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1 Introduction

During the past decades, high-order cellular neural networks (HCNNs) have been exten-
sively investigated due to their immense potential of application perspective in various
fields such as signal and image processing, pattern recognition, optimization, and many
other subjects. Many results on the problem of global stability of equilibrium points and
periodic solutions of HCNNs have been reported (see [1-9]). In applied sciences, the exis-
tence of anti-periodic solutions plays a key role in characterizing the behavior of nonlinear
differential equations [10-13]. In recent years, there have been some papers which deal
with the problem of existence and stability of anti-periodic solutions. For example, Gong
[14] investigated the existence and exponential stability of anti-periodic solutions for a
class of Cohen-Grossberg neural networks; Peng and Huang [15] studied the anti-periodic
solutions for shunting inhibitory cellular neural networks with continuously distributed
delays, Zhang [16] focused on the existence and exponential stability of anti-periodic so-
lutions for HCNNs with time-varying leakage delays. For details, we refer readers to [15,
17-35]. We know that many evolutionary processes exhibit impulsive effects [33, 36—-43].
Thus, it is worthwhile to investigate the existence and stability of anti-periodic solutions
for HCNNs with impulses. To the best of our knowledge, very few scholars have consid-
ered the problem of anti-periodic solutions for such impulsive systems. In this paper, we
study the anti-periodic solution of the following high-order cellular neural network with
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mixed delays and impulses modeled by

%;(t) = =bi(O)xi(t) + Y7, c5()gi (it — 7;(2)))

+ Z;;l dyi(t) f(f kij(s)gi(x(t — 5)) ds

+ 200 2o en(Ogi(x(t — ()@t = Bu(®) + (1), t 7t
() = A+ yudxi(te), k=1,2,...,

(1.1)

where i = 1,2,...,n, x;(¢) denotes the state of the ith unit, b;(£) > 0 denotes the passive
decay, c;j, dyj, ey are the synaptic connections strengths, 7;;(t) > 0, a;(¢) > 0 and B;(¢) > 0
correspond to the delays, I;(¢) stands for the external inputs, g; is the activation function
of signal transmission, the delay kernels k;; is a real-valued negative continuous function
defined on R* := [0, 00), t is the impulsive moment, and y; characterizes the impulsive
jump at time £ for the ith unit.

For convenience, we introduce some notations as follows.

’

Cij = SUP‘Ci;‘(t) ) Ei/ = Sup|dij(t) , e = sup!e,',»;(t) , I = sup’[i(t)
teR teR teR teR

b, = inf|b;(?)

- teR

, T =sup max {ri,»(t),aﬂ(t),,Bﬂ(t),a}.

teR 1<ij,l<n

Throughout this paper, we assume that
(Hl) For i,j,l = 1,2, A /5 bi, c,-,-,d,-j,ei,»;,li(t),gj ‘R — R, k,']' :RY — R+, 0[]'1,/31'1 :R— R are
continuous functions, and there exists a constant 7 > 0 such that
bi(t + T) = bi(t), Ii(t + T) = =I(¢), T(t + T) = 75(2), ot + T) = a;(t),
cii(t + T)gj(u) = —cy(t)gi(—u), di(t + T)gj(u) = —d;(t)gi(—u),
Bt +T) = Bu(2), et + T)g(u)gi(u) = —ey()g(-u)gi(—u).

(H2) The sequence of times {f;} (k € N) satisfies t; < t,1 and limg_, oo £ = +00, and y
satisfies -2 <y <0forie{l,2,...,n}and k € N.

(H3) There exists g € N such that yjx.q) = Vit> terg =tk + T, kK € N.

(H4) For each j € {1,2,..., n}, the activation function g; : R — R is continuous, and there
exist nonnegative constants Lfé and M, such that, for all u,v e R,

g(0)=0, |gj(u)| <M,, |g,-(u)—g,(v)| 5L£,|u—v| for all u,v € R.

(H5) There exist constants >0, A >0,i=1,2,...,n, such that
n no o
(A =b)+ Y Clhe™ + ) |dyl /0 |kij(s)| e ds
j=1 j=1

n n
+ Z ZE,»,;(MgLée)" + MgLféeA’) <-n<0.
j=1 =1
(H6) For i =1,2,...,n, the following condition holds:

b+ Y7 z,,-Lg+ P Lga,, 7 1ky(s)| ds < 0, 4
(=bi+ Y L + >y Ledy o 1kij(s) ds)® = 4L Y1) D71 el > 0.
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Let % = (x,%,...,%,)] € R”, in which ‘T” denotes the transposition. We define |x| =
(1], %215+, [%,])T and |lx| = max;<;<, |x;|. Obviously, the solution x(t) = (x,(£),x,(t),
.., %,(£))T of (1.1) has components x,(t) piece-wise continuous on (-7, +o0), x(£) is dif-
ferentiable on the open intervals (¢, &) and x(¢{) exists.

Definition 1.1 Let u(t) : R — R be a piece-wise continuous function having a countable
number of discontinuous {#}[;55 of the first kind. It is said to be T-anti-periodic on R if

u(t+T)=-ul®), t#t
(e + T)) = —u(®g), k=1,2,....

Definition 1.2 Let x*(¢) = (x}(£),x5(2),...,x%(¢))T be an anti-periodic solution of (1.1)
with initial value ¢* = (¢} (£), 93 (2), ..., 95 (t))T. If there exist constants A > 0 and M > 1
such that for every solution x(£) = (x1(£),%2(t),...,%,(t))T of (1.1) with an initial value
@ = (@), a(8), ..., 0u ()7,

lxi(t) - %7 ()| <M| @ - ¢* e foralle>0,i=1,2,...,n,
where
lo—¢*| = sup max|ei(s) - ¢} (s)]-
—tr<s<0lsi=n
Then x*(¢) is said to be globally exponentially stable.

The purpose of this paper is to present sufficient conditions of existence and exponen-
tial stability of anti-periodic solution of system (1.1). Not only can our results be applied
directly to many concrete examples of cellular neural networks, but they also extend, to a
certain extent, the results in some previously known ones. In addition, an example with
its numerical simulations is presented to illustrate the effectiveness of our main results.

The rest of this paper is organized as follows. In the next section, we give some prelim-
inary results. In Section 3, we derive the existence of T-anti-periodic solution, which is
globally exponential stable. In Section 4, we present an example to illustrate the effective-

ness of our main results.
2 Preliminary results
In this section, we present two important lemmas which are used to prove our main results

in Section 3.

Lemma 2.1 Let (H1)-(H6) hold. Suppose that x(t) = (x1(£), %5(t), ..., %,())T is a solution of
(1.1) with initial conditions

x;(s) = @i(s), |<p,»(s)| <4,s€[-1,0),i=1,2,...,n. (2.1)
Then

’x,»(t)| <8 and |x,(t,:')‘ <8 forallt>0,i=12,...,n, (2.2)
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where § satisfies

n n o n n
~b5+ Y el + Y Lidys / \kii(s)| ds+ > Y " euljLLs* +T; < 0. (2.3)
j=1 j=1 0

j=1 =1

Proof For any given initial condition, hypothesis (H4) guarantees the existence and
uniqueness of x(z), the solution to (1.1) in [-7, +00). Consider the following polynomial
ax® + bx +c, where a, b, c are all real numbers. If 2 < 0 and b —4ac < 0, then ax® + bx +¢ > 0.
In view of (H6), we know that there exists a positive constant § which satisfies (2.3). By
way of contradiction, we assume that (2.2) does not hold. Notice that x;(¢}) = (1 + y;)xi(£x)
and by assumption (H2), -2 < yu < 0, then |x;(£)| = |1 + vu)lx: ()| < |x:(&)]. Then, if
l;(£0)| = 8, then |x;(£x)| > . Thus we may assume that there must exist i € {1,2,...,n} and
T € (t, txs1] such that

’xi(?)‘ =8 and ’x,(i)’ <8 forallte(-1,%),j=12,...,n. (2.4)

By directly computing the upper left derivative of |x;(¢)|, together with assumptions (2.3),
(H4) and (2.4), we deduce that

0 =D (|=(@®])

= —bi(t)|xiG)| + Zczj(z)(gj(xj(z_ TijG))) + ZdijG)/(; klj(S)gj(ij—S)) ds
j=1 J=1

+ Xn: 2”: eiji(0)g; (% (£ - 2(8)))&i (x: (£ - Bu(@)) + (D)

j=1 I=1

0] + Y les®llg (- ®) [+ ol [ k59l - )]s
j=1 J=1

IA

O30S en® g o7 )l £®)) | + 1D

j=1 I=1

IA

b @] + Y el (E - @)] + Y Ljdy fo |kij(s)| 2 - 5)| ds
j=1

j=1

+ 2 D el Ll (F— o) | (F~ pu(®)| + I

j=1 =1

n n o
<-bs+ Y Glis+ Yy Ldys / |kij(s)| ds
j=1 j=1 0
n n
Y el Lls* +1; <0, (2.5)
j=1 i=1
which is a contradiction and implies that (2.2) holds. This completes the proof. d

Lemma 2.2 Suppose that (H1)-(H6) hold. Let x*(t) = (x}(¢),x5(t),...,x:(2))T be the so-
lution of (1.1) with initial value ¢* = (¢f (), 93),...,0 )T, and x(t) = (x1(¢),x2(2),
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vy %,(0)T be the solution of (1.1) with initial value ¢ = (¢1(t), 92(t),. .., 0,(t))T. Then there
exist constants . >0 and M > 1 such that

|x,»(t)—xj‘(t)| §M||<p —(p*”e’“ forallt>0,i=1,2,...,n

Proof Let y(t) = {y;(£)} = {x;(¢) —xf(t)} =x(t) —x*(¢). Then

J/L(t) = _bi(t)[xi(t) _x:’k(t) Zcz/(t) & x] (t Tz](t))) ( (t Tz/(t)))]

j=1

+Zdl,(t) / kij(s)[g (xi(t = 5)) - g (% (£ — 5)) ] ds

j=1

+ Z Z eiil(1)[g (% (¢ — () ) (¢ = B(1))

j=1 I=1

- g (£ - ())& (o (£ - Bu(®)))] + Li(®)

= —bi(t)[x:(t) — x; (0)] Zcz,(t)g,x,(t (1)) - & (% (£ - 7(®)))]

j=1

+Zd,,(t) / ki(s)[ g (xi(t — 5)) — g (7 (£ - 5)) | ds

j=1

+ Z Z e51(0)[ g (t — (D)) Jan (i (¢ = Bu()))

— (% (¢ — ())& (%7 (£ - Bu(®)))
+8((t - u(®))&u (] (£ - Bu(®)))
—g,( (t a,lt))g;(x (t- ﬂllt))]’ t7 b (2.6)

yi(t) = A+ ya)yi(t),  k=1,2,..., (2.7)
where i = 1,2,...,n. Next, define a Lyapunov functional as

Vi(e) = ly®)|e”, i=1,2,...,n. (2.8)
It follows from (2.6), (2.7) and (2.8) that

D' (Vi(®)) < D*(|yi®)])€* + A|yi(e)| €

n

< (A= bi(0)) [:(®)] € + [Zku £)||gi (% (¢ = () — g1 (] (£ — 7 (0))) |

j=1

el [k lgste ~5) g e~ 9)] s

j=1

+ Z Zlew<f)| g3 (¢ — 0(0) (i (¢ = Bu(®)))

j=1 I=1
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-gi(%(t - au(®))ai(x; (£ - Bu(®))|
+ g (2t — u(®)) & (%7 (¢ - Bu(®)))
-g (x5 (£ — (0)) & (%7 (£ - Bu(®))) ]]e“

(= bi(t)) |yi(e) | + {Zyc,»,-u)ugyy,(x,»(t - 7i(t))|

j1

IA

+ 3 Jdy0) / k9| e — )| ds
j=1 0

O  e(®)| [MLL (£ - Bu(2)|

j=1 11
+ ML |y (¢ — (®)) ] }e“, £ tho
and
Vi) = lyi(e) e = eile) =7 (80) € = 1L+ viel picea) [,
where i=1,2,...,1. Let M > 1 denote an arbitrary real number and set

“(p_(p*”:7fgsgogg|¢j(s)_¢]%(s)|>o, i=12,...,n.
Then, by (2.8), we have

Vi(t) = [yi(0)|e” <M| o —¢*| forallte([-7,0],i=1,2,...,n.
Thus we can claim that

Vi(t) = [yi(0)|e <M —¢*|| forallze [-7,4],i=12,...,n

Otherwise, there must exist i € {1,2,...,n} and o € (-7, #;] such that

Vilo) = M||p - ¢*

Combining (2.9), (2.10) with (2.12), we obtain

0 = b (Vi) - Ml —47])

= D*(Vi(0))

< (A =bi(0)) yilo)]e" + {Z]ci,(a)\L{;g (i (0 - 7))

j=1

+ Y |dy(o)] / |k ()| L |yj(o — 5)| ds
= 0

s Vj(t)<M||<p—¢)*|| forallt € [-1,0),j=1,2,...,n.

Page 6 of 14

(2.9)

(2.10)

(2.11)

(2.12)
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n n

+ Y le(o)|[MeLL |yi(o = Bu(0)) | + ML |yj(o - (o)) [] 1€

j=1 I=1

= (A= bi(0)) |yi(o)|e’\” + Z|ci/(a)\L’é', |y,-(xj(a - 7;(0)) \e““"l’i(”))e“ii(")
j=1

Sl [ I |Ebyto -9l as
j=1 0

n n
+ 20 el (M e - o) oA

j=1 =1
MLy (o - o) o e
n

< (A= b)) Mg —¢* | + 3 _les(0)| LM ~ g™ i
j=1

+ 3 |dy(o)] / ey (9)| LM 0 - 7 | ds
j=1 0

n n
+ 222 len@)|[MeLMlg " [0 + ML - " ]
j=1 I=1

- |:(A —bi(0)) + Y _|ey(0)| i) + Y "|dyi(o)] / |kij(s)| e ds
j=1 j=1 0

n n
+ Z Z|eiﬂ(a)| (MgLfge’\’Sﬂ(“) n MgL’éMe’\“ﬂ("))]M”(p e ”
j=1 I=1

n n o
< |:()\ -b)+ ZEijLée“ + Z |Eij| / |k,f,«(s)|Lée’\S ds
j=1 j=1 0
n n
Y Ep(MoLye + MgL{ée“)}M”go - (2.13)

j=1 =1

Then
n "o o
(A =b)+ Y Gl + ) |dyl fo |kii(s)| e ds
j=1 j=1

n n
+ 30 Eu(MLye' + MyLe'™) >0,
j=1 =1

which contradicts (H5). Then (2.11) holds. In view of (2.11), we know that

, i=12,...

Vi(tr) = |yi(t) | < M| g - o
and

Vi) = 1+ yallyi®)|e < |yit)|en.



Xu and Wu Advances in Difference Equations (2015) 2015:161 Page 8 of 14

Then
Vi) < Mo - ¢*|. (2.14)
Thus, for £ € [t1, %], we can repeat the above procedure and obtain
Vi(t) = |yi@)|e <M| @ —@*| forallte[t,t],i=1,2,....
Similarly, we have
Vi(t) = [yi(0)|e* < M| @ - ¢*|| forallt>0,i=1,2,....
Namely,
|x:(8) — x5 (8)] = |:(®)| <M —¢*| forallt>0,i=1,2,....
This completes the proof. O

Remark 2.1 If x*(¢) = (x3(2),x5(¢),...,x%(£))T is a T-anti-periodic solution of (1.1), it fol-
lows from Lemma 2.2 and Definition 1.2 that x*(¢) is globally exponentially stable.

3 Main result
In this section,we present our main result that there exists the exponentially stable anti-
periodic solution of (1.1).

Theorem 3.1 Assume that (H1)-(H6) are satisfied. Then (1.1) has exactly one T-anti-
periodic solution x*(t). Moreover, this solution is globally exponentially stable.

Proof Let v(£) = (v1(£), va(£), ..., v.(t))T be a solution of (1.1) with initial conditions

vi(s) = ¢} (s), |g0i"(s)| <8,5€(-71,0,i=1,2,...,n. (3.1)
Thus, according to Lemma 2.1, the solution v(¢) is bounded and

lvit)| <8 forallteR,i=1,2,...,n. (3.2)

Forpe N,ift ¢ ty, thent + (p + 1)T ¢ {&x}; if t € t, thent + (p + 1)T € {t}. From (1.1), we
obtain

(1Mt + (p+1)T))

= (—l)p*li—bi(t+ (p+DT)vi(t+ (k+1)T)

+ Zcij(t +p+DT)g(vi(t+p+ DT -14(t + (p+ 1T)))

j=1

+ Zdi,(n (p+ 1)T)/0 ky($)gi(vi(t + (p+ 1T —5)) ds
j=1
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+ ZZeiﬂ(t +(p+DT)g(vi(t+ @+ DT — oyt + (p+ 1T)))

=1 I=1
xg(vi(t+p+ DT -Bu(t+ @ +1T))) +Li(t+ (p+ DT)
= —b,'(t)(—l)‘”lvi(t +(p+ 1)T)

+ Y cOg (1P vt + (o + DT - 1(2)))

j=1

+ Z dij(t)/o kij($)gi (-1 (¢ + (p+ )T —5)) ds

j=1

Y enOg (-1 vt + (p + DT - (1))

j=1 I=1

x g((1PMv(t+ (+ DT - Bu(0)) + Li(8),  t#t

and

(—1)p+lvi((tk +(p+ 1)T)+) = (-1)P*! (1 + )/,'(M(,,H)q)v,-(tk +(p+ I)T))

= (P A+ yavi(t + (p + DT)

=1+ v ()P M vi(te + 0+ DT)), k=12,...,

Page 9 of 14

(3.3)

(3.4)

where i =1,2,...,1n. Thus (-<1)**1v(t + (p + 1) T) are solutions of (1.1) on R* for any natural

number p. Then, from Lemma 2.2, there exists a constant M > 1 such that

|~y (¢+ (0 + ) T) = (<D vile + pT))|

< Me™PT) sup  max ’Vi (S +(p+ 1)T) +v(s +pT)|

_r<s<Q1<i<n

< ze—)»(t+pT)M6,
and

|07 (8 + (e + DT)") = (“1Pvi((& + pT)*)|
= i ((te + @+ DT)) + x:((t + pT)*)|

= 1+ yacl|xi(te + 0 + DT) + xilte + pT)| < 2M8e™*¥T+0),
where k e N, i=1,2,...,n. Thus, for any natural number m, we have

(—1)’”+1vi(t +(m+ 1)T)

=vi() + Y [t + (k+ DT) = (D it +kT)], ¢ 7.
k=0

(3.6)

(3.7)
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Hence

’(—1)”’+lvi(t +(m+ 1)T)‘

< )]+ Y[ (e + (k+1)T) = (~1)*vie + kT)
k=0

. tH b, (3.8)

and

|(=)™ i ((te + m+ DT) )| = |+ yi) (1) i (b + (m + DT |

< |1t + (m + DT)

) (3.9)

where i =1,2,...,n. It follows from (3.5)-(3.9) that (=1)"*1v;(¢ + (m + 1) T) is a fundamental
sequence on any compact set of R*. Obviously, {(—1)"v(¢t + mT)} uniformly converges to a
piece-wise continuous function x*(£) = (x}(£), x3(2), ..., x%(¢))T on any compact set of R*.

Now we show that x*(¢) is T-anti-periodic solution of (1.1). Firstly, x*(¢) is T-anti-
periodic, since

x*(t+T)= lim (-1)"v(t + T + mT)
m—0Q

=— lim (—1)'”+1v(t +(m+ l)T) =—x*(t), t#t, (3.10)

(m+1)—o00

and

A ((E+ 1)) = Jg;o(—l)mv((t + T +mT)")

=— lim (D)"M((t+m+1)T)") = —a*(&)" (3.1)
(m+1)— o0
In the sequel, we prove that x*(¢) is a solution of (1.1). Noting that the right-hand side of
(1.1) is piece-wise continuous, (3.3) and (3.4) imply that {((-1)"*'v(¢ + (m + 1)T))'} uni-
formly converges to a piece-wise continuous function on any compact subset of R*. Thus,
letting m — oo on both sides of (3.3) and (3.4), we can easily obtain

&7 (8) = =bi(O)x; (£) + 31, ci(0gi (x5 (¢ — 735(1))

+ 2 di(t) [y Ki(s)g(x;(t - 5)) ds

+ 200 o (g (x; (¢ — ()@ (¢ = Bu(®) + Li(e), ¢t
%" () = L+ ya)xi (t),  k=12,...,

(3.12)

where i = 1,2,...,n. Therefore, x*(¢) is a solution of (1.1). Finally, by applying Lemma 2.2,
it is easy to check that x*(¢) is globally exponentially stable. The proof of Theorem 3.1 is
completed. d

Remark 3.1 In [10-12, 14, 15, 2024, 44], although authors consider the existence and
exponential stability of anti-periodic solutions of neural networks, they do not consider
the impulsive case. In this paper, we consider the high-order cellular neural networks with
impulses. The obtained results show that impulses play a certain role in the existence and
exponential stability of anti-periodic solutions of cellular neural networks. If the y; = 0
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(i.e., there is no impulse), then Theorem 3.1 is still valid if we delete the condition on the
impulse. All the results in [10-12, 14, 15, 20—24, 44] cannot be applicable to system (1.1) to
obtain the existence and exponential stability of anti-periodic solutions. This implies that

the results of this paper are essentially new. Our results complement the previous work.

4 An example

In this section, we give an example to illustrate our main results obtained in previous

sections. Consider the high-order cellular neural network with delays and impulses

x1(t) = —x1(8) + %gl (w1 (¢ —sin’¢)) + ﬁgz (x2(£ = 7sin* )

Xo(t) =

1 20 1 20
+£|sint|/0 e_sgl(xl(t—s)) ds + %|cost|/0 e’sgg(xg(t—s)) ds

+ % sin tg; (x1 (£ — 3sin® £) ) go (w2 (¢ — 2sin> £)) + 2sint,

1 1 .
—x(8) + R (w1 (¢ - cos?£)) + RS (#2(£ - 4sin*z))

1 20 1 20
+ %IcostI/0 e g (x(t—s)ds+ %Isinﬂ/0 e g (xa(t—s))ds

+ % sintg; (xl (t — sin? t))gz (xz (t - 25sin? t)) +sint,  t#ty,

x () = 0.4x(8), k=12,...,

% (6f) = 04xo(tr), k=1,2,...,

where g1(u) = g2 (u) = %(lu +1| —|u—-1]) and

where [ = 1,2. By a simple calculation, we get
g ; - 1
éi:LiZMgZI (l=1,2), Cllzﬁ:

S |
du=—, do==,
11 36 12 20

dia(2)

@ @] _[& & k(s) kin(s) |
_Czl(t) sz(t)_ _% % " kas)  kaals)
(@) @] [sin*t 7sin’t|  [du()

() () | - (cos?t dsin’t|" | dn() dn()
_uu(t) uzl(t)_ B [3sin2¢  sin’¢ e (t)
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Figure 1 Times series of x1(t) and x,(t) of system (4.1).

Let n=0.2, 2 =0.001. Then
2 2 o
A-b)+ ZE,-,'Lée“ + Z |d] / |ki/(s)|L£,exS ds
j=1 j=1 0
2 2
+ 30 Eu(MLie' + MyLe'™)
j=1 11

1 1 1 1Y g0 1 1 3
<0.001-D)+|—=+—+—+— e +|=+—+—
11 14 16 16 11 36 20

1 1 1 1
+(%+%+E+E>x2xe0‘001=—0.2149<—0.2<0

and

2 2 o
e Dt 8y [ o) ds
j=1 Jj=1 0

1 1 1 1 1 1
<-l+ =+ —+ =X —+ — x — =-0.8309 <0,
11 14 16 36 10 20

2 2 o 2 2 2 ,
(—bi +Y Gl + Y Lid; / I76] ds> —4Ly Y el Ll
j=1 j=1 0 j=1 I=1

1 1 1 1 1 1\ 1 1
<l-1+=+—+—=X—=+—=X—] -4x|-—=+—=)=014>0,
11 14 16 36 10 20 40 10

which implies that system (4.1) satisfies all the conditions in Theorem 3.1. Thus, (4.1) has
exactly one 7 -anti-periodic solution. Moreover, this solution is globally exponentially sta-

ble. The results are shown in Figure 1.
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