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Abstract

Recently, a family of the Apostol-type polynomials was introduced by Luo and
Srivastava (Appl. Math. Comput. 217:5702-5728 (2011)). In this paper, we further
investigate the Apostol-type polynomials and obtain their unified multiplication
formula and explicit representations in terms of the Gaussian hypergeometric
function and the generalized Hurwitz zeta function. We also show some special cases,
which include the corresponding results of Luo, Garg, Srivastava, Ozden, and Ozarslan
etc.
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1 Introduction, definitions, and motivation

Throughout this paper, we always make use of the following notations: N = {1,2,3,...}

denotes the set of natural numbers, Ny = {0,1,2,3,...} denotes the set of nonnegative in-

tegers, Zg = {0,-1,-2,-3,...} denotes the set of nonpositive integers, Z denotes the set of

integers, R denotes the set of real numbers, and C denotes the set of complex numbers.
The symbol (a); denotes the shifted factorial (or the Pochhammer symbol), defined,

aeC, by

Cla+k) |1, k=0,

(@ = = 1.1)
I'(a) ala+1)---(a+k-1), keN.
The symbol {n}; denotes the falling factorial, defined, a € C, by
(=" =0 (12)
Aji = .
al@=1)---(a-k+1)= ks, keN,

where I'(x) is the usual gamma function.

The classical Bernoulli polynomials B, (x), Euler polynomials E,,(x), and Genocchi poly-
nomials G,(x), together with their familiar generalizations B (x), E®(x), and G (x) of
© 2015 Lu and Luo; licensee Springer. This article is distributed under the terms of the Creative Commons Attribution 4.0 Inter-
national License (http://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in

any medium, provided you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons
license, and indicate if changes were made.


http://dx.doi.org/10.1186/s13662-015-0480-0
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-015-0480-0&domain=pdf
mailto:luomath2007@163.com

Lu and Luo Advances in Difference Equations (2015) 2015:137

order «, are usually defined by means of the following generating functions (see, for de-
tails, [1], pp.532-533 and [2]):

( Z_l) e’ = ZBE,“)(x)% (|z| < 271), 1.3)

( 2 )ae"z = ZEE,“)(x)Z— (|z| < n) (1.4)

and

(€Z+1> ZG("‘ (|z| <n). (1.5)

Thus, the Bernoulli polynomials B, (x), Euler polynomials E,(x), and Genocchi polynomi-
als G, (x) are given, respectively, by

Bx):=BY(x),  E,®):=EPx) and G,x):=GPx) (neNy). (1.6)
The Bernoulli numbers B,,, Euler numbers E,;, and Genocchi numbers G, are, respectively,
B, :=B,(0)=BY(0),  E,:=E,(0)=EP(0) and G,:=G,(0)=GP(0). 1.7)

Some interesting analogs of the classical Bernoulli polynomials and numbers were first
investigated by Apostol (see [3], p.165, Eq. (3.1)) and (more recently) by Srivastava (see [4],
pp.83-84). We begin by recalling here Apostol’s definitions as follows.

Definition 1.1 (Apostol [3]; see also Srivastava [4]) The Apostol-Bernoulli polynomials
B, (x; 1) (A € C) are defined by means of the following generating function:

[ee]

exz
“ ZB (x,A)— (12l <2 when A = 1;|2| < |log A| when A #1) (1.8)

with, of course,
By(x) = By(x;1) and  B,(A) := B,(0;4), (1.9)
where B, (1) denotes the so-called Apostol-Bernoulli numbers.

Recently, Luo and Srivastava [5] further extended the Apostol-Bernoulli polynomials as
the so-called Apostol-Bernoulli polynomials of order «.

Definition 1.2 (Luo and Srivastava [5]) The Apostol-Bernoulli polynomials Bﬁ,a)(x; A (A e
C) of order « (o € N) are defined by means of the following generating function:

( A% — ) Z 76 2) n!

n=0

(Iz] < 27 when A =1; |z| < [log A| when A #1) (1.10)

Page 2 of 16
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with, of course,
B®(x) = BY(x%1) and BY(x):= BY(0;1), 1.11)
where Bﬁ,a)()n) denotes the so-called Apostol-Bernoulli numbers of order «.

On the other hand, Luo [6] gave an analogous extension of the generalized Euler poly-
nomials as the so-called Apostol-Euler polynomials of order .

Definition 1.3 (Luo [6]) The Apostol-Euler polynomials Ef,“)(x;k) of order o (a, A € C)
are defined by means of the following generating function:

2 o o0 Zn
2 S E@ ()P ~
(kez+1> e ;5,1 (x:)»)n! (I2] < [log(=1)|) 1.12)

with, of course,
E9) =E9(x1) and E9(1):=EX(0;1), 1.13)
where 5,(,“)(A) denotes the so-called Apostol-Euler numbers of order «.

On the subject of the Genocchi polynomials G,(x) and their various extensions, a re-
markably large number of investigations have appeared in the literature (see, for example,
[7-11]). Moreover, Luo (see [12]) introduced and investigated the Apostol-Genocchi poly-
nomials of (real or complex) order «, which are defined as follows.

Definition 1.4 The Apostol-Genocchi polynomials gf,‘”(x;x) (L € C) of order « (@ € N)
are defined by means of the following generating function:

2z « © "
(75) - orny a<loscn) a

with, of course,

GY%) =G9x%1),  G90):=G90;n),

(1.15)
Gu(:1):= GP(x3) and G,(3) =GP (),
where G, (1), g,ﬁ“’(x), and G, (x; 1) denote the so-called Apostol-Genocchi numbers, the
Apostol-Genocchi numbers of order «, and the Apostol-Genocchi polynomials, respec-
tively.

Ozden et al. [13] investigated the following unification (and generalization) of the gen-
erating functions of the three families of Apostol-type polynomials:

21—KZK

oo n
z

T Xz .
B ;yn,ﬂ(x,x,a, b~

(|z| <27 when B8 =a; |z| < |blog(/3/a)| when 8 Za;k,8 € C;a,be C\ {O}). (1.16)
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In [14] Ozarslan further gave an extension of the above definition (1.16) as follows:

21—/(21( o - o @ 2"
(7/3%1 —ab) e = ;yn,,s(x;/c,a, by
(a € N;|z| <2 when 8 = a;|z] < ’blog(ﬁ/a)‘
when 8 #a;x,8 € C;a,be C\ {O}) (1.17)
and gave some identities for y,ﬁ“; (x;1,a,b).

Recently, Luo and Srivastava [15] further extended the Apostol-type polynomials as fol-
lows.

Definition 1.5 (Luo and Srivastava [15]) The generalized Apostol-type polynomials
f,g“)(x; A;u;v) of order o (o, A, ;v € C) are defined by means of the following generat-
ing function:

gy \ ¥ - o (@) P
ol e = ;Fn (x;)»;u;v); (|z| < |10g (—)»)|). (1.18)

By comparing Definition 1.5 with Definitions 1.2, 1.3 and 1.4, we readily find that

BY(x;2) = (-1)* F@(x;-2;0;1) (o € N), 1.19)

EDx0) = F9x%1;1;0) (a eC) (1.20)
and

GD0) = FY9M011) (o eN). (1.21)

Furthermore, if we compare the generating functions (1.16), (1.17) and (1.18), we readily

see that
1 A}
Yup5k,a,b) = ——F, (x;—<—> ;1—K;K>, (1.22)
a a
(o) o L (@) B b
Vpsic,a,b) = (-1) —aba}‘n (x;—(;) ;1—K;/(>. (1.23)

More investigations of this subject can be found in [5, 6, 12—-22].

The aim of this paper is to give the multiplication formula for the Apostol-type polyno-
mials .F,ga)(x; A; ;3 v) and obtain an explicit representation of f,i“)(x; A; w3 v) in terms of the
Gauss hypergeometric function 2 F(a, b; c; z). We study some relations between the fam-
ily of Apostol-type polynomials F.*)(x; ; s1;v) and the family of Hurwitz zeta functions
®,(z,s,a). Some special cases also are shown.

2 Multiplication formula for the Apostol-type polynomials
In this section we give a unified multiplication formula for the Apostol-type polynomials
]:,(,“)(x;k; s v). We will see that some well-known results are the corresponding special
cases of our result.

First we need the following lemmas.
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Lemma 2.1 (Multinomial identity [23], p.28, Theorem B) Ifx;,%5,...,%,, are commuting

elements of a ring (<= xx; = xjx;, 1 < i <j < m), then we have for all integers n > 0:

n

(X + g+ +ax,,)" = E ( )x1“1x2“2 ce X, (2.1)
a1, dz,...,04

ﬂl,ﬂZ,...,ﬂmZO 1 &2, yem

ay+ax+---t+am=n

the last summation takes place over all positive or zero integers a; > 0 such that a, + a; +

- +a,, = n, where

( n ) n!
=
a1,a2,...,0, ailay! - a,,!

are called multinomial coefficients defined by 23], p.28, Definition B.

Lemma 2.2 (Generalized multinomial identity [23], p.41, Eq. (12m)) If x1,%3,..., %, are
commuting elements of a ring (<= xxj = xjx;, 1 < i <j < m), then we have for all real or

complex variable a:

o
(Q+xp +xo+ - +x,)" = E (V y ) >x1V1x2V2 ey, 2.3)
V1V2 Vi =0 1 V2reeesVin

the last summation takes place over all positive or zero integers v; > 0, where

V1V eeos Vin nivyl-- vt nivy!--v,!

( %4 ) . {a}v1+v2+~~~+vm _ a(a_l)(a_z)"'(a_vl_VZ_"'_Vm+1)
are called generalized multinomial coefficients defined by [23], p.27, Eq. (10 C”).

Theorem 2.3 (Multiplication formula) For u,v,r € Nand v <1, n,l € Ny, o,1 € C, we

have

er(’a)(rx;)\;u; p) = e Z ( o )

Vi, V2,eee, Vi
VL Vgt 20 N 1222 Vel

m
X (—)L)mf,i“) (x + —; AT U v), r odd, (2.3)
r
(_l)lzulrn—vl /
FOras 05 pu50) = ————
8 (7 + 1wy Z Vi Vayenss Vrd

0=<v1,v2,Vp1 <l
V1V +e 4V =l

m
X (_)‘)mB;(qli(l—v)l <x + _;)\.r>, r even, (2.4)
r
where m=vi +2vy + -+ + (r = 1)v,_1.
Proof 1t is not difficult to show that

1 B 1-ref+22%e% 4. ¢ (_)\)V*Ie(r—l)z
re?+1 - (_A)rerz -1 .

(2.5)
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When r is odd, by (1.18) and (2.5) we get

oo Zn
D FO s h pwiv) =
n!

n=0
_ 1 24(rz)" \* [ A% +1 “em
r'e \ Are’” +1 ret+1
o
1 (202" \* [, . k) e
=VW(K’6’Z+1> Z(—Ae) ¢
k=0

o
= i Z o (=A)" 2"(rz)” e(x+%)rz
rve V1,V eees Vil Are? +1

V1V25eenVy-120

n

= |:r"_”°‘ Z ( * )(—k)”’f,(,“) (x + T; A5 v):| Z—. (2.6)
5 V1, V2yeees Vi r n!

n= V1,V2,500Vp—1=>0

Comparing the coefficients of 27”, on both sides of (2.6), we obtain the assertion (2.3) of
Theorem 2.3.
When r is even, we can similarly prove the assertion (2.4) of Theorem 2.3. The proof is

complete. d

It follows that we can deduce the well-known formulas from Theorem 2.3.
Letting A —> —X, taking u = 0 and v =1 in (2.3) and (2.4) and noting (1.19), we can
obtain the following main result of Luo (see [24], p.380, Theorem 2.1).

Corollary 2.4 For r,a € N, n € Ny, A € C, the following multiplication formula for the
Apostol-Bernoulli polynomials of higher order holds true:

o m
B9 (rx; 1) = " ABOx+ —;07 ), 2.7
" ( ) Z Vi V2o Ve " r ( )

V1V25eVp—120
where m=vi +2vy + -+ + (r = 1)v,_1.

Taking 4 =1 and v = 0 in (2.3) and (2.4), and noting (1.20), we can obtain the following
main result of Luo (see [24], p.385, Theorem 3.1).

Corollary 2.5 Forr e N, n,l € Ny, a, 1 € C, the following multiplication formula for the
Apostol-Euler polynomials of higher order holds true:

EQmn)=r" Y (V . * ) )(-x)mg,ga><x+ %;M), r odd, (2.8)
1> V2ryeeer V-1

V1,V2,0Vp120

—2)tpn l
T LA ( )
(Vl+1)[ 0<v ! Vi V2o Ve
VY2 Vp-1=

V1V 4V =1

m
X (—)»)”’Bgil (x + —;)»r>, r even, (2.9)
r

where m=vi +2vy + -+ + (r—1)v,_1.
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Taking ¢ = v =1 in (2.3) and (2.4), and noting (1.21), we can obtain the following main
result (see [14], p.2462, Corollary 4.6).

Corollary 2.6 For a,r € N, n,l € Ny, A € C, the following multiplication formula for the
Apostol-Genocchi polynomials of higher order holds true:

GO i) =r Y (1/1 Vz“ ) 1)(—A)mgfl“)<x+?;)f), rodd, (210)

V1,V2,eVpo120

l
Gesn -t (o
0<v gy <l N 1722 L
VI+Vo+-tvp_1=l

X (—)\)”’Bff) (x + Z;)f), r even, (2.11)
r

where m=vi +2vy + -+ + (r = 1)v,_1.

Taking X = —(g)b, u=1-k,v =« in (2.3), and noting (1.23), we can obtain the following
multiplication formulas for the polynomials y,i“g (x;6,a,b) and Y, g(x;«,a, b) defined by
(1.16) and (1.17), respectively.

Corollary 2.7 Fork,u,v,m,n,l,r € Ny, o, € C, we have

y,ﬁ‘f} (rx;x,a, b)

_ o
D> ( )(
Vi, V250005 Vr1

V1V Vp—120

_ o
e Y ( )(
Vi V2, Vel

V1, V2eVp-120

QA [

bm
" m
) a<’-“"“y,§,§ (x +—;k;a; hr) (212)
g r

Q™

bm
m
) a(rfl)bayfld/;r (x + =i b) ’ (2.13)
K r

where m=vi +2vy + -+ + (r = 1)v,_1.

Setting @ =/ =1in (2.12) and (2.13), respectively, we have (see [13], p.2786, Theorem 8)
the following.

Corollary 2.8 For «, 1, v,n,1r € Ng, A € C, we have

r-1 bj .
Vuplrx;k,a,b) = r"™ Z(é) a(r’l)by,,,,g (x + 1;fc;az; br) (2.14)
a r

Jj=0

r-1

bj .
="K Z(g) a(””by,,,ﬁr (x + };;K;a’;b) (2.15)

j=0

Remark 2.9 In [14], p.2460, Theorem 4.3, one of the main result of Ozarslan is not right,
the correct form should be (2.12) and (2.13) of Corollary 2.7.

Remark 2.10 In fact, setting A = —(g)b, u=1-«k,v = in (2.3) and noting (1.23), we
deduce the multiplication formulas which are right only when r is odd. In the same way
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as the proof of [24], p.380, Theorem 2.1, we can obtain the multiplication formulas (2.12)
and (2.13) of Corollary 2.7.

3 A unified representation in conjunction with the Gauss hypergeometric
function
In this section we obtain a unified representation of the Apostol-type polynomials

FP (% 2; 3 v) with the Gaussian hypergeometric functions.

Theorem 3.1 For u,v,n,l € Ny, A € C, we have

FP(at; 25 15 v)
n-vl
n L+k=1\ (n=vl\ (=)
=24 (vl —
o (D;( [ e
k m
X Z 1)'”( ) (x + m)" ", F (—n +vl+kkk+1; ), (3.1)
m+x
m=0
where F(a, b; c; z) denotes Gaussian hypergeometric functions defined by (see [2], p.44, Eq.
(4))
oo
n b n "
Fabic) =y @ab)n2" 1, (3.2)

n n

n=0

Proof Letting o =/ € N in (1.18), we have

v \/
Z]—" (i 3 v) =( 2 ) e, (33)

— rer+1

Differentiating both sides of (3.3) with respect to the variable z yields

22"\
(x,k w;v) =D ad ev
ref +1 220

g (e,
_2/412( ) ”‘S(vl)‘( ) (e 1) 7],

s=vl

_2ﬂ12(> vl)‘( ) (e +1+a(e -1))” ]Z o

s=vl

where D, = d is the differential operator.

Applying the generalized binomial theorem

(@+b)y =3 (“ +ll_ l)a-“-l(—b)l (a eC, '

=0

A
—|<1
a
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and the generating function of the Stirling numbers of the second kind S(#, k) (see, for
details, [23], p.206, Theorem A),

e-Dk & "
C S s,
o n!

we find that

FP (525 3v)

-zmz( ) () ( )i( ) N (G

s=vl k=0

153 (’: )x“(vl)'

s=vl

/;\
)
<

~_

i T
<] <

VRS

~
+
~ A

- 1) (=% + 1) kIS (s — vI, k).

Noting (see [2], p.58, Eq. (20))

k
B l k—/ k
k!

j=0

and the well-known combinatorial identity

()()-0C
k)\s) \s)\n-k/)’
we readily obtain

FU (0 25 15 v)

FEOFT)

s=vl

k —I-k k—m k s—vl
x (=A)*(A +1) ;H) (m)m
n-vl n _vl I+ k— )k K8
:2“Z(vl)'< )Z Z ( V)( v >()LA+)1)1+1< Z( 1% m< ) s

k=0 s=k+vl

n-vl n—k—-vl
_oul n n-vl friet
—2”("1)!(1;1)2 Z <n_s—vl—k>( k )

k=0 s=0
k

(_A)kxn—s—k—vl e k ok
Tk %(—1) m)"

n-vl k
—oulpon [ 7 l+k-1 Xkl e
=2 W"(ul)%( K ) e 2V ()

Xn_Xk_:VI n-vl m s
= n—s—-vi-kJ\x )"
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Noting that (in view of (7() =0whenk>nork<0)

> (1) -2 ;)

and combining the definition of the Gaussian hypergeometric function

(@ (B) 2"
©n n’

2Fi(a,biciz) =)

n=0

we obtain

A\ vk =1\ (n—vl
O e 0 0) = 2] - -
FO (505 15v) = 24l (w) k§=oﬁ( ) )( ) )

(—A)kx”_k_”l k . k X
* G 2 (m)m

szl(—n+vl+k,1;k+1;—T>. (3.4)
x
Applying the Pfaff-Kummer hypergeometric transformation [25], p.559, Eq. (15.3.4),

2Fi(a,b;c;z) = 1-2)"%F, (a,c—b; I ZLI) (c ¢Zg: |arg(1—z)| <m-e(0<e< 71)),

to (3.4), we arrive at the desired equation, (3.1). This completes our proof. O

Below we show some special cases of (3.1).
Letting A —> —A, taking i = 0 and v =1 in (3.1) and noting (1.19), we easily obtain the
following explicit formula for the Apostol-Bernoulli polynomials:

n-I
Dy ry = i I+k-1 (”_Z)L
BHWJJ—L<Z)§:< - > g ra

k=0

k
X E (—l)m(k>mk(x +m)" K, <—n +1+kkk+1; L), (3.5)
— m m+x

with n,/ € Ny, A € C\ {1}, which is just the main result of Luo and Srivastava (see [5],
p-294, Theorem 1).

Taking 1 =1 and v = 0 in (3.1) and noting (1.20), we can obtain the following explicit
formula for the Apostol-Euler polynomials:

"I+ k=1\[n\ (=A)K
; k k) (A + 1)+

k
X Z(—l)’”<k>mk(x +m)"*F (—n +k, ki k+1; L), (3.6)
— m m+x

with n,/ € Ny, A € C\ {-1}, which is just the main result of Luo (see [6], p.920, Theorem 1).
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Taking p = v =1 in (3.1), and noting (1.21), we can obtain the following explicit repre-
sentation of the generalized Apostol-Genocchi polynomials:

n-1
Oy =2n(") S (AT l)&
gn(x,x)-w!(l)k()( ‘ )(k o

k
X Z(—l)’” k mf (e + m)"R R —n+ L+ kK k o+ 1 " , (3.7)
- m

m+x

m=0

with 1,1 € Ny, . € C\ {1}, which is just one of the results of Luo and Srivastava (see [15],
p-5708, Theorem 1).
Taking A = —(g)b, u=1-k,v =k in (3.1), and noting (1.23), we deduce the following

well-known formula:

Y L+ k=1\ [ 1\ (n—l p*
y,if};(x;x,a,b)ﬂ’“ )(l")!< k )(lx)%( k )W

k
x Y (-1 ( :1 ) (o + )"

m=0

X 5F) (—n vl + ko dok+1; ﬁ) (3.8)

with 1,1,k € No, B € C, a,b € C\ {0}, B #a, which is just main result of Ozarslan (see [14],
p-2454, Theorem 2.1).
Further setting / = 1 in (3.8) we deduce the following formula for Y, g(x; «, a, b):

_(n K ok
yn,ﬂ(xﬂc:drb):zl K!<K>Z< k )W

k=0

: m k k n—k—«
X Z(—l) <m)m (x + m)

m=0

x2F1<—n+K+k,k;k+1;L>. (3.9)

m+x

4 Some explicit relationships between the generalized Apostol-type
polynomials and generalized Hurwitz-Lerch zeta function

A general Hurwitz-Lerch zeta function ®(z,s,a) defined by (cf, e.g., [2], p.121, et seq.)

o0 Zn
D(z,8,a) = Z

— (n+a)’
(a € C\ Zy;s € C when |z] < 1;%R(s) > 1 when |z| = 1) (4.1)
contains, as special cases, not only the Hurwitz (or generalized) zeta function ¢ (s, a) de-
fined by (cf. [26], p.249 and [4], p.88)

[ee]

’(s,a):= ®(1,s,a) = Z

n=0

m (E)t(S) >1l;aeé Za) (4.2)
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and the Riemann zeta function ¢ (s),

£(s):= ®dA,s,1) =2(s,1) = 51 ¢ (s, %) (R > La ¢ Zy), (4.3)
and the Lerch zeta function:
X onmit —_— ymit
$(&):= — =5 P(eH, 5,1 R; 1), 4.4
(€)= ——=e (e¥%,5,1) (£ eR;R(s) > 1) (4.4)

n=1

but also such other functions as the polylogarithm function:

oo Zn
Li = - = 39y
is(2) Z pr z®(z,s,1)
n=1
(s € C when |z| < 1;9R(s) > 1 when |z| = 1) (4.5)

and the Lipschitz-Lerch zeta function (cf. [2], p.122, Eq. 2.5(11)):

eané

¢, a,s):= - = CID(ez”is,s,a) =:L(,s,a)
; (n +a)

(a € C\ Zy;MR(s) >0 when & e R\ Z;R(s) >1 when £ Z), (4.6)

which was first studied by Rudolf Lipschitz (1832-1903) and Maty4s Lerch (1860-1922) in
connection with Dirichlet’s famous theorem on primes in arithmetic progressions.

A family of the Hurwitz-Lerch zeta functions bejf;f’ )(z,s,a) defined by (see e.g. [27], p.727,
Eq. (8))

o0
(Won 2
®P)(z 5 a) = L
e D= D e T ey

—

(neCsa,v e C\ Zy; p,0 € RY; p <o whens,zeC;

p=0andseCwhen|z|<1;0 =0 and R(s— u +v) >1 when |z| = 1), (4.7)

contains, as special cases, not only the Hurwitz-Lerch zeta function

S n
z

(z,5,a) = D0 (z,5,a) = D(z,5,0) = Y
n=0

(n + a)$ (48)

and the Lipschitz-Lerch zeta function ¢(£,a,s) := ®(e?**,s,a), but also the following
generalized Hurwitz-Lerch zeta functions introduced and studied earlier by Goyal and
Laddha [28], p.100, Eq. (1.5):

(/L) z"

1,1) n

() z,8,a) =D, (z,s,a):= E , 4.9
w1 ( ) ,u,( ) s ' ( )s ( )

which, are called the Goyal-Laddha-Hurwitz-Lerch zeta functions.
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Below we give an explicit relationship between the Apostol-type polynomials F (45
w;v) and the Hurwitz-Lerch zeta function ®,,(z, s, 4).

Theorem 4.1 Forn,v,a € No; -1 <A <1;n 2 va;x € C\ Zg, u € C, the relationship

F (% 05 5 v) = 2““(1)05)!( " >c1>a(-x, Vo — 1, x) (4.10)
Vo

holds true.

Proof Applying the generalized binomial theorem

Q+w)™= Z (a +:_ 1)(—w)’ (|w| < 1)

r=0

in (1.18), we have

o n vo\ o
3 F s ks i v) = = 22 o
o " n! Aef+1
= 212" (1 + Ae°) I
o (@)
= Qua v Z T!/((_)L)ke(k+x)z
k=0
o0
o ( ) Z}’l+v(¥
2[2“ > ke }7
=0 k=0
(@) (|2
21 —_— | —. 4.11
_Z|: (ve <va)2 k! (k+x)ve" | n! (4-11)
n=va k=0
Noting (4.9), (4.10) follows. O

Below we see that (4.10) implies some well-known results.
Let A —> —A, taking 1 = 0 and v = 1 in (4.10) and noting (1.19), we can obtain an explicit
relation between the Apostol-Bernoulli polynomials and the Hurwitz-Lerch zeta function:

BO(x;4) = (~n) @01 -n,x)  (mleNin 2 L|x| <Lx e C\ Zy). (4.12)

The above result is just one of the main results of Garg et al. (see [29], p.809).
Clearly, we have the following relation between the Apostol-Bernoulli polynomials and
the Hurwitz-Lerch zeta function:

Bu(x;A) = -n®(L,1-nx) (neN;|A| S LxeC\Z), (4.13)

which is just the result of Apostol (see [3]).
Taking A =1 in (4.13), we obtain the following well-known relationship between the
Bernoulli polynomials and Hurwitz zeta function (see [26], p.264, Theorem 12.13):

B,(x)=-nt(1-nx) (meN). (4.14)
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Taking x = 0 in (4.14), we obtain the following the well-known relationship between the
Bernoulli numbers and the Riemann zeta function (see [26], p.266, Theorem 12.16):

B,=-nt(1-n) (neN). (4.15)

Taking =1 and v = 0 in (4.10) and noting (1.20), we can obtain the following result of
Luo (see [30], p.339, Theorem 2.1):

ED(x; 1) = 29D, (1, -1, %). (4.16)

Further taking o =1 in (4.16), we have the following relation between the Apostol-Euler
polynomials and the Hurwitz-Lerch zeta function:

E lx;A) =2®(=A, —n,x) (n eN;-1<A<LxeC\ Za). (4.17)

Taking A = 1 in (4.17), we can obtain the following well-known relation between the Euler

polynomials and the L-function:
E,(x) = 2L(-n,x), (4.18)

where the L-function is defined by

L(sx)—z 1" s)>1xe(C\Z) (4.19)

(n +x)*

From (4.19), we further obtain the following well-known relation between the Euler num-
bers and the /-function:

E, =2l(-n), (4.20)

where the /-function is defined by

I(s) =Z(nsn, N(s) > 0. (4.21)

n=1

Taking © = v =1 in (4.10), and noting (1.21), we can deduce the following relation
between the Apostol-Genocchi polynomials and Hurwitz-Lerch zeta function (see [31],
p.124, Corollary 4.2):

GO 2) = (M2 ®y(-2 1 -nx) (mleN;n2LIA <1 xeC\Z) (4.22)
and

Gul;A) =2n®(-1,1-n,x) (neN;|A| SLxeC\Z). (4.23)

Taking A = —(g)b, u=1-x,v =k in (4.10), and noting (1.23), we can deduce the follow-
ing relations between the polynomials y,i“g (%56, a,b), Y p(x; k,a,b), and the (generalized)
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Hurwitz zeta functions [13, 14, 18]:

A-k)at b
y,i"g (x;6c,a,b) = (_1)QM( " )c[)u ((g) Ko — n,x> (4.24)

ab Ko

and

(1-x) b
= 2 (o () 4 ) o

ab K
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