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Abstract

This paper is concerned with two classes of retarded stochastic differential equations.
Sufficient conditions are derived to guarantee the pth moment exponential stability
and almost sure exponential stability. Moreover, we construct some examples to
demonstrate the theory derived.
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1 Introduction

The theory of retarded stochastic differential equations (SDEs) has received a great deal of
attention since it is not only academically challenging but also of practical importance, and
it has played an important role in many ways such as in life insurance, risk management,
wireless communication, and optimal control of multiagent systems.

Retarded stochastic differential equations (SDEs) are such SDEs that involve retarded
arguments. There is extensive literature on the stability of stochastic differential delay
equations (see, e.g., [1-7]).

In the past few decades, the theory of neutral stochastic differential equations has also
received a great deal of attention. Mao et al. [8] studied the almost sure asymptotic stabil-
ity of the neutral stochastic differential delay equations with Markovian switching, while
Bao et al. [9] investigated the stability in distribution of neutral stochastic differential delay
equations with Markovian switching. Wu et al. [10] studied the mean square asymptotic
stability of a generalized half-linear neutral stochastic differential equation with variable
delays applying fixed point theory. Under a non-Lipschitz condition and a weakened lin-
ear growth condition, Bao et al. [11] investigated the existence and uniqueness of mild
solutions to stochastic neutral partial functional differential equations. Milosevi¢ [12] not
only considered global almost sure asymptotic exponential stability of the equilibrium so-
lution for a class of neutral stochastic differential equations with time-dependent delay
under nonlinear growth conditions but also established moment estimates for solutions
of equations of this type. Bao et al. [13] used a variation-of-constants formula to overcome
the difficulties due to the lack of information at the current time and established existence
and uniqueness of stationary distributions for retarded SDEs that need not satisfy dissi-
pative conditions. For more details, we refer to [14—17].
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Borrowing the idea of Dung [18], in this paper our investigation is focused on asymp-
totic behavior of the solution for two classes of retarded SDEs, i.e., semi-linear retarded
SDEs and semi-linear retarded SDEs of neutral type. Sufficient conditions are derived to
guarantee the pth moment exponential stability and almost sure exponential stability. So
far there have been few results presented on the exponential asymptotic behavior of solu-
tions of semi-linear retarded stochastic differential equations. The main aim of this work
is to close this gap.

The remainder of this paper proceeds as follows. Section 2 provides some basic notation
that will be used in the forthcoming sections and then reviews the variation-of-constants
formula for deterministic linear retarded systems. Section 3 is devoted to the study of
asymptotic behavior of the solution for semi-linear retarded SDEs and derived sufficient
conditions to guarantee the pth moment exponential stability and almost sure exponential
stability. Section 4 generalizes the theory established in Section 3 to semi-linear retarded

SDEs of neutral type.

2 Preliminaries

Let (2,P, %) be a probability space together with a filtration {F;};>¢ satisfying the
usual conditions (i.e., %, := (., Fs = F, Fs C F; for s < ¢, and F; contains all P-null
sets). Let {W(t)};>0 be a real-valued Brownian motion defined on the stochastic basis
(2,P, F,{Fi}1>0)- Fix T € (0, 00), which is referred to as the delay. || - ||var denotes the total
variation. Use u(-) and p(-) to denote the finite signed measures defined on [-7,0]. Let
C be the set of all complex numbers and Re(z) stand for the real part of z € C. Through-
out this paper, ¢ > 0 is used as a generic positive constant whose values may change for
different usage.

Recall the following deterministic linear retarded equation:

0
dY(t):f Y(t+0)u(do)dt 1)

T

with the initial value Y (¢) = £(¢), t € [-7,0].

Define Z(¢) as the fundamental solution of equation (1) with the initial value Z(0) = 1 and
Z(0) = 0 for 6 € [—1,0]. By the variation-of-constants formula (see, e.g., [19], Theorem 1.2,
p-170), the solution of (1) has the unique explicit form

Y(68)-200) + [ 0 /9 240 -9 dsulds), 20, @
Let

vo = sup{Re(r) : 1 € C, A(%) = 0},
where

0
A(L) = A —/ e™ulds), reC.

T
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A(A) = 0 is called the characteristic equation of equation (1) (see, e.g., [19]). Then, ac-
cording to ([19], Theorem 3.2, p.271), for any « > vy, there exists ¢, > 0 such that

Z(t)] < cae™, t=-1. 3)

Before the end of this section, we first give the following lemma which will be a crucial

tool for proofs of our main results.

Lemma 1 ([18], Lemma 3.1) Suppose that f € C(R*,R*) N LY(R*) satisfies

/mf(t)e”tdt <00 forsomey > 0. (4)
0

IfrA>0and ) =X Ay, then

/ () ds < e / " fo)er ds. (5)
0 0

3 Asymptotic behavior of the solution for retarded SDE driven by a Brownian
motion

In this section, we consider a retarded SDE in the form

dax(t) = (/OX(L‘ + 9)u(d9)> dt+o(t)dW(¢) (6)

with the initial value X (¢) = £(¢), t € [-7,0].

Theorem 1 ([20], Theorem 3.1) There is a unique strong solution {X(¢), ¢t > 0} of equation
(6), and the solution can be represented explicitly by

0 0 ¢
X(t):Z(t)E(O)+/ /9 Z(t+9—s).f,*(s)als,u(d@)+/0 Z(t—s)o(s)dW (s), 7)

in which {Z(t),t > —t} is the fundamental solution of equation (1) with the initial value
Z(0)=1and Z(0) =0 for 6 € [-7,0].

The following two theorems provide the pth moment exponential stability and almost

sure exponential stability of the solution of equation (6).

Theorem 2 Assume that vy < 0, and there exists y > 0 such that

/Ooezys|a(s)|2ds<oo. (8)
0

Then there exist positive constants C, and k such that, for each p > 0, the solution of equa-
tion (6) satisfies

E[X(@®)] < Cpe™?, t>0. 9)
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Proof According to the explicit form (7), along with the following inequality, Vx,y,z > 0,
x+y+2)f <c,(& +y +2), (10)

where ¢, =1if 0 <p <land ¢, =37"if p>1,itis easy to get

4

0 /0 t
]E|X(t)|p = ]E‘Z(t)S(O)+/ / Z(t+9—s)§(s)ds,u(do9)+/ Z(t—s)o(s)dW (s)
7t Jo 0

'3

0 0
<c¢, <]E|Z(t)s(0)\” + E‘ / /9 Z(t +6 — s)E(s) dspu(db)
)

We shall consider I;(2), i = 1,2, 3, respectively. For [;(¢), by inequality (3), it is obvious that

+E

/tZ(t —38)o (s)dW (s)
0

=1 ¢, (L(2) + L(t) + I3(2)).

for some « > 0,
L(t) < che (|12 (11)
For I,(t), by Holder’s inequality and inequality (3),

0 0
b <B|[ [ |z ro-9]ew

0/ 0 » R -
- d Vard Vard
<E (/_T(/; {Z(t+0 S)||€(S)| S) Il e llvar ( 0)) </_T 11 lvar( 9)) i|

o o ,
=E (f </ |Z(t+9—s)||§(s)|ds> ”/»‘L”var(de))(”H”var([_.r’o]))P—liI
L\J-7 0

r 0 0 1
<E ( f or-1 /0 yz(t+9—s)|”\s(s)|”dsnunvar(de))(||u||var([—r,01))” ]

< e 112, (Il (17, 01)) / ov-! f €0 s 4 ar (d0)

< (~Up) (7)™ 115, (Il llvar ([-7,0]) ) e, (12)

where 1/p +1/q =1, V¥p,q € [1,00).
For I5(t), by It6 isometry formula, we have

t 2 t t
Z(t - 5)o(s)dW (s)| = / Z(t - s)a(s)[ ds < & / 295 (5)|* ds. (13)
0 0 0

Let A; = min(w, y) and A, = )‘71 By Lemma 1,

Z(t —8)o(s) dW/(s)

o0
2 _
<cle zht/ lo(s)| e* ds = cje ™, (14)
0

where ¢f := cZe™1! [ |0 (s)[>e* ds.
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Then, by virtue of the Gaussian property, for any p > 0,

2 It

E|S)? = -
')

ar, (15)

where S denotes a random variable following an N (0, %) law. It is obvious that

2Pr(5)

NE))

L) < et (16)

Then, by combining (11), (12) and (16), we conclude that

E[X(®)|" <¢, (cﬁe—”f”nsnﬁo + (=1/p) (=P e €12, (Il llvar ([=7, 01) ) e

2T (27)
r(3)

—pKt
< Cpe?,

Cfe—pkzt>

where « := min(«, A») and

/27 (Pl
2PF(2)817)

re)

C=¢ <Cfi||$||f§o + (“Up) (=Y e E I (Il lvar (-7, 01))” +
2

This completes the proof. O

Theorem 3 Assume that vy < 0 and that (8) is satisfied. Then the solution of (6) is almost
surely exponentially stable, i.e., there exists 8 > 0 such that

1
lim sup p log{X(t)| <-B, as. 17)
t—00
Proof Note that for n—1 <t <n, n>1, X(t) can be represented as
n 0 t
Xt)=X(n-1)+ f </ X(s+ O)p(de)) ds + / o(s)dW (s). (18)
n-1\J -t n-1

With the inequality |a; + a3 + a3|?> < 3(|a1|? + |az]? + |as|?), it follows that

2 2 e 2
]E(n_??fsJX(t)' ) = 3<]E|X(n—1)| ”E(/n_l(/_f X(s+9),o(d9)> ds)
))

=:3(h(®) + 1a(0) + J5(2)). (19)

+IE< sup /t o(s)dW(s)
-1

n-1<t<nm

We shall study J;(¢) for i = 1,2, 3, respectively. For J;(£), by inequality (9), it is obvious that

Ji(t) < Coe~2tn-1), (20)
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For /,(£), by Holder’s inequality and inequality (9), we have

ro=<e([ ([ j|X(s FO) 1)) ds>2
P 3 n 0 2 312
[ ([ ) ([ (] s olmian) o) ]
E( / : ( / qus +0) ||p||va,(d9)>2ds>
< E{/l[(/o ||p||m(d9)) : (/_le(H e)|2||p||var(de>)%]2ds}

n 0
— lollvar([=7,0]) / 1 / E|X(s + 0) 110 llvar(d6) ds

IA

n 0
< 1plhar([=7,0]) / / e | () dis
n-1J-t
< Co(Ilpllvar (=7, 0])) e T 2", (21)

For J5(t), by the Burkholder-Davis-Gundy inequality (see [21], Theorem 7.3, p.40), there
exist ¢ > 0 and A3 such that

n o0
jg(t) < CZ/ |O'(S)|2 dSS Cze—st(H—l)/ |O_(s)|262)n33 dSS Cge—st(H—l), (22)
n-1 n

-1

where c3 := ¢ [, |o(s)|%€**3° ds < 0.

Then, by combining (20)-(22), we conclude that

]E( sup {X(t)|2>

n-1<t<n
<3(Coe>U D 4 Gy (1 pllvar ([-7,0])) "€ Te 20D 4 e 23(1-D)

< cpe M, (23)
where A4 := min(2«,2A3) and
Cy = 3(C2e2K + C2(||,o||var([—t, O]))zez”ez’( + cBe”S).
Then, with the Chebyshev inequality, for any A5 < A4,

IP( sup |X(t)|2 > e‘kS”) < ek5”IE( sup |X(t)|2> < cqeMarsn, (24)

n-1<t<nm n-1<t<m

Since Y o7, e %475 < 00, by virtue of Borel-Cantelli lemma (see [21], Lemma 2.4, p.7),
there exists ¢ C Q with P(£2) = 1 such that for any w € Q, there exists an integer ny(w),
whenn > ny(w) andn-1<t <n,

|X(L‘)|2 <e MM < st (25)

The desired conclusion (17) is satisfied with 8 = %5 O
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Example 1 Consider the semi-linear retarded SDE
dX(t)=-X(t-1)dt +o@®)dW (), X(t)=&(). (26)
It is easy to see that the corresponding characteristic equation of (26) is
r+e ™ =0. (27)

A simple calculation using Matlab yields that the unique root of (27) is A = —0.3181 +
1.3372i. Thus, from this condition, together with (8), we deduce that the solution of (26)
is pth moment exponentially stable and almost surely exponentially stable by Theorem 2

and Theorem 3.

4 Extension to retarded SDE of neutral type
In this section, we proceed to generalize Theorem 2 and Theorem 3 to SDEs of neutral
type. To begin, we give an overview of the variation-of-constants formula for linear equa-

tions of neutral type. Recall the following deterministic linear retarded equation of neutral

type:

0 0
d(Y(t) —/ Y(t+ G)p(de)) = (/ Y(t+ G)M(d9)> dt (28)

T T

with the initial value Y (¢) = £(¢), t € [-7,0].

By ([19], Theorem 1.1, p.256), equation (28) has a unique solution {Y(¢), £ > —t}. Define
Z(t) as the fundamental solution of equation (28) with the initial value Z(0) =1 and Z(0) =
0 for 6 € [-7,0]. Then, for any £ € C such that f_or |€'(9)|? dB < 0o, Y(£) can be expressed
explicitly by

Y(66) - 2050 jZ(t+ O)ptas) + [ 0 /9 20+ 6 - 9£() dsu(d6)
+ /j /:Z(t—s+9)§/(s)dsp(d9). (29)
Let
o = sup{Re(1) : A € C, hp(1) = 0},

where

0 0
ho(A) := A —k/ e* p(do) —/ e’ u(de), reC.

=T T

Then, according to ([19], Theorem 3.2, p.271), for any & > vy, there exists ¢z > 0 such
that

|Z(t)] < cae™, t=-t. (30)
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In this section, we consider a retarded SDE of neutral type in the form

0 0
d(X(t) - / X(t+ 9),o(d9)> = (/ X(t+ 9)pc(d9)> dt+o(t)dW(z) (31)

T

with the initial value X(¢) = £(¢), ¢t € [-7,0].

Theorem4 There is a unique strong solution {X(t),t > 0} ofequation (31), and the solution
can be represented explicitly by

0 0 0
X(6) = Z(0)£(0) - / Z(t +6)£(0)p(d6) + / /9 Z(t +6 — )& (s) dsyu(d6)
0 0 t
+/ / Z(t—s+9)§'/(s)ds,o(d9)+f Z(t—s)o(s)dW (s), (32)
-7 J0O 0

in which {Z(t),t > —t} is the fundamental solution of equation (28) with the initial value
Z(0)=1and Z(0) =0 for 6 € [-7,0].

The following two theorems provide the pth moment exponential stability and almost

sure exponential stability of the solutions to (31).

Theorem 5 Assume that vy < 0 and the following condition holds:

o0
/ ez7’s|(7(s)|2 ds<oo forsomey > 0. (33)
0

Then there exist positive constants C'p and ik such that, for each p > 0, the solution of equa-
tion (31) satisfies

E[X(#)] < Cpe™, t>0. (34)
Proof ForVa; eR,i=1,2,...,n,

p
(a1 +ay+--+an)l <(las| +lazl + - + |an|)

< lalf +lazl? + - + |a,l?), (35)

we have

0
E[x@®)] <5 <]E|Z(t)$(0)|p + E‘ / Z(t +0)E(0)p(do) ’

+E

0 (0
p+E‘/ f Z(t+0 —s)&(s) dsju(dO) ’
-t JO

)

=1 577Ky (8) + Ko (£) + K3 (8) + Ka(2) + K5(2)). (36)

/tZ(t —38)o(s)dW(s)
0

0 [0
+E’/_T/9 Z(t+6 —s)E'(s)dsp(dO)
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We shall study K;(t), i = 1,...,5, respectively. Similarly to the proof of Theorem 2, there

exists & > 0 such that

Ki(t) < e |2, 37)
G
Ks(t) < e et (38)
and
Ka(t) < (-1/p) (=0 )P e & 112, (Il tllvar ([-7, 01) ) ™", (39)

Then we just need to consider K;(t) and K5(¢).
For K;(t), by Holder’s inequality and inequality (30), we have

0 p
Ky(t) = EV |Z(t+9)||§(0)|”p”var(d9)‘

0
5E((npnwr([—r,on)p1 / !Z(t+9)|"\s<0>\”||p||var(de))

< & (|| pllvar ([-7,01)) ™", (40)

For K;5(t), by Holder’s inequality and inequality (30), we get
0 [0 »
it <] [ 71200+ 0-9][€ 0] dsnl o)
-t J6

0 0 r }, 0 % p
E Z 0 — ! d var(d0 var(dO
< (/(/0| +0-9)||€6) s) 1 )) (f_rnun ( )) }

6 o ,
=E (/ (/ |Z(t+6 —5)||&'(9)] ds) ||[L||Var(d9))(||M||var([_t’o]))p1]
L \J-1 9

0 0
<E ( / or! /9 |Z(t+0—s)|‘”|s/(s>|”dsnunvar(de))(||u||var([—r,01))”‘l}

-’t p—lolof(a)/p
< 2 (|t lar (1=, 0])) / o>~ /9 PO/ (5) dslinllvar(dh).  (41)

Then, by combining (37)-(41), we conclude that

E|X@)] <5 (cjée"""”llr§||’o’o + (“Up) (=P e EZ, (Il llvar ([, 01)) ™"

2 (8

cpe—pkzt
rd)

+ e (|| pllvar ([-7,01) ) e ™" +

apt p—lolof(e)/p
+ e (| ullvar ([=7,0])) / or- fe O [e (5| dsnunvar(de))

< Ce?,
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where « := min(a, A,) and

2Pr(t)

Cp=5" (dilléll’éo # (CUPTP G I (Iilhar (1=, 01)) + = =24
2
0 0
(e o)) [0 el ol dsutta
_T (4
+ Cge&pr(”p”var([_fr 0]))[7) < Q.

This completes the proof. O

Theorem 6 Assume that Uy < 0 and that (33) is satisfied. Then the solution of (31) is almost
surely exponentially stable, i.e., there exists B > 0 such that

1 _
lim sup P log|X(t)| <-B, as. (42)
t— 00

Proof Note that for n —1 <t <n, n>1, X(t) can be represented as

n 0 t
X(t):X(n—1)+/ (/ X(S+9)p(d9)>ds+/1U(S)dW(s)

n-1 T

n 0
+ ./n71 (/T X(s+ (9)/1(618)) ds. (43)

With inequality (35), it follows that

2 2 [0 2
E(”jg%np((tn ) = 4<E|X(n—1)| +E(/n_l </ X(s+9)p(d9)> ds)
n 0 2
E X(s +0)u(d6) ) d.
o= ([ v omian) )
))

=0 4(Ly(8) + Lo(2) + Ls(2) + La(t)). (44)

/ t o(s)dW(s)
n-1

+E< sup

n-1<t<nm

We shall study L;(t) for i = 1,2, 3, 4, respectively. For L;(¢), by inequality (34), it is obvious
that

Li(t) < 628_2’?(”_1). (45)

For L,(t), by Holder’s inequality and inequality (34), we have

n 0 ,
Ly(t) < E(/ 1(/ !X(s+9)!||p||var(d9)> ds)
n 0 )
E(/1</ |X(S+9)|IIpIIVar(de)) ds)
n 0 : ’ 2 192
E{/ 1[</ ||pllvar(d9)> (/ [X(s + )] IIpllvar(de)) ] ds}

IA

IA
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n 0
= llolvar([-7,0]) / 1 f E|X(s +0)|* [l 0 lvar(d6) ds

< Iolh(i=r0) [ [ 0 C2e ) plur(d6) ds
< Gy (Il lvar (-7, 01)) e re 00, (46)
Applying similar techniques to L3(z), we get
Ls(®) < Co(lltllvar (-7, 01)) €& D, (47)
For L,(¢), by the Burkholder-Davis-Gundy inequality, there exist ¢, > 0 and A3 such that
Ly(t) < cge307Y, (48)

where c3 := ¢ [, |o(s)|%€**3° ds < 0.

Then, by combining (45)-(48), we conclude that
2 = 2k(n— =~ 2 2kt _-2k(n—
E( sup [XO[) = 4(Coe™ 0D + Ca(llp e (1-7,00)) e 720D
n-1<t<m
+ CoIlllvar (I=7,0])) "X e 20D 4 g 23(1-D)

< cge Mo, (49)
where Ag := min(2«,2X3) and
¢s = 4(C2e” + Gl lvar ([-7,01)) €7 € + Ca(ltllvar ([=7, 01)) "7 + cze™2).
Then, in order to carry out arguments analogous to those of (23) and (24), for any A7 < Ag,
’X(t)|2 <eMm <Mt (50)
The desired conclusion (42) is satisfied with g = % a

Example 2 Consider the linear neutral SDE
1 0
d(X(t) + gX(t - 1)) =-X(t-1)dt+ a/ X(t+60)dodw(t), X(t)=&(¢), (51)
-1

where a € R and {W(£)},> is a real-valued Brownian motion defined on the probability
space (2, P, F,{F:}>0)-

The characteristic equation associated with the deterministic counterpart of (51) is
A\
A+ 1+§ e*=0, reC. (52)
A calculation by the Matlab shows that the unique root of (52) is A = —2.313474269. Thus,

from this condition, together with (8), we deduce that the solution of (31) is pth moment
exponentially stable and almost surely exponentially stable by Theorem 5 and Theorem 6.
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Remark 1 In this paper, for notational simplicity, we only treated asymptotic behavior
of sample paths for two classes of real-valued retarded SDEs without dissipativity. Our
results can be readily generalized to the multidimensional cases. The key is the use of a

multidimensional variation-of-constants formula.
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