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Abstract

In this paper, we introduce the analogue of Caputo type fractional derivatives on a

(g, h)-discrete time scale which can be reduced to Caputo type fractional differences
studied by Abdeljawad (Comput. Math. Appl. 62:1602-1611, 2011) and Caputo type
fractional g-differences studied by Atici and Eloe via the choiceg=h=1and h=0,
respectively. Then, we solve linear fractional difference equations involving Caputo
type (g, h)-derivatives and give the general solutions in terms of discrete Mittag-Leffler
functions introduced by Cermak et al. In addition, we also apply the (g, h)-Laplace
transform method to solve these linear fractional order difference equations.

Keywords: fractional difference equations; discrete time scales; fractional calculus;
(g, h)-calculus

1 Introduction

Fractional calculus deals with the study of fractional order integrals and derivatives and
their applications [1-3]. Riemann-Liouville and Caputo are kinds of fractional derivatives
which generalize the ordinary integral and differential operators. Differential equations
with fractional derivative provided a natural framework for the discussion of various kinds
of real problems modeled by the aid of fractional derivative, such as viscoelastic system,
signal processing, diffusion processes, control processing, fractional stochastic system,
allometry in biology and ecology (see [1, 4—7] and the references therein).

The study of fractional calculus in discrete settings has been initiated in [8—10]. While
the papers [8, 10] present the introduction to fractional g-derivatives and g-integrals, the
paper [9, 11] discusses the basics of fractional difference calculus. Among other significant
papers dealing with these problems, we can mention, e.g., [4,12-15] or [16], where discrete
analogues of some topics of continuous fractional calculus have been developed. For some
recent contributions on fractional differential/difference equations, see [17-22] or [23]
and the references therein.

The extension of basic notions of fractional calculus to other discrete settings was per-
formed in [24, 25], where fractional sums and differences have been introduced and stud-
ied in the framework of (g, %)-calculus, which can be reduced to ordinary difference calcu-
lus and g-difference calculus via the choice g = & = 1 and & = 0, respectively. This extension
follows recent trends in continuous and discrete analysis, characterized by a unification
and generalization resulting into development of the time scales theory [26, 27]. Some
interesting results concerning (g, #)-discrete time scales can be found in [28, 29].
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The aim of this paper is to introduce Caputo type nabla (g, &)-fractional difference op-
erators and investigate their basic properties. Here, we solve some linear fractional differ-
ence equations involving Caputo type (g, 1)-derivatives and provide the general solutions
in terms of discrete Mittag-Leffler functions introduced in [25]. In addition, we also apply
the (g, h)-Laplace transform method (introduced in [28]) to solve these linear fractional

order difference equations.

2 Preliminaries

For the convenience of readers, we provide some basic concepts concerning the nabla cal-
culus on time scales. The readers are referred to [26, 27, 30] for further details of the time
scale theory. By a time scale T we understand any nonempty, closed subset of reals with
the ordering inherited from reals. Thus the reals R, the integers Z, the natural numbers N,
the nonnegative integers Ny, the -numbers hZ = {hk : k € Z} with fixed & > 0, and the
g-numbers g0 = {g* : k € Ny} with fixed g > 1 are examples of time scales.

For any ¢ € T, we define the forward and backward jump operators as o (t) := inf{s €
T:s>t}and p(t) := sup{s € T : s < t}, respectively. The forward and backward graininess
functions are defined as u(t) := o () — t and () := ¢ — p(t), respectively. By convention,
inf{#} = sup{T} and sup{@} = inf{T} for these operators. We say that a point is left-dense if
p(t) = tand left-scattered if p(£) # t. The right-dense and right-scattered points are defined
in a similar manner. A point which is both left- and right-scattered is discrete. If inf{T} =
ag > —00, we define T, := T\ay, otherwise T, := T.

For a function f : T — R and a point ¢ € T,, we define fV(¢) to be a number such that
for € > 0 there exists a neighborhood U C T of ¢ which satisfies

[f(,o(t)) —f(r) —fv(t)[t —p(t)]| < E|‘L’ —p(t)| forallT e U.

If £V (¢) is defined for all ¢ € T,, then the function obtained is called the V-derivative
of f.

A function f : T — R is called left-dense continuous or ld-continuous provided it is con-
tinuous at every left-dense point in T, and f(¢+) exists for every right-dense point in T,
and the set of ld-continuous functions is denoted by Cj;(T). If f € C;;(T), then there is a
function F such that FY(¢) = f(¢). In this case, we define the V-integral as

/ tf (r)Vt =F(t)— F(a) forallteT.

Clearly, if f : T — R is 1d-continuous and ¢ € T,, then

] POV = v(Of .
p(t)

A function f € Cy(T) is called v-regressive if 1 + fv #0 on Ty, and f € Cj(T) is called
positively regressive if 1+ fv > 0 on T,. The set of v-regressive functions and the set of posi-
tively v-regressive functions are denoted by R, (T) and R} (T), respectively. For simplicity,

we denote by (R, (T) the set of v-regressive constants.
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Let A € ;R,(T) and s € T, then the generalized exponential functione; (-, s) on time scale
T is denoted by the unique solution of the initial value problem

xV () = ax(t), teTy
x(s) = 1.

For p € /R, (T), define circle minus p by

14
1-pv’

9v19 ==
Then the unique solution of the initial value problem

xV(t) == x(t), teTye
x(s)=1

takes the formeg, ;. (-, 5). It is known that the exponential function e (-, s) is strictly positive
on [s,00)T provided that f € R*([s, 00)r).
The definition of the generalized monomials 7/1\,, :Tx T — R (n€Np) is given by

T,(t,s) = L n=0;
e f;iz\n_l(r,s)Vt, neN

fors,t € T (see [27]). If we letiZY(t, s) denote for each fixed s € T the derivatives of@Y(t,s)
with respect to ¢, then

ZZ(L‘,S) :/l/;n_l(t,s) forneN,teT,.

An important relation between the generalized exponential function and the monomials

is given by
[o¢]
e.(t,s) = Zkkhk(t,s) fors,t € T with ¢ > s,
k=0

where A € R.(T).

(First mean value theorem for integrals [27].) Let f and g be bounded and V-integrable
functions on [a, b]1, and let g be nonnegative (or nonpositive) on [a, b]. Set m = inf{f(¢) :
t € [a,b)r} and M = sup{f(¢) : t € [a,b)r}. Then there exists a real number 7 satisfying
m < 1n < M such that

b b
[ rwgwvi=n [ g
a a
For example, the function ﬁ,,(t, s) > 0 for all £ > s and n € Ny. Let f be an integrable

function on [t,s] C T, and let m and M be the infimum and the supremum, respectively,
of f on [¢,5]. Then there exists a number K between m and M such that

t t
/f(r)hn(t,s)Vr:I(/ h,(t,8)Vt = Kh,,1(t,s).
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The nabla Laplace transform of a function f : T — R is defined by [21]

L{f)(z,s) := /Oo?evz(p(r),s)f(r)Vt forz e D,

where D consists of all complex numbers z € C for which the improper V-integral exists.

The convolution of two functions f,g : T — R is defined by

t
<00 [ F(6.p0)e6)vs, teT,
wherefis the shift of f introduced in [31]. Then

L{f x g}z) = L{f}(2) - L{g}(2).

The following result is the nabla version of the result obtained in [20]: (change of inte-
gration order) Let f € Cj;(T?), then

t prn t pt
/ / f(n,8)V¢Vn :/ /( )f(U;C)VnVC fors,teT.
s s s p(¢

3 (g, h)-Fractional calculus
Consider the following (g, /1)-time scale (for details, see [24, 25]):

h
ng,h) = {toqk +[klgh:k e Z} U {E}

forty>0,9>1,h>0andg+h > 1. Note that if g = 1, then the cluster point #/(1—¢q) = —c0
is not involved in T. The forward and backward jump operator is the linear function o (¢) =
gt +h and p(t) = g71(t — h), respectively. Similarly, the forward and backward graininess is
given by u(¢) = (7 - 1)t + h and v(¢) = g1 iu(¢), respectively. Observe that

okt) = qkt +[klgh  and k() = q‘k(t - [k]qh).
The following relation

v(p(®) =g v

holds for t € T.
The nabla (g, 1)-derivative of the function f : ng,h) — Ris defined by

_FO-1®) _fO-Fle-h)
Ve O T W e g
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where =g . Let t,a e Tah) such that #/(1 - q) <a <t and f: T — R. Then the nabla

(g, h)-integral exists and can be calculated (provided ¢ > ) via the formula

n-1

Vi © = [ @5 = 3 vl O} (6 0)
a k=0
n-1
=((U-gM)t+qh) > g (gt + [kl h).
k=0

The Taylor monomials and the power functions on 'I[‘fg » have the forms

60 -5 TT5E26)
I

n-1
(e =8 = [ [(- 2/5)),
j=0

respectively, and the extension of the monomials 7, (£, s) corresponding to T, 0 ) takes the

form
— (t —5)
ha(t: S) = —(th) , Q€ R.
F;I(Ol + 1)

Another (equivalent) expression of Ta(t,5) is provided by the following assertion.

Proposition 3.1 Letx € R, s, t € ng’h) and n € Ng be such that t = 6" (s). Then

; ol +n— 1
ha(t,s) = (v(0) { n-1 ] M
= (v®)° {_:__11} (1)L ®), "
q
Proposition 3.2 Let o € I, s, € Tig,h) and k,n € Ny be such that t = ¢"(s) and k < n.
Then
7 ~ o | X +1— k -1
ha (p4(8),5) = 3 (v(0)) [ n-k-1 } 3)
q
~o¢/<( (t)) |:n __]f_ 1:| (—l)n_k_lé(ﬂ—l)(l’l—k—lh(”Ek)’ (4)
q

Proof The proof is similar to the proof of Proposition 2.2 in [25].
Let g > 1. Using the relations

v(t) ) v(t) S
-2 = [p"®]=7 and =g

le] = "0y A (0]




Segi Rahmat and Md Noorani Advances in Difference Equations (2015) 2015:160 Page 6 of 15

we can derive that

[p" (1% ([s)/ 2" (8)), D)
Pala +1)(@* [s)/[p*(®)], @)oo
_ 00 A-2 @ D
Pla + D@, @)oo

ok o« Tzla+n—k)
=7 (v() oo + DT - k)

— G (v(0)” |:oz+n—k—1:|
q

n-k-1

i’l\a (pk(t),s) =

=gk @ -B _ k=15 (B-D)(n-k-1)+(";¥)
q (U(t)) |:I’l—k—1:|é( 1) q .

Here, we use the identities

[x:| Fale+1) xeR,keZ,

k ; Tk + DT —k+1)’
Tz(x +m) _(qymaame (D) z(1-x) .
7[‘,}(@ = (-1)"g" —F,-,(l—x—m)’ xeR,meZ",

where I'; is the g-gamma function defined as

G i) (l— 5)1*
@D=-D oy -
(7 @)

Lz(x) =
The following theorem is an extension of the result provided in [32] in Tah).

Theorem 3.3 Letn e Nand t,a € ng.h)‘ Suppose f : ng,h) — R, then

n-1 t
10 = 6@ @+ [ Tt 0(0) Vi f 0V 5)
k=0 4
Lemma 3.4 ([25]) Letm e Z,a e R, s,t € 'Jl‘fg’h) and n € 7, n > m be such that t = 6" (s).
Then
- Ta-m(t,s), @ ¢{0,1,...,m—1},
V77 hy(t,s) = 6
(anat:s) !o, we{ol,...,m—1). ©)

Leta e ng)h), a > h/(1-q) be fixed. We consider the following restricted (g, 4)-time scale:
T. W ={teTt=o'@}, i=0,12,.., @)
where the symbol o/ stands for the ith iterate of o (analogously, we use the symbol p?).

Now we can continue with the introduction of (g, 4)-fractional integral and (g, /)-
. . . . . ~o'l(a) ~oi(a)
fractional derivative of a function f : T( ;" — R. Let £ € T .
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Definition 3.5 ([25]) The nabla (g, /4)-fractional integral (in the sense of Riemann-
Liouville) of order o € R* over the time scale interval [a, £] N T"(‘th) is defined by

VS0 / v (6 (@) (V. ®)
The nabla (g, /)-fractional derivative (in the sense of Caputo) of order o € R* is defined
by
SVE () =V OVS () )
a Y(gh cTa

t
- [ Faa (@) VA0 (10)
where m € Z" issuch that m — 1 <« < m.

Lemma 3.6 ([25]) Leta e R*,FcRandtc qu(z)) Then

Vignhp(t, @) = ot a). (1)
The following lemma is useful.

Lemma 3.7 Foralla,f €eRandt,s e ’TZ;Z)),

[ Bt @) ips0,0)9e =Tt (12)

The proof is similar to the proof of Proposition 4.1 in [25]. For the sake of completeness,
we give the following proof.

Proof Let 'F]T“(’;Z)) be such that ¢ = 6"(a) for some n € Z*. We have
¢
/a T (£ 0(0)) g (T, @) VT
= haca (&0 0) g1 (05 (0), @) v (05 (0))
il —o kel
= (o) [ h } (D)

i
)| P k1B -k-1)4("55) 2k
x " (v(®)) |:n e 1:L( 1)"*1g 7o)

n-1
_ o+p-1 - n—l~k2—k(n—1)+koz+(")+(/3—1)(n—1)
= t 1 2
(v(®) [k] L 1]( )"'q

21

% ( l)n 1~ (n—k—-1)2—(n—k-1)(n-1)+(n—k— 1a+(2)+(5 1)(n-1)
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n-1 [
a+p-1 o - n-1~k?—k(n-1)~ko+(oc+ ) (n-1)+ (%)
1
= (v®) 2 n—k—ll[k]( g :
- q q
( (t))wﬁ 1% A [ -« - (_l)n—lékz—k(n—l)—ka+(a+;3—1)(n—1)+(;’)
k=0 (Vl - 1) - k ~ -
= q q
n-1[
_ (v(t))omﬂfl —(+B-1)- 1:| (_l)n—lq(a+ﬂ—l)(n—1)+(;)
k=0 n-1 ;
- q

= ha+/3—l (t: d)’

where we used the g-Vandermonde identity [25]

Z x y G nkesk _ = x,y € R,meN,.
},l_k~ k~ n .
7 7 a

k=0

The following relations are used in the above proof:

v(p*@®) = (). O

With the power rule stated in Lemma 3.4, we can perform its extension to Caputo type
nabla (g, #)-fractional derivative of the function ﬁﬁ(t, a) as below.

~ 1
Lemma3.8 Leta cR", BcR, te T‘(Z:; @ \where m € 7* satisfies m —1 <a < m. Then

~ Tp-a(t,a), 0,1,...,m—-1}
Cve Tipltya) = | e lb@ Ped =1l (13)
e 0, Bel0,l,...,m—1}.
Proof The definition of Caputo nabla derivative and Lemma 3.4 yield
gvgmﬁﬁ(t, @) = VOV Ry (2, a)
_ g-na) Tpm(t,a), B &{0,1,...,m—1);
0, Bel0l,...,m-1},
hpat@), B0, m-1);
"o, Be{0,1,...,m—1}. O
Theorem 3.9 Leta € Rand n € Z* so that n—1< o < n. Then
n-1
Vs SVE W€ =f(0) =Y It a)VE,f (@). (14)
k=0

Proof By deploying the definitions of fractional integral and Caputo nabla derivative,

Lemma 3.7 and change of integration order, we obtain

TS O = [ Fura(t,p(0) (5, (0) Ve
- / ﬁa_l(t,p(r))< / /h\m_a_l(‘t,p(u))(V(’;’,hf(u))Vu)Vf
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- / V{;‘,hﬂu)( / Tt (600 (7 p(w)w)

p(u)

[ Tona(t. ) Vg0V

=f(t) - Zifz\k(t, zz)V<kq,h>f(zz) (by Taylor’s formula, (16)). 0

In the following theorem we give the alternative definition of nabla (g, #)-derivative (Ca-
puto).

Theorem 3.10 Leta € Rand n € Z* so thatn—1 < a < n. Then

& Vg O = aVign | /) = th(t )V f@a)t. (15)

Proof It follows immediately from relation (14) and the fact that ,V*(,V™*f)(t) = f(¢)
[24]. a

4 Application
In this section we give solutions for fractional initial value problems on ng,h)' The follow-
ing definition and results are due to Cermék et al. [25].

Definition 4.1 Let «, 8,1 € R. The (g, h)-Mittag-Leffler function E;’\ﬁ (¢) is defined by
o0 _ )“/;l‘)fﬁ -1)
EL () =Y Whgrepalt @k 16
()Z kep-1(6:5) Z ek B) (16)
k=0 k=0
fors,t € 'qu(z)) and ¢ >s.

It is easy to check that the series on the right-hand side converges (absolutely) if

IA[(v(£)* < 1.
Theorem 4.2 ([25]) Letn € R and t € TZ;Z)) Then
oVianEas®) = Eq, (0)- 17)

Theorem 4.3 Let y € R*, meZ+ besuch that m — 1<y <m, and let ak + B -1 ¢
(1,2,...,m} forallk € Z". Ifte'JI‘ “) , then

cvr EYL (0, BE(L2....m),

(g.h) :ﬂ(t) = )\Ea)h

(18)
ey (8, Be(L2...,m)

Proof By definition of (g, #)-Mittag-Leftler function,
SV nEak®) =5V ZA B (t,S)akspo1(t,@) = Zxkcvq,{ (& Saksp1(ta)  (19)

due to the absolute convergence property.
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If k € Z*, then Lemma 3.8 implies the relation

-~

gv(};yh)/h\a (% S)akﬂ.‘}—l (t: “) =g (t: S)ak+ﬁ—y—1 (t: “) (20)

due to the assumption ak + B -1 ¢ {1,2,...,m}. If k = 0, then two possibilities may occur. If
B ¢{1,2,...,m}, we get that (20) with k = 0 implies the validity of (18),. If 8 € {1,2,...,m},
then [?V(yq, h)/h\o[(t,s)o,lpr p-1(t,a) = 0, and by shifting the index k, i.e.,

o0 [ee]
Z kkgv();yh)ha(t; S)ak+/3—1(t; a) =X Z Akha(t; S)ak+a+/3—y—1(t! a), (21)
k=1 k=0
we obtain (18),. This completes the proof. O

Let us consider the following Cauchy type fractional initial value problem (FIVP):

~ n+l
CVE O 20 =f(0), T, "
VyOlieori@ =bj R, j=0,1,...,n-1, (23)

~ _n+l
where f : qu,h) @ _, R, € R* and n € Z* are such that n — 1 < « < n. Here, we assume
that v-regressivity condition is ensured, that is, A(v(¢))* #1.
It can be easily verified that the above FIVP can be reduced to the Volterra type integral

equation
n-1 . tA t/\
y(t) =) biult,a) +k/ o (t, p(2))y(2)VT +/ o (t, p(2))f (1) V. (24)
=0 a a

We apply the method of successive approximations by setting

Hn—

1
Yo(t) = D bilu(t, ),

k=0

ym(t)=yo(t)+>»/ Za—l(t’p(f))ym—l(f)v":"'f T (£, p(0)f (1) V.

Thus

n—-1 . n-1 . £

710 = Y bilita)+ Y ibidutta) s [ (e o) 09
k=0 k=0 a
n-1 1 R t/\

=S 0 Y Whgalta) + / aa (£, 0 (D) (DT,

k=0 j=0 4
n-1 2 R t . .

12() =Y b Y Whojuilt,a) + / [Mza-1(t, p(7)) + haa (2 p(2)) [f (1) VT
k=0 j=0 4
n-1

2 2
=D b Whapi(t,a) + / YW g (8 p(D)f (1) VT,
j=0 “

k=

(=]

j-1
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Zkaxha,+kta /Zw o (6 PO (V.
k=0 = @

Taking the limit as m — 0o, we arrive at the approximate solution to equation (24), and

taking into account (16), we obtain

n-1 t
y(t) = beEL (6 + / ELOM0)f (1) V. (25)
k=0 a

This yields an explicit solution y(¢) of the Volterra integral equation (24) and hence a so-
lution for (22)-(23).
Clearly, the Cauchy problem (22) involving the homogeneous equation

~(7”+1
SVE’;yh)y(t) -2()=0, te Ten @n_l<a<n (26)

has a unique solution of the form

y() = ZbkEZ Fa(®). (27)

Corollary 4.4 The solution of the Cauchy problem

~o2(a
SVE &) =2y(e) =f(8), teT( ),0<a<l, (28)
y(a)=1€eR (29)
has the form
t
90 -£20+ [ B @, (30)

while the solution to the problem

~o2(a
ViY@ =2y(8), te T(q',(l)), O<a<l, 31)
ya)=1€eR (32)
is given by
y(t) = EZY (D). (33)

Finally, we give the Laplace transforms of fractional nabla integral and Caputo nabla
derivative on Tah). For t,s € ng,h) and o € R*, we have [21]

1
Zotl :

Lign{ha(t,9)}(2) =
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From the definition of (g, /)-Mittag-Leffler function EZ’\ﬁ (t), we have

Lign|Exs}@) = Lign iZ Mhakipa () ] (2)

k=0

= Z )\'k /\(q,h) {’];akﬂf}—l(': "Z) } (Z)

provided |z‘°‘k| <1l

Fora=1,8=1andte ﬁ‘?;,%), we have
EfT(t) = (t,a).
Hence,

PO o .
Lan{eta}@) = Lan (BT O} = —-

Theorem 4.5 The (g, h)-Laplace transform of fractional nabla integral is given by

Lign (VS 1 @) =2 Lanif@).

Proof By convolution, one may write

Vg0 = / Tt (6 P(@)F(O)VT = (B (@) % £) (0.
Thus,

Lign{aViZnf 1@ = Lign{haa(t:0)}2) - Lo (F}(2)

1 4
=—L z).
o @m{f1(2)
Theorem 4.6 The (g, h)-Laplace transform of Caputo nabla derivative is given by
m-1
Lign{SVEnf1@ =2 Lanifi@) - Y 27V fla),
k=0
wherem -1 <o <m.
Proof Note that, in general (see Theorem 2.10 in [28]) for n € Z*, we have
n-1

Lan{Vinf}@) = 2" Lgnifi@) =Y 2"V f(a).

i=0

Page 12 of 15

(34)

(35)

(36)

(37)

(39)
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Thus, for m — 1 < « < m, in view of the definition of fractional derivative, we have

Lam{ SV nf Y@ = Lign {Am-ar (@)} @) - Lan{ Vi 0f} @)

1 R m-1
= e (Zmﬁw,h){f o)=Y 2" KVE Lf (a))

k=0
m-1
=2"Lignifiz) - Zz"‘"“lv(’(q,h)f(a). 0
k=0
In particular, if 0 < @ <1, then

Lian{SVE 1@ =2 Linifi@) -2 7f(@). (41)

As an application, we apply the Laplace transform method to derive explicit solutions
to the homogeneous equations of the form

SVE Y0 = 1y(8) =0, dy=V*a), k=0,...,m-1, (42)
where ¢ € ’Tf“(;:()“) (meN),m-1<a <m,)eR,in terms of the (g, 1)-Mittag-Leffler func-
tions.

The following statement holds.
Theorem 4.7 Let m € N be given by m —1 <« < m and A € R. Then the functions

yi) =EZ: (1), i=0,1,...,m-1, (43)
yield the fundamental system of solutions to equation (42).

Proof Applying the Laplace transform to (42) and taking (39) into account, we have

m-1 o—i-1
~ z
Lan)D) = di——. (44)
i=0
Formula (34) with B =i + 1 yields
e N Zot—i—l
Lign{Ezia®)}(2) = : (45)
z%—A
Thus, relation (44) yields
m-1
y(t) =) dyi(t), whereyi(t) = Exr,, (0). (46)
i=0 O

Corollary 4.8 The equation

SVE (@) = Ay(t) =0, ya)=1, O<a<l, (47)
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has solution in the form

o) = EG1(0)
while the equation

Ve -1 =0,  Viy@)=1 k=011<a<2, (48)
has its fundamental system of solutions given by

n(t)=EXN@),  y(t) = EX5(@).
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