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Abstract

The paper is concerned with the non-autonomous modified Swift-Hohenberg
equation u; + AU+ 2Au +au + b|Vul® + u* = gx, 1). It is shown that a uniform
attractor exists in H3 when the external force only satisfies the translation bounded
condition instead of translation compactness. In order to overcome the difficulty
caused by the critical nonlinearity terms u? and the parameter b belonging to the real
set R, we take advantage of the Gagliardo-Nirenberg inequality several times.
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1 Introduction

The Swift-Hohenberg type equations arise in the study of convective hydrodynamics,
plasma confinement in toroidal devices, viscous film flow, and bifurcating solutions of
the Navier-Stokes equations; see [1]. The long-time behavior, bifurcation, and the pattern
selections of the solution for this equation have been investigated in [2—4].

We are concerned with the following non-autonomous modified Swift-Hohenberg

equation:
Uy + Au+20u +au + b|Vul® +u® = g(x,t), inQ xR, (1.1)
ou
u=—=0, ondQ xR, (1.2)
av
ulx, t) = u(x), ingQ, (1.3)

where R, = [, +00), Q is an open connected bounded domain in R? with a smooth bound-
ary 0€2, a and b are arbitrary constants, u; = %—’t‘, and g is an external forcing term with
glx,t) € L%* (R; X). If b= 0 and g = 0, then (1.1) is the usual Swift-Hohenberg equation.
The system (1.1)-(1.3) with g = 0 was proposed by the authors in [5] as a pattern forma-
tion system with two unbounded spatial directions that is near the onset to instability.
Polat studied the existence of global attractors for the problem (1.1) when g = 0 in [6] and
Song et al. improved the result by showing that the system possesses a global attractor in
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H¥ spaces in [7]. Recently, the authors established the existence of pullback attractors for
(1.1)-(1.3) in [8]. To the best of our knowledge, the existence of the uniform attractors for
a non-autonomous modified Swift-Hohenberg equation has not yet been considered; it is
presently our concern.

In the last two decades, the dynamical systems and their attractors have been exten-
sively studied, please refer to [9-13] and references therein. As we know, the most gen-
eral methods dealing with the non-autonomous dynamical systems were presented by
Chepyzhov and Vishik in their work in [14], and these methods make the general the-
ory of autonomous systems applicable, but it is unsatisfactory that it can only be used
in handling the problems with translation compact symbols. In 2005, in [15], the au-
thors presented a new notation and obtained their abstract results by means of the meth-
ods introduced in [10] to deal with 2D Navier-Stokes equations with a normal external

force in L2 (RR,L?) which is translation bounded but not translation compact. In the se-

loc
quel, in [16], a new class of time-dependent external forces in L2. (R, X) was presented,
where Lé* (R, X) denotes the set of all functions satisfying condition (C*) (see below Def-

inition 2.4) and the functions in LZ,(R,X) are translation bounded but not translation

2

% (R,L?). Moreover, the authors proved the existence of uniform attractors

compact in L
for the weakly damped non-autonomous hyperbolic equations. Motivated by [15, 16], in
the present paper, we illustrate the existence of uniform attractors for a non-autonomous
modified Swift-Hohenberg equation (1.1)-(1.3) using the techniques in [15, 16].

This paper is organized as follows: in Section 2, we give some basic definitions and ab-
stract results concerning the uniform attractors for non-autonomous dynamical systems.
In Section 3, we will show the uniformly bounded absorbing set and uniform attractors

. 2
in Hj.

2 Non-autonomous systems and their attractors

In this subsection, we iterate some basic definitions and abstract results concerning the
uniform attractors for non-autonomous dynamical systems in [15, 16], which are impor-
tant to get our main results.

With the usual notation, we denote H = L*(2), and endow H with the standard scalar
product and norm (-,-), || - ||. For simplicity, we denote V = H3(R2) with norm ||u||H3(Q) =
|Aull, and write || - ||, and || - ||, as the norm of W?(2) and L*(2), respectively.

We let an operator A = A% and A be the first eigenvalues of A; by the Poincaré inequality,
we have

Aull® > Alull®, YueV. 2.1

Let E be a Banach space, and let a two-parameter family of mappings {U(¢, 1)} =
{U(t,t)|t > 1,7 € R}acton E:

U(t,t):E—~E, t>t,T€R.
Definition 2.1 Let X be a parameter set. {U,(t,7)|t > 7,7 € R}, 0 € X is said to be a
family of processes in Banach space E, if for each o € X, {U, (¢, T)} is a process, that is, the

two-parameter family of mappings {U, (¢, 7)} from E to E satisfy

U, (t,s) o U,(s,7) = U,(t,T), Vt>s>1,T€R, (2.2)
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U, (t,7) = Id is the identity operator, 7 €R, (2.3)
where X is called the symbol space and o € X is the symbol.

A set By C E is said to be uniformly (w.r.t. ¢ € X) absorbing set for the family of pro-
cesses {U,(t,7)}, 0 € X, if for any 7 € R and B € B(E), there exists £y = fy(t,B) > t such
that |, .y U, (¢, T)B C By for all £ > ty. A set Y C E is said to be uniformly (w.r.t. ¢ € X)
attracting for the family of processes {U, (¢, 1)}, 0 € X, if for any fixed 7 € R and every
B e B(E),

oex

lim sup distz (U, (£, 7)B,Y) =0, (2.4)

t—00 geED
where B(E) is the set of all bounded subset of E.

Assumption I Let {T'(%)|h > 0} be a family of operators acting on ¥ and satisfy:
(i) T(h)X =X, Vh e RY;
(ii) translation identity:

U, (t+h,T+h) =Urge(t,t), YoeXt>1,teRh>0. (2.5)

Definition 2.2 A family of processes {U,(¢,7)}, 0 € X is said to be satisfying uniformly
(w.r.t. 0 € £) condition (C) if for any fixed v € R, B € B(E), and ¢ > 0, there exist a ¢, =
to(t,B, ¢) > 7 and a finite dimensional subspace E,, of E such that

(®) Pu(Uyes Ussyy Us (¢ T)B) is bounded;

(i) 17 = Pon)(Uy ey Urory Us (D)2 < 8, ¥ € B,
where dimE,, = m and P,, : E — E,, is a bounded projector.

Theorem 2.3 Let X be a complete metric space, and Assumption 1 holds. Then a family
of processes {U,(t, 1)}, 0 € &, possess the compact uniform (w.rt. o € £) attractor Ay in
E satisfying

As = wox(Bo) = wr,x(Bo), VT eR,

ifit:
(i) has a bounded uniformly (w.rt. o € X) absorbing set By;
(ii) satisfies uniformly (w.r.t. o € ¥) condition (C).
Moreover, if E is a uniformly convex Banach space, then the converse is true.

Remark 1 Theorem 2.3 is true without any continuous assumption on {U, (¢, 7)}, 0 € I,
and {T(£)}s>o-

Definition 2.4 Let X be a Hilbert space. A function g € L? (R;X) is said to satisfy condi-

loc

tion (C*) if for any ¢ > 0, there exists a finite dimensional subspace X; of X such that

t+1
sup/ || (I = Py)g(x,s) Hi ds<e,
teR Jt

where P, : X — X is the canonical projector.
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Denote by L2, (R; X) the set of all functions satisfying condition (C*).

Lemma 2.5 Ifh e Lé* (R; X), then for any ¢ > 0 and t € R, we have

t
sup/ e~ (E9) | = P,)hs) ||)2(ds <e,

>t
where Py, is the same as in Definition 2.4 and o is a positive constant.

Lemma 2.6 [9, 14] (Gagliardo-Nirenberg inequality) Let Q2 be an open, bounded domain
of the Lipschitz class in R". Assume that1 <p <o00,1<g<o0,r>1,0<6 <1, and that

k- §9<m— f) ra-0)Z.
V4 q r
Then the following inequality holds:
lllp < CEMll 2 Nl

3 Uniformly (w.r.t. 0 € X) absorbing set and uniform (w.r.t. ¢ € X) attractor
inV

For the existence of the solutions for (1.1)-(1.3), since the time-dependent term introduces

no essential complications, we directly give the following results of the existence and

uniqueness of solution without proof. In fact, the proof is based on the Faedo-Galerkin

approximation approaches; see [9] for the details.

Theorem 3.1 Ifg and u, are given satisfyingg € L2 (R;H), u, € V, then (1.1)-(1.3) have a

loc
unique solution

u(t) € C(R;; V), du e C(R;; H).

We now give a fixed external force g in L?(IR; X) and define the symbol space H(gy) for
(1.1)-(1.3). Let a fixed symbol oo (s) = go(s) = go(-,s) satisfy condition (C*) in LfOC(R; X). That
is, the family of translations {go (s + /), # € R} form a function set satisfying condition (C*).

Therefore
H(00) = H(g0) = [go(x,s + M|k € R]le,w(R;X),

where [ ] denotes the closure of a set in a topological space Lﬁ;':(]R;X ).

Thus, for any g(x,£) € H(go), the problem (1.1)-(1.3) with g instead of gy possesses a

corresponding process {U,(t,7)} acting on V.

Proposition 3.2 [14, 16] If X is a reflexive separable, then
(V) for all g € H@) 111 ) = 181250
(2) the translation group {T(t)} is weakly continuous on H(g);
(3) T()YH(g) =H(g) forallt e R.
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Therefore, the family of processes {U,(¢,7)}, g € H(go), Uy(t,7):E— E, t> 1,7 €R
are defined. Furthermore, the translation semigroup {T(h)|h € R*} satisfies Vi € R,
T (h)H(go) = H(go), and the following translation identity holds:

U (t+ 1T+ h) = Urgyg(t, ), VgeH(g)t=t,T€R,A>0.

For (1.1)-(1.3), we give a fixed external force gy € L. (R; H) and H(00) = H(go) = [go(x,s +
h)|h e R]leo’vcv(R;H)'
For convenience, hereafter we denote by ¢ an arbitrary positive constant, which may be

different from line to line and even in the same line.

3.1 Apriori estimates

Theorem 3.3 If gy € Li(R; H), u. € V, then the family of processes {Uy(t,7)}, g € H(ho)
corresponding to the problem (1.1)-(1.3) has a bounded uniformly (w.r.t. g € H(ho)) absorb-
ingset By in'V.

Proof The proof of this results follows from the following two steps.
Step 1: Taking the scalar products in H of (1.1) with u, we find

1d

5 3 1#O1 + 26" = ~[u@)[; + 2| Vu@)]* - aue)]”
2ds

—b f |Vu(e)|*u(t) dx + (g(8), u(2)), (3.1)
Q
and the Holder and Poincaré inequalities give

d
4O + |2u@] < 2]u@; + 4] Vu@)][* + 21al Juto) |

+20b) /Q|Vu(t)yzlu(t)] dx + ”g(;)”z. (3.2)

We use the Gagliardo-Nirenberg inequality with k=1, n=p=r=m=¢g=2,6 = % and get

4| Vu@|? < c|u® | | 2u@)| < c|u@)|” + i | au@|?. (3.3)

Similarly, by the Holder inequality, the Gagliardo-Nirenberg inequality with k =1, n =
m=q=2,p=r=4,0<6< %, and the Young inequality, it follows that

20b| /Q IVat) Pu(t)| dx < 2151 | Vaet) | ||

< o] au) ] Ju 3" |u@)]

< | au@]* Ju)]
< < [au@]’ + el 7. (.4

Substituting (3.3), (3.4) into (3.2), we see that

. IIg(t)Ilz'
A

d 1 3-20
1O+ S| 2@ < 2w + | u@] + Juto)] [~ (35)
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Since 3 < % <4(0<6< %), there exists M > 0 such that

—26

“2u@®)|} + c|u®)| + e|u® | 77 < -2u@]}+c|u@)]? + c|u] 7 <M. (6)

Thus we arrive at

d 1 D2
o+ 3l autw]? <ar+ O (37)
Again in line with the Poincaré inequality, we obtain
d A D2
S+ 2 Juty | < v O (3.8)
From Proposition 3.2, recall that
g7 < ligoll72, (3.9)
and set § = %, then by the Gronwall lemma,
i Igol1%,
@) < e 1200 + (14 57) (M . Tb) (3.10)
Now, multiplying (3.10) by € and integrating it over (, ), we get
¢ ) t t llgo ||i2
/ e‘““u(s)n ds < f 7 u 1> ds + / e’ss(l + 8’1) M + b ) ds
T T T 28
5t llgo 1%,
5 , e*(1+96) L}
<(t-1)e lu " + 5 M + 55 ) (3.11)

Analogously, multiplying (3.7) by €’ and integrating it over (7, £) and together with (3.11),
we derive that

! t
/ e aus)] ds < 2" ucl* + 25/ & |uts)|* ds + %e‘”
i T

1 t
A s

2¢% 1+6
<2(1+8(t - 1)) ue |* + —( 2+ M + —— gl
) 26 b
1 ! Ss 2
t5] ¢ ||g0||L}2) ds. (3.12)

Step 2: Multiplying (1.1) by A%u in H we get

d
%E || Au(t) ||2 + ||A2u(t)H2 + a” Au(t) ||2 + 2(Au(t), Azu(t))
+b(|Vulr) 2 APu(t)) + (u(t)®, A%u(t)) = (g(6), A%u(t)). (3.13)
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Using the Holder and Young inequalities, we get

d
3 |2u I” + | 2%u@)|? < -2lal| 2u@)|* + 16| Aue) |

4l [ V@), + 4w + g0

(3.14)

The Gagliardo-Nirenberg inequality with k=1, p=4,n=m=q=r=2,0 = 1 yields
4| V)2 = ||| 8] = % [ aato)] + el o]

The Gagliardo-Nirenberg inequality with k=0, p=6,n=m=q=r=2,0 = | gives
3]} = el )] < % 2ato)] + et

Substituting these estimates into (3.14), and combining with the Poincaré inequalities, we

obtain
d
N2u@]” + 8] au)|* < e(| aute)[* + |u@)]° + [ute) | ° + |g@]).

Multiplying this by (¢ — 7)e’ and integrating it over (t,t), we derive that

(t— t)e‘””Au(t) Hz < cl:/t(l +(s— r))e‘SSHAu(S) ”zds + ft(s— r)eaS”g(s)H2 ds

[ e ol « o)) o]
and hence

t t
Jau)” < e+ 2 ) [0 laue) e [ e 0leo) o

‘ t
+c/ ) ||u(s) ||6ds+C/ ) ||u(s) ”10 ds

= 11 +12 +13 +14. (315)

Now, we estimate the terms on the right-hand side of (3.15):
¢ 2
b= [ g ds

t t-1
< c( [ g0 ass [ Ogofas )
t-1 t-2

<c s

- _25 DY 2

(1+e +e '+ )”g”Li
<c(1+ 8‘1)|lgllfi
(

1+57) g ”ii' (3.16)
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By (3.12), we get

t
L= c<1+ L>e“”/ &% ||Au(s)||2ds
t—1 -

1
< c(l + t—) (1+8(-1))e " lu, |
T

1) (@ om0 g2
‘\Tioe * Ty 8ol
1 1
1+t— 1+ )||go||
1 1
c(l + —)(1 +8(t-1))e” T lu | + c(l + t—)(2 +8)M
-7

t—71

1
(1+t—)(1+8 ligollz2

By (3.10) and the Holder inequalities for the sum, we have

t
L-c / 60 1(s)|* ds
T
¢ IIgolle

sce_‘”/ e‘35<||u1||2e“3(5 Dy (1+8” )< )) ds

T

||g0||Lz

506"”/ 573067 |y, | ds+c<M+ ) / e ds

T

ol \ 2

t
< ey, || 56D ds 4 o[ M+ —=2L ) e( - &)
. 2

||go||i2 3
< c(t—1)e ||, || + c(M t 25 b) ,

noting that we used the fact e 2°¢~?) <1 for s € [t, t] in the last inequality.

In addition,

t
_ 10
L= / 0 u(s)|
T
t ||g0||i2 5
< ce’“/ e‘”(lluf 27D+ (1+67%) (M * 03 b )) ds
T

||g0||iz 5 t
< ce“”/ 25206 |y 110 ds+c(M+ % b) e“”/ e ds
T T

t ||g0||12} 5
< Cefﬁ(tft)”MTHlO\/\ 6745(571') dS+C<M+ % b) efat(eﬁt _eS‘L’)
T

lIgoll7
<c(t-1)e? D |u, 0 + c<M Uy b> )

Page 8 of 11

(3.17)

(3.18)

(3.19)
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Collecting all inequalities (3.15)-(3.19),

ot < o1+ ) e ate=0)e

+e(t =)0 (e || + fluc |1°)

1 1
1+ — J2+6M 1+ — )J(1+67! 2
+c( +t—r)( +8) +c< +t—1’>( + )||go||LZ

”gO”iz 3 ||g0||iz 5
+C(M+ ”) +c<M+ b)

268 26

< c[(l + L) (1+8(t—1))e ) Ju ||

t—71

+ (=) (e 1 + N |I)
) ) ||g0||ii 3 ||g0||i% 5
1+ —)(1 M+ —= M . (3.20
+(+t_r)<+ug0u%>+( s )+( ‘s )] (3.20)

Choosing (1 + 7)1 +8(t — 1))e™ @ ||ur |2 + (¢ = D)) ([l [|© + 1) + A+ )0 +

llgo %, lgol2,

IIgolli%) <M+ —552)® + (M + —52)° for ¢ > 7, we deduce that there exists a time £y =
lgol%,

by 4 (M+

to(8, llgo ”ig’ llu- 1) > T such that By = {u: | Au(t)||* < p?}, where p* = c[(M +

2
lgolls

55 )3, for t > ty, i.e., By is the uniformly (w.r.t. ¢ € ¥) absorbing ball for the process

{Us(t,T)}in V. g

28

3.2 Uniform attractorin V
Now we prove the existence of compact uniform (w.r.t. & € H(go)) attractor for the prob-
lem (1.1)-(1.3) with the external forces gy € L. (R; H) in V.

Theorem 3.4 If go(x,t) € L%.(R; H), then the family of processes {U(t,7)}, g € H(go) cor-
responding to the problem (1.1)-(1.3) possess a compact uniform (w.r.t. g € H(go)) attractor
Asi(go) in V satisfying

A1(go) = @0,7(50)(Bo) = @1, 31(g0) (Bo)s (3.21)
where By is the uniformly (w.r.t. h € H(go)) absorbing set in V.
Proof By Theorem 2.3, we need only to verify that the family of processes {{,(t,7)}, g €
H(go), satisfy uniformly (w.r.t. g € H(go)) condition (C).

Since A™! is a continuous compact operator in H, by the classical spectral theorem, there

exists a sequence {Aj}fjl with

O<M <A<l =Z---, A—>00,a5]— 00,

and a family of elements {a),'};’f1 of V which are orthonormal in H with

Aa)j = Ajwj, V] eN.
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Let H,, = span{w;, ws,...,w,}, and P, : H — H,, be an orthogonal projector. For any
u € V, we write

u=Puu+ (I -Py)uLu +u.

Taking the scalar product of (1.1) with A%x, in H and using the Young inequality, similar
to the estimates (3.14), we get
b a @+ [ A2 (o)
2w +[27w0)]
<c

| 2 )|” + | Vi) + [ ® g + [ (4 = Pug(®)]”)

| 2w + | am®|* + | 2ua)]|° + ¢ - Pu)g®)|)

—_ o~

<c

<M +c|[(I - P, (3.22)

where M; = c(p? + p* + p®). Thus, we see that

d

3l am® |2+ A | 22 @)]|* < My + || (T - P)g ()| (3.23)
By the Gronwall lemma,

|80 = A Pe 0+ 2 i / (- pg@Pds (3.24)

Since g € L%, (R; H), by Lemma 2.5, for any ¢ > 0, there exists an m large enough such
that

t
c f eI (1= P,)g(s)|*ds < =, Vg e Hlho), Ve > 1. (3.25)

&
31

2
Letty =7+ ﬁ In 3%. Then we conclude that

e
|| e < pren D <) Wiz, (3.26)
Obviously, we can choose ¢ > 0 such that
M
M _e (327)
An 3

Therefore, combining with (3.24)-(3.27) leads to

I

”AMZ(t) <s¢, Vtztl:VgGH(gO)y

which indicates that the family of processes {U,(¢, 1)}, g € H(go), satisfies uniformly (w.r.t.
g € H(go)) condition (C) in V. The proof is completed. O
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