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1 Introduction

Let p be a given odd prime number. Throughout this paper, we assume that Z,, Q, and
C, will, respectively, denote the rings of p-adic integers, the fields of p-adic numbers and
the completion of algebraic closure of Q — p. The p-adic norm |p|, = %. Let UD(Z,) be
the space of uniformly differentiable functions on Z,. For f € UD(Z,), the bosonic p-adic
integral on Z,, is defined as

N1
o) = [ St = Jim, piN D60 (seel1-12) )

It is well known that an integral equation of the bosonic p-adic integral Iy on Z,,,

Io(f) = Io(f) = £(0), (2)

where fi(x) = f(x + 1). Higher order Bernoulli polynomials are defined by Kim to be

( t l)re’“ = ZBE?(x)Z—W! (see [5,13-16]). 3)

t
e
n=0

When x =0, BEP = Bg,r)(O) is called higher order Bernoulli numbers. Higher order Barnes-
type Bernoulli polynomials are defined by Kim to be

r

t r o] tn
H( ) e =Y BY(xlay,...,ar)— (see [11-15,17-21]). (4)
s n!

et — 1
i=1
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When x = 0, B (a,...,a,) = BY(Olay, ..., a,) is called higher order Barnes-type Bernoulli
numbers.

In this paper we consider higher order Barnes-type g-Bernoulli polynomials and num-
bers and investigate some identities of them. We also discuss some identities of higher

order Barnes-type g-Euler polynomials and numbers.

2 Higher order Barnes-type g-Bernoulli polynomials and numbers
1
In this section, we assume that g € C, with [1-¢], < p 7-T. By (2), if we take f(x) = g’ e,

then we get
t+lo
| e o - e, ©)
Z, qet —1

where fi(x) = f(x + 1). g-Bernoulli polynomials are defined by Kim to be

t+logg

oo t”
pre et = ZBM(x); (see [13-15, 17, 19-21]). (6)

n=0

When x = 0, B,,; = B,,4(0) is called g-Bernoulli numbers.
Higher order g-Bernoulli polynomials are defined as

t+108q\" 0 o o g L
( qet_l ) e’ = VIX:O:Bn,q(x)E. (7)

When x = 0, B} = B)(0) is called higher order g-Bernoulli numbers.
We define higher order Barnes-type g-Bernoulli polynomials as follows:

Xt - tn
et = ZBn,q(xml,...,a,);. (8)

!
n=0

(t +logg)
(qﬂl emt 1) - (qﬂreﬂrt — 1)

When x = 0, B,g(a1,...,a;) = By4(0lay,...,a,) is called higher order Barnes-type g-
Bernoulli numbers. By (5), we get

/ qalxl+---+artre(a1x1+---+arxr+x)t d//LO (xl) . d/J«O(xr)
Zp

B . 4 (t +loggq)” ot
) (]‘[a,> (qrent =) (grenrt—1)° ®)

i=1

By (9) and (8), we get

o n
t
E Bn,q(’d“l: o xar)_'
n.
n=0

_ (t +logg) o
(qﬂl et _ 1) . (qﬂreﬂrt _ 1)

’ -1
=\ [ / / g e gy () - dpao (%)
i=1 Zp Zp
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((l_[ 61,) / / ALK+ AKXy +X
n=0 Zp
n

¢
X (@ + -+ apxy + %) dpo(x1) - - - d//«o(M)) pr (10)

From (10), we obtain the following theorem.

Theorem 2.1 Let n € NU {0}. Then we have

Bn,q(x|ﬂlr ceey ar)

r -1
aA1X]+-+ArXp+X
= Hai / / q 1X1 rXr
i=1 ZP ZP

X (a1xy + -+ + ayx, + X)" dpro(x) - - - dpo (). (11)
From (1), we have

de 1
pr(x)duo(x) = Jim % Zf(x)

d-1pN-1
=7 hm ZZ (a + dx)
a=0 x=0

= Z | Jar d)duot), 12)

By (12), we have

r -1
Hﬂi f L f qapq+~-~+arxre(aldx1+-~~+ardxr+x)t d,l.Lo(xl) . dMO (xr)
i=1 Zp Zp

1 d-1

-1
r
= E Z qﬂlllm+ﬂrlr (l_[ gi> / . / qﬂl dx1+-+ay dxy
Hoslr=0 i-1 z, Jz,

,,,,,,,

X e(alll---+arlr+x+u1 dxy+---+ay dxyp)t

dpo(x1) - - dppo(xy)

d-1

-1
-
_ i Z qulll---Jrarlr Hﬂi qal dxi+-+ay dxy
dr
1yl =0 i=1 Zp Zp

aylj+-+arly+x d
x e @ el gy () - dpo (%)
d-1 00 4" r -1
ﬂ]ll"'+ﬂrlr a1x]+-+arXy
; ai e q
oo n=0 i=1 Zp Zp
arh+ - +al +x " t"
X +axy + -+ ax | dpo(xn) - dpo(xy) —
d n!
oo d-1
_ alhi+---+al +x "
_ Zdn r Z g +ayxan,q( P ‘(ll, Ry - o (13)
n=0 Hyerly=0 :
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By (8), (9), (11) and (13), we obtain the following theorem.
Theorem 2.2 Let n € NU {0}. Then we have
B, 4(xlay,...,a;)
a1 Lot +- -+ L, +x
_ X1+
—d" rl XlzoquH +arxan,q( - rXr ‘ﬂl,u-,ﬂr)~ (14)
Lreeer r=

It is well known that an integral equation of the bosonic p-adic integral Iy on Z,, satisfies
the following integral equation:
n-1
L)~ 1) =Y (). (15)

i=1

If we take f(x;) = g%*ie®* for i =1,...,r, then we have

/ g () - DT 1080 qu,u (16)

LZ Vleﬂ nt __
By (16), we get

, -1
l_[ai / . / qalxﬁmmrxre(mxl+---+urxr)t d,uo(xl) .. d,U«O (xr)
i=1 Zp Zp

(t + log q)r - arlh+-+aply (arlh+---+arly)t
= (qalnealnt _ 1) - (qarnearnt _ 1) Z q €

0 tk n-1 , ) «t/
= ZBk,q(Vlﬂl,---»”lﬂr)k 1 Z gt Z(alll Foeet a,l,)/j—!
1

i yeedy=0

k=0 ) Qe l=0 j=0
n-1 00 o0 ) tk+j
_ Z Z Z qa111+---+arlr(alll oo+ ﬂrlr)]Bk,q(nalr ey nar)ij'
Nyedy=0 k=0 j=0 7t
oo n-1 m m
> > ( ; )‘1" s gyl gl
m=01y,....ly=0 j=0
m
X By_jg(nay, ..., na,«)%. (17)
Thus, by (11) and (17), we obtain the following theorem.
Theorem 2.3 Let n € NU {0}. Then we have
Bn,q(alx coes @)
n-1 m
m ayly+--+ayly j
= > ;) (@h +--+al,YBy ,(na,...,na,). (18)
0 yoly=0 j=0

Page 4 of 8



Jang et al. Advances in Difference Equations (2015) 2015:162

By (16), we get

. -1
1_[ a; / . / qa1x1+~~+uyxre(a1x1+---+arxr)l d,uo(xl) - d,U«O (xr)
i=1 Zp Zp

n-1

,
_ (t+logq) Z qqlll+~-+arlre(a111+--»+arly)t
(genm 1) (qrrennt — 1)
ll ‘‘‘‘‘ 17:0
n-1 1 r
_ (t +10g q) a111+---+a,lre(a111+---+arlr)t
, ~ (qalneulnt _ 1) . (qarnearnt _ 1)
1oeees r=
n-1 1 r
_ Z T (t +1ogg) ewm
W (goremt 1) (qrremi 1)
1reeolr=
n-1 oo
ath+---+a,l n""
— qa111+ +ﬂrlr ZBm’qn <frr al’u',ar m'
l,ely=0 m=0 ’
e n-1
alh+---+a,l t"
— Z nm Z qa111+ +ﬂrerm,q” 7}"}” dl’ ceey ar _ (19)
n m!
m=0 05e0ly=0

Thus, by (11) and (19), we obtain the following theorem.

Theorem 2.4 Let n € NU {0}. Then we have

n-1
L+ +al,
Bm,q(“l; cees ﬂr) =n" Z qa111+---+arerm’qn (M% Alyevey a,) . (20)
1 yely=0
3 Higher order Barnes-type g-Euler polynomials
Higher Euler polynomials are defined as
2\ > t"
t_
(et . 1) e = ;En(x)a (see [17-19, 22-24]). (21)

When x = 0, E, = E,(0) is called higher Euler numbers. For f € UD(Z,), the fermionic
p-adic integral on Z, is defined by Kim to be

PN-1
L) = /Z f@dua@ = Jim 3 FED* (see [4]). (22)
P x=0

It is well known that an integral equation of the fermionic p-adic integral on Z, is

L (f) +14(f) = 2f(0), (23)

where fi(x) = f(x + 1).
Let aj,...,a, € C, \ {0}. Higher order Barnes-type Euler polynomials are defined as

27'
(emf+1)--- (et +1)

o0
tn
e’ = E Ey(xlas,...,a,)—  (see [18,19,23]). (24)
n!
n=0
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Whenx =0, E,(a,...,a,) = E,(0|ay,...,a,) is called higher order Barnes-type Euler num-
bers. We define higher order Barnes-type g-Euler polynomials as follows:

or
(q“l ent 4 1) ce (qﬂreﬂrt + 1)

o0
tVl
et = ZEn,q(x|d1""’ar);‘ (25)
n=0 '

When x =0, E,4(a1,...,a,) = E,4(0|ay,...,a,) is called higher order Barnes-type g-Euler
numbers.
By (23), if we take f(x;) = g%*ie%*i* for i = 1,...,r, then we have

2

qa,'x,vea,-x,-t +1° (26)

[ et an i -
Zp
By (26), we get

/ qalxl+---+art,e(a1x1+---+arxr+x)t dlLO (xl) . dﬂo(xr)
ZP

2" .
= & 27
(qﬂleﬂlt + 1) . (qﬂreﬂrf + ]_) € ( )

By (24) and (27), we get

o0 tn
ZEn,q(xml,...,ar)—'
n=0 n.

r
2 Xt

= (qﬂleﬂlt + 1) . (qﬂreﬂrf + 1)6

_ / . / qa1x1+---+arxre(a1x1+»~+ayxy+x)t d,u,l(xl) . dlL1(xr)
Zp Zp

n

o0
= Z/ o / g (@ 4+ @y + ) A () - - dp (%) (28)
n=0 v Zp Zp

v
n’
From (28), we obtain the following theorem.
Theorem 3.1 Let n € NU {0}. Then we have
E,,(xlai,...,a,)

- f o [ g g vk a2 dpa ) - dps ). (29)
Zp Zp

From (22), we have

dpN-1
| f@dpa) = lim D fE-D*
P x=0

d-1 pN—l

= éA}LmOO Z (=)**f(a + dx)

-1y /Z fla+dx)dp (). (30)
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By (30), if we take f(x;) = g%*ie%*i* for i = 1,...,r, then we have

d-1
g dpy(x) = Y (1) | gt Den e it gy ()
Zp a=0 Zp
d-1
= vt [ gt dy ),
a=0 Zp
By (31), we get

/ o / qa1x1+~~~+6lyxre(ﬂ1x1+"~+arxr+x)t dp_ (1) - - - du_y (%)
Zp Zp

1

(_1)11+»»»+qua111+<--+urlr
Hyeeolr=0

Igtan ]
X/ / g e rar dar EGEES v vevaren)dt gy 0y dp ) (xy)
Zp Zp

00 d-1
_ Zdn Z (_1)11+--~+qua111+---+arly/ . / qal dxy+-+ay dxy
n=0  1,..l=0 Zp Zp

(6l111+"-+6lllr+x
X
d

oo d-1
_ Zdn Z (_1)11+<<-+quulll+-~+arlr

n=0 ll,...,lr=0

abh+- - +al,+x t"
X E, 4 p a...,ar e

By (27) and (32), we obtain the following theorem.

Theorem 3.2 Let n € NU {0}. Then we have

En,q(x|aly e ;ﬂr)

d-1
arh+---+al +x
—d" Z (_1)11+ +qua111+ +arlyEn’qd( rbr ‘611;---,ﬂr )

d

llv"'vlr:O
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