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Abstract

This paper investigates the coupled systems of stochastic differential equations with
variable delays (CSDDEs) on networks. We analyze the existence and uniqueness of
solution by combining the method of graph theory with the Lyapunov function
analysis. Furthermore, we utilize the graph theory technique and the nonnegative
semimartingale convergence theorem to obtain the almost sure stability of sample
solutions and the sufficient principles to locate their limit sets, which correlate closely
with the topology property of CSDDEs. Finally we illustrate our main results by
examples from population dynamics and vibration systems.
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1 Introduction

Coupled systems of nonlinear differential equations on networks have been applied widely,
especially in the mechanical, electronic, and biological fields [1-9]. A network is always
described by a directed graph consisting of vertices and directed arcs connecting them.
At each vertex, the local dynamics is given by a system of differential equations called a
vertex system [2, 5]. The study of mathematical questions on coupled systems (including
synchronization, clustering and transitions) has been introduced by [10]. Among vari-
ous dynamical properties of the coupled systems on networks overall stability based on
given vertex systems is very important and interesting from the viewpoint of controlling
complex dynamical systems. However, the stability analysis for the coupled systems on
networks is generally a complex and formidable task. It is inspiring that for a coupled de-
terministic system Li e al. [2, 5] gave a systematic method to construct an appropriate
Lyapunov function making use of the graph-theoretic technique, and then applied this
method to epidemic models [2, 3, 5, 6], oscillator models [5], and ecological models [5],
obtaining the global stability.

On the other hand, stochastic differential equations (SDEs) have become a powerful
tool in the modeling of realistic systems due to various disturbances; refer to [11]. As a
matter of fact, the theory of SDEs has been developed very quickly since It6 introduced his
stochastic calculus. The stability theory of stochastic delay differential equations (SDDEs)
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has been studied extensively; see e.g. [12-15]. However, so far as we know there are few
papers to deal with almost sure asymptotic stability of the sample paths and their limit sets
for stochastic systems except for [16—20]. It is worthy to mention that Mao et al. [16—19]
made an important development by extending the LaSalle-type theorem from ordinary
differential equations (ODEs) to stochastic versions after LaSalle discovered the internal
relationship between Birkoft’s positive limit set and the Lyapunov function [21].

Motivated by the previous works, the purpose of this paper is to investigate the coupled
systems of SDEs with variable delays (CSDDEs) on networks described by

dxi(t) = [ﬁ (%:(0), %:(t = ri(2)), £)

I
+ ZPij(xi(t),xi(t - r,»(t)),xj(t),x/(t - rj(t)),t):| dt

j=1
+ i (xi(0), %:(t - ri(0)), ) dBi(2), £>0,i=1,2,...,1, 1.1)

with the initial data
x(0) =&(0) eR", -r,(0)<6 =<0, 1.2)

where £(2) = (£(2),5(0), ..., &(0) € R™ x R™ x - x R" = RN, x(£) = (x1(£),%2(2),
..,x/(t)) € RN, and B(¢) = (Bi(¢), B2(t), ..., Bi(t)) isa R™ x R™ x --- x R"™ = RM-valued
Brownian motion.

We analyze the existence and uniqueness of a solution to (1.1) by the combined method
of graph theory and Lyapunov function analysis. Furthermore, we utilize the graph theory
technique and the nonnegative semimartingale convergence theorem to investigate the
almost sure stability of sample solutions and give the sufficient principles to locate their
limit sets, which is helpful to understand the dynamical behaviors.

The paper is organized as follows: in Section 2, we prepare some notations and lem-
mas to be used. In Section 3 we discuss the existence of solution and its uniqueness. In
Section 4, we give the sufficient conditions for the almost sure asymptotic stability which
relate to the topology structure of the network closely. Moreover, we obtain the limit sets
of sample paths with probability 1. Finally, we illustrate our main results through some

examples.

2 Preliminaries

For convenience we first state some notations. Throughout the paper, let (2, F, {F¢} >0, P)
be a complete probability space with a filtration {F;};>¢ satisfying the usual conditions.
Let B(t), t > 0, be a standard R*-valued Brownian motion defined on this probability
space. For any constant sequence {¢;} (i =1,2,...,1), define ¢ = max;<;<;¢;, ¢ = minj<;<; ¢;.
For each x = (x1,%,,...,%;) € RN, define || x| = [Zle (xi)T (D] % For any positive constant
r, let C([-r,0]; RY) be the family of all continuous RY -valued functions p on [-r,0] with
anorm |p| =sup_,_4 lp(6)ll. For h € C(R;R), define Ker(h) = {x € RN|h(x) = 0}. Let
Cg-o([—r, 0];RN) be the family of all F,-measurable bounded C([-r,0];RN)-valued ran-
dom variables £. For each V; € C*(R" x R,;R,), define a function LV; from RN x RN x
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R, to R by
oVilx;, )  9Vilx;,t
LVi(x,y,t) = ey ) + i )f;(xi,yi, t)

ot 396,‘
!

+ ' a—xilplj(xi;yi;xjyij t)
j=1
1 32%(‘9@') t)

+ = trace| g/ (%1, 1, ) ————gi(%1, i 1) |,
2 0x;

where, for x; = (xﬁ”,xﬁ”, . ’xgm))’

ey

am(xi’ t) _ (al/l(xl’ t) a‘/i(xi! t) 8‘/5(9@‘, t))

0x; Bxgl) ' BxEZ) Bxgm)

and

82 ‘/L'(xir t) _ (82 ‘/i(xi, t) )
8x2 axy) Bxfk) n;xn;

12

A function V(x,t) : RN x R, — R, is said to be radially unbounded, if

Hlei%moo OSiItl<foo Vi) = oo
We denote by W(R,;RR,) the family of all continuous functions ¢ : R, — R, with the
property that for any § > 0 we have liminf,_, o f:“s ¥ (s)ds > 0; see [16] for details.

For self-completeness we cite the following concepts and theorems on graph theory
given by [5, 22, 23]. A directed digraph G = (V,€) contains a vertex set denoted by
YV ={1,2,...,[} and an arc set denoted by £. Denote by (j,i) an arc leading from initial
vertex j to terminal vertex i. A directed digraph G is weighted if each arc (j, i) is assigned a
positive weight a;;. The weight w(G) of a subgraph G is the product of the weights on all its
arcs. Given a weighted digraph G with [ vertices, define the weight matrix A = (a;;) whose
entry a; equals the weight of arc (f, i) if it exists, and 0 otherwise. A weight matrix A is
cogredient to a matrix E if there exists some permutation matrix P such that PAPT = E.
A is reducible if it is cogredient to E = [g g], where B and D are square matrices, orif / =1
and A = 0. Otherwise, A is irreducible. A directed path # in G is a subgraph with distinct
vertices {i1, s, ..., ix} such that its set of arcs is {(i,;, im+1) : m =1,2,...,k = 1}. If iy = i1, we
call H a directed cycle. A connected subgraph 7 is a tree if it contains no cycle, directed or
undirected. A tree 7 is rooted at vertex i, called the root, if i is not a terminal vertex of any
arcs, and each of the remaining vertices is a terminal vertex of exactly one arc. A subgraph
Q is unicyclic if it is a disjoint union of rooted trees whose roots form a directed cycle.
A digraph G = (V, €) is strongly connected if, for any pair of distinct vertices, there exists
a directed path from one to the other. The Laplacian matrix of (G, A) is defined as

Ziﬂ ai; —ai2 s —ay

—a Ziﬂ az - —dy

L= (2.1)

—an —apn e Z,' 1 Ali

Page 3 of 22
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Let ¢; denote the cofactor of the ith diagonal element of L. We mention the Kirchhoft’s

matrix tree theorem.
Lemma 2.1 [5, 23] Assume [ > 2. If (G, A) is strongly connected, then each c¢; >0,i € V.

Lemma 2.2 [23] A weighted digraph (G, A) is strongly connected, if and only if A is irre-
ducible.

Lemma 2.3 [5] Assume | > 2. Let ¢; be given in Lemma 2.1. Then the following identity
holds:

l
Zciaijuij(xi:xj) = Z W(Q) Z Uvu(xwxu)'

ij=1 QeQ (w)eE(Co)

Here for any i,j € V, Uj(x;, %)) is an arbitrary function, Q is the set of all spanning unicyclic
graphs of (G,A), w(Q) is the weight of spanning unicycle graph Q, and Cg denotes the
directed cycle of Q.

Consider the CSDDEs (1.1) on ¢ > 0 with initial data (1.2) satisfying §; € Cj’fo([—ri(O), 0];
R™),i=1,2,...,[, where, for each 1 < i,j </,
fi: R x R" x R, - R™,
g R" x R" x R, — R">*™i,
P :R" x R" x R" x R x R, = R",

f=CH Lo )T, g = (@,8-.,@)7, Pj = (Pyj, Py,..., Pyj)T are all Borel-measurable func-
tions. For CSDDEs (1.1), we propose the following assumptions.

Assumptionl Timedelaysr;: R, — R,,i=1,...,/,aredifferentiable and their derivatives
are less than 1. That is to say, there exist constants d; <1, i =1,...,/, such that

dri(t)
dt

<d;, i=12,...,l
For each 1 <i </, Assumption 1 implies ¢ — r;(¢) is an increasing function of ¢, so
-ri(0)<t-r(t)<t, Vt=0. (2.2)

Assumption 2 For each 1 <i,j <, f, g;, and P; satisfy the local Lipschitz conditions.
That is to say, for each / > 0 there are positive constants C;(/1) and (_fij(h), such that

Hfi(xi,yiyt) ~fi(xi, yir £) ” 4 ng‘(xi;yi»t) ~ &%, Y, 1) ”
< Cilh) (lloi = %1l + lly: = 7ill)
||Pij(xi)yi;xj1yj; t) - Pij(a_ci)yi)»;cj,‘)_}j; t) ||

< Cy(h) (Il = Xill + llyi = yill + g = Z 11 + 11y = 3511)
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forall £ > 0, x;, %, yi, i € R™, %}, X}, j, 3 € R with [lx;[| V1% [V 1yell VA1Vl vl v 11511V
Iyl v sl < B

Assumption 3 sup, ;.. ([lfi(0,0,2)] V [Ig:(0,0,8)|| V [|P4(0,0,0,0,8)) < 00, i,j =1,2,...,1.

3 Existence and uniqueness of solution

In order to investigate the sophisticated properties of the solution, we need the existence
and uniqueness of the global solution to CSDDEs (1.1) firstly, while their coefficients are
usually required to satisfy the linear growth condition and local Lipschitz condition (see
e.g. Friedman [12] and Mao [14]). However, the coefficients of CSDDEs (1.1) may not satisfy
the linear growth condition, though they are locally Lipschitz continuous. We therefore
wonder what other alternative conditions proposed can avoid the explosion at a finite time.
We answer this question in the following theorem.

Theorem 3.1 Let Assumptions 1 and 2 hold. Assume for all 1 < i,j <, there exist func-
tions Vi(x;,t) € C*'(R" x R;R,) (radially unbounded), F; € CRN x RN x R;R), q; €
CR;R,), pj e CRY x [-rj(0),00];R,.), and nonnegative constants a; > 0 (A = (ay) is
irreducible), such that

!

!
LVi(x,y,t) < qi(t) [1 + Z Vi, ) + > Vit r[(t)):| = pi0)
j=1

j=1 j=1

!
+ Z (1-d))p; y],t ri(t ) + Zai,'Flj(x,y, t). (3.1)
J=1 /

Assuming that along each directed cycle Co of weighted digraph (G, A), there exist functions
he e C(R,;R,), kjg € C(R" x [-rj(0),00;R,), j = 1,2,...,1, such that

! l
Z Fvu(xxyxt) Shg(t)|:l+z‘/}(x1, +ZV1 _)/l,t 7‘1 t) :|

(wr)eE(Co) = =

I

l
=Y k2t + Y (- d)k (.t - ri(0)). (3.2)
j=1

j=1

Then for any given initial data &, CSDDEs (1.1)-(1.2) have a unique global solution on
[0, 00).

Proof Under Assumptions 1 and 2, CSDDEs (1.1)-(1.2) have a unique maximal local solu-
tion x(£) on ¢ € [[0, 0[] for any given initial data &, where o is the explosion time. We
then need only to show that o, = 00 a.s. Therefore, choose sufficiently large N, such that
N > &] (i=1,2,...,10), then for any n > N, define the stopping time

T, = inf{t €[0,04): ||xi(t) || >pnforsomel <i< l},
and set inf@ = co. Clearly, the 7, are increasing so we define the limit 7, = limy_, Ty.

Obviously, 7o, < 0 a.s. Next, we use the stochastic Lyapunov analysis method to prove
Too = 00, then we will obtain the required equality o = 00. Let ¢; is the cofactor of the ith
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diagonal element of Laplacian matrix of (G, A). From Lemma 2.1 and Lemma 2.2, we know
each ¢; > 0. Then we define V(x,¢t) = Zﬁzl ¢;Vi(x;, t). Utilizing inequalities (3.1), (3.2), and
Lemma 2.3, we compute

LV(x,y,t)

!
= Z i LVi(x,9,t)

i=1

1 ! l
< Zcii qit) [1 + Y Vil )+ Y Vit - r,»(t))] =Y pix0)
i=1 j=1 j=1

! !
+Y A -dpi(ypt- n(t))} + Y ciagFyx,p,t)

j=1 ij=1

! ! !
=Y aal®)+ (Z@) 2 Vilw )
i=1 i=1 i=1
l l !
+ (Z ci> D Vil t =) = Y cipilat)
i=1 i=1

ij=1
l

Y a@-dpi(pt-r®) + > W(Q) D Fulxyt)

ij=1 QeQ (u,v)eE(Co)

I
< {Zciqi(t) £ W(Q)hg(t} [Zc, > W(QR( t)} D Vilxit)

i=1 QeQ i=1 QeQ

! !
¥ [Zci £y W(Q)hg(t)] > Vit - ri(t)
i=1

i=1 QeQ

1 l !
- (Z@) Y piwt) =D Y W(QKkS (i t)
i=1 i=1

i=1 QeQ
l

(ch) > A -ddpilyit—rit)) + > _A-d) > W(Qk2 (it - ri(t))
i=1

i=1 QeQ

1 !
<n(2) [e £y eVilwnt) + Y ciVi(yit - ri(t))}

i=1 i=1
1
Z (i, £) + Z(l d )¢z Vit — rl(t)) 3.3)
i=1 i=1
where
1 !
== |:Z c, 1+q(¢ Z w(Q i|
¢ i=1 QeQ

I
$ilxit) = pilxi £) Y ¢+ Y W(QkS(xi,2).
Jj=1 QeQ
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For any n > N and ¢ > 0, utilizing Itd’s formula, we get
]E[V(x(t AT, E A r,,)]

l
= E[Z Ci‘/i(xi(t ATu) A Tn)j|

i=1

! tATy
—E[Zc, (x,(O)O}+IE|:/ Zc,.CV xi(s), yi(s), s) d ]

i=1

From Assumption 1, we know for each 1 <i </, t — r;(¢) is an increasing function and

0 1 - 1 - 1
< = .
1=/~ 1-d; ~1-4

Then inequality (3.3) implies

]E[V(x(t AT, E A t,,)]
1 ATy tATy l

<> cBVi(x:(0),0) +IE1/ an(s)ds+1E/ n(s) Y _ ciVi(xi(s),s) ds
0 i=1

i=1

. Efmrn 1(s) ZC,’Vi(xi(S =7is)),s = rils)) ds
0

i=1

IATH !
—E/O i=21¢,~(xi(s),s)ds+IE/o

l AT, ATy
< ZciE\G(Si(O),O) + IE/ cn(s)ds + IEZ/ cn s)V xl (s), )
) 0

INTy !

Zﬂ — di) i (xi(s — ri(s)), s — ri(s)) ds

ENTy—Ti(EATH) ¢
+ Z]E/_n — rl((s) n(s +ri(s)) Vi(xi(s), s) ds
ENT =i (EATH) 1- d

ATy !
_;E/o ¢,~(xi(s),s)ds+i2=1:E/_ri(o) o)

————¢;(xi(s),s) ds

[ tATy
<> ¢BV(£(0),0) + E / en(s)ds
i=1 0

tATy !
+ 1 E/O Z ln(s+r,(s)) (xl(s) s)

(3.4)

= ;l[ sup n(r)] /OIEV(x(s A Tu)sS A Ty) ds,



Wang et al. Advances in Difference Equations (2015) 2015:133 Page 8 of 22

where

!
C(t) = ZciEVi(Ei(O),O) / cn(s)ds + Z/ Cﬂ] S+ r,(s))EV(El(s) s)
i=1 (0

' Z / o E60)9)

The Gronwall inequality yields

E[V(x(r ATy),r ATy)] < Clt)erd OPozr=10) s (3.5)
On the other hand, define i : R, — R, by

wla) = inf V(x,t) fora>0. (3.6)

lx|>a,0<t<c0

Clearly, u(|lx(8)]]) < V(x(¢), t). Since V;(x;,t), i =1,2,...,1 is radially unbounded,
lim p(a) = oo
a— o0

It therefore follows from (3.5) that

Clt)e 5 wmozr=in®) - Ep ([t A 1)) = mm)P(r, < ).

Letting n — 00, we have
Pt <t)=0, Vt>O0.
Then ¢ — o0, and we obtain
P(Too < 00) = 0.
That is, 75, = 00 a.s. We, therefore, must have o, = 00 a.s. This completes the proof. [J

Corollary 3.1 Suppose that the assumptions of Theorem 3.1 are satisfied except that in-
equalities (3.1) and (3.2) are replaced by

I

LViwi,yint) < yilt) + Y () V(g ) Zﬂl,(nv ¥t = 1(2) Zal,a,(x,y,

j=1 j=1

and

I 1

Y Fulry,t) <8200+ Y020 Vi, )+ Y 020Vt — 15(0)),

()eE(CQ) j=1 o1

where y;(t), a;;(t), By (1), 52(2), GjQ(t), ﬁjQ(t) € C(Ry;R,). Then the result of Theorem 3.1 still
holds.
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Proof Define ,(t) = maxy<<i{yi(e), e (e), By(@)), WD) = maxioi(32(),62(0), 9.2(0),
pi(x,t) = ka (xj,t) = 0, then the required assertion follows from Theorem 3.1. O

Theorem 3.2 Suppose that all of the assumptions of Theorem 3.1 are satisfied, moreover,
foreach1 <i<I, Vi(x;,t) € C2H(RY x R;R,) (radially unbounded) satisfies

lim inf Vi(x;,f)=00, j=12,...,m; (3.7)
A0 g1 05800
where x; = (xfl),x( ) "‘)) Then for any given initial data & (& (t) € RY), CSDDEs (1.1)-

(1.2) have a unique global solution x(t) on [0,00) and x(t) € RY forall t € [0,00) a.s.

Proof Let N > 0 be sufficiently large for

1 . .
—< min Sl.(')(t) < max éi(])(t) <N.
N 1=i<il<j<ng,-r(0)<t<0 1<i<l1<j<n;-ri(0)<t<0

For each integer n > N, define the stopping time
T, = mf{t €[0,000): x (t) € (1/n,n) for some1 <i</and somel <j < n,} (3.8)

The left proof is a modification of that of Theorem 3.1 directly, we omit it for avoiding
duplication. d

Example 3.1 (n-Dimensional stochastic diffusion population model) Consider the envi-
ronmentally perturbed #n-dimensional diffusion population system given by the SDEs

dx;(t) = |:xi(t)(ai( )= b; (t)xl t—ri(t Z dl] )):| dt
Jj=1j#i
l
+ Y oOxdB(t), i=12,...,n, (3.9)
j=1

where a;(t), b;(t), 03i(t) € C(R,;R,), djj > 0 are the diffusion coefficients and r;(t) satisfy
Assumption 1. The above system describes the phenomenon that species always migrate
from high concentration regions to low concentration ones, i.e., the movement is a func-
tion of species density [24]. Let d;; = 0. In order to yield the existence of the global positive
solution we define C?-functions V;: R, — R,,i=1,2,...,1, by

Vilx;) =x; —1-logx;.

Obviously, V; is radially unbounded and limy,, o+ info<;co0 Vi(%;) = 00. By It6’s formula,
compute

LVi(x,y,t) = xi(a; — biyi) + Zd,, x?)

n x2 1 !
— ai—biyi+Zdlj<j—xi) +§ZO’Z»]2»
j=1 !
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= ( - —> Zdlf ) + aix;
j=1
1
— (ﬂi - E 20'5) — bixiy,' + biyi
j=1
Zd,,<x - = —x + ) Zd,,
n 1 l
+ (ﬂl‘ + Zdij)xi — (ﬂi - = ZO’;) — bixiy,« + biyi
j=1 2 J=1
n x2 xz n
EZd,j(xf—j—x?+j>+ “i+Zdi1' x; + ZO’ + by
j=1 ’ ! j=1
! n
=: Zui,»Fi,(x) + (a,' + Zd,»/)xi ZU + by, (3.10)
j=1 j=1

dropping (¢) from a, b, o, where

. g 2 2

d;i Zi X; X;
Uy = ij» ] ‘: Fi/(x) _ sz _ _x? + 4,
8i, j=1i Xi Xj

here §; may be any nonnegative constant for i = 1,2,...,#n, because Fj(x) =0

Utilizing the inequality for x > 0, 2(x — 1 — logx) > x, we have

<ai(t)+2di,)xl 202<r)<1<<t>1+v<x1>) bty < KOV, ),
j=1

where K(¢) € C(R,;R,). Obviously,

> Fu®=0.

(uv)e€(Co)
Then by Theorem 3.2, we obtain the following result.

Corollary 3.2 If Assumption 1 hold, moreover, there is a series of nonnegative constants
(81,82,...,68,) such that

S dn - diy
dy 8 - dy

G= . . . . (3.11)
dnl dn2 e 671

is irreducible. Then SDE (3.9) with initial data (1.2) have a unique global solution x(t) on
[0,00) and x(t) e R} forall t € [0,00) a.s.
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4 The almost sure stability

One of the important issues in the study of coupled systems is the automatic control with
consequent emphasis being placed on the analysis of stability. In this paper, we will mainly
discuss the almost surely asymptotic stability of the CSDDEs. The main result is as follows.

Theorem 4.1 Let Assumptions 1-3 hold. For all 1 < i,j < [, there exists a radially un-
bounded function Vi(x;,t) € C*'(R" x R;R,), B; € LR;R,), w; € CRY x R;R,), wy €
C(R" x [-r;(0),00;R,), a; € U(R;R,), by € C(RN;R,), Fj € CRY x RN x R,;R) and
constants a; > 0 (A = (ay) is irreducible) such that

!
LVi(x,y,t) < Bi(t) —wi(x, £) + Z 1- d)wl, Vit —ri(t ) + Zai,'Flj(x,y, t), (4.1)
J=1 /
where
!
wi(x, t) — Z wy(x, ) > o () hi(x). (4.2)
j=1

Assume along each directed cycle Cg of a weighted digraph (G, A) that there are functions
B2 € LR;R,), w2 € CRN x B;R,), w2 € C(RY x [-r,(0),0];R,), @2 € W(R,;R,),
he e C(RN;R,) such that

l

Y Fuleyt) < B2 -w2w o)+ Yy (1-d)w2(y,t - r(2), (4.3)
(wv)e€(Cq) j=1
where
I
e t) = Y W t) = a2 (O (). (4.4)
j=1

ThenS = (ﬂizl Ker(:))N(Mgeg Ker(h9)) # @ and for any initial data &, the CSDDEs (1.1)-
(1.2) has a unique global solution on [0, 00) denoted by x(t; &) satisfying

tlino]o d(x(t,é),S) =0 a.s. (4.5)

Proof For any given initial data, the global existence of the unique solution on ¢ > 0 is a
direct application of Theorem 3.1. Next, we borrow the technique in [16] and combine it
with the graph method from [5] to get the limit set. Because the proof is rather technical,
we divide it into three steps.

Step 1. Write the solution x;(£; &) = x;(¢) for simplicity. Let ¢; be the cofactor of the ith
diagonal element of Laplacian matrix of (G, A), and compute

I
ZC;‘ﬁVi(x:y: t)
i=1
!
<Y ap®+y WQ Y Fulxyb)
i=1

QeQ w1e€(Co)
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_th |:Wz(x7 t) Z(l_dj)v_‘/tj(y/’t_rj(t))}

j=1

! l
<t®-> ¢ [wi(x, 8= (- dwy(yt - r;(t))}

i=1 j=1

_ Z W(Q)|: i y,,t r,(t))j|

QeQ j=1

dropping (£) from x and y, where

l
t@) =Y i)+ Y W(QB2t) € LRR,).
i=1 QeQ

Then
!
> aVi(xi(e),t)
i=1

Z (£10),0) / s Y e / 5(&(5),5)

i= ij=1 -7

Erwa [ e ch/a@hx(s

j=1 QeQ 7;(0

-S> w(Q) ($)n2 (x(s)) ds + » ~ M(t (4.6)
> w0 [ 26
QeQ i=1

where

M) = /0 61 (51 ) (15, s~ i)).5) AB).

L

Next, we prove Zle M;(t) is a local martingale. Choose sufficiently large N, such that
N > &] (i=1,2,...,10), then for any n > N, define the stopping time

T, = inf{t >0: Hxi(t)H >pnforsomel <i< l}.

So this stopping sequence 7, 1 0o as. From Assumptions 2 and 3, we know that, for
each i, g; is local bounded. Notice that (xl(s) s) is continuous in s and g;(x;(s), xi(s —
ri(8)), $)jo<s<t,) 1S unlformly bounded in s 6 [0,¢], where I4 is the indicator function of
set A. So M;(t A 1,) = fo CiGar Vi (x;(s), 8)gi(xi(s), xi(s — ri(8)), $)lj0<s<1,} dBi(s) is a martingale
(see [14] for the details of the martingale proof). Thus each M;(¢) is a local martingale.
Then the required assertion follows.

Using the nonnegative semimartingale convergence theorem (cf. Liptser and Shiryayev
[25] or Mao [14]) we get

hmsuchl xl(t ) a.s. (4.7)

t—00
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On the other hand, the left side of (4.6) is positive, taking the expectations on the right
hand and letting t — oo, we obtain

Z:CJE /0 N ai(s)hi(x(s)) ds + Q% W(Q)E /0 ” o252 (x(s)) dis < 0. 48)
This implies

fo ooou(S)hi(x(s)) ds<oo, i=12,...,las, (4.9)

/0 taQ(S)hQ(x(s)) ds<oo, QeQas. (4.10)

Step 2. From (4.8) and @ € W(R,,R,), it is not difficult to prove that, for each 1 <i </
and each 9 € QQ,

. . . _ . . Q _
htrgélolfh, (x(t)) =0, htrgg)lfh (x(t)) =0 as. (4.11)
We now claim that, for each 1 <i </ and each Q € Q,

lim sup /; (x(t)) = 0, limsuph®(x()) =0 as. (4.12)

t—00 t—00

If this is false, then there is some i; € L such that

IF’{lim sup /1, (x(t)) > O} >0, (4.13)

t—00

or there is some Q; € QQ such that

IP’{lim sup h (x(t)) > 0} > 0. (4.14)

t—>00

Without loss of generality we suppose (4.13) holds. Hence there is a small constant 0 <

€< % such that

P(A}) = 3ey, (4.15)
where

A} = {H{Ei‘.fph"l () > 261}.
For each i € L, define p; : R, — R, by

wila) = inf Vix;,t) fora > 0. (4.16)

[l | >a,0<t<oc0

So by (4.7) and the continuity of both x;(¢) and V;(x;, £), we have

sup pi([%:(0)]]) < sup Vi(wi(e),t) <o as. (4.17)
0

0<t<oo <t<o0o



Wang et al. Advances in Difference Equations (2015) 2015:133 Page 14 of 22

On the other side, the radial unboundedness of each V;(x;, £) implies

sup ”x(t) ” <00 a.s. (4.18)

0<t<oo

Recalling the boundedness of the initial data we can then find a positive number yx, which
depends on ¢, sufficiently large such that |§] < x, and

P(A%) > 1-¢, (4.19)
where

A? = [ sup ||x(t)|| < X}.

0<t<oo

It is easy to see from (4.15) and (4.19) that
P(A} NA%) = 2¢;. (4.20)
For any fixed number 7 > 0, let us now define a sequence of stopping times

t=inf{t>0:|x@)| = x},

ol.ll = inf{t >0:h; (x(t)) > 261},

oif = inf{t > o& +1:hy (x(t)) < 61},

oik*l = inf{t > ajk /™ (x(t)) > 261}, k=1,2,...,

O.2k+2
1

= inf{t > o2 4y :hil(x(t)) < 61}, k=1,2,....

i1
Throughout this paper we set inf ) = co. From (4.11), for each w € A}l N A%, we have
7(w) =00 and al.k(a)) <00, k=1,2,.... (4.21)

By Holder’s inequality and Doob’s martingale inequality (see [14]), from the CSDDEs (1.1),
for any T > 0, we have

]E[IAs,k sup [ (t A (O’ik_l +1)) =% (T A ai"_l) Hz]
i 0<t<T

< 6(T +2)TK,, (4.22)

where A?l’k ={t A alfk’l <00}, K, >0 is; a constant only dependent on x. Since /() is
uniformly continuous in the closed ball Si)i ={x e R" : ||x|| < x}, we can therefore choose
8 = 8(e3) > 0 such that, for any pair x;,%; € S’ﬁ with |lx; — X;|| < 8, we have

1722, (i) = iy (5) || < €. (4.23)

We furthermore choose a positive constant T; (< ) sufficiently small such that

6(T; +2)TiK,
—— <€,
82



Wang et al. Advances in Difference Equations (2015) 2015:133 Page 15 of 22

then from (4.21) and (4.22), we have
4k 3k ~ 44k
P(Aj, NA* NASY) <P(A) NAY) <, (4.24)
where

2= [ I e ) s e A 23]
=t=11

Recalling (4.20) and (4.24), we further compute
P(A} NA2NAYY) > P(A] NAZN (AF)) > e, (4.25)
where

Ak = sup | e (021 + 1) = by (i (02) | <}

0<t<Tj
On the other side, it follows from «;; € W(R,, R, ) that for T} > O there exist two constants
€ = €,(T7) >0 and t3 = £3(€3) > 0 such that

t+T1
/ a; (s)ds > €3, whenevert > t3.
t

By the definition of aill‘ , there exists a positive integer N such that, for any w € A}l NnA?%

O_Zk—l

o=t whenever k > N + 1.

Therefore, by (4.8), we compute

00 > IE/Oo o, ()i, (x(s)) ds
0

00 o2k
a
>qE E Lt g2 a; (s)ds
i1 2k-1
k=1 i

1

U.2k_1+Tl

]
1
> E .
= 61]E|: IA}] ﬂAZI’TAf'l'k /zk—l aj (S) ds]
k=N+1 9

00
> €1€9 Z €1 =00, (4-26)
k=N+1

which is a contradiction. Thus (4.12) must hold, implying for each i and O,
lim h,'(x(t)) =0, lim hQ(x(t)) =0 a.s. (4.27)
t—00 t—00

Step 3. Observe from (4.27) that there exists an A° C Q with P(A°) =1 such that, for
each1 <i</andeach Q€Q,

tl_1)r})10 h,'(x(t, a))) =0, tl_l)rglo hQ(x(t, a))) =0 and

(4.28)
sup [x(t,0)| <oco, VweA’
0<t<oo
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Fixan w € A%, then {x(¢, )} >0 is bounded in RN, So there must be an increasing sequence
{tj}j=1 such that {x(¢;, w)};=1 converges to some x* € RYN. Hence

hi(x*) = lim hi(x(tj,a))) =0, i=12,...,1
j—oo
Q(,*) — 1i Q . _
he(x*) = tl_l)rgoh (x(t,®) =0, QeqQ,
which implies x* € (N._; Ker()) N (M geq Ker(h9)), so S # . We shall now show that
lim d(x(t, a)),S) =0 forallweA (4.29)
t— 00
If this is false, then there is some @ € A%, such that
lim d(x(t, c?)),S) =0 forallweA°.
t— o0
Then there exists either an iy, 1 < i; </ such that

lim sup d(x(t, @), Ker(h;,)) > 0, (4.30)

t—00

ora @, € Q such that

limsupd(x(t, @), Ker(h<?)) > 0. (4.31)

t—>00

Without loss of generality we suppose inequality (4.30) holds. Then there is a constant
€3 >0 and a sequence {x(¢j, ®)};=1 of {x(¢,®)}:=0 such that

d(x(t; @), Ker(hy)) > €3, Vj>1.

Since {x(t, ®)};>1 is bounded, we can find a subsequence {x(¢;,,®)},=1 which converges
to z. Clearly, z ¢ Ker(#;,), so h;,(z) > 0. However, by (4.28),

hiz (Z) = k11>nolo hi2 (x(tjkr d))) =0,

which contradicts /;,(z) > 0. Hence (4.29) must hold and the required assertion (4.5) fol-
lows from P(A°) = 1. The proof is therefore complete. O

Theorem 4.1 implies the solutions to the CSFDEs (1.1) will asymptotically approach the
set S almost surely. Then we deduce some useful corollaries.

Corollary 4.1 Let Assumptions 1-3 hold. For all 1 < i,j < I, there exists a radially
unbounded function Vi(x;,t) € C*'(R" x R;R,), B; € LR;R,), o; € W(RR,), @y €
C([-7j(0),00),R,), h; € C(RN;R,), by € CR™;R,), Fj € CRN x RN x R,;R) and con-
stants a;; > 0 (A = (ay) is irreducible) such that

! !
LViw,y,t) < Bi(t) — (i) + Y (1= dp)aay (£ — 10 ) + D ayFyi(x, 3, ),

j=1 j-1
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where

a;(t) > a(?), hi(x) > h Z Viel.

j=1

Assume along each directed cycle Co of weighted digraph (G, A), there are functions B €
L(R+;R+); o € kIJ(R+§R+); &]‘Q € C([—Vj(O), OO),R+), he € C(RN;R+); Ijl]Q € C(R”i;R+)
such that

I
Y Fuleyt) B2 -a®@h°w) + Y (- d)as(t-r)h2 ),

(€ (Co) j=1
where
1
a2 =320,  hw=h%x):=) k), vQeQ.
j=1
Then
l - -
S:= (ﬂ Ker(h; — h,-)) N ( () Ker(h© - hQ)) £ (4.32)
i=1 QeQ

and for any initial data &, the CSDDEs (1.1)-(1.2) have a unique global solution on [0, 00)
denoted by x(t,&) satisfying

tl_l)rgo d(x(t,£),5)=0 a.s.

Proof Define w;(x, t) = aj()h;(x), wy(x), t) = &,j(t)it,-j(xj), w2, t) = a2()h2(x), and ﬁ/jQ(xj,
t) = &jQ(t)]:le (%)), then we have

!
wilx, t) — Z Wy, £)
-1
L ! )
- a,t) (h,»(x) -y hz’;’(xj)) + ) (eild) - @y(0) ()

j=1 j=1
> ai(t)< () — Z (%) ) {6) (i) = (), (4.33)
l
w(w,t) = > W (x;,t)
j=1
l l
=a () (h%c) - Z/Z,Q<x,>) +Y (@90 - a2(0) P (x)
j=1 j=1
l
> a2(1) (hg(x) -3 iz?(x,»)) = a2(8)(h°(x) - h2(x)). (4.34)
j=1

Hence, the result is obtained by Theorem 4.1 directly. O

Page 17 of 22
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Notice that if /;(x) = h;(x) and h2(x) = #2(x), the result of above corollary is useless.
Therefore, the stronger conditions are needed to locate the limit set of the CSDDEs (1.1).

Corollary 4.2 Let all the assumptions of Corollary 4.1 hold, moreover, assume there are
subsets I,] C 1L and P C Q such that, for each i €1, je J, Q € P, (a;(t) — a;(2)), (a2(2) -
a2 () € W(R,;R,). Then

$:=8n ( N Ker(iz,,)) N ( N Ker(izjg)) £, (4.35)

icljel jel,QeP

where S is defined as equality (4.32) and for any initial data &, the CSDDEs (1.1)-(1.2) have
a unique global solution on [0, 00) denoted by x(t, £) satisfying

lim d(x(t,£),5) =0 a.s.
t—00

Proof Obviously, the conditions of Corollary 4.1 are satisfied. So the conclusions of Corol-
lary 4.1 still hold. By inequalities (4.33) and (4.34), we get

! !
wiloe, £) = Y Wil £) = > (etilt) — () By (),

j=1 j=1
I I

w(x,t) = > W2, 1) = Y (@ 2() - &2 (6) A2 ().
j=1 j=1

By Theorem 4.1, the required assertions are obtained. O

From Theorem 4.1, S is the limit set of solutions to the CSDDEs (1.1). Therefore, the
asymptotic properties of the solutions, such as the asymptotic boundedness, can be ob-
tained more precisely from the information of S.

Corollary 4.3 Let all the assumptions of Theorem 4.1 hold. If S is bounded, then with the
initial data &, the solution has the property

lim [x(,6)| <C as.,
t—00
where C = sup, ¢ ||%||.

If S only contains the origin of RY, we can obtain the following result on the globally
asymptotic stability with probability 1.

Corollary 4.4 Let all the assumptions of Theorem 4.1 hold. If hi(x) = 0, h9%(x) = 0, i e L,
Q € Q iff x = 0, then the solution with the initial data & has the property

lim x(t,£)=0 a.s.
t—>00
Furthermore, if the rate of V;(x;) tending to infinity is known, the rate of the solutions

converging to Ker(%) is obtained. Exponential stability is a simple application of Theo-
rem 4.1, which is arranged in the following corollary.
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Corollary 4.5 Let all the assumptions of Theorem 4.1 hold. Assume for each i € L, there

are pairs of positive constants A; and p;, such that
Vil t) > et ||x; |17 (4.36)

Then the solution with the initial data & has the property

1
Jim Sinfa(c6)] < -

AN R

Proof From (4.7) in the proof of Theorem 4.1, for almost all w € 2, the solution x(¢,&)
satisfies

lim such, x,(t &), ) a.s.

t—00

Equation (4.36) implies

) !
K |x(6,8)]" <3 e |xi(t.6)

i=1

!
P < Zci\/i(x,»(t,f;‘),t) a.s.,
i-1

where K is a positive constant. Then the required assertion follows directly. d
Example 4.1 (Coupled stochastic oscillators with unbounded delays) Given a network

represented by digraph Q with [ vertices, a couple system can be built by assigning the ith

vertex (i =1,2,...,[) its own oscillator satisfying the It6 equation
Zi(t) + pi(Oz:(8) + fi(2:(2)) = —qi(t)2:(t - 0:t) By(2), (4.37)

and then coupling these oscillators based on directed arcs in the digraph. For each i, define

X = (xl ,x( )T = (2;,2:)T, then we obtain the following self-excited coupled system (SCS)
on Q:
2
‘1)
dx;(t) = dt
(—pl(t (0) il - S0 aga(0) - ”(t)))
+ 0 dBi(t), 1<i<l (4.38)
—qxPe-o)) " T T '

where, for each 1 <i,j </, 6; € (0,1), pi(), q:(). fi(-) € C(R; R), xﬁl)fi(x?)) > 0 for xﬁl) #0,
fo fi(w)du = oo, a,] > 0, and A = (ay) is irreducible. Then the total energy function

)
‘/i(xb t) = "12

+ fo' ﬁ(u) du is radially unbounded. Compute

l l
LVi(,y,8) = —wi, £) + Y (1= )W) + Y _ aFy(,,1), (4.39)

j=1 j=1
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where w;(x, £) = pi(£)(x?)?,
ai @07

V_Vi'(x'rt):
s :o, j#i,

o= 3 () - 67 - 367 o)
Compute
l 1 )
wilx,£) = Y (1= 6)iv(x;, 1) = [pi(t) T gl)q?(t)} ()"

Jj=1

Assume along each directed cycle Cg of the weighted digraph (G, A),

1 2
Z Fm(x,y,t)g_E Z (2 — @2,

u)eE(Co) u)eE(Co)

Suppose that there exists a 1 < k <[ such that pi(£) — 2(1+(9,()q12<(t) € V(R,;R,), by Theo-
rem 4.1, the point (x1,%3) € S satisfies x,((z) = 0. By the strong connectivity of (9, A), each
vertex i belongs to a connective circle Cg including vertex k. Using Theorem 4.1 again, we
know xl(.z) =0,i=1,2,...,1. Denote by (x;(£), x,(¢)) the global solution of SCS (4.38) with
an initial value, then

lim £2() =0 as.i=12,...,1
t—>00
Furthermore, by the second equation of (4.38), the stochastic oscillator has the property
lim x"(6) =0 as.i=12,...,L
t—>00

For example, see Figure 1 for a computer simulation of the paths of three independent
oscillators described by (4.37), where fi(x) = x|x|, 6; = 0.5, p1 =1 + 0.3cos ¢, q; = 0.5sint;
fa(x) = x, 6, = 0.6, py = 0.05 + 1.25¢7, g» = 0.2 — e‘%t;fg(x) =x,03=025 p3=1+¢7",
q3=02+e".

Couple these oscillators based on directed arcs in the digraph described by Figure 2,
simulate the paths of the coupled oscillators and obtain Figure 3, which supports the main

results clearly.

X IM(DNE)
05 00 05 1.0

-1.0

Figure 1 Computer simulation of the paths of xg”(t), xé”(t) and x?)(t) for the three discrete-time

independent oscillators described by (4.37) using the Euler-Maruyama method with step size 0.02
and initial values x{"(0) = 1, x{?(0) = 0.6, x"(0) = 0.4, x(0) = 0.7, x"’ = -0.5, x{(0) = -0.5.
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Figure 2 A strongly connected digraph with three vertices
where a3 =3,a21=2,a3=4,a3;=1,
a1 =dyp =dy =dz; =ds3 =0. as ap
a
as
2 —x_TN(MKD
— X_2M(1)}(t)
= 24 —— X 3N(1XY)
SN
T o )
< 0 /f
o4
e |

o

20 40 60 80 100
t

Figure 3 Computer simulation of the paths of x%”(t), x;”(t), and xg)(t) for the discrete-time coupled
oscillators described by (4.38) using the Euler-Maruyama method with the same step size, parameters
and initial values as those of Figure 1.
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