=u

0<b,<b<l, Vn=>T. (2.31)

Define a mapping S, : AN, M) — [3° by

nzL - bnxn,r + Z::n Zz‘iv Zf:u ais{h(sr xhlsxxhzst “ee ’xhks)
S1xp = =Y xp ks oxg,) — ), n>=T, (2.32)

2
=Sxr, B=<n<T

for each x = {x,,},en, € AN, M). According to (2.1), (2.2) and (2.29)-(2.32), we obtain that
for each x = {x}neng, ¥ = (Yulnen, € AN, M)

S1x, SLyn
2
—T1)2 —
<b,. (1= | %z = Ynrt
- n? (n-1)2

[o el clNe o]

I’lz ZZZ | Sl <|h(s xhls¢xh237 ’xhks) h(S:yhls,yhgs )yhks)}

V=N u=v Ss=u

t=s

|:b+ = iii (RSHS + ihﬂ)} lloe =l

v=T u=v s=u t=s

00
+ Zv(t’xflt’xfzz’ oo %) = f (G Y Vo - "yfkt)|>

=0|x-yll, Vn=>T,

1’12 SLxT SLyT
T 2

S1xy SLyn _

=Olx-yl, B=n<T,

n? n?

[o elaNe e lNe o]

San ‘o ZZZ o (|h 8 Xy Xhiggr -2 ¥y )

v=n u=v Ss=u

o0
+ Z[lf(t’xflz’xfn'“wxfk,)’ + |Ct|])

t=s

oo 00 o0

S 2) )R (wij(oﬁw))

v=T u=v s=u
<L+min{M -L,L - bM - N}

<M, Vn>T,
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San }12 SLxT
— =t <M, B<n<T,
n T n

oo o0 X

SLle xnf‘[ (I’l 7:) 1
= :L_b"(n—r)2 . +— ZZZ (S, Xy Xy - - » Xy,

V=n u=v S=u

— Z[f(t’xflt’xfzﬂ .. .,xfkt) - Ct])

t=s

[o olNNNe olNe o]

>L- bM—;ZZZ <|h(s,xhh,xh28,..‘,xhks)

V=n u=v Ss=u

oo
+ Z[lf(t’xflt’xfzz’""xfkt)| + |ct|])

t=s

oo o0 o0

>L-bM- zZZZW(W +Z Q: + il )

v=T u=v s=u
>L—bM —min{M — L,L — bM — N}

>N, Vn>T

and

Sixy  m* Spxr
n? T2 n?

>N, B=<n<T,

which give (2.14), in turns, which implies that S; is a contraction in A(N, M) and possesses
a unique fixed point w = {w; },en, € AN, M), that s,

oo o0 0

Wy =Sw, =n’L - bwnf+ZZZ { (S Whygs Whags -+ s Wiy, )

V=n u=v Ss=u

oo

- Z[f(t, Wiy Whys oo Wh,) — ct] ], Vn>T (2.33)

t=s

and (2.16) is satisfied. It is easy to verify that (2.33) yields that

u=n Ss=u

AWy +b,w, ;) = (2n+1)L - ZZ [h(s,whls,whw...,whks)

oo
- Z[f(t,wjrlt,wfn,...,wfk[) —ct]}, Vn>T+r1,

t=s

o0
1
A2(w, + bywy_y) = 2L + Z o [h(s, Wiygs Whags + s Wiy,)

S§=n S

oo

- Z[f(t, Whios Wyyr -+ os W) — ct]], Vn>T+1,

t=s

3
Ay N (Wy + byw,,_;) = —h(n, Wi Whoyyr oo vs thn)

o0

+ Z[f(t, Whes Wher oo Wh,) =G|, V=T +1

t=n
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and

A(unAS(w,, + b,,w,,_,)) == Al Wiy, Whyys -0 Wiy,,)

—f(m,Wh,, Whys oo s Wi ) + €y Y1 =T +1,

that is, w = {w, }uen, is a positive solution of Eq. (1.1) in A(N, M). Making use of (2.17),
(2.18) and (2.33), we infer that

[o. Sl olNe o]

Wy + b,w,_ 1 1
’%—L‘ < ﬁZZZm<|h(s’wh15’wh23’""ths)

V=1 U=V S=U

o0
+ Z[V(t’ Wﬁt’Wth’”"Wfkt)| + |Ct|]>

t=s
- %zzzljj(wzmﬁ m))
V=n u=v s=u S t=s

— 0 asn— oo,
which gives (2.28). In light of (2.14), (2.16), (2.27), (2.29) and (2.33), we deduce that

[%ms1n — Wl _ 1

n? n?

(1 - am)xmn + Uy {nzL - bnxmn—r

[o o olNe ]

+ Z Z Z als |:h(s’xmh1s’xmhzs’ oo 7xmhks)

V=n U=v Ss=u

t=s

00
- Zv(t’xmﬁt’xmfzﬂ . "xmfkt) - Ct]i| } ~Wn

|xmn - Wn| |SLxmn - SLWn|
+ o

m
n? n?

<(1-a)

< (L= at) 1% = Wl + 0l = wll = [1= (1 = 0)at ] 1% — wl|

<0y, —wll, VmeNonzT
and
|xm+1n - Wn| 1 y[2 1’12 2
T _ ﬁ (1 _am)ﬁme +amﬁ T L —bTme—T

[o o olNe ]

D359 321 [IATSRN

v=T u=v s=u

o0
- Zv(t’xmﬁt’xmfzﬂ . "xmsz) - Ct]j| } ~Wn

t=s

[T — Wr| [Sexmr — Sewr|
= +a, =

<[1- (1 -0)ap]llxn —wl

<(1-a)

<eWm) e —wll, VmeNy,B<n<T,
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which imply that
[%me1 — wl| < e 0O ||x,, —w| < e GO X% |5 —w|, VmeN,,

that is, (2.8) holds. It follows from (2.8) and (2.9) that lim,,,_, oo %,,, = W.

Next we show that (b) holds. Let L;, L, € (bM + N, M) and L; # L,. Similar to the proof
of (a), we get that for each c € {1,2} there exist constants 6, € (0,1), T, > ng + 7 + 8 and
a mapping Sy, satisfying (2.29)-(2.32), where 6, L and T are replaced by 6., L. and T,
respectively, and the mapping S;, has a fixed point z° = {z},en, € A(N, M), which is a
positive solution of Eq. (1.1) in A(N, M), that is,

[o el elNe o]

2 =n*L, - b, T+ZZZ%:h(s,zf,ls,zf%,...,zflks)

V=n u=v s=u S

00
—ZU(LZ;U,Z;%,...,Z;“) _Ct]}’ Vnz T
t=s

which together with (2.1), (2.29) and (2.31) means that

%
n2 n2
1 2 2
znN—-1)—z,nN—7T n—rt
oy =D =B =)

(n—-1)2 n?
o0 o0 o0

- ZZZ <|h s, Zhls’ZhZS ,z}lks) —h(s,zils,zf%,...,ziks)|

V=n U=v S=u

o0
+ ZV(t’Z}u’Zflz:’ . “’Zflkt) —f(t,zlet,zfz%,...,zj%kt) })
t=s

o <JaNNe oNe o]

> |Ly - Ly| - b|2' - 22 ZZZZ| |(Rmax |Zh1 Zh1| 1<I<k}

V=n u=v Ss=u

o0
+ ZPtmatzflh _ZJ%z:| :1<i< k})

t=s

_z || [o. Sl ShNe ] o0
> |Ly — Ly| - b||2* - ZZZ (RSHS+ZPtF,>

V=n u=v s=u t=s
ey 2 =21
2 |l - Lol - bz -2 ”_max{le»Tz}v maxz{;ﬂz};sz;'l ag \ +ZPtFt

> |Ly - Ly| - max{6y,6,}|z' 22|, Vn=max{Ty, T},

which yields that

|L1 — L]

2= bl
1 + max{6;,6,}

|-

that is, z! # z2. This completes the proof. O
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Theorem 2.4 Assume that there exist constants b, M and N with (1+b)M > N > 0 and four

nonnegative sequences {Py}uen, » {Qulnen,,» (Rutnen, » {Wilnen,, satisfying (2.1), (2.2),
(2.17), (2.18) and

-1<b<b,<0 eventually. (2.34)

Then

(@) forany L € (N,(1+ b)M), there exist 0 € (0,1) and T > ng + T + 8 such that for each
X = {xo,,},,eNﬂ € A(N, M), the Mann iterative sequence {%,;}men, = {{acm,,},,g\;ﬁ}meN0
generated by (2.27) converges to a positive solution w = {wy},en, € AN, M) of
Eq. (1.1) with (2.28) and has the error estimate (2.8), where {ot;,}men, is an arbitrary
sequence in [0,1] satisfying (2.9);

(b) Equation (1.1) possesses uncountably many positive solutions in AN, M).

Proof Put L € (N, (1 + b)M). It follows from (2.17), (2.18) and (2.34) that there exist 6 €
(0,1) and T > ngy + 7 + B satisfying

v=T u=v s=u t=s

==b+ i i i (RSHS + iPd-}); (2.35)

TzZZZW(W +Z t+|ct|)<mln{(1+b)M LL-N}; (2.36)

v=T u=v s=u

-1<b<b, <0, Vn>T. (2.37)

Define a mapping Sy : A(N, M) — I3 by (2.32). By virtue of (2.2), (2.32), (2.36) and (2.37),
we easily verify that

o0 o0 o0
Sixy Xpz (n -7)?

e R 930 3 3i ([

V=n u=v Ss=u

o0
+ Z[lf(t’xflz’xfzz" . ’xfkg)’ + |Ct|])

t=s

[o. <IN olNe o]

<L-bM+ TZZZZ (Wwi(Qﬁl&l))

v=T u=v s=u
<L-bM+min{(1+b)M-L,L-N}
<M, Vn=>T,

San 1’12 SLxT
=—- <M, B=n<T,
n2
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[o olNNNe olNe o]

San Z ZZ <|h(5,xhls:xth“"xhks)

v=T u=v s=u

o0
+ Z[V(t’xﬁt’fot’ e ’xf/¢)| + |Ct|])

t=s

> Ziii|s|(W+Z t+|ct|)

v=T u=v s=u t=s

>L-min{(1+b)M-L,L-N}

>N, Vu>T

and

Six, n* Six
LG:_Z. LZTZN; ﬁ§n<Tr
n T n

which yield that Sy (A(N, M)) € A(N, M). The rest of the proof is similar to that of Theo-

rem 2.3 and is omitted. This completes the proof. d

Theorem 2.5 Assume that there exist constants q, b, b*, M and N and four nonnegative

sequences {Pn}neN,,O’ {Qn}neNnOr {Rn}neNnor {Wn}VIENnO Sﬂtisfyi”lg (21), (22)7 (217)r (218)
and

M N
g°b* <1< b,q, b*(Mg+N)< — +—, (2.38)
q qb*

1<b, <b,<b*, eventually. (2.39)

Then
(a) forany L € (b*(Mg+N), ™ + L), there exist 0 € (0,1) and T > ng + © + B such that
Y 1 g "o
Jor each xo = {xon}nen, € AN, M), the Mann iterative sequence

(X} meny = {{xmn}neNﬂ Ymen, generated by the scheme:

2
(+)°L  Xmnsr
(1 am)xmn + am{ bn+‘[ bYHT

1
bnﬂ Zv n+t Zu v Zs U ag [h(s’xmhls’xthS’ o "xmhks)

- [ S O S & -]}, m=0,n>T,
Kopsin = Zt S(f( mfie mf2t T+f mfktj . t)]} (240)
(1 am) 2me + Uy T2 { brie - ﬁ

1
+ Zv T+t Zu VZS U ag [h S xmhls’xmhzﬂ'”’xmhks)

- ths(f(t,xmﬁt,xmfm,...,xmfkt) )]}, m=>0,B<n<T

converges to a positive solution w = {wy},en, € AN, M) of Eq. (1.1) with (2.28) and
has the error estimate (2.8), where {at,}men, is an arbitrary sequence in [0, 1]
satisfying (2.9);

(b) Equation (1.1) possesses uncountably many positive solutions in AN, M).
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Proof Let L € (b*(Mq + N) + b*) It follows from (2.17), (2.18), (2.38) and (2.39) that
there exist 6 € (0,1) and T Z no + T + f satisfying

[ o olNe ]

0= o T2 ZZZ| | <RH +ZPtF,>, (2.41)

v=T u=v s=u

m&W+ZQﬁw)

oo o0 o0

=T u=v s=u
. N L
< min M—qL+E,E—Mq—N ; (2.42)
\2
(1+—> <b.q, 1<b,<b,<b"Vu=>T. (2.43)
n

Define a mapping S, : A(N, M) — [g° by

( )ZL n+t 1
anrnir N zyHr bnﬂ ZV n+t Zu v Zs U ag {h S Xhysr Xhgg - - "xhks)
SLle = - Z?js [f(ty xﬁt;xfzp e ’xfkt) - ct] }; n= Tr (2‘44)

2
%SL.?CT, B<n<T

for each x = {x,},eny € AN, M). On account of (2.1), (2.2) and (2.41)-(2.44), we ensure
that for each x = {x, }nen,, ¥ = (Yutnen, € A(N,M)

San SLyn

n? n?

1 ) (n+ 7:)2 ) [t = Vnerl
bz n? (I’l + T)z

o0
nz Z Z Z (|h(s’xhls’xh23’ ce ’xhks) - h(s’yhls’yh2s’ . "yhks)’

=

V=n+T U=v S=u

00
+ Zv(t’xflt’xfzz’ e ’xfkt) _f(t’yflt’yfzz' e ’ysz)‘>

t=s

< 1 1 ’
<o (1+7) b

[ *ZNe olNe ]

szZZZ| |(R max |xh,s Vhgel ¢ 1<l<k}

v=T u=v s=u

+ZPtmax{|xfh A :lflfk})

t=s

v=T u=v s=u

=0llx-yl, Vn=T,

2
n SLxT SLyT
n2

San SLy nl _

<Olx-yl, B=<n<T,

n? n? T2
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San T 2 L 1 T 2 Xn+t
=(1+-— - 1+—
n? n) by bp n) (n+1)?

Loy iyl @meww
n+f

V=n+T U=V S=u

R CETRETSINETRE Cr])

t=s

\?L
< (1+ Z) 5o b* o n2 Z ZZI o {|h(S;xh15;xh25wu,xhkS)

V=N+T U=V S=U

oo
s vl

t=s

[o. Sl olNe o]

<qL—— 7 T2ZZZ| s|<W +Z Qt+|ct|)

=T u=v s=u

N N L
<qL—b—+m1n M- qL+b* o

- Mg — N}

<M, Vu>T,

Six, n* SpxT
T M, Bn<T,
n T n

Six, L M{ T Sl
;2 E_b_*<1 ) n2 Z ZZ <|h(s,xhh,xh23,...,xhks)

V=n+T U=V S=u

oo

+ Z[lf(t’xflz’xfzz" . ’xfkg)’ + |Ct|])

t=s

oo o0 X

s DR ng@ww

=T u=v s=u

L N
> — —Mg-min{M —qL + —

Lo mg-N
b e 4

>N, Vn>T
and

Six, n* Six
LG:_z_ LszN, ﬂ§n<T,
n T n

which mean (2.14). It follows from the Banach fixed point theorem that the contraction

mapping Sy, possesses a unique fixed point w = {w,,},en, € AN, M), that is,

oo 0 XX

n+7)*. w
Wy =SiWy = TL s Z ZZ ks, Whls,WhZSMH;thS)
n+t

n+1: n+rVVl+TMVSM

[e¢]

_ Z[f(t, Wﬁt’wf2t""’wfkt) — Ct] ], Vu>T (2.45)

t=s
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and (2.16) is satisfied. It is easy to verify that (2.45) yields that

oo o0 XX

1
Wy +b,w,_; = n’L + Z Z Z a— :h(s, Whigs Whogs s ths)
s

V=n Uu=v S=u

o0

—Z[f(t,wﬁt,wfzt,...,wﬁ(t)—ct]}, VYu>T+r, (2.46)

t=s

o0 o0
1
AW, +b,wy_)=(2n+1)L - Z Z = {h(s, Wihygs Whags -+ s Wiy,)
S

u=n s=u
oo

- Z[f(t,wm,wfzz,...,wfk[) —ct]}, Vn>T+1,
t=s

s=n S

o0
1
A*(wy, + byw,_) = 2L + Z = [h(s, Wihygs Whags -+ s Wiy,)

oo

- Z[f(t, Wi Whs oo os Wh,) — ct]], Vn>T+r1,

t=s

3
dVlA (WVI + bnwn—t) = _h(nr Whln’ th,,; .o 'ywhkn)

o0

+ Z[f(t, Who Whireo o Wh) =€), Yn>=T+71

t=n

and

A(a,,As(wn + b,,w,,_f)) = —AI(1, Wy, Whyys - s Wiy,,)

—fmwh, Whys oo s Wp )+ € Y >T 41,

that is, w = {w,}uen, is a positive solution of Eq. (1.1) in A(N, M). Making use of (2.17),
(2.18) and (2.46), we infer that

[o. Sl olNe o]

b,w,_ 1 1
’Wn"’ ;Wn T _L‘ < ﬁZZZm<|h(s’Whls’thS""’thx)

n
V=N u=v s=u

o0
+ Z[lf(t’ Wﬁt’Wth"“’Wfkt)| + |Ct|]>

t=s

oo
=S

<iyyylt <Ws+tZ(Q¢+|ct|)>

which gives (2.28). In terms of (2.14), (2.16), (2.40), (2.44) and (2.45), we deduce that

(n+ L Xy

1- m/Vmn mY~— ;=
( * )x i { bn+r bn+r

|xm+1n - Wn| _ l
2 1’12

1 0o 00 00 1
" b Z Z Z _ [h(s’xmhls'xmhzs’ e Xy )
n+t a

n




Liu et al. Advances in Difference Equations (2015) 2015:178

oo
D [CE R R Ct]} } ~Wn

t=s

Kyun — W SiXpm — SLw
E(l—am)| mn > Vl| +am| mn Vl|

1’12
< (1 —am)llm — Wil + O, |, — wl

= [1- (1= )1 — wll

<e |y, —wl, VmeNyn>T
and
|1 — Wal 1 1 ) n? N | (T+T)’ L Xt
———— == |l-ay) = Uy — -
n? n? e br.. br:
oo oo oo 1
+ Z Z Z ﬂ_s |:h(5:xmhlsrxmh23» “en »xmhks)
v=T+T u=v s=u
o0
- Zv(t’xmﬁt’xmfzt’ . "xmsz) - Ct]:| } —Wn
t=s
[T — wr| [Sxr = SLwr|
< (L-am)—= T - =
<[1- @ -0)am]llam — wl
<e W) x —wl, VmeNy,B<n<T,
which imply that

m .
[%ms1 = wl < e 00|, — || < e WD L0 gy —w|, Vm e Ny,

that is, (2.8) holds. It follows from (2.8) and (2.9) that lim,,,_, o0 %, = W.

Page 24 of 38

Next we show that (b) holds. Let Ly, L, € (b*(Mgq+N), % +N)and L, # L. Similar to the

qb*

proof of (a), we get that for each ¢ € {1,2} there exist constants 6, € (0,1), T, > np + T + 8
and a mapping S;, satisfying (2.41)-(2.44), where 6, L and T are replaced by 6., L, and
T, respectively, and the mapping S;, has a fixed point z¢ = {3} neny € A(N, M), which is a

positive solution of Eq. (1.1) in A(N, M), that is,

[o el elNe o]

(n+1)? z£ 1 1
Zf, = bn+‘r Lc- b}:: + b_ ZZZ a_s{h(s’zills’zzzs""’ziks)

n+ V=n u=v Ss=u

o]

> f(62,2,,0-2,) — <] }, Vn> T,

t=s

which together with (2.1), (2.41) and (2.43) means that

1 '(n+r)2 lzZh(n + 1) = Z2(n + 1)|

S P 2|L Ly
AT A .
- bn+r n ! 2 bn+r n? (Vl + T)Z
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_ n2 Z ZZ <|h s, zhls,thS ,z}%) —h(s,zﬁls,zzzs,...,zﬁks)|

V=n+T U=V S=U

o0
+ ZV(t’Zflu’Z}zt’ . ..,z}kt) —f(t,z}”,zét,...,zit) |>
t=s

ILi—Ly| 1 AYEIEE
- onl _b*<1+n) -2

bn2 Z Zzl S|<R max{|z, -z |:1<I<k}

V=n+T U=v S=u

o0
+ZPtmax{|z}h —z}lt| :lflsk})

t=s

Ly~ Ly| 12 -2 -
ZT-!]“Zl—ZZH—W Z ZZ (RSHS+;PtFt)

v=max{T1,To} u=v s=u
Li-Ly
>| 1 |

Z max({6y,6,} | 2"

Vn > max{T, T>},

which yields that

X ) |L1 —L2|
“ -z ” - b*(1+max{91,92}) >0

that is, z! # z2. This completes the proof. O

Theorem 2.6 Assume that there exist constants b, b*, M and N with N”i’; >SM>N>0

and four nonnegative sequences {Pn}nENno’ {Q,,},,eNnO, {R,,},,ENno and {W,,}y,eNn0 satisfying
(2.1), (2.2), (2.17), (2.18) and

b, <b, <b*<-1 eventually. (2.47)

Then
(a) forany L € (N(1+ by), M(1 + b*)), there exist 0 € (0,1) and T > ng + T + 8 such that
foreach xy = {Xon}tneny € A(N, M), the Mann iterative sequence
(mbmeng = HXmnbneng bneng generated by (2.40) converges to a positive solution
w = {Wylnen, € A(N, M) of Eq. (1.1) with (2.28) and has the error estimate (2.8),
where {0ty } men, is an arbitrary sequence in [0,1] satisfying (2.9);
(b) Equation (1.1) possesses uncountably many positive solutions in A(N, M).

Proof Put L € (N(1 + b,), M(1 + b*)). Observe that
2\ 2
lim |:N<1+b*<1+ —) )] =N@1+b,)<L<M(1+0b")
n—00 n
2\ 2
lim [M(l + b*(l - —) ):|
n—00 n
£\ 2
lim [M(l + b*(l + —) >],
n—00 n
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which implies that there exists Ty € N, ,.p satisfying

e (i) o (-5))

C (N(L+by),M(1+bY))

)
C(N(1+b*),M<1+b*(1+£> )) Vi e Ny, (2.48)

It follows from (2.17), (2.18) and (2.47) that there exist 6 € (0,1) and T > T, satisfying

0=— b{[(u—) Tiiilas (RH +ZP@)] (2.49)
bmiii%(

v=T u=v s=u

min{ M+ (1+ = L EYEEN (2.50)
< T b* \MTT) T, ’ '

by<b<-1, VYn>T. (2.51)

||M8
°
+
£
v

Define a mapping S; : A(N, M) — g by (2.44). Making use of (2.1), (2.2), (2.44) and
(2.48)-(2.51), we conclude that for each x = (%ntneng> ¥ = Wnlneny € A(N,M)

San SLyn
n? n?
2
< 1 (n+71)° | Xpar —Vn+t
T b n? (n+ 1—)2

oo o0 o0

n2 > ZZ <|h(s,xhh,xh23,...,xhks)—h(s,yhh»th...,yhks)|

V=Hn+T U=V S=U

00
+ Zv(t’xflt’xfzz’ e ’xfkt) _f(t’yﬁt’yfzﬂ e ’yfkt)‘>

t=s

[o el o lNe o]

b*T2 ZZZW (R max |xh,S iyl : 1<l<k}

v=T u=v s=u

+ZPtmax{|xfh A :lslfk})

t=s

5_%“ —> Ziii (RSHS+§S:PtFt)i|||x—y||

v=T u=v s=u
=0llx-yl, Vn=T,

San SLyn _ }’12 SLxT 1’12 SLyT

T2 n? T2 n2

<Ole-yl, B<n<T,

n? n?
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Srxn \> L 1 AN
=(1+-— - 1+—
n? n) by bp n) (n+1)?

PP I)D) D L
H+T

V=n+T U=V S=u

= [ 20 55,) — Ct]]

t=s

< (1+ T 2£ 1+ E)ZM
- b* n/) b

o0 0 X

s DY o)

V=Hn+T U=v S=u

Z[lf(t’xﬁt’xfzz’""xfkt)| + |Ct|]>

(+7) L;—*M—,,fpZZZ|;|(M+Z(Qt+IctI))

IA

<M, Vn>T,

Six, n® Spxr

n? T2 2

(500
n n n

oo o0 X

b,
1
DD D I (TN

V=n+T u=v S=u

<M, B=<n<T,

00
+ Z[lf(t’xflt’xfzﬂ‘ . ’xsz)| + |Ct|])

t=s

>N, Vn>T

and

S, 2§
Ln _ 1 LxT>N B<n<T,
n2
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which yield (2.14). The rest of the proof is similar to that of Theorem 2.5 and is omitted.
This completes the proof. O

Theorem 2.7 Assume that there exist constants b, M and N with (1 — 2b)M > N > 0

and four nonnegative sequences {P,,},,eNnO, {Q,,},,eNn0 s {Rn},,eNnO, {W,,},,GN,,0 satisfying (2.1),
(2.2), (2.17), (2.18) and

1
|b,| <b< 5 eventually. (2.52)

Then
(a) forany L € (N + bM, (1 — b)M), there exist 0 € (0,1) and T > ny + t + B such that for
any xo = {xon}nen, € A(N, M), the Mann iterative sequence
(X} men, = {{xmn}neNﬂ Ymen, generated by (2.27) converges to a positive solution
w = {Wylnen, € AN, M) of Eq. (1.1) with (2.28) and has the error estimate (2.8),
where {0ty } men, is an arbitrary sequence in [0,1] satisfying (2.9);

(b) Equation (1.1) possesses uncountably many positive solutions in A(N, M).

Proof Put L € (N + bM, (1 — b)M). It follows from (2.17), (2.18) and (2.52) that there exist
0 €(0,1) and T > ng + 7 + B satisfying (2.29),

[o <IN olNe o]

% SN % (W £ (Qe+ |c,|)) <min{1-HM-LL-bM-N}; (253)

v=T u=v s=u

|b,| <b, Vn=>T. (2.54)

Define a mapping S; : A(N,M) — I by (2.32). By virtue of (2.2), (2.32), (2.53) and (2.54),
we easily verify that for each x = {x,}uen,, ¥ = (Vubnen, € A(N, M)

SLx,,<L b1(1 \2 Xyt
nr - " n) (n-r)?

[o clENNe olNe o]

1 1
e D 12 <|h(s’xh157xhzs’ cs Ky

V=n u=v Ss=u

o0
+ Z[lf(t’xflz’xfzz" . ’xfkg)’ + |Ct|])

t=s

[o cluNNe olNe o]

§L+bM+%ZZZ;—S'(WS+;S(@+|%|)>

v=T u=v s=u
<L+bM+min{(1-b)M - L,L - bM - N}
=M, Vn=T,

San 1’12 SLxT
= 5 <M, B<n<T,
n T n
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Srxy T > Xn-t
>L—1|b,||1-—
n - | |( n) (n—1)?

[o. Sl olNe o]

1 1
B ﬁ Z Z Z @ (ih(s’xhls’xhzw e ’xhkx)

V=n u=v S=u

o0
+ Z[lf(t’xflz’xfz:’""xfk;)| + |Ct|])

t=s

[e¢] o0 oo
1

ZL—I’)M—%ZZZ@(M‘Fi(Qt"'|Ct|)>

v=T u=v s=u
>L—bM - min{(1-bM-L,L-bM-N}

>N, Vnu>T

and

San }12 SLxT
n? T2 2

>N, B=<n<T,

which yield that Sy (A(N, M)) € A(N, M). The rest of the proof is similar to that of Theo-
rem 2.3 and is omitted. This completes the proof. d

3 Examples
In this section, we suggest seven examples to explain the results presented in Section 2.

Example 3.1 Consider the fourth order neutral delay difference equation

sin?(x,_3 — nx,2_1)
n8 +3n6 —4md +1
3n—./n (-1)"In’n

+ = , Yn=>4, 3.1
(1 +2n5 —n+ DA +4%, +x,,)  nl+2n° —nt+1 - (8.1)

A((7* =+ 1) A% (@ — 2x0-0)) + A(

where t € N is fixed. Let np =4,k =2, 8 =min{4 — 7,1} =1 € N, M and N be two positive
constants with M > N and

(-1)"In*n
Ty omb — it 4+ 1

fn=n-2, F,=n" Mmy=n-3, hoy =n? -1, H,,:(nz—l)z,

2

a,=n"-n+l, b, =-1, flnznz,

3n-./n sin?(u — nv)
15 5 2. 2)’ h(n,u,v) = =5 6 3.1’
(> +2m° —n+ 1)1 + u? +12) n8 +3n® —4md +1

20 4 1
Pn:Qn:W, Rn:ﬁ; W, = Pt Y(n,u,v) € Ny, x R2.

fn,u,v) =

It is easy to see that (2.1), (2.2) and (2.5) are satisfied. Note that Lemma 1.1 means that

52 2 23 o maxRH, W)

i=1 v=n+it u=v s=u

1 — s 4(s-1)2 1 4 1
5_252 max{ 57 ’STS S_rﬂr ZSTO—>O asn— o0
S=n+T
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and

B
- maxy —(«, — T
oy $?—s+1 107 (147 11 4 245 — 4 4 1

lim — Z Z Z Z Iai max{R,H;, W,} = 0

and

[c < JNe oo o]

nliflgoﬁz Z ZZZ—maX PtFter¢|Ct|} =

i=1 v=n+it u=v s=u t=s

That is, (2.3) and (2.4) hold. Consequently Theorem 2.1 implies that Eq. (3.1) possesses
uncountably many positive solutions in A(N, M). Moreover, for each L € (N, M), there
exist € (0,1) and T'> np + T + B such that for each xg = {xou}nen,; € AN, M), the Mann
iterative sequence {X,}men, = {{xm,,},,eNﬁ }men, generated by (2.6) converges to a positive
solution w = {wy}uen, € A(N,M) of Eq. (3.1) with (2.7) and (2.8), where {a,}men, is an
arbitrary sequence in [0, 1] satisfying (2.9).

Example 3.2 Consider the fourth order neutral delay difference equation

cos?(nx,_4 - 2)
A1) A3 (xy + 2,0)) + A ;
((-1) (o + %)) ((n34 +28n22 —1)(1 + x5, 3)
(n?0 — 113 + (=1)")(x,2_16 + %2_20)
(n3 +10n28 — /n)(1 + x32—16 + xi2—20)

(-1)"n® + 4n* — /Inn

= , >5, 3.2
n® +20n5 —nt +1 "= (32)

where 7 € N is fixed. Let ng =5,k =2,8=5-1 € N, M and N be two positive constants
with M > N and

(-1)"n® + 4n* — /Inn

)
n® +20n5 —n* +1

fu=n*=20,  F,=(n*-16)°,  hy,=2n-3,

ay = (_l)nn27 bn =1, Cn =

fin=n*—16,

hop =1 —4, H, =(2n-23)?,
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(n2° =1+ (1)) (u+v)
(136 + 10128 — /m)(1 + u? +12)’
cos?(n'ty - 2)
(n3% +28n22 —1)(1 + ut)’

4 10
Pn:Qn:m, Rn:Wn:ﬁy V(VI,M,V)GNWOXRZ.

f(l’l, u, V) =

h(n,u,v) =

It is clear that (2.1), (2.2) and (2.19) are fulfilled. Note that Lemma 1.1 ensures that

%ZZZ| |max{RH5,W}

oo

1 10(2s—3)2 10
= n2 o 1)552| SERERAST)
40 1
< n2 sn — 0 asn— o0
s=n

and

1 o0 o0 oo o0
TZZZZ max {PF, Quleel}

e 4|12 -16)> 4
e L L 2iC 7 ax{ A
4 & =1
=2 dw
= t=s

4 00
O
t=n

(-1)%3 + 4> — /Int

9 420885 — 4 41

|

Me !
v

<
=
=
Il

v s

u

le’_‘

I A

as n — 09,

which mean that

[o ol olNe o]

nlggoﬁZZZ—max{RHs,W} 0

V=1 U=V S=U

and

[ <N ol O lNe ]

nlinoloﬁzzzz| N max PtFtrthCt” =

V=n u=v S=u L=s
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That is, (2.17) and (2.18) hold. Consequently Theorem 2.2 implies that Eq. (3.2) possesses
uncountably many positive solutions in A(N,M). Moreover, for each L € (N, M), there
exist & € (0,1) and T' > ng + T + B such that for each xg = {xou}nen; € AN, M), the Mann
iterative sequence {x,, }men, = {{xm,,}y,eNfj }men, generated by (2.20) converges to a positive
solution w = {Wnlnen, € A(N,M) of Eq. (3.2) with (2.7) and (2.8), where {0} men, is an

arbitrary sequence in [0, 1] satisfying (2.9).
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Example 3.3 Consider the fourth order neutral delay difference equation
3 3n —
V5 + 1A &, + Xnt
4m3 +3
A<sin(;18|xn_1| V) n’—(-1)"n+1 )

2t nt - m+l (n19 + 618 — n? +1)2R2n-1

(-1)"n® = 3n* + 21 + 1 Ssin®(Bnd 1) +n® -1
(M7 +1° + 1)1+ 43, ,) (n25 +4n?t + 17 1)1+ 42 5)
(-1)"n® —n” +2n° -1

= , vn > 7, 3.3
n?8 + 81t —2n7 +1 - (3:3)

where t € Nisfixed. Letng =7,k =2,b = %,,B =min{7 - 7,5} € N, M and N be two positive
constants with M > 4N and

3n -2 (-1)'n® —n” +21% -1
b C = ’
4m3 + 3 " n?8 + 84 — 217 +1

fon=n-3, F,=(2n-4)?% hiy=n-1, hop =21 -1, H,=02n-1)?,

a,=~n®+1, b, =

fin=2n-4,

(-1)"n° =3n*+2n*+1  WPsin®(Bud-1)+#® -1

n,u,V) = - ,
f( ) (7 + n5 + 1)1 + u?) (125 +4n2* + n” - 1)(1 +1v2)
i ) sin(n®|u| - /n) n—(-1)"n+1
n,u, = - )
et - n+1 (10 +6n® —n? +1)2M
3

P,=Q,= L R,=W,= Y(n,u,v) €N, x R

BET X
nlO

It is not difficult to verify that (2.1), (2.2) and (2.26) are fulfilled. Note that Lemma 1.1
implies that

%Zzza—max{RHs,W}
S

u

1 & &2 212s-112 2
<p 2 = ma 22000 T

and

[o olNe o llNe SHNe o)

n2 ZZZZ—maX PtFt:Qt1|ct|}

V=N u=v s=u L=s

o0 o0 o0 o0
3126 — 4> 3 (-1 -1 + 283 -1
D ) B I B e

8’ —2t7 +1
V=n u=v S=u Lt=s

1200 oo oo [e¢]
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which mean that

[ *INe olNe ]
1

nlinolo % Z Z Z ] max{R,H;, Wi} =0

V=n Uu=v S=u

and

[ ol oBNe o le o]

lim % Y3 |:—| max{P.F,, Qu lc|} = 0.

V=n u=v s=u t=s

That is, (2.17) and (2.18) hold. Consequently Theorem 2.3 implies that Eq. (3.3) possesses
uncountably many positive solutions in A(N,M). Moreover, for each L € (bM + N, M),
there exist 6 € (0,1) and 7' > ng + 7 + B such that for each xo = {xo,}nen, € AN, M), the
Mann iterative sequence {x,;}ueng = {{%n}nen, bmen, generated by (2.27) converges to a
positive solution w = {w, },en, € A(N, M) of Eq. (3.3) with (2.28) and (2.7), where {a;,} meny
is an arbitrary sequence in [0, 1] satisfying (2.9).

Example 3.4 Consider the fourth order neutral delay difference equation

2-71n° 3t +1n’n-1
A((—l)"ln3(n+2)A3<x,, #x_>) +A( P >

+
3+8In°n (n° +6n° + 1)(1 +x3, )
-2 12 4 n,3
sin“(n“xy,2_1 —3n* +1 -1)'n° +n-2
( 2n2-1 ): (-1) . Vn>0, (3.4)
2126 + 3m8 +1 n +9n° —3m3 +1

where t € N is fixed. Let ny = 9,k =1,b = —%,,B =9 -1 €N, M and N be two positive
constants with M > 8N and

2-7I°n
a, = (1" +2), by=——+—,
(=" I ) 3+8In°n

(-1)'n® +n-2 )
cp=——————, =2n" -1,
" +9m —3m3 + 1 Sin
sin?(n2u - 3n* +1)

— (252 2 -
Fo= (=15 flnu)= 2126 + 318 +1

’

3t +In’n-1
(n° + 61 + 1)(1 + u*)’

h(n,u) =

3
hi,=3n-7, H,=(3n-7)% Py=Qu=—,
n

’

1 & 52 {5|3s—7|2 5}
= X 2

s’ s7
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and

[o ol ol s lNe o]

DD PR

V=n u=v s=u t=s

Qt? |Ct|}

(o oI ol o lNe ]

32t2 -1 3 |(-1) +¢t-2]
MZZZZZ (- l)Sln (s+2)] ax{ A Ar }

2+ 910 - 383 +1
V=n u=v s=u t=s

(o <JNNNe oBNe o B¢ o]

SEYYYN G EEY 0

v=n u=v s=u t=s
which yield that

[o Sl olNe o]

nlin;oﬁZZZ—max{RHs,W}—

V=1 U=V S=U

and

[o SN ollNe o llNe o]

nllﬁn;Q ) Z Z ZZ — max PtFtr Qs |Ct|} =

V=N u=v s=u t=s

That is, (2.17) and (2.18) hold. Thus Theorem 2.4 shows that Eq. (3.4) possesses uncount-
ably many positive solutions in A(N, M). Moreover, for each L € (N, (1 + b)M), there exist
0 €(0,1) and T > ng + T + B such that for each xy = {xou}nen, € AN, M), the Mann it-
erative sequence {x,}meng = {{Xmn}nen, Imeng generated by (2.27) converges to a positive
solution w = {w,},en, € AN, M) of Eq. (3.4) with (2.28) and (2.8), where {a,,}men, is an
arbitrary sequence in [0, 1] satisfying (2.9).

Example 3.5 Consider the fourth order neutral delay difference equation

3
A((n3 -n* +1)A° (xn + (3 + —)xn_r>)
n
n® —3n + arctan” n
+ A
(nY7 +9n2 + 1)1 + | cos(n*xy,_1 — 1))
neos(m’x,0) =1 (=1)"'n* -2n° + Vn+1
M8+ 2116 +1n’n 2+ 3nl5 - 2nM +1

, Vn>3, (3.5)

where 7 € Nis fixed. Letng =3, k=1,b*=4,b, =3,q = g,ﬁ:min{S—r,l}:l,M:SOO,

N =1and
3 (1) 'n*—2m® + Vn+1
_ .3 2 _ _
p=m=m+1, bn_3+Z' n = 2l 4+ 3n15 — 21l 41

fin=n—2, Fnz(n_z)z, h1n=2n—1, Hn=(2}’l—1)2,

ncos(nPu) — 1 om0 n? — 3n + arctan® n
_ n,u) = ,
n18 4+ 2116 + Inn (nY7 + 912 + 1)1 + | cos(n*u — n)|)

1

2
Pn:Qn:W» Rn:Wn:E,

fln,u)=

V(m,u) e Ny x R.
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Clearly, (2.1), (2.2) and (2.39) are satisfied. Note that Lemma 1.1 yields that

1 o0 (o8} oo 1
2 2 2 2 oy max(ReHy, Wi)

1 & s 22s-1)* 2
< — ,—
—nzzss_serlmax{ s2 s9}

and

oo 00 o0 o0

) Zzzz—max PiFy, Quleel}

V=n u=v s=u t=s

> o o [t-212 1 |(—1)“1t4—2t3+«/t+1|}

nzZZZZs3 32+1 { ;14 TR 213405 21 4 ]

V=n u=v s=u t=s

which mean that

[o. Sl olNe o]

nlingoﬁzzz| 2 max{R;H;, W} =0

V=n u=v S=u

and

oo 00 00

nlgroloﬁzzzz X max PtFter:|Ct|}

V=n u=v s=u t=s

That is, (2.17) and (2.18) hold. Thus Theorem 2.5 shows that Eq. (3.5) possesses uncount-
ably many positive solutions in A(N, M). Moreover, for each L € (b*(Mq + N), %I + q% ,
there exist 6 € (0,1) and T > ng + t + B such that for each xy = {Xontnen € A(N, M), the
Mann iterative sequence {x,}men, = {{x,,,y,},,eNﬁ},,,EN0 generated by (2.40) converges to a
positive solution w = {w,},en, € A(N, M) of Eq. (3.5) with (2.28) and (2.8), where {&;,} nen,

is an arbitrary sequence in [0, 1] satisfying (2.9).

Example 3.6 Consider the fourth order neutral delay difference equation

NExa 212 + 9n'l — lx ) LA (-1)"cos(n®® = 2/n +1)
243142 7" (n+3)°nlx,_o] +1

n*—Inn _()"'nt+5 In®n-1

+ - =
nl5 + 212 + sin(n3x,_;) nB + 12111 +1

Vn>6, (3.6)
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where t € N is fixed. Let ng = 6,k =1,b* = -2,b, = -3, 8 =min{6 — 7,4} € N, M and N be

two positive constants with 2N > M > N and

22 + 9t — 1 (-1)"u* +5In° n -1

—_ Cp =
2 +3p1 +2 n3 412111 +1

ﬁn:n_lr Fn:(n_l)Z: h1n=l’l—2, Hn:(n_z)Z;

ﬂn:n4’ bn:_

’

nt—1n’n (-1)"cos(n®® = 2/n +1)
f(n,u) = . , h(n,u) =
n'> + 2n? + sin(n3u) (m+3)°/nlul +1

1
P,=Q,=R,= nzﬁ; V(”,”)GNHOXR.

Obviously, (2.1), (2.2) and (2.47) are satisfied. Note that Lemma 1.1 guarantees that

1 o0 o0 o0 1
LS55 L i v
L ——— |as|

o0
_1 Zs2 s—2> 1
< — — maxy ——(—, <
n? st s8 g8

and

1 oo [o¢] o0 o0 1
EZZZZ | | maX{PtFpQ[’|Ct|}

iii 1 (t-12 1 |(-D)"* +51n° ¢ -1
— max y—,
- st AR A 1341261 +1

which imply that

[ <IN olNe o]

n—)oo 1’12 Zzz_max{RHs;W} 0

V=n u=v Ss=u

and

oo 00 00 0

,}EEOEZZZZ_maX PtFter:|Ct|} =

V=n u=v s=u t=s

That is, (2.17) and (2.18) hold. Thus Theorem 2.6 shows that Eq. (3.6) possesses uncount-
ably many positive solutions in A(N, M). Moreover, for each L € (N(1 + b,),M
there exist 6 € (0,1) and 7' > ng + 7 + B such that for each xo = {xo,}nen, € AN, M), the
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Mann iterative sequence {%}men, = {{Xmn}neng bmeng generated by (2.40) converges to a
positive solution w = {w,,},,en, € AN, M) of Eq. (3.6) with (2.28) and (2.8), where {o,} ey,

is an arbitrary sequence in [0, 1] satisfying (2.9).

Example 3.7 Consider the fourth order neutral delay difference equation

2(-1)"m® —n+1 sina,_g
Al nn?(n+3)A3 %, + ——————x . ) | + A ———
<n (n+3) ( "o 43n-1 T n'? + nx?

n2-2

(=1)"13 cos? (4#n° — 31n n) _(-1)"n® —5n” —4n® +1

= , VYn>38, 3.7
5+ 108 m + |mxs,q — 03] M2% +30m6 — 217 +1 - 37)

where T € Nisfixed. Letng = 4,k =2,b = %,ﬂ =min{4—1t,2} € N, M and N be two positive
constants with M > 5N and

0201+ 3) 5 2-1)"n® -n+1 (-1)"n® —5n" —4n® +1
a, =nln“(n+3), =Y Cn = ’
" " 5n8 +3n -1 " n25 4 30m6 — 217 + 1

fin=3n-1,  f,=2n-3, F,=@Bn-1)%
Mu=m*=2,  hy=n-4, H,=(n*-2)},

(=1)" 113 cos®(4n° — 31n? n) sinu
) h(nr u, V) = ﬁ)
2 + ny

f(n,u,v) =

5+ 108 n + [nu - v

4
pn:Qn:Rn:Wn:Ty V(VZ,M,V)GNV,OXRZ.
n

It is not difficult to verify that (2.1), (2.2) and (2.52) are fulfilled. Note that Lemma 1.1 gives

that
1 o0 o0 oo 1
SN P PERTRS
n V=n u=v S=u |ds|
1 & s 4(s>-2)% 4
S DY 2 ax LTS
n? ~ sln*(s + 3) st sl
s=n
4 K1
< ) Z © —0 asn—
s=n
and

[o olNe o llNe SHNe o)

% Z Z Z Z |6l_1s| max{PtFt, Qs |Ct|}

V=N u=v s=u L=s

> e e — 43t-1)?2 4 |(—1)ft8-5t7—4t3+1|}

1 1
= — max y T
1 353) 3) DEELEEE N KL e B R

V=n u=v Ss=u t=s

[ ol oRENNe olNe o}

BB I

V=n u=v s=u t=s

36 o 1
< — — >0 asn— o0,
n2 t=n tG
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which mean that

[ <N olNe o]

ngngoﬁZZZ—max{RHs,W} 0

V=n u=v Ss=u

and

[ <N oBENNe O lNe o]

nlinoloﬁzzzz_max PtFt»Qt:lct”

vnuvsuts|5|

That is, (2.17) and (2.18) hold. Consequently Theorem 2.7 implies that Eq. (3.7) possesses
uncountably many positive solutions in A(N, M). Moreover, for each L € (N + bM, (1 -
b)M), there exist 0 € (0,1) and T > ng + T + B such that for each xg = {Xon}neny € A(N,M),
the Mann iterative sequence {x,,}ucn, = %t neng meng generated by (2.27) converges
to a positive solution w = {w, },en, € AN, M) of Eq. (3.7) with (2.28) and (2.8), where
{am}men, is an arbitrary sequence in [0, 1] satisfying (2.9).
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