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Abstract

In this paper, we study the existence of periodic solutions to the following prescribed
mean curvature Liénard equation with a singularity and a deviating argument:

(=) + O+ 9(ut-a) =el)

where g has a strong singularity at x = 0 and satisfies a small force condition at x = co.
By applying Mawhin’s continuation theorem, we prove that the given equation has at
least one positive T-periodic solution. We will also give an example to illustrate the
application of our main results.

Keywords: periodic solution; continuation theorem; prescribed mean curvature
Liénard equation; deviating argument; singularity

1 Introduction

In recent years, there have been many papers about the existence of periodic solutions for
the second order differential equations with a singularity, especially for the Liénard equa-
tions. And the existence of periodic solutions of the Liénard equations with a deviating
argument has also been studied widely (see [1-12]). For example, in [2], Zhang studied
the following Liénard equation with a singularity:

%" (t) +f(x(t))x’(t) +g(t,x(t)) =0, 1.1)

where f : R - R, g: R x (0,+00) — R is an LZ—Carathéodory function, g(t,x) is a
T-periodic function in the first argument and can be singular at x = 0, i.e., g(£,x) can
be unbounded as x — 0*. Equation (1.1) is of repulsive type (resp. attractive type) if
g(t,x) — —oo (resp. g(¢,x) — +00) for x — 07.

Let Eq. (1.1) be of repulsive type and set

1 T
§(x)=—/ glt,x)dt, x>0.
T Jo

Assume that

L
o(t) = lim sup'M
x

X—>+00
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exists uniformly for a.e. ¢ € [0, T, i.e., for any € > 0, there is g, € L?(0, T) such that

g(6,%) < (@(t) + €)x + g
forallx >0 and a.e. £ € [0, T]. Assume that ¢ € C(R,R) and ¢(t + T) = ¢(t), t € R.

Theorem 1.1 Assume that the following conditions are satisfied:

(hy) (Balance condition) There exist constants 0 < Dy < Dy such that if x is a positive con-
tinuous T-periodic function satisfying

T
/ g(t,x(t))dt =0,
0

then
Dy <x(t) <D, forsomet €l0,T].

(hy) (Degree condition) g(x) < 0 for all x € (0, D), and g(x) > 0 for all x > D,.

(hs) (Decomposition condition) g(t,x) = go(x) + g1(t,x), where go € C((0,+00),R) and g :
[0, T] x [0, +00) — R is an L*-Carathéodory function, i.e., g is measurable with respect
to the first variable, continuous with respect to the second one, and for any b > 0 there
is hy € L2((0, T); [0, +00)) such that |g1(t,x)| < hy(t) fora.e. t € [0, T] and all x € [0, b].

(ha) (Strong force condition at x = 0) fol go(x) dx = —00.

(hs) (Small force condition at x = 00)

V3
le*ll, <= (¢ =max{e",0}).
Then Eq. (1.1) has at least one positive T-periodic solution.

Moreover, we notice that in [10] Wang further studied the Liénard equation with a sin-
gularity and a deviating argument of the form

X" (t) +f(x(t))x/(t) +g(t,x(t - o)) =0, (1.2)

where 0 < o < T is a constant, f : R — R, g : R x (0,+00) — R is an L?>-Carathéodory
function, g(¢, %) is a T-periodic function in the first argument and can be singular at x = 0,
i.e., g(t,x) can be unbounded as x — 07.

Theorem 1.2 Assume that the following conditions are satisfied:

(h1) (Balance condition) There exist constants 0 < Dy < Dy such that if x is a positive con-
tinuous T-periodic function satisfying

T
/ g(t,x(2))dt =0,
0

then

D, <x(t) <D, forsomet€[0,T].
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(hy) (Degree condition) g(x) < 0 for all x € (0,D,), and g(x) > 0 for all x > D,.

(hs) (Decomposition condition) g(t,x) = go(x) + g1(t,x), where go € C((0,+00),R) and g :
[0, T] x [0, +00) — Ris an L*>-Carathéodory function, i.e., g1 is measurable with respect
to the first variable, continuous with respect to the second one, and for any b > 0 there
is hy € L2((0, T); [0, +00)) such that |g (¢, )| < hy(t) fora.e. t € [0, T] and all x € [0, b].

(ha) (Strong force condition at x = 0) folgo(x) dx = —00.

(hg) (Small force condition at x = 0o)

lolloo < (g)Z

Then Eq. (1.2) has at least one positive T-periodic solution.

Nowadays, the prescribed mean curvature (%)/ of a function u(t) frequently ap-
+(u/ (¢

pears in different geometry and physics (see [13—16]). For example, in [13], Obersnel stud-
ied the existence, regularity and stability properties of periodic solutions of a capillarity
equation in the presence of lower and upper solutions

This equation, together with its N-dimensional counterpart

. Vu 3
d(gm) =/t u)

plays an important role in various physical and geometrical questions. And the existence of
the periodic solutions and homoclinic solutions for the prescribed curvature mean equa-
tion also attracts many authors’ attention. In [17], Feng discussed the periodic solution for
the prescribed mean curvature Liénard equation of the form

(ui(t)(t))z) +f (u(®)u (¢) + g (¢, u(t - T(2))) = e(®), (1.3)

1+

estimated a priori bounds by eliminating the nonlinear term (f‘/i)/, and established

1+ ()2
sufficient conditions on the existence of periodic solutions by using Mawhin’s continuation
theorem. Moreover, Liang and Lu [18] studied the homoclinic solution for the prescribed

mean curvature Duffing-type equation of the form

(o) + e +f(uto) =0 »

where f € C}(R,R), p € C(R,R), ¢ > 0 is a given constant.

However, to the best of our knowledge, the studying of periodic solutions for the
prescribed mean curvature equation with a singularity is relatively infrequent, and the
method of finding a priori bounds is different from the other prescribed mean curvature
equations which have no singularities. So, it is worthwhile and interesting to explore this

topic.
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In this paper, we consider the following prescribed mean curvature Liénard equation
with a singularity and a deviating argument:

(”7(”(”)2) + £ (u®) (t) + g (ult - 0)) = e(d), (1L5)

1+ (o

where 0 <o < T, g:(0,+00) — R is a continuous function and can be singular at & = 0,
i.e., g(u) can be unbounded as u — 0*. e(t) is T-periodic with fOT e(t)dt = 0. By ap-
plying Mawhin’s continuation theorem, we prove that Eq. (1.5) has at least one posi-
tive T-periodic solution. The interest is that the conditions imposed on f, g and the ap-
proaches to estimate a priori bounds of periodic solutions are not only different from (1.1)
and (1.2) but also different from (1.3) and (1.4). At last, a numerical example demonstrates
the validity of the method. To sum up, our results are essentially new.

The structure of the rest of this paper is as follows. In Section 2, we state some necessary
definitions and lemmas. In Section 3, we prove the main result. Finally, we give an example
of an application in Section 4.

2 Preliminary
In order to use Mawhin’s continuation theorem, we first recall it.

Let X and Y be two Banach spaces, a linear operator L : D(L) C X — Y is said to be a
Fredholm operator of index zero provided that

(a) ImL is a closed subset of Y,

(b) dimKerL = codimImL < oco.

Let X and Y be two Banach spaces, 2 C X be an open and bounded set, and L : D(L) C
X — Y be a Fredholm operator of index zero. A continuous operator N : Q C X — Y is
said to be L-compact in € provided that

() K,(I-QN (Q) is a relative compact set of X,

(d) QN() is a bounded set of Y,
where we define Xj = KerZ, Y5 = ImL, then we have the decompositions X = X & X5,
Y=Y1®Y,.LetP: X — Xj, Q: Y — Y; be continuous linear projectors (meaning P> = P
and Q* = Q), and K}, = LI, prp)-

Lemma 2.1 [19] Let X and Y be two real Banach spaces, Q2 be an open and bounded set of
X,and L :D(L) C X — Y be a Fredholm operator of index zero. The operator N : Q@ C X —
Y is said to be L-compact in Q. In addition, if the following conditions hold:

(1) Lx #ANx, Y(x, ) € 32 x (0,1);

(2) QNx#0,Vx € KerLNa

(3) deg{JQN,Q2NKerL,0} #0, where ] : Im Q — Ker L is a homeomorphism,
then Lx = Nx has at least one solution in D(L) N Q.

In order to use Lemma 2.1, let us consider the problem

ey __ v
w(t)=¢0) = 7= 1)

V(t) = ~f (u(®))p(v(0) — g(u(t - o)) + e(?).

Obviously, if (u(t), v(t)) " is a solution of (2.1), then u(t) is a solution of (1.1).
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Let
X=Y= {x:x(t) = (Lt(t),v(t))T € CI(R,RZ),x(t) =x(t+ T)},

where the normal ||x|| = max{|[u]lo, [[vllo}, and |lullo = maxejo,ry |ul, [[vIlo = maxeeqo,ry [V]. It

is obvious that X and Y are Banach spaces.

Now we define the operator

L:DL)CX—Y, Lx=x=(®VQ),

where D(L) = {x|x = (u(t), v(2))" € C*(R,R?),x(¢) = x(¢t + T)}.
Let Xo = {x = (u(t),v(t)) T € CY(R,R x (-1,1)),x(¢t) = x(t + T)}. Define a nonlinear operator

N:QC (XNXy) CX— Y as follows:

.
v(t) NN ~g(u(t-0)) + e(t)) .

M= (W"ﬂ”‘ )

where Q C Xy C X and Q is an open and bounded set. Then problem (2.1) can be written

as Lx = Nx in Q.
We know

KerL = {x|x eX,x' = (L/(t),V'(t))T =(0,0) },

then V¢ € R we have /'(t) = 0, V/(¢t) = 0. Obviously, u € R, v € R, thus KerL = R?, and it is
also easy to prove that InL={y e Y, fOT y(s) ds = 0}. Therefore, L is a Fredholm operator

of index zero.
Let
T

1
P:X — KerlL, Px = —/ x(s) ds,
T Jo
T

1
Q:Y —>ImQ, Qy:?/() y(s) ds.

Let K, = L|ﬁ1ermD(L)' then it is easy to see that

T
(K)(0) = /0 Gilt, s)y(s) ds,

where

~

t

= S;
<t

T.

3
.

, 0
s

IA A

Gi(2) = {

’

Nl

For all Q such that Q C (X N X,) C X, we have K,(I- QN () is a relative compact set of

X, QN(Q) is a bounded set of Y, so the operator N is L-compact in .
For the sake of convenience, we list the following assumptions which will be used by us

in studying the existence of periodic solutions to Eq. (1.5) in Section 3.
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(H1) There exist positive constants Dy and D, with Dy < D, such that
(1) for each positive continuous T-periodic function x(¢) satisfying
fOTg(x(t)) dt = 0, there exists a positive point 7 € [0, T'] such that
D) <x(t) < Dy;
(2) g(x) <0 forallx e (0,D;) and g(x) > 0 for all x > D,.
(H2) g(x(2)) = g1(x(2)) + go(x(¢)), where g1 : (0, +00) — R is a continuous function and
(1) there exist positive constants mo and m; such that g(x) < mox + m for all x in
(0, +00);
2) [ go(x)dx = —c0.
(Hs) There exist positive constants y, ¢y, ¢1 such that y < f(x) < colx| + ¢ for all x in
(0, +00).

Throughout this paper, define A := (fOT le(t)|? dt)% +SUp,(o.77 l€(t)] < +00.

3 Existence of periodic solutions
Theorem 3.1 Suppose that conditions (H;)-(Hs) hold and o = kT, where k is an integer.
Also,

A%coT AT (coDs + 1 + 2moT)
+

3 + T(2moDy + 2m7; + A) < 1.
14 Y

Then, there exist positive constants Ay, Ay and p, which are independent of A such that
Ap <u(t) < A,, lvilo<p <1,
where u(t) is any solution to the equation Lz = ANz, A € (0,1).

Proof Let Q;={z¢€ Q,Lz= ANz, A € (0,1)}. If z € Q;, we have

’ _ _ v(t)
: w (1) = ap(v(t) = 5, )
V(8) = =Af (u(£)p(v(2)) — Ag(u(t — o)) + Le(t).
Integrating the second equation of (3.1) from O to T, we have
T
/ g(u(t—0))dt=0. (3.2)
0
Combining with (H;)(1), we can see that there exist positive constants Dy, D; and t € [0, T']
such that
Dy <u(r) < Ds. (3.3)

Therefore, we have
lullo = max |u(z)|
te[0,T]

< max
te[0,T]

u(t) + /tu/(s) ds
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0
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(3.4)

Multiplying the second equation of (3.1) by #/(¢) and integrating on the interval [0, T], we

have
T
0= (&) (t) d
./o V(O (t) dt
T o T / T /
= —A/O f(u(t))(u (t)) dt—)»/o g(u(t—a))u(t) dt+)»/0 e(t)u'(t)dt
T T T
=—A ")) dt -2 —0))du(t—o) + A '(t)d
/0 f(u(t))(u (t)) t /0 g(u(t U)) u(t—o)+ /0 e(t)u'(t)dt
T T
Y /0 F(®) () dt + /0 (0l (8) .

It follows from (Hj3) that

T T
/ 2 !
V/o /()| dtf/o ()] | (8 .

From the inequality above, we get

A
Jul, <%,

Substituting (3.6) into (3.4), we obtain

lleello < Do + =M.

AVT
v
Furthermore, from the second equation of (3.1), we can get

T T
/ V()| dt < / I () |1 (0] e
0 0
T T
+A/ |g(u(t—o))|dt+k/ |e(1)| dt.
0 0
It follows from (H3) that
T T T
/ V(@) dt < co / ()| | @) it + / /(1) dt
0 0 0

T T
_ d d
+/0 lg(u(t - 0))| t+/0 le(t)] dt
< collulloVT |||, + VT,

T
+/ lg(u(t —0))| dt + AT.
0

(3.7)

(3.8)
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Write
L ={te[0,T]:g(u(t-0))=0}; L ={tel0,T]:g(ult-0))<0}.

Then we can get from (3.2) and (H)(1) that

/OT|g(u(t—U))|dt=/g(M(t—U))dt—/g(u(t_o—))dt

I I

= 2‘/I+g(u(t—a)) dt

T T
§2m0/ u(t—o)dt+2/ my dt
0 0

<2moT|ullo +2Tm. (3.9)

Substituting (3.9) into (3.8) and combining with (3.6) and (3.7), we obtain

T
/ ’V/(t)| dt < Co||M||oﬁ||”/H2 + ClﬁH”/ ”2
0

+2mo T ||ullg + 2Tmy + AT
< A2coT Aﬁ(CODz +C + 2}’710 T)
+

< 5 + T(2moD, + 2my + A). (3.10)
14 14

Integrating the first equation of (3.1) on the interval [0, T], we have

T ) ~
/o N S

Then we can see that there exists 1 € [0, T] such that v(n) = 0. It implies that

T
5/0 |v(s)|ds.

o) -

/t V(s)ds +v(n)
n

Combining with (3.10) gives

T
|V(t)| 5/0 |v’(s)|ds

- A%co T N ANT(coDy + ¢1 + 2mgT)
oy? Y
= p. (3.11)

+ T(2moDy + 2m; + A)

2
Since 4 VCST + Aﬁ(CODz;C”MOT) + T(2myD, + 2m + A) < 1, then we have

[vllo = max |[v(t)| <p <1 (3.12)
te[0,T]

Then from (3.1) we can also have

[v(2)] P
max < :=B. 3.13
tel0.7] /1 —12(t) ~ 1-p? (3.13)

']l =
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On the other hand, from the second equation of (3.1) and by (H,), we can see that
V(t+0) == (u(t+0))u' (¢t + o) — A g () +go(u(t))] + re(t + o). (3.14)
Multiplying both sides of Eq. (3.14) by #/(£), we have

V(t+o)u(t) = —)»f(u(t + a))u’(t +0)u'(t) - k[gl (u(t)) +20 (u(t))]u'(t)
+ de(t + o)u/(2). (3.15)

Let r € [0, T] be as in (3.3). For any ¢ € [t, T], integrating Eq. (3.15) on the interval [z, T,

we have

u(t) t
A/M(T) go(u)du = )»/T go(u(t))u (t) dt

= —/tv/(t+a)u/(t)dt—)\/tf(u(t+o))u/(t+o)u/(t)dt

-\ ftgl (M(t))u’(t) dt+ A /te(t +0)u'(t)dt.

Then from the inequality above, we get

u(t)
/ ) go(u)du

(t

f o (u(t))u'(2) dt‘

T T
5/ |v’(t+a)||u’(t)|dt+/ I (ult + 0)) |1 ¢ + ) () e
0 0
T T
+ / a2 (u0) || (0)| dit + / lo(t + )| |u ()] . (3.16)
0 0

Set Fy, = maxy<p [f (#)| and Gpg, = maxpy <, |g1(u)], then we have

T
/o I (el + 0)) |1 ¢ + 0) | (8| e
T : T :
[ o) ([ o
< M(fo e+ o) dt /0|u(t)| ‘
= Fy, || (317)
and
T
/0 0 () || (0) it < G, ||, - (3.8)

Substituting (3.17) and (3.18) into (3.16) and combining with (3.6) and (3.13), we obtain

u(t) T
‘/( ) go(w)du| < ”u'HO/ V(¢ +0)|dt + Fag |||
u(t 0

+ Gy [ |, T + Al
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2 2

Fy A A
M ) Gy, BT + —
14

<pB+ )2

< +0Q.

According to (H;)(2), we can see that there exists a constant M, > 0 such that, for ¢ € [, T,
u(t) > M,. (3.19)

For the case t € [0, 7], we can handle it similarly.
Let us define

0 < A, = min{Dy, My}
and
Ay = max{D,, M1},
then by (3.3), (3.7) and (3.19) we can obtain
Ap <u(t) <A,. (3.20)

Therefore, from (3.12) and (3.20), we can see that the proof of Theorem 3.1 is now com-
plete. d

Theorem 3.2 Assume that all the conditions in Theorem 3.1 hold, then Eq. (1.5) has at
least one positive T-periodic solution.

Proof Set

+1
Q= {x:(u,v)T €X:A;<u(t) <Ay |vlo < p1 < p

Then the condition (1) of Lemma 2.1 is satisfied.

Suppose that there exists x € €2 N Ker L such that QNx = % fOT Nx(s)ds = (0,0)7, i.e.,

1 T v _
7]0 dt =0,

T VIR0
LT ) 22— — g(u(t - o)) + e()] dt = 0.

1-v2(t)

(3.21)

Since KerL = R, and u € R, v € R are constant, combining with the first equation of (3.21),
we obtain

v=0<p.

From the second equation of (3.21), we have

1 T
T /0 g(ut-o0))dt=0.
From (H;)(1) we can see that

A<D < Lt(t) <Dy <A,.
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It is in contradiction to x € 3€2. So Vx € Ker L N 32, we have QNx # 0. Then the condition
(2) of Lemma 2.1 is satisfied.

In the following, we prove that the condition (3) of Lemma 2.1 is also satisfied.

Let

_ A1+As
‘ :Ax :A (u) i (u 2 ) ,
14 v

then we have

A1+Ag
x=z+| 2% ).
0

Define J : ImQ — KerL is a linear isomorphism,

J(u,v) = ( V)
-u

and define

H(u,x) = pnAx + (1 - uw)JQNx, V(x,u) € Q x [0,1].

Then
_ A\ T L9y o(u)) dt
H(u,x) = (“” 2 ) + TM (f R ¢ . (3.22)
j7a% fO —fm dt

Now we claim that H(u, x) is a homotopic mapping. Assume, by way of contradiction, that
there exist ug € [0,1] and xg = (:g) € 92 such that H(jg,x0) = 0.
Substituting 1o and x into (3.22), we have

fotg — LA (1 1o )f (u) \/1;0—2 + (1= p0)g(uo)
7

H(po,x0) = (3.23)

Yo

tovo + (1 - N«o)ﬂ
0

Since H(49,%0) = 0, then we can see that

14
° __o.

tovo + (1— o)

z

1-v;

Combining with p¢ € [0,1], we obtain vy = 0. Thus ug = A; or A,.
If uy = Ay, it follows from (H;)(2) that g(uo) < 0, then substituting vy = 0 into (3.23), we
have

ottg - POALF A g ) =2 (1 - o))
2 J1-v3

Ho(Ar +As)
= Wolo — % + (1 - po)g(uo)

Al +A
<uo<u0— 1; 2)<0. (3.24)
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If uy = Ay, it follows from (H;)(2) that g(ug) > 0, then substituting vy = 0 into (3.23), we
have

A
Moty — M + (1= po)f (uo) A (1 - o)g(uo)
J1-v3

Ho(A1 +As)
= potto — % + (1= 1t0)g(uo)
A +A
>u0Gm— 1; 2)>o. (3.25)

Combining with (3.24) and (3.25), we can see that H(uo,%o) # 0, which contradicts the
assumption. Therefore H(u,x) is a homotopic mapping and x " H(u,x) # 0, V(x, ) € (32N
KerL) x [0,1]. Then

deg(JON, 2N KerL,0) = deg(H(O,x), QNKerlL, 0)

= deg(H(l,x), QNKerl, 0)

= deg(Ax, 2 NKerL,0)

= Z sgn|A’(x)|
xeA~1(0)

-1+0.

Thus, the condition (3) of Lemma 2.1 is also satisfied.
Therefore, by applying Lemma 2.1, we can conclude that Eq. (1.5) has at least one positive

T-periodic solution. d
4 Example
As an application, we consider the following example:
u'(t) ) [ (1) ] 1
+ +9 |/ (t) + g(u(t)) = — sin8¢. (4.1)
(\/1 + (' ()2 3+ u’(¢) g(u() 32

Corresponding to Theorem 3.1 and (1.5), we have

O)
T3+ u2(p)

f(u(2))

v9, g(ult) =g () + g (u(0)) = %u(t) - %
e(t) = % sin 8¢.

Then we can have and choose

and

T ) 3 1
A= </ |e(t)| dt) + sup |e(t)| < — < +00.
0 te[0,T] 16
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Then we can see that (H;)(1) and (H;)(2) hold. Meanwhile,

AzcoT Aﬁ(CoDz +C + 21’1/10 T)
+

5 + T(2moDy + 2m; + A) ~ 0.587 < 1.
14 14

Hence, by applying Theorem 3.2, we can see that Eq. (4.1) has at least one positive
T -periodic solution.
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